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Abstract A class of quasilinear stochastic partial differential equations (SPDEs),
driven by spatially correlated Brownian noise, is shown to become macroscopic (i.e.,
deterministic), as the length of the correlations tends to 0. The limit is the solution
of a quasilinear partial differential equation. The quasilinear SPDEs are obtained as
a continuum limit from the empirical distribution of a large number of stochastic
ordinary differential equations (SODEs), coupled though a mean-field interaction and
driven by correlated Brownian noise. The limit theorems are obtained by application
of a general result on the convergence of exchangeable systems of processes. We also
compare our approach to SODEs with the one introduced by Kunita.
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190 P. M. Kotelenez, T. G. Kurtz

1 Introduction

Let N point particles be distributed over R¢, d € N. The position of the i-th particle
at time ¢ will be denoted 7 (¢) and its mass m;. Then the empirical mass distribution
(also called the “empirical process”) at time ¢ is given by Xy (¢) 1= vazl mid,i ),
where §, is the unit measure concentrated at . In what follows we will choose m; = %
fori =1, .., N.

Let (£2, %, %, P) be a stochastic basis with right continuous filtration. All our
stochastic processes are assumed to live on §2 and be .%;-adapted (including all initial
conditions for the SODEs and SPDEs). The stochastic component of the displacement
of 7/ (¢) in a short time increment should be Brownian (multiplied by some diffusion
coefficient, which may depend both on ri(t) and on Xy (1)).

Following [19], we employ i.i.d. Gaussian standard white noise random fields
wi(dq, dt) on RY x R;,! =1,...,d, as a stochastic perturbation for the positions
of the particles. We list some of the properties of w;(dr, dt).

Let %9 denote the Borel sets in RY, and for B € %9, let | B| denote its Lebesgue
measure. Fori = 1,2, let A; € 7 with |Aj] < ocoand 0 <s; < t;. Then w;(A; X
(s, 5]) = f;l’ fAi wy(dq,du), i = 1,2, are Gaussian random variables with mean
0 and covariance |A1 N Az||(s1, 1] N (52, 2]|. For any A € P4 with |A| < oo,
wi(A,t) := w;(A x [0, t]) defines a Brownian motion with variance parameter |A|
adapted to {.Z;}. Stochastic integration with respect to w;(dg, dt) follows the pattern
established by Walsh [33], where w;(dg, dt) was used as a driving term for stochastic
partial differential equations (SPDEs). Let .#;«4 denote the d x d matrices over R
with the usual matrix norm

ly" Cx|

ICl = :
srcrd Dll]

Let Z.(r,q, |, t) be a “nice” .#,xq-valued function, jointly measurable in all argu-
ments, depending on the position of the particle r, the spatial noise coordinate ¢, the
empirical distribution p, time ¢ and a correlation parameter ¢ > 0. (See Examples
1.3-1.5.) In addition to Lipschitz and measurability assumptions, “nice” means that
the one-dimensional components of _Z.(r, ¢, 1, t) are square-integrable in ¢ with res-
pect to Lebesgue measure dg. Similar conditions are assumed for the one-dimensional
components of the R?-valued function F,. Consider the following system of SODEs
driven by w(dgq, dt):

drl y () = Fo(rl y (), Xen (D), )dt + / Fe(rl (0. q. Xen (1), Dw(dg, di),
(1.1

N
rin@ =gqli=1,....N, X;n(@):=)_

i=1

1
—48
N

r; MO

The integration in (1.1) is taken over R, and also in what follows, we will not
indicate the integration domain, if it is R¢. Under appropriate Lipschitz conditions
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Macroscopic limits of McKean—Vlasov type 191

(2.2), Kotelenez [19] shows that (1.1) has a unique strong It6 solution that is an
RV _valued diffusion process. The two-particle! and one-particle diffusion matrices
are given by

Bt = [ At qonn) #T0T g pdg ¥ij =1,

Dy(r,p,t) = Dg(r, r, U, t),

(1.2)

where C” denotes the transpose of a matrix C. The entries of a matrix A will be
denoted by Ay;.
Let ¢ be a twice continuously differentiable function on R?, and define

1
gl 1) = Fe 1) - V) + 5 D Dot e, D019,
k.l

Let (-,-) denote the duality between measures and continuous functions, that is,
(n, @) = fgodu. Then (see [19,26] and [27]), under modest assumptions on the
coefficients in (1.1), Itd’s formula yields

t

(Xen (1), @) = (Xe,n(0), 9) +/<X£,N(S)v°2ﬂ€(p('a Xen(s), 5))ds
0

+ / (Xe,n (), V(P(-)T/s(', q, Xen(s), $))w(dg, ds)
R? x[0,¢]
(1.3)

with quadratic variation given by

&N>
1

!

l

"” Mz s

d
1 . . - . .
T3 2 @)Ly D @0)r, (5D Dea 1Ly 1y, Xew(s). )ds,
k=1
(1.4)

Due to the spatial correlations, we have N 2 terms in the sum (1.4), divided by
N?2, and the noise does not disappear in the limit as N — oo. Hence, we cannot
expect a deterministic limit for X, y(#), as N — oo as long as ¢ > 0 remains fixed.
Moreover, the form of quasilinear SPDE in (1.3) does not depend on N, but can always
be written as

I The two-particle diffusion matrix, describing the pair correlations of the noise perturbations, is the time
derivative of the mutual (tensor) quadratic variation of the noise.
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192 P. M. Kotelenez, T. G. Kurtz

(Xe(0), ) = (Xe(0), 9) +/ (Xe(s), Zeo(-, Xe(s),5))ds
0

+ / (Xe(9), VoI Ze(,q, Xe(5), ))w(dg, ds).  (1.5)

4x[0,1]

The solution of this equation can be extended by continuity (pass to the limit as
N — o0) to initial conditions given by any finite measure (see [19,27]). Typically, if
the initial condition has a Lebesgue density, the solution will have a Lebesgue density
for all time.

We next introduce an alternative and more traditional model with spatially uncorre-
lated Brownian noise, following Oelschldger [29] and Girtner [12]. To this end, choose
a sequence of i.i.d. R —valued standard Brownian motions {Bilien. Let Zo(r, i, 1)
be a “nice” .#4x4-valued function, depending on the position of a particle, the empi-
rical distribution, and time ¢. Fy(r, i, t) is as in (1.1). Consider stochastic ordinary
differential equations (SODEs) for the displacement of / of the following type:

dri (1) = Fo (ré,N(t), Xo.n (1), t) i+ gy (ré’N(t), Xon (1), 1) dpi(0)

. (1.6)

. . 1
ron©@ =ghi=1,....N, Xon( ‘ZZN%NW
i=1

Letting 0 € .#;xq denote the matrix with all entries being equal to 0, the two-particle
diffusion matrix is given by

/O(Vi,/,l,,t)foT(}’j,ll,,l), lfl:]’

1.7
0, ifi #J, 47

Do(r' .1/, . t) = [
and the one-particle matrix is Do(r, u, t) = _Zo(r, . t) /OT (r, 1, t). Defining

1
Lop(r, 1) = Folr, 1, 8) - Vo) + = 3 Do (r, 11, Dodip(r),
k,l

the analog of (1.3) is

(Xo,n (), 9) = (Xo,n(0), @) +/(X0,N(s),.,%gp(-, Xo.n(s), 5))ds
1 t
+NZ/V‘/’ (’ 0N /0 (rON’XON(S) )dﬂi(s), (1.8)

i=1
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Macroscopic limits of McKean—Vlasov type 193

and the quadratic variation is

[(Xo.n, 9]
PN A . . _ A .
= / > 5 20 (1t 0) @) (7w (0) Do (700,76 (0). Xon (). ) .
0 i=l k=1

(1.9)

Clearly, we have N terms in the sum (1.9), divided by N 2. and it follows that the
quadratic variation and the term involving the stochastic integrals in (1.8) tend to zero
as N — oo.

