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Let
G be a group and K a subgroup.

The Hecke algebra is
H = EndG(IndG

K(1).

Utility: As a (G, H) bimodule

IndG
K(1) ∼= Gλ ⊗Hλ where

Gλ is an irreducible G-module,
Hλ is an irreducible H-module.

Alternatively, there are well behaved functors

{G-modules} ←→ {H-modules}
Gλ ←→ Hλ = HomG(IndG

K(1), Gλ)

so that one can transfer back and forth between the representation theory of G and the repre-
sentation theory of H.

On characters: If χ ∈ Z(CG), the center of the group algebra of G, then the action of χ on
IndG

K(1) produces an element ϕ(χ) ∈ Z(H),

Z(CG) −→ Z(H)
χλ 7−→ zλ

which sends an irreducible character χλ of G to the corresponding spherical function zλ in Z(H).

1 What does H look like?

1 = C · v1 is a K-module via
kv1 = v1, for k ∈ K.
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Then

IndG
K(1) = CG⊗CK 1 = C[G/K]

= {f : G→ C | f(gk) = f(g) for all k ∈ K},

with G action given by
(gf)(h) = f(g−1h), for all g, h ∈ G.

G acts on G by multiplication. Since left multiplication commutes with right multiplication,

H = C[K\G/K] = {f : G→ C | f(k1gk2) = f(g) for all k1, k2 ∈ K}

with product convolution,

(f1f2)(g) =
∫

G
f(gh−1)f(h)dh.

If
G =

⊔
w∈W

KwK then H has basis {Tw | w ∈W},

where Tw is the characteristic function of the double coset KwK.

2 Example 1

Let
V = {subspaces of Fn

q } ordered by inclusion.

A maximal chain in this poset is a flag

0 ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vn, where dim(Vi) = i.

If

G = GLn(Fq) and B =


∗ ∗

. . .
0 ∗




is the subgroup of upper triangular matrices, then

G/B
∼−→ {flags}

gB 7−→ g(0 ⊆ 〈e1〉 ⊆ 〈e1, e2〉 ⊆ · · · )
where ei =



0
...
0
1
0
...
0


.

Hence
IndG

B(1) = span{flags}.

A basic theorem in linear algebra says that the permutations are representatives of the double
cosets in B\/B,

G =
⊔

w∈Sn

BwB and so H = span{Tw | w ∈W}.
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If

si =



1
. . .

1
0 1
1 0

1
. . .

1


then TsiTw =

{
Tsiw, if siw > w,

qTsiw + (q − 1)Tw, if siw < w.

3 Example 2

Let
G = GLn(R) and K = On(R).

Then K is a maximal compact subgroup of G. Since

G =
⊔

a∈A+

KaK where a =


a1

a2

. . .
an


with a1, . . . , an ∈ R with a1 ≥ a2 ≥ · · · ≥ an, it follows that

H = C[K\G/K] = C[a1, . . . , an]Sn ,

and so spherical functions for G/K are naturally symmetric functions.

Remark: In this case

K = Gσ = {g ∈ G | σ(g) = g} where σ(g) = (g−1)t,

so that K is the set of fixed points of the involution σ. Another important example of this
situation is when

G = S2k and K = Gσ,

where σ is the involution given by conjugation by the permutation (12)(34) · · · (2k − 1, 2k) (in
cycle notation).

4 Example 3

R is a completion of Q and Qp is a completion of Q.

From

Qp

∪|
Zp −→ Fp

we get

G = GLn(Qp)
∪|

K = GLn(Zp)
Φ−→ GLn(Fp)

∪| ∪|
I = Φ−1(B) −→ B
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where B is as in Example 1. Then

K is a maximal compact subgroup of G and I is an Iwahori subgroup.

Then
G =

⊔
λ∈P+

KtλK, and G =
⊔

λ∈S̃n

IwI,

where

tλ =


pλ1

pλ2

. . .
pλn

 and w =


0 0 0 pλ3 0
0 pλ5

0 0 0
0 0 0 0 pλ1

pλ4
0 0 0 0

0 0 pλ2 0 0

 .

5 Example 3b

G = SL3(Qp)
∪|

K = SL3(Zp)
Φ−→ SL3(Fp) = GF

∪| ∪|
I = Φ−1(B) −→ B

Then
GF =

⊔
w∈W

BwB, G =
⊔

λ∈P+

KtλK, G =
⊔

λ∈W̃

IwI,

where

W =



chambers in
0

Cs1C

s2Cs1s2C

s2s1Cs1s2s1C

...........................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................
....................................

....................................
....................................

....................................
....................................

....................................
....................................

....................................
....................................

....................................
....................................

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................


and

W̃ = {alcoves in the following picture}
P = {(centers of) hexagons in following picture}
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and P+ = P ∩ C where C is the closure of the chamber C.

Problem: Give a formula for the spherical functions of G/K in terms of this notation.

This problem was solved by C. Schwer, and my recent preprint Alcove walks, Hecke algebras,
crystals and column strict tableaux is a further development of the technique of Schwer.
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