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1 Shuffles and splittings
The letters are the elements of the alphabet
B={by....,b,} and  B® ={b;---b; | 1 <iy,...,ix <n}

is the set of words of length k.
The symmetric group Sy, acts on B®* by

o) " Vig(k)

Example:

b1 b1 by b1 by b3
The shuffles of b;, ---b;, and bj, ---bj, are the elements of the multiset
biy -+ biy, LI bjy -+ - bj, = {v(bi, - by bjy - 'bje)) |y € Skz/Sk X S¢}.

Example: Two shuffles in b;b1bs LLI b1bobs are

= blblbzblbng and I M = blblbgblb;gbz.
b1 b1 by b1 b b3 b1 by by b1 by b3

The splittings of b;, - - - b;, are

bi1"'bir®bir+1"'bik7 for 0<r<k.



2 The Malvenuto-Reutenauer Hopf algebra

CcS= P CSi
keZZO
has two products and two coproducts
oceT = Z v, the sum of the shuffles of the top vertices of o ® 7,
v
oxT = Z 0, the sum of the shuffles of the bottom vertices of o ® T,
§
A®(o) = Z o1) ® 0(2), the sum of the splittings of the bottom vertices of o,
g
A* (o) = Z oM o, the sum of the splittings of the top vertices of o.
ag

Theorem 2.1. (CS,m®, A®) and (CS, m*, A*) are dual Hopf algebras and

(CS,m* A%) — (CS,m*,A%)

o — g

is a Hopf algebra isomorphism.

3 The tensor Hopf algebra

Ve — @ Ok

kE€Z>0
with product
(biy -+ i )(bjy - - bj,) = biy -~ by by, -+ by,
and coproduct the algebra homomrphism A: V€ — V® @ V® given by
Ab)=b;®14+1®b;, for 1<¢<n.
Then V® is the universal enveloping algebra of the free Lie algebra on the set B.
Aby---bi) = by @1+1@by,) - (b, @1 +1®b;,)

k
= Z U®U:Z Z ’y*l(bil---bik).

bllblkGuLuv =0 ’yesk/SeXSk7£

4 The shuffle Hopf algebra

The shuffle Hopf algebra is the dual of the tensor Hopf algebra, i.e.

Ve — @ YOk

k€220
with product
(bh"‘bik) L (bj "'bje): Z ’Y(bh"'bikbjf"bje)

YESkte/Sk XSk
and coproduct

k

A (b, - by, ) = Zbil by, @by, b
r=0



5 The convolution algebra

The convolution algebra is
E= P End(V®H)
kEZzO

with products
composition ¢ o 1,
tensor convolution ¢ @ ) = m® o (p ® V) o A®,
shuffle convolution ¢ * ¢ = m" o (o ® 1) o A,

The vector space End(V®*) has basis

{@[v])[ﬂ—[il i-k], 1§i17---7ik7j17---7jk§n}

g Jk
where the (4] .. .4}, j - .. j,) entry of ¢}, is
i i
o o[ ]
(90[7})]'1...3';@ = Jio Ik J1
0, otherwise.
Then
R RS B
. . . ./ —
PR PR 7"
J Tk L Je 71Tl 0 €(J1 -k ) LG --5p) !
(shuffle the bottom and concatenate the top), and
|:il /Lk:|*|:2,1 1'4_ Z [51
. . . . . 4/ — .
J I J Je 81840 €(J1---Jk)LL(F] ---37) 1

(shuffle the top and concatenate the bottom).

6 Centralizer algebras

The group GL, acts on V®F by

gb; = Zgjibj and g(bil T bik) = (gbil) U
j=1

for g = (¢i5) in GLy,. Then

Endgy, (V&) = CS,, for k <n,

and the products and coproducts on CS are

m® the restriction of tensor convolution,

ik
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m, the restriction of shuffle convolution,
A®, the dual of m‘",
A", the dual of m®.

The Schur algebra
Uy = Endg, (V®F)

has basis

{wm‘{v}Z{ji k} LSttt g1

Jk

where the (7} ..., 7] ... ;) entry of ¢y is

( )’Ll...zk _ ) ./ . ./ - .
Pi{v} 3hdh I Jk J1

0, otherwise.
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