Under the Lipschitz conditions defined in Sect. 2, the systems (1.1) and (1.6) have
unique solutions, and assuming {ré"N(O)} = {ré’oo(O)}, where {réyoo(O)} = {qé} is
exchangeable, the results of Kurtz and Protter [26, Sect. 10], imply that the solution
of (1.1) converges to the solution of

dri (1) = F, (ré’oo(t), Xe.0(0), t) di +//8 (ré’oo(t), 4 Xeoo (1), z) w(dq, di),
(1.10)

n
. . . 1
ré,oo(o) = Cbl;a i=1,2,..., Xgoot):= nli{lgo Z ;(Sré,m(t)
i=1
and the solution of (1.6) converges to the solution of

dr () = Fo (1 000, Xo,00(0), 1) dt + 70 (100 (1), Xo,00(0). 1) dBi (1)
(1.11)

n
4 . 1
1 — Lo — 3 — .
00 = b i =12, .. Xooolt) = lim ] 1n8’6,oo<f>'
1=

Remark 1.1 1f X¢ ny(0) = u in My, the space of probability measures on R?, then
one can always randomly permute the indices in (1.1) and (1.6) so that {rZiN 0} =

{r; 0 (D)}, where {ré’OO(O)} is exchangeable. Consequently, convergence of the initial
distribution X¢ y(0) = p implies X, v = X o0, Where X, « is a solution of (1.5).

For ¢ = 0, Xo.v = Xo.00, Where X, 15 a solution of the quasilinear parabolic
partial differential equation (PDE) of McKean—Vlasov type given by

t

(X0,00(1), ) = (11, @) +/<X0,oo(s)a 209 (-, X0,00(5), $))ds, (1.12)
0
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194 P. M. Kotelenez, T. G. Kurtz

which is the weak form of the macroscopic McKean—Vlasov equation (or “nonlinear
diffusion equation”)?

9 1<,
5 X000 =5 D 0 (Dos(, Xo.00, N X0,00) = 7+ (Xo.00Fo (-, X0,00, 1)
k,l=1
(1.13)
XO,oo(O) = M.

Under suitable assumptions, the solution of this PDE lives in the space of densities
with respect to Lebesgue measure.> One may combine perturbations of each particle
by its own independent Brownian motion, and the space-time perturbation as in (1.1).
For some results of this type see [26,27,34], and the references therein.

Remark 1.2 The limit of X, y as N — oo is “smooth” only if the initial distribu-
tions converge to a “smooth” initial condition; however, the main interest in the limit
N — oo is the derivation of density-valued distributions. Therefore, we are calling
the limit the “continuum limit” of the particle distribution for both (1.1) and (1.6).
The main difference is that the continuum limit of the particle distribution for (1.1) is
stochastic whereas for (1.6), it is deterministic or “macroscopic.”

To better understand the spatial correlations, let us consider the following examples:

Example 1.3 Let ¢ > 0 be given, and let | - | denote the Euclidean norm on R?. Set
d
Ii(r) = (ﬁ) N exp (—lg—lz) and I (r) the diagonal d x d-matrix whose entries

£
on the main diagonal are all fg(r). Consider the system of SODE:s:

dri z/rg (i —q) wdg.an

. (1.14)

: o 1
rl0) =¢q', i=1,...,N, Xen(t) :ZZN(Sré(f)'

i=1

Then the two-particle diffusion matrix is independent of p and ¢, and its entries are

5 i |r£—rg]|2 ..
ekl (7e, 7] ) =exp e S, Yi,j=1,...,N. (1.15)

2 See [29]. Gértner [12] obtains the same result under local Lipschitz and linear growth conditions, making
an additional assumption on the initial condition.

3 See [29] and [12].
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Macroscopic limits of McKean—Vlasov type 195

o (-50),

N

Example 1.4 Let ¢ > 0 be given and set G,(r) = —c.V (ﬁ)
where ¢, > 0. Consider the system of SODEs

dré = / G, (ré — q) wi(dgq, dt)

N (1.16)

‘ . 1
ri0) =q.i=1,....N, Xen():=> -

i=1

The two-particle diffusion matrix is given by
D: (r;;,rg) =/G8 (r" - —q) Gl (~q)dg Vi, j=1,..,N. (117

It follows from [19] that both (1.14) and (1.16) have unique (It6) solutions. Levy’s
theorem implies that for each i both M, (ré, t) = fot f I (ré (s) — q)w(dg, ds) and
M. (i 1) i= [5 [ Ge(ri(s) — @)wi(dg. ds) are R¥-valued Brownian motions [10,
Chapter 7, Theorem 1.1]. So (1.14) and (1.16) (and, more generally, (1.1)) extend the
classical Einstein—-Smoluchowski model from one Brownian particle to several corre-
lated Brownian particles, where the correlation length depends on the distance of the
particles from one another. Clearly, (M, (ré, 1), Mo (rl, 1)) for i # j is not Gaussian
as an R¥-valued process; however, if |r£ ® = rl@® > /€, the d-dimensional mar-
tingales are almost uncorrelated and the joint process should look essentially like an
R?-valued (resp. R?"N -valued) Brownian motion. Example 1.4 is motivated by the
derivation of correlated Brownian motions from deterministic dynamics of “large”
solute and “small” solvent particles in a scaling limit [20,21] and the analysis of
depletion forces in colloids [23] 4,

Example 1.5 Examples 1.3 and 1.4 are both of the form

_ r—q
Fe(roq, 1) =% g (r, - ,u,t)

(after replacing & by £2). By a change of variable in (1.2), we can then write

~ . . oot ool
Dg(r’,r’,u,t)=//(rl,;—z,u,t)/T(r’,?—z,u,t>dz,

4 In our approach the fluid for the suspended particles is being modeled by the space-time white noise
random field and the interaction of the fluid particles (the solvent) and the suspended particles (the solute)
is given by a smooth kernel. Using the same random field as a perturbation for all particles reflects the
simple fact that real suspended particles float in the same fluid. (See [30, Part II, Section 7.2], and also our
Remark 1.6).
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196 P. M. Kotelenez, T. G. Kurtz

assuming f | 7 (r,z, i, t)|2dz < 00. Under this assumption, we note that

o= roz,opw,t) T (ryz,p, t)dz ifri=rj=r

J%De(r’rj’“’t)zlt{/ 4 it £,

Remark 1.6 (i) The spatial correlation of several large Brownian particles suspen-
ded in a fluid and sufficiently close to each other is an empirical fact. The
simplest argument is provided by the colloid community: If two large particles
get closer to each other than a multiple of the diameter of a typical small particle
(which represent the medium), then the osmotic pressure on each of the large
particles can no longer be isotropic, as the fluid between the two large particles
gets “depleted.” (See, for example, [1,14], as well as [23].)

(ii) The choice of a fixed ¢ > 0 in Kotelenez’s scaling limit enables us to study,
in a stochastic continuum model, fluctuations and anisotropy which occur in a
discrete “microscopic” particle picture and which are neglected in the classical
approach. In this paper, we will show that under certain assumptions, the solu-
tions of the SPDE (1.5) converge to the solutions of the (macroscopic) PDE
(1.12), if the correlations tend to 0. This convergence establishes our SPDE as
a mesoscopic model for the distribution of (large) suspended particles. (For an
explanation of the term “mesoscopic” see [15,32], and others.)

