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1 Shuffles and splittings

The letters are the elements of the alphabet

B = {b1. . . . , bn} and B⊗k = {bi1 · · · bik | 1 ≤ i1, . . . , ik ≤ n}

is the set of words of length k.
The symmetric group Sk acts on B⊗k by

σ(bi1 · · · bik) = biσ(1)
· · · biσ(k)

.
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b1 b1 b2 b1 b2 b3

= b1b1b2b1b3b2.

The shuffles of bi1 · · · bik and bj1 · · · bj`
are the elements of the multiset

bi1 · · · bik tt bj1 · · · bj`
= {γ(bi1 · · · bikbj1 · · · bj`

)) | γ ∈ Sk`
/Sk × S`}.

Example: Two shuffles in b1b1b2 tt b1b2b3 are
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b1 b1 b2 b1 b2 b3

= b1b1b2b1b3b2 and
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b1 b1 b2 b1 b2 b3

= b1b1b2b1b3b2.

The splittings of bi1 · · · bik are

bi1 · · · bir ⊗ bir+1 · · · bik , for 0 ≤ r ≤ k.

1



2 The Malvenuto-Reutenauer Hopf algebra

CS =
⊕

k∈Z≥0

CSk

has two products and two coproducts

σ • τ =
∑

γ

γ, the sum of the shuffles of the top vertices of σ ⊗ τ ,

σ ∗ τ =
∑

δ

δ, the sum of the shuffles of the bottom vertices of σ ⊗ τ ,

∆•(σ) =
∑

σ

σ(1) ⊗ σ(2), the sum of the splittings of the bottom vertices of σ,

∆∗(σ) =
∑

σ

σ(1) ⊗ σ(2), the sum of the splittings of the top vertices of σ.

Theorem 2.1. (CS,m•,∆•) and (CS,m∗,∆∗) are dual Hopf algebras and

(CS,m•,∆•) ∼−→ (CS,m∗,∆∗)
σ −→ σ−1

is a Hopf algebra isomorphism.

3 The tensor Hopf algebra

V ⊗ =
⊕

k∈Z≥0

V ⊗k

with product
(bi1 · · · bik)(bj1 · · · bj`

) = bi1 · · · bikbj1 · · · bj`

and coproduct the algebra homomrphism ∆: V ⊗ → V ⊗ ⊗ V ⊗ given by

∆(bi) = bi ⊗ 1 + 1⊗ bi, for 1 ≤ i ≤ n.

Then V ⊗ is the universal enveloping algebra of the free Lie algebra on the set B.

∆(bi1 · · · bik) = (bi1 ⊗ 1 + 1⊗ bi1) · · · (bik ⊗ 1 + 1⊗ bik)

=
∑

bi1
···bik

∈uttv

u⊗ v =
k∑

`=0

∑
γ∈Sk/S`×Sk−`

γ−1(bi1 · · · bik).

4 The shuffle Hopf algebra

The shuffle Hopf algebra is the dual of the tensor Hopf algebra, i.e.

V ⊗ =
⊕

k∈Z≥0

V ⊗k

with product

(bi1 · · · bik) tt (bj1 · · · bj`
) =

∑
γ∈Sk+`/Sk×S`

γ(bi1 · · · bikbj1 · · · bj`
)

and coproduct

∆tt(bi1 · · · bik) =
k∑

r=0

bi1 · · · bir ⊗ bir+1 · · · bik .
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5 The convolution algebra

The convolution algebra is
E =

⊕
k∈Z≥0

End(V ⊗k)

with products

composition ϕ ◦ ψ,

tensor convolution ϕ • ψ = m• ◦ (ϕ⊗ ψ) ◦∆•,

shuffle convolution ϕ ∗ ψ = mtt ◦ (ϕ⊗ ψ) ◦∆tt.

The vector space End(V ⊗k) has basis{
ϕ[γ]

∣∣∣ [γ] =
[
i1 · · · ik
j1 · · · jk

]
, 1 ≤ i1, . . . , ik, j1, . . . , jk ≤ n

}
where the (i′1 . . . i

′
k, j

′
1 . . . j

′
k) entry of ϕ[γ] is

(
ϕ[γ]

)i′1...i′k
j′1...j′k

=

1, if

[
i′1 · · · i′k
j′1 · · · j′k

]
=

[
i1 · · · ik

j1 · · · jk

]
,

0, otherwise.

Then[
i1 · · · ik
j1 · · · jk

]
•

[
i′1 · · · i′`
j1 · · · j′`

]
=

∑
r1...rk+`∈(j1...jk)tt(j′1...j′`)

[
i1 · · · ik i′1 · · · i′`
r1 · · · · · · rk+`

]
,

(shuffle the bottom and concatenate the top), and[
i1 · · · ik
j1 · · · jk

]
∗

[
i′1 · · · i′`
j1 · · · j′`

]
=

∑
s1...sk+`∈(j1...jk)tt(j′1...j′`)

[
s1 · · · · · · sk+`

j1 · · · jk j′1 · · · j′`

]
,

(shuffle the top and concatenate the bottom).

6 Centralizer algebras

The group GLn acts on V ⊗k by

gbi =
n∑

j=1

gjibj and g(bi1 · · · bik) = (gbi1) · · · (gbik),

for g = (gij) in GLn. Then

EndGLn(V ⊗k) ∼= CSk, for k ≤ n,

and the products and coproducts on CS are

m• the restriction of tensor convolution,
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mtt, the restriction of shuffle convolution,

∆•, the dual of mtt,

∆tt, the dual of m•.

The Schur algebra
Uk = EndSk

(V ⊗k)

has basis {
ϕ[γ]

∣∣∣ {γ} =
{
i1 · · · ik
j1 · · · jk

}
, 1 ≤ i1, . . . , ik, j1, . . . , jk ≤ n

}
where the (i′1 . . . i

′
k, j

′
1 . . . j

′
k) entry of ϕ{γ} is

(
ϕ{γ}

)i′1...i′k
j′1...j′k

=

1, if

{
i′1 · · · i′k
j′1 · · · j′k

}
=

{
i1 · · · ik

j1 · · · jk

}
,

0, otherwise.
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