In Sect. 2, we introduce the Wasserstein metric and formulate the main hypotheses.
In Sect. 3, we state and prove the macroscopic limit theorem. In the Appendix, Sect. 4.1
includes general results on the convergence of exchangeable systems that are used
to verify the interchange of the limits N — oo and ¢ — 0, and Sect. 4.2 contains
lemmas giving conditions under which diffusion-like processes do not hit points. These
conditions are critical in the proof that the noises driving the individual particles in the
limiting models are independent. Section 4.3 includes comments on previous related
work.

Fors <t and X, « given by (1.10), let v, ;(2) satisfy

t

Vs () = 2+ / Fe(Y5,u(2), Xe,00(u), u)du

A

+ / HeWsu(2), 4, Xe,00(), w)w(dg, du).

R x(s,t]

(1.18)

Then, at least formally, ¥y, (2) = Vu, (Vs.u(2)), s < u < t,and rl (1) = Yo,
(ré’ 00(0)). In fact, (1.10) can be reformulated as (1.18) plus the requirement that

<Xs,oo(t), (P> = <X£,OO(O)7 @ o 1;[’0,t>~
This observation demonstrates a close connection between the systems considered

here and stochastic flows as studied by [24]. Kunita formulates the analog of (1.18)
in what is apparently a very different manner, writing a stochastic equation driven
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Macroscopic limits of McKean—Vlasov type 197

by what he calls a C-valued Brownian motion. In Sect. 4.4, we compare Kunita’s
approach with the Gaussian white-noise integral approach taken here.

2 The Wasserstein metric and basic assumptions

Let p(-, -) be a metric on R?. We are mainly interested in p(r, ¢) := |r — g|, where
the latter is the Euclidean distance on R?, and in

p(r,q) :==1Ir—qlnl,

where “A” denotes “minimum.” Most statements will be made with respect to the boun-
ded metric p (r, g) with additional comments for the Euclidean distance. Cr, (Rd; R)
is the space of all uniformly bounded Lipschitz functions f from R into R. Define

|f(r) — f(q)]

i W fllzeo =1L + 11 f lloo-
o(r, q)

I flloo:=sup|f(@)l; [ fllL = sup
q r#q

Let M; denote the Borel probability measures on RY. For w,v € My, we set

y(u,v) = sup
I£llL.c0<1

/f(q)(u(dq) - V(dq))' : 2.0

M|, endowed with the metric y, is a complete separable metric space, and the space
of finite sums of point measures with nonnegative weights and total mass 1 is dense
in (M1, y). (See [8].) Actually, y is the restriction of a norm

Iy == sup [(g, f

I fllz,00=1

on the dual of CL,OO(Rd; R), thatis, y (i, v) = [|u — v, for u, v € M;. We easily
see that

lull, = n®RY) =1,

for u € M.
We assume the following Lipschitz and boundedness or growth conditions on the
coefficients of our equations.

Condition 2.1 The mappings (r, 1, 1) € R x M x [0, 00) — F.(r, , 1) € R? and
(r, 1) € RT x My x [0, 00) = _Ze(r, -, i, 1) € L>(RY)
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198 P. M. Kotelenez, T. G. Kurtz

are continuous, and there exist cg, ¢ 7€ (0, o0) such that for all ¢ > 0,
(r1, 1), (r2, o) € RY x My, and ¢ > 0,

|Fe(r1, w1, 1) — Fe(ra, 2, )| < cr{p(r1, r2) + v (1, n2)},

d
Z /(/s,kz(rhq,m,t)—/e,kz(rz,q,uz,t))qu (2.2)

k=1

< 02/ {/02(7’1 — )+ yip — Mz)} .

Condition 2.2 Either

d
Sup (lFE(rv I'Lst)|2+ z /fé‘z,kl(r’ qv I’Lv t)dq) <00

Tifhot8 k=1
or p(x,y) = |x — y| and there exists ¢ > 0 such that

|Fe(r, 1, D) < c(1 +|r|)

2.3)
/|/s(r,q,u,t>|2dq <c(l+r)).
Note that Condition 2.2 ensures that for p > 1, if E[|r£ (0)]”] < o0, then
E[sup |r.(s)|P] < oo. (2.4)
s<t

We assume the same conditions for ¢ = 0, replacing the integral Lipschitz and linear
growth conditions for #. by the corresponding condition on _#j and the stochastic
driving term as in (1.6). 5

Let o, (r, i, t) be the nonnegative definite square root of D, (r, i, t). We will require
the following nondegeneracy condition.

Condition 2.3 For T > 0, compact K C RY, and compact ¢ C My,

ZTD&‘(ra Mv t)Z

inf inf 5 >0 (2.5)
0<e<1,reK,0<t<T,u€% zeR9,z7#0 |z]|
or equivalently
sup lo. L (r, , 1)| < oo. (2.6)

0<e<1,reK,0<t<T,nc%

We need the following convergence conditions as ¢ — 0.

5 See [19,22] for examples.
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Macroscopic limits of McKean—Vlasov type 199

Condition 2.4 For §, T > 0, compact K C RY, and compact ¢ C My,

lim sup |De(r1,r2, 1. 1)] =0, Q.7)
el0 1)y |>68,0<1<T, ue?

and

lim  sup  sup(|Fe(r, u, t)—Fo(r, w, )|+oe(r, ., 1) — _Fo(r, u, )])=0. (2.8)
el0 re K, 0<1<T pe?

If d = 2, we will need an additional regularity condition. A continuous R-valued
process Y is an It6 process if it can be written as

t
Y(t) = Y(0) + M(1) + / b(s)ds.
0

where M is a martingale with

t
[M]; =/a(s)ds
0

and a and b are progressively measurable processes. We will say that Y has locally
bounded characteristics if sup,,(la(s)| + |b(s)|) < oo a.s. for each ¢+ > 0 and
L'-bounded characteristics if E[sup,,(la(s)| + |b(s)])] < oo.

A continuous M -valued process X is a de Finetti process if there exists an exchan-
geable family {¢} of R%-valued processes such that

N R
(X(@0), ) = lim ~ ;«)(4 (1)-
i=
A de Finetti process X has L'-bounded characteristics if the ¢’ are Itd processes with

L'-bounded characteristics.

Lemma 2.5 If X is a de Finetti process with L'-bounded characteristics, then for
each ¢ € Cg, (X, @) is an Ité process with L'-bounded characteristics.

Proof We can write {'(t) = M'(t) + [, b (s)ds, where [M'], = [; a'(s)ds for a
d x d-matrix a' = ((a,il)) and E[supsit(lbi ()| + |a’(s)])] < oo. Then

t

(X(1). @) = (X(0), @) + My (1) + / by (s)ds
0
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200 P. M. Kotelenez, T. G. Kurtz

where
1 n t
My(1) = lim ;2 / Vo' ()" dM' (s) (2.9)
=10

and

t

t
1 - : : 1 . .
[ butsrds = tim - > / (pr(c’ - H0+33 akalcp(c’(s»az,(s)) ds.
=10

0

In both cases, the convergence is in L'. Let M (t) denote the process on the right of
(2.9), and note that

tHu .
la' (s)] + |a’ (s)]

1
(M) — Mgl < VIR~ > >

I<i,j<n %

The L'-boundedness assumption implies the {M_} satisfies the convergence condi-
tions in Theorem 2.2 of [25] which in turn implies that the quadratic variation of
Mg converges to the quadratic variation of M, giving the L'-boundedness of the
characteristics for M, and hence for (X, ). m]

Condition 2.6 For every R?-valued It6 process R with L!-bounded characteristics
and every M!-valued de Finetti process X with L'-bounded characteristics,

is an Itd process with L'-bounded characteristics.

Remark 2.7 Condition 2.6 will be satisfied if

o, w, t) = H(r, (o1, 1), - .o, (@m, 1), 1),

where ¢; € CZ and H is sufficiently smooth.
Condition 2.6 also holds if

Dol 1) = / - uidg)

R2
for I € Cg(Rz), since
(X1, F(R(t) =) = (X*.T)

where X is the de Finetti process given by {R — ¢;}.
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Macroscopic limits of McKean—Vlasov type 201

The following lemma ensures relative compactness of {({ré, N1 Xe.N),
e>0,N > 0}.

Lemma 2.8 Fore > 0, let N, = oo or Ny — coas e — 0. Let {r‘f;)Ng} be a solution
of (1.1) or if No = 00, a solution (1.10).

Suppose that Conditions 2.1 and 2.2 hold and that {{ré’Na 0)}, & = 0} is relati-
vely compact (for convergence in distribution in (Rd)oo) Then {({ri N b Xe N} is

relatively compact in Cgays . pp, [0, 00), and any limit point {({75,}, Xoo)} satisfies

m

. 1
f = Jim 30
1=

Proof The boundedness and growth conditions on F; and _#, ensure that {ré N E >
0} is relatively compact for each fixed i and hence {{ré N, },e > 0} is relatively

compact in the infinite product space (Cga[0, 00))*° (taking ri e N, = = 0fori > N;).
But the topology on (Cga[0, 00))*° is the same as the topology on Cgay[0, 00), so

{{re N, }, & > 0} is relatively compact in Cgay~[0, 00). The lemma now follows by
Lemma 4.4 and Remark 4.5. O

We will need the following lemma in the case d = 2.

Lemma 2.9 In addition to the assumptions of Lemma 2.8, suppose that Condition 2.4
holds and that sup,_ E[(r;Ng (0)2] < oco. Then any limit point of {X¢ n.} is a de
Finetti process with L'-bounded characteristics.

Proof By Lemma 2.8, {({r; N, }, X¢, N, )} is relatively compact, and Condition 2.4 and
the continuous mapping theorem imply that any limit point will satisfy

t

) =) + / Fo(F (s), X(s), s)ds + M'(1),

0

where M’ is the limit in distribution of

Mi= [ A () X)) wida.ds).

R4 x[0,-]

The moment estimates ensure that M’ is a martingale, and the quadratic variation of
M" is the limit of the quadratic variation of M/ giving

t
(M), = / S0 ), X)) 7] (79, X(s), 5) ds
0

L'-boundedness of the characteristics follows from (2.3) and (2.4). O

@ Springer



202 P. M. Kotelenez, T. G. Kurtz

3 The macroscopic limit

Under the conditions of Sect. 2, for fixed N, as ¢ — 0, {ré)N(O)} = {ré’N(O)}
easily implies {réy N = {r(")’ v ). Assuming exchangeability of {ré’ ~(0)}, we have
already observed that as N — oo, {”6,1\1(0)} = {r(")’oo(O)} implies ({réyN}, XonN) =
({r(")’oo}, X0,00). Our main theorem states that the order of convergence can be inter-
changed.

Theorem 3.1 Fore > 0, let Nc = coor N, — coase — 0. Let {r }beasolutton
of (1.1) or if N = 00, a solution (1.10). Assume that Conditions 2. 1 2 2,2.3,and 2.4
hold, and in addition, if d = 2, that Condition 2.6 holds and

sup E[(r} y, (0))*] <

e>0

Suppose that {ré’NE (0)} is exchangeable and {r;Ng 0)} = {ré’oo(O)} where
P {r(")’oo(O) ;ér({,oo(O)} —1, fori#j.
Then
({ré’Ng}, XE,NS) - ({r(gm}, XO,OO) in Cipayexy, [0,00), ase | 0. (3.1)

Example 3.2 Before proving Theorem 3.1 in full generality, we first consider the
particular case given in Example 1.5. System (1.10) then becomes

Teoo(t) = Fe (ré,oo(t), Xe.00(1), t) dt

-1-/,9‘1/2/(1";00([), W,Xg,oo(t)at)w(dqut)'

Define

Wi (C x [0, 1]) = / s_d/zlc(W)w(dq,ds),

R4 x[0,1]

and note that
’ 0
. . r —_
[w! ,(C x [0, 1), w! (C x [0, )] =8 / / S_dlc(m#q)dquzrskzldt-
0
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Consequently, by Levy’s theorem, wj; has the same distribution as w. Writing the
system in terms of the w, we have

dri = F, (ré’oo(t), Xe.00 (1), t) dr + / 7 (ré’oo(t), 2, Xo.00 (1), t) wi(dz, dr).
For ¢ € L*(RY), define

wi(p, 1) = / p()wi(dz, ds).

R4 x[0,1]

The collection { {wé}, e > 0} is relatively compact in the sense that for any finite
collection of indices (i1, [1), ..., (im, l,) and Pijl; € LZ(Rd),

{@itin. ), o 0 @iy )|

is relatively compact in Cr» [0, 00). At least along a subsequence, the exchangeability

of {(r} oo» wi)} and Lemma 4.4 imply {(rf ., w’), X¢ 00} converges in distribution to

a process {(féo, wh), )A(oo}, where
1 m
Xoo) = lim — > 81 -
i=1
Convergence of the wé is in the sense that (along the subsequence)

{@i @i vl @, D} = {00 @ 0" @i 0]

for all choices of ¢;; 1, € L*R% andm = 1,2, ...
By Theorem 4.2 of Kurtz and Protter [26], for each i,

il = Fy (fgo(t), Roo (1), t) dr + / 7 (fc;o(t), 2, Keo(0), t) wi (dz, dt), (3.2)

Each w' is Gaussian white noise, and if they are independent, then the soluti_on of
(3.2) has the same distribution as the solution of (1.11). Independence of the w' is at
least not immediate. Specifically, for ¢1, 92 € LZ(R%),

(wi,l(w, ), wl (@2, -)) = (wf (1. ), wi (g2, ~)) ,
and since
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t

[ i) wl (@2 | = wl o 0wl (20 = / wl (g1, )dw! (2, )

0
t

— / w! (@2, $)dw, (g1, 5),

0

by Theorem 2.2 of Kurtz and Protter [25],
[wé,l(fpl, ), w;',,{«oz, -)]t = [wf (o1,), w,{((ﬂz, -)]l :

Consequently,

J
[wl(%, ), wk((sz —5k1 11m// ( 720005 Cl)wz(rg’oz(S) —Cl)dqu,

where the convergence is in distribution and fori # j, the limit is zero for all choices

of ¢1 and ¢ if and only 1f infy< [FL (s) — roo(s)| > 0 a.s. for each t > 0. It follows
by Lévy’s theorem that w' and w/ behave as independent Gaussian white noises until

T = hm r,J(S) = hm inf{z : |r (1) — foo(t)| < 6}. (3.3)

We need to show that 7;; = oo.
Let

Y(1) = il (1) — Fo(0)
t
= F(0) — 7L + /(Fo (fgo(s),f(oo(s),s)—Fo (f;o(s),)?oo(s),s))ds
0

+ / I (Fl@), 2, Xoo9), 5) wi(dz, ds)

RY x[0,1]

- / /(?éo(t),z,f(oo(t),t)wf(dz,dt).

RY x[0,1]
Then setting

M) = / (P9 2 Roc(s), ) w' @z, ds)

R9x[0,1]

- / /(fo'o(t),z,;%oo(o,t)wf(dz,dz)

R?x[0,¢]
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and D(r, 1) = [ F(roz,u,t) F1(r, z, u, t)dz,

t

(1, = [ (DGO, Rec(5).5) + DELE). Roc(5).9)) d.
0

fort < 7;;. Ford > 3, 1;; = o0 a.s. by Lemma 4.7. For d = 2, under the analog of
Condition 2.6, Lemmas 2.9 and 4.8 imply 7;; = 00 a.s.

Proof of Theorem 3.1 Define

t
Wi() = //agl (r;"Ng(s),Xg,NE(s),s) 7, (ré’NE(s),q,Xg,Ng(s),s) w(dq, ds).
0

(3.4)
By Levy’s theorem, each W/ is an R?-valued Brownian motion, and
t
F () =1y (0)+ / F, (r;" N9, Xe o, (5), s) ds
0
b [ A (1 X 0)s) widg. ds)
RIx[0,1]
t
=i (0) + / F. (ré, N (), Xen, (s),s) ds
0
1
+/ag (ré)Ng (5), Xen, (5), s) AW (s).
0
Abbreviating
C&‘(rv qs /-'La l) = 0‘57] (rv Ms t)Dg(V, Qa I’Lv t)oﬁgil(Q1 /-'Lv t),
we obtain
1
(Wi, Wil = / e (rin, 0.7, (), X ).5) ds, (3.5)

0

where the left side of (3.5) is the tensor quadratic variation. By Lemma 2.8 and Theo-
rem 2.7 of Kurtz and Protter [25], ({(ré Ny WH}, Xe N, ) is relatively compact and any
limit point satisfies '
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t
FLt) =7 o (0) +/F0 (f;;o(s), f(oo(s),s) ds
0

t
+//o (féo(s),ffoo(s),s) dWi(s)
0
where

N R
Xoo(t) = lim —Zaf&)m.
i=1

m—00 m 4

The W' are Brownian motions whose independence we must still verify.
Conditions 2.3 and 2.4 imply that for any § > 0, any compact subset € C My, and
any T > 0,

lim sup sup lce(r, g, m,t)] = 0. 3.6)
30 |r—q|>6 pe®.0<r<T

Consequently, as in Example 3.2,
lim [W], W/, = 8;t1
e—0
provided
5 = lim 7;(8) == lim inf{r : [Fl (1) — FL ()| < 8} (3.7)
§—>00 §—o00
is infinite a.s. This assertion follows by Lemmas 4.7 and 4.8.

The independence of the W' then implies that the limit is given by the unique
solution of (1.11). O

4 Appendix
4.1 Convergence of sequences of exchangeable families.

Let S be a complete, separable metric space. A family of S-valued random variables

{&1,...,&n} is exchangeable if for every permutation (oy, ..., 0,) of (1,...,m),
{,6,, ..., &5, ) has the same distribution as {&1,...,&,}. A sequence &,&,... is
exchangeable if every finite subfamily &1, ..., &, is exchangeable.

Theorem 4.1 (de Finetti) Let &1, &, ... be an exchangeable sequence of S-valued
random variables. Then there is a P (S)-valued random variable E such that

1 m
E = lim — S¢, a.s.
m—00 m Zl §i
1=
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and, conditioned on E, &1, &, ... are iid with distribution &, that is, for each f €
B(S™),m=1,2,...,

E[f¢&r,....&nIE] = (f. E™).

We will refer to = as the de Finetti measure for &1, &>, .. .. The next result focuses
on convergence of a sequence of exchangeable families.

Lemmad4.2 Forn=1,2,.., let {§,..., g;:,n} be exchangeable, S-valued random
variables. (We allow N,, = 00.) Let E,, be the corresponding empirical measure,

N
_ 1 n
En == D %
n .
i=1

where if N,, = oo, we mean

1 m
By = lim — > 5.
m—o0 m " 1 i

1=

Assume that N, — oo and that for eachm = 1,2, .., {E}, ... &} = (&1, ..., &)
in S™. Then {&;} is exchangeable and setting &' = so € S fori > Ny,

{En. 8.8 ..} =>{5.61.6,..)

in 2(8S) x S, where E is the de Finetti measure for {§;}. If for each m,

. &6 — &L )

in probability in S™, then B, — & in probability in 2 (S).

The converse also holds in the sense that B, = & implies

Er &) = 6L Gl

Proof The exchangeability of {£;} follows immediately from the exchangeability of
{¢/'}. Assuming m + k < N, exchangeability implies

E[F €. 65.0)

1 - n n n n
=E (Nn_m)(er_m—k+1){ z f(é:]’.”75’71,5[1,.“’51.’()}

i1,eig}C{m+1,..., Ny}

1

=E /f(él” ..... EL Sty sk) En(ds1) - En(sk) +0(V)’
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and hence if f € C(§™1h),

nILrI;OE /f 51,.. L SLe s Sk) Enldst) - B (sk)
= E[f(sla A 75}"4‘/{)]

=F /f(s],-..,gm,Sh...,Sk)E(dS])"'E(dSk) 5

where the second equality follows by exchangeability. Since the space of functions on
P(S) x § of the form

F(M,m,.-.xm)=/f(X1,...,xm,S1,.--,Sk)u(dS1)~~-M(dSk)
Sk

form a convergence determining class, the first part of the lemma follows.
If for each m, {¢]', ..., &} — {&1, ..., &y} in probability, then

in probability in Z7(S), and the convergence of &, to Z follows by approximation,
that is, by exchangeability, for each ¢ > 0 and ¢ € C(S),

tim_sup P { |t 5) = (¢, &)

m—o0o ,

> 6} = 0.
In fact, there exist n(e, ||¢|loo) and C (¢, ||¢]lc) such that

sup P {‘<(pv E,gm)> - (90, En)
n

> €} = Cle, gl e,

m}

We are interested in applying the above lemma in the case S = Dg[0, 00), the
Skorohod space of E-valued cadlag functions. Then, in addition to the & (Dg[0, 00))-
valued random variables &), it is natural to consider the &?(E)-valued processes

L
Zy(t) = A ZfSXl."(t),
"=l

(where N, may be infinite) which will have sample paths in D 5 g)[0, 00). Unlike
&,, convergence of Z, is not always assured.
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Example 4.3 a)Forn =1,2,..., let {g“i”} be iid uniform [1, 1 + %] random variables
and let X l” = l[gi",oo)- Then the conditions of Lemma 4.2 are satisfied. Note, however,
that X" = (X}, X5, ...) does not converge in Dge[0, 00), and the & (R)-valued
marginal process Z, defined by Z,(¢) = limy;,— oo % Zl'.”:l SX;z o 18

o t<1
Zyt)=1(+1—n)do+ @t —n)s; 1<t<1+1
81 1+1 <t

does not converge in D 5 R)[0, 00).
b) Let X7, X7, ... be iid with

1
P {X? = 1[1+%,oo)} =P{X/ =Tpn}= 2

Then X" converges in distribution in DR[0, 00)°°, but not in Dre[0, 00) and

&)

1 1
) (51[1+%.w> + 8110,1>) T E=5 (811100 + S110.1))

in Z(DR[0, 00)). The marginal process is

1 1 1
Z.(6) = 580+ 381 ¢l 1+)
80 tell,1+1

which does not converge in D o (f)[0, 00).

The examples above show that the convergence of an exchangeable family X"
in Dg[0, 00)* does not necessarily imply that the corresponding marginal process
Z, converges in D g f)[0, 00); however, if we strengthen the convergence of X"
to convergence in Dg~[0, 00), then convergence of Z, follows. Recall that the dis-
tinction between convergence in the product of Skorohod spaces and convergence in
the Skorohod space for the product of the state spaces has to do with coalescence

of discontinuities. For example, the sequence x, = (1[ 141 .00)" 1[1,00)) converges in
DRI0, 00) x DRI0, co) but not in Dg2[0, 00).

Lemmad.4 Forn=1,2,..,let X" = (X7, ..., X'/(,n) be exchangeable families of
Dgl0, 0o)-valued random variables such that N,, — oo and X" = X in Dg[0, 00)®°.
Define

N m
I <& : 1
n = Fn i_gl (SX’(I, E = lim — ig_ Sxi S g(DE[O, 00))

)

m—o0 m
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and

N, m
1 n ) 1
Zy(t) = A E Sxray, Z(1) = mh_)moo; E 5x;(1) € P(E).
i=1 i=1

a) Let Dg = {t : E[E{x : x(t) #x(t—)}] > O}. Then forty,...,t; ¢ Dg,
(En» Zl’l(tl)v L} Z}’l(tl)) :> (Ea Z(tl)v RN Z(tl))

b) If X" = X in Dg[0, 00), then (X", Z,) = (X, Z) in Dgooy (g0, 00). If
X" — X in probability in Dg=|[0, 00), then (X", Z,)) — (X, Z) in probability
in DEooXy(E)[O, OO)

Remark 4.5 a) The set Dz is at most countable.

b) Iffori # j, withprobability one, X; and X ; have no simultaneous discontinuities,
then Dz = ¢ and convergence of X" to X in Dg[0, co)® implies convergence
in Dg[0, 00). In particular, this conclusion holds if the X; are continuous.

c) The convergence result immediately implies that if {X"} is relatively compact in
DE[0, 00), then {(X", Z,)} is relatively compact in D gy 5[0, 00).

Proof For x € DEg[0, 00), let m,;(x) = x(¢) and recall that the continuity set for 7,
is{x : x(t) = x(t—)}. By Lemma 4.2, =, = Z. The continuity set of the mapping
un e Z(Dgl0, 00)) — /urfl € H(E) is the collection of w such that the mapping
s — um; ! is continuous at ¢. The first conclusion then follows by the continuous
mapping theorem.

The compact containment condition (see [10, Remark 3.7.3]) for {Z,,} follows by
Lemma A1.2 in the Appendix of Donnelly and Kurtz [9]. To complete the proof we
use a version of Aldous’s criterion [10, Theorem 3.8.6].

For s < t, define

Ya(€,s,1) = Ep{x 1 r(x(s), x(1)) = €},

and observe that if p, is the Prohorov metric on #(E) and 1, is o (&) measurable,
then

pp(Zn(Tn)» Zn(ty + 1)) < yu(e, Tn, Ty + 1) + €

and

Pp(Zn(th), Zun(Tw + 1) pp(Zn(Ty — V), Zn (7))
S vn(€, T, Tn T WYn(€, Ty — v, Ty) + 2€ + €.
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Note that

Yn(€, Tn, Tn WY (€, Ty — v, Ty)

R 1 <
= Jim - le Loz o), X (b ze) Z; Lo o o), X @) ze)
= j=

SO

P{r (X! (), X! (ta +w) = e, 7 (X5((ta —v) V0), X5(1y)) = €}

>
> E[yn(e, T, T +wWyule, (tp —v) VO, 7).

Let 9{' be the collection of o (&),)-measurable random variables satisfying
0 < 7, < T. The relative compactness of {(X!, X3)} in Dg2[0, co) implies that

lim sup sup P {r (X} (m,), X} (zatu)) =€, r (X5((tn—v) vV 0), X5(14)) =€} =0

3>00<u,v<s v, 77!
and hence

lim sup sup Elpp(Zn(th), Zn(tyh +u)) A pp(Zy (T — v) V 0), Zy(74))] = 0.

8=00<u,v<8 r,e 77
A similar argument gives

lim E{pp(Zn(0), Zu(8))] = 0,

and the relative compactness of {Z, } follows. By Part (a), the finite dimensional distri-
butions converge for finite subsets of a dense set of times, s0 Z,, = Zin D o g[0, 00).

If X" — X in probability in Dgx[0, 00), then for all but countably many
t, X"(t) — X (¢) in probability so by Lemma 4.2, Z,,(t) — Z(t) in probability. By
Lemma A2.1 of Donnelly and Kurtz [9], Z, — Z in probability in D 5[0, co). O

Lemma 4.6 If X = (X1, X2,...) is an exchangeable sequence in Dg|[0, 00), then
Z is continuous if and only if for i # j, with probability one X; and X j have no

simultaneous discontinuity.

Proof Necessity is immediate. Suppose, with probability one, X; and X; have no
simultaneous discontinuity. For T, n > 0, let

=T Ainf{t : p,(Z(t), Z(t—)) > n}.
As in the proof of Lemma 4.4,

pp(Z(r =), Z(1))* S y(e, T —v,7)7 + 2 +¢,
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where we simplify notation by assuming that Z(s) = Z(0) for s < 0 and similarly
for other processes. Then, by the exchangeability,

y(e, T —v,1)°
1

lim —
m—o0 m

m m
1
D (i) Xa (o) ze) - D L (X1 (). X1 (D)€

i=1 i=l1

so, taking expectations and interchanging limits and expectations,

P{r(Xi(r —v), X1(7)) = €, r(Xa2((r —v)), X2(7)) > €}
> Ely(e, T — v, 1:)2].

It follows that

772P{r <T} < lirr%) Ely(e, Tt — v, r)z] +2¢ + €2
v—>
< lirrb P{r(Xi(t —v), X1(1)) = €, r(Xa2((r —v)), X2(7)) = €}
v—>
+2¢ + €2
= 2¢ +62,

where the last equality follows by the assumption that X | and X» have no simultaneous
discontinuities. Since € is arbitrary, the lemma follows. O

4.2 Conditions for noncollision of particles

The proof of the independence of the driving noises in the limiting particle model in
Sect. 3 depends on showing that two particles cannot collide. If we let ¥ denote the
difference of the two particle locations, then what we need to show is that ¥ does not
hit zero. In general, Y can be written as

t
Y(t) = YO0)+ M) +/B(s)ds, “.1)
0

where M is a d-dimensional, continuous martingale with tensor quadratic variation of
the form

t

M]; = ([M;, Mj])) = / A(s)ds, (4.2)

0
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where under the nondegeneracy condition, Condition 2.3,

. . ZTA@)z
inf inf 5
(=T zeR4 ;20 |Z]

> 0. 4.3)

The proofs of the following lemmas are similar to the proofs for diffusion processes
in Chapter 11 of Friedman [11].

Lemma 4.7 Let d > 3. Suppose that Y satisfies (4.1) with M and A satisfying (4.2)
and (4.3). Assume that A and B are cadlag and that |Y (0)| > 0. For § > 0, let
s = inf{t > 0:|Y(t)| < 6}. Then lims_.g 75 = 00 a.s.

Proof By atruncation argument, it is enough to prove the lemma under the assumption
that there exist a constant ¢ > 0 such that |[A| + |B| < c. If this inequality does
not hold, let W be a standard Brownian motion independent of M and B. Define
Lo = inf{t s sup,<, (|AG)| + |B(S)]) = c}. Set Be(r) = 1jg.¢,) (1) B(0),

Mo(t) = M@t A L)+ WV L) — WK,

and

t
Yo(t) = Y(0) + Mo(0) + / Be(s)ds. (4.4)
0

Then Y (¢) = Y.(¢) fort < ¢ and [M.]; = fé Ac(s)ds, where
Ac(t) = 110,6) (DAQ@) + 1z 00) (D]
Note that |[A.(¢)| 4+ |B.(t)| < ¢ Vv 1. Since lim;_, » ¢ = 00 a.s., if the conclusion of
the lemma holds for Y, for each ¢ > 1, then it holds for Y.
Let o(¢) be the symmetric, positive definite square root of A(t). Then o (¢) is

nonsingular, and o N (1)A(t)o 1 (t) = I. For a matrix C, let Apmax(C) denote the
largest eigenvalue of C. Recursively, define By = 0 and

B =inf {1> B s (0™ (BOAWDO ™ (B0) =2.5hmax (07 (BOADGT BO)]
Note that for t = By, tr (0 71 (B) A(t)o ~! (Br)) = d and

o 1 (BAM)T (B2

|z|2

< e (07 BOADO T (BD) = 1,
so that Bxy1 > Bi, and the assumption that A is cadlag ensures that limy_, oo S = 00.
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Let T > 0. Proceeding inductively, suppose that top = lims_ot5 > B A T a.s.,
which is certainly true for k = 0. For ¢t > B A T, let

Zi(t) =0 (B ATHY (0).
Then for x AT <t < 19 A Bry1 A T, Itd’s formula implies

—log|Zx ()| = —log | Zi(Bx A T)| — / |Zk ()2 Zi() o™ (B A TAM (s)

BT

t
- / 1Ze) 2 Ze() o~ (B A1) B(s)ds

B T
t
1 o (2Zi()T o7 (B ATHA(s)o ™ (B A T)Zi(5)
3 / 12(5)] ( Zeo)2
B T

o™ (B ATIAW)O ™ (B A T)) ds

t

< —log|Zi(Bx A T)| — / 1 Zk() |72 Zi ()T o™ (B A THAM (s)
BnT
t

- / 1Ze)"2Ze() o~ (B A1) B(s)ds
BT
t

1
-7 / |Zk ()™ Amax (0~ Bk A TYA(s)o ™ (B A T))ds

BT
t

< —log|Zk(B AT| — / \Ze)2Z(5) o (B A TYAM(s)
B T
t

+ / (b1 Zi ()|~ = alZi(s)|~)ds,

B T

where b = sup,, , |0~ ()[|B(v)| < coanda = 1 infy, y Amax (0~ W) A(V)o ™ (u) >

0. Since sup,.o(bz~! —az?) = %,
. b*T
limsup E[—log | Zx (Brr1 AT Ats)l] < E[—log | Zr (B AT+ T
§—0
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and hence lims_.07s > Br+1 A T a.s. Since T and k are arbitrary, limg_,0 7s = 00
a.s. O

Note that we used the assumption that d > 3 in the previous lemma to ensure that

Br+1 > Br and By — oo. Similar results in the case d = 2 require some regularity in

A or equivalently o~

We define W(r) = fot o1 (s)dM (s), and note that W is a two-dimensional, stan-
dard Brownian motion.

Lemma 4.8 Let d = 2. Suppose that Y satisfies (4.1) with M and A satisfying (4.2)
and (4.3). Suppose that y (t) = o~ l@) satisfies

t t t

Y (1) = y(0) + / i ()dWi(s) + / a(s)dWals) + / Cls)ds,  (45)
0 0 0

where I'1, I, C are progressive, 2 x 2-matrix-valued processes, satisfying

Slil?(lfl(S)l + () +C$)) <00 as.

foreacht > 0. Assume that |Y (0)| > 0. For § > 0, let ts = inf{t > 0: |Y(¢)| < §}.
Then limg_.og 75 = 00 a.s.

Proof Asinthe proof of Lemma 4.7, we can assume that |A(¢)|, | B(t)|, |C(¢)|, |[I1(?)],
and |I»(¢)| are all bounded by a constant c. Define Z(t) = y (¢)Y (¢). Then setting
o (1) = (01(t), 02(7)) and

R(t) = (I1($)Y (5), I2(s)Y (5)), Q(1) = I'(t)o1(1) + I2(s)02 (1),

1 t

_ 11, Y1l + [v12, Y2l
Z0 =200+ / y(E)axs) +/dy(s)Y(s) * ([7/21, Y1l + [y22, Yz]z)
0 0

t t t t
- Z(0)+W(t)+/y(s)B(s)ds +/R(s)dW(s) +/ C(s)Y (s)ds +/ O(s)ds.
0 0 0 0

As in [11, p. 253], let o(r) satisfy ¢'(r) = —r~1e"/% for some 0 < 6 < 1. Then

t
e(1ZO) = ¢(1Z(0)]) — / 1Z(s)| 72?1201 Z()T (I + R(s))dW (s)
0

t
— / 1Z(5)| 72?1201 Z()T (y () B(s) + C()Y (s) + Q(s))ds
0
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t
- / S22 7O (1 4 R + R
0
—(2—|Z(s)|9>|Z<s>|‘22(s)T(1+R(s)>(1+R<s>T>>Z(s>) ds)

t
— 0(1ZO))) - / 1Z(5) 2" 12O 2()T (1 + R(5))d W (s)
0

t

- / 1Z(s)| 72?1201 Z()T (y () B(s) + C()Y (s) + Q(s))ds

0
t

—/ %|Z(s)|—2e9"'z<s>'9 (tr(R(s) +R)T + R(s)R(s)T)
0
=21Z()|72Z)T(R(s) + R()T + R($HR(s)T)Z(s)
HZWI1ZWPZ6T U+ REU + ROMNZE) ds
t
< 0(1ZO)]) — / 1Z(5) 2" 12O Z()T (1 + R(s))d W (s)

0
t

_’_/eG_I\Z(S)\H (co + C1|Z(S)|_1 — C2|Z(s)|_(2_9))d37
0

and hence, setting 8, = inf{t : |Z(¢)| > a}, there exists a constant «(a, co, c1, ¢2,0)
such that

Elp(|1Z(ts A Ba AT)D] = El@(IZ(0)D] + a(a, co, c1, ¢2,0)T.
It follows that lims—.o 75 > B4 A T a.s. for all @ and T, and the lemma follows. O
4.3 Comments on previous work
Vaillancourt [31] considers SODEs for the displacement of 7 of the following type®:

N
driy = F(riy(t), Xx (1), )dt + D" 0u(riy (1), N, Xy (1), )dB, (1)~ (4.6)

n=1
N
. . 1
i I B - 5.
r) =gl i=1. N XN = 8 6,
i=1

6 For SODEs with coefficients F and o; j» independent of the empirical distribution and driven by finitely
many Brownian motions. See, for example, [13] as well as [17].
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where o, (r, i, t) are “nice” .#; x4 valued functions. Adjusting the notation used in
(1.7) to the setting of (4.6), the two-particle diffusion matrix is given by

N
B(Fi,rj,N,u,t)zzzan (’i,N,u,t) of (P N 1) Vi, j=1,..,N. (47)

n=1

As in (1.4), the quadratic variations does not converge to zero, and accordingly,
the limit N — oo leads to the solution of a quasilinear SPDE. The main difference
from the model (1.1)—(1.5) is that in Vaillancourt’s case the noise is changing with
the number of particles. Hence, there is not a unique SPDE for all N, and an SPDE is
only obtained for the limiting process as N — oo. See also [5].

Remark 4.9 The empirical process for independent branching Brownian motions is
approximated by the measure valued Dawson-Watanabe process under suitable
assumptions on the branching rate. This process can be represented as the solution
of a “formal” SPDE in the space of measures [6]. Dawson’s work initiated the new
research area of superprocesses (see, for example, [7]). In dimension d = 1 the formal
SPDE for the Dawson-Watanabe process becomes a solvable SPDE for the density
of the measure process. (See [18].) The models considered by Vaillancourt [31] and
Kotelenez [19] were motivated by Dawson’s work and ideas. Assuming spatial corre-
lations for a different “physical” model, well-posed SPDEs for particle distributions
were obtained in any dimension in these papers.

Borkar [3] uses a Gaussian random field, called “Brownian medium”, as a driving
term for SODEs. The approach in [24] (and the references therein) is similar, but
it goes beyond Borkar’s work by considering flows of SODEs and bilinear SPDEs
generated by those flows.

4.4 Kunita’s random field

Kunita [24, Section 4.2], considers stochastic differential equations driven by a RX-
valued, Gaussian, space-time random field S(r, #) that Kunita refers to as a C-valued
Brownian motion. S has mean and covariance of the form

E[S(r, t)]:/b(r, wdu, Cov (S (rl, t) .S (r2,s))=7Sa (rl,r2, u) du. (4.8)
0 0

Under appropriate regularity assumptions, Kunita analyzes stochastic equations of the
form

t

Vsi(2) =z +/S(1//s,u(Z), du), 4.9)

N
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where the integral is defined by

t

/S(I/fs,u(Z),du)= lim Z(S(lﬂs,ui(Z),ui+1)—S(1ﬁs,u,~(Z),ui)),
max |uj+1—ui|—0
S
(4.10)
fors = ug < --- < u,, = t. For example, if
' N !
S(r. 1) =/b(r, w)du +Z/Gn(r, w)dB, (),
0 n=17p
for independent, standard Brownian motions S, then
() = o () ()
1.2 _ Z 1 T(.2
alr,r u) = on|r u)o, (r",u
n=1

and (4.9) becomes the It6 equation

t N t

V@ =2+ [ ba@.wdu+ Y [ 0,0, wdsyw.
s n=17%
Similarly, if
t t
S(r, 1) = / F(r,u)du +// H(r,q,ww(dq, du), 4.11)
0 0

then
b(r.u) = F(r,u), a(rl,rz,u) ://(rl,q,u) TG, q.wdg, (4.12)

and (4.9) becomes

t t

Vs,1(2) =Z+/F(l/fs,u(z)v”)du+///(ws,u(z)anU)w(dde”)~ (4.13)

N N

Assuming existence and uniqueness for all s and z, Kunita calls the solution of
(4.9) a forward Brownian flow. Suitable Lipschitz and linear growth assumptions
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ensure the desired existence and uniqueness. ’ Following Kunita’s notation and termi-
nology, define the Lipschitz norms of the infinitesimal mean b(r, ¢) and infinitesimal
covariance a(rl, r2, t):

b(r! 1) — b2, 1)

r#q |rl_r2|

6@ llo.1 :

(4.14)
laGr! 7 ) —a@?, 7 ) —aG PP 0 +a@?, 7))
P! — 2|7 =72 '

lla(®)llo,1 : sup

rl£r2 71472
Under the additional assumptions

b(r,0)| <c(L+1rD),  llaG', r2 0l <c(+|r')(1 +|r2]) (inear growth) ,

sup[[[b@)lo,1 + lla(®)llo,1 = ¢ (globally Lipschitz ),
t>0

(4.15)

Kunita (loc. cit. Section 4.2, Theorem 4.2.5) constructs the forward Brownian flow
Y.+ (2) as the unique solution of the stochastic ordinary differential equation (4.9).

The linear growth condition, Condition 2.2, is similar to Kunita’s Condition (4.14),
except that we do not assume the coefficient to be continuous in ¢. Since we solve
our SODEs on a finite time interval, our assumption of uniform boundedness in ¢
is the same as in Kunita’s Theorem 4.2.5, and it can easily be removed by working
with localizing stopping times. Further, let us comment on the Lipschitz assumption
in Kunita. Since this is an assumption on the components of the matrices involved we
may without loss of generality assume that the coefficients are real valued. Condition
2.1 (for the Euclidean norm, uniformly in #) then implies, in the notation of Kunita,
that

la (rl, rl, t) +a (rz, r2, t) —2a (rl, r2, t) | < c|r1 — r2|2, (4.16)

which is apparently weaker than Kunita’s continuity and Lipschitz assumption (4.15)
on a(rl, r2, t).

It remains to show that Kunita’s C-valued Brownian motion S(r, t) can be repre-
sented as in (4.11). Since a Gaussian random field (random function) is uniquely
determined by its mean and covariance, we have just to show that the class of infini-
tesimal means and covariances from (4.12) contains those considered by Kunita.

The case for the mean is trivial. Therefore, we will without loss of generality
assume that b = 0. Fix ¢, and first consider the case of real-valued random fields. Set
B := C(R?; R) and endow B with the topology of uniform convergence on bounded

7 Note that in Borkar’s and Kunita’s approaches the coefficients of the SODEs do not depend on the
(empirical) distribution of the particles. Hence, their work represents a new approach to classical SODEs
using a different and a more general Brownian noise. (See [22] and Proposition 4.10.)
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sets. Let Z be the Borel o-algebra on B. Given a(r, ¢, t) from (4.8), Kolmogorov’s
theorem implies the existence of a Gaussian random field with covariance a(r, ¢, t).
(See [13, Chapter 3.1]) A multiparameter version of Kolmogorov’s regularity theorem
implies the existence of a regular version with sample paths in C(R4*!; R). (See [24,
Section 1.4], [16], and [28, Section 15], for general regularity results.) Hence, for
fixed 7, the Gaussian measure y on the space of functions from R? with values in
R is supported by B, endowed with 4. (It is actually supported by an even smaller
space of more regular functions. Recall the classical Wiener space and the regularity
of the standard Brownian motion expressed by Levy’s modulus of continuity.) Thus,
we have the existence of a (continuous) Gaussian random field & (7, ¢) such that

a (rl, 2, t) —E (g (rl, r)s (rz, z)) - / ¢ (rl) ¢ (rz) wde).  (4.17)

B

Note that B is a Polish space. Hence, any measure on (B, #) is a Radon mea-
sure. (See [4, Ch. IX, Section 3.3]). Therefore, by Corollary 3.2.7 in Ch. 3.2 of [2],
Lo(B, A, du) is separable. Denoting Lebesgue measure by dp, the separability of
Ly(B, A, du) implies that

Ly(B, B,du) = Ly(R?, #°, dp) (isometrically isomorphic) . (4.18)

Note that for the special case of a separable Banach space B, the separability of
Lr(B, A, du) follows from the 1t6-Wiener chaos decomposition by construction of
a countable complete orthonormal system of eigenfunctions for Lr(By, By, duy).
(See [35], Section 1.2, or [13], Ch. VIIL.) The relation (4.18) immediately generalizes
to RY-valued Gaussian random fields. Thus, there are Borel measurable, RY-valued
functions _# (r, ¢, t), whose one-dimensional components are square integrable in g
and continuous in (r, r) such that®

ve,r', 1 a (rl,rz,t) =FE (é (rl,t) ET (rz,t)) = / 7 (rl,q,t) fT (rz,q,t) dq.
“ (4.19)

Since the distribution of Gaussian fields are uniquely determined by their mean and
their covariance operator we have the following proposition.

Proposition 4.10 S satisfying (4.8) can be represented as

t

S, 1) :/F(r, u)du +//(r,q,u)w(dq,du). (4.20)
R4

0

8 Equation (4.19) was conjectured by Dorogovtsev (2004, private communication).
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Hence, (4.20) allows us to represent Kunita’s Gaussian random fields directly as
the sum of a deterministic integral and a stochastic integral, where the latter is driven
by a standard Gaussian space-time white noise, as in our set-up of Section 1. Recalling
Kunita’s stronger regularity assumptions (4.15) on the mean and covariance, it follows
that the Gaussian random fields which drive the stochastic differential equations of
Kunita [24] are essentially a special case of the fields given in (4.11).

Remark 4.11 For Gaussian random fields with covariance as in the right side of (4.19),
Gihman and Skorohod [13, Chapter 4.5, Theorem 1] gives the representation (4.20).

Acknowledgments The final presentation of the paper has profited from careful refereeing.
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