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1 p-adic groups

Let F be p-adic field so that

F
∪|
o −→ k

where k = o/p.

and our favourite example is

F = C((t)) = {ctk(1 + a1t + a2t
2 + · · · ) | c ∈ C∗, k ∈ Z, ai ∈ C},

o = C[[t]],
k = C,

with

p = (t) = tC[[t]] = {a1t + a2t
2 + · · · | ai ∈ C}, and

o∗ = {c(1 + a1t + · · · ) | c ∈ C∗, ai ∈ C}.

Let G(F) be a p-adic group so that

G = G(F)
∪|
K = G(o) −→ G(k)
∪| ∪|
I −→ B(k)
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where our favourite example is

G = GLn(C((t)))
∪|
K = GLn(C[[t]]) −→ GLn(C)
∪| ∪|

I −→


∗ ∗

. . .
0 ∗




2 Root structure

GLn(F) is geberated by

xij(a) =

1
. . . a

1

 =
∏

k>−`

xij(tkak), if a = a−`t
−` + a−`+1t

−`+1 + · · ·

and

hi(g) =



1
. . .

1
g

1
. . .

1


, where g ∈ C((t))∗,

and contains a lattice

H =


tλ1

. . .
tλn

 ∣∣∣ λ1, . . . , λn ∈ Z

 and Sn = {permutation matrices}

and the affine Weyl group of type GLn is

W̃ =
{

matrices with entries tk, k ∈ Z, with
exactly one nonzero entry in each row and each column

}
Let

U+ =




1
1 aij

. . .
1

 ∣∣∣ aij ∈ C((t))

 =

 ∏
1≤i<j≤n

xij(aij)
∣∣ aij ∈ C((t))

 .

Theorem 2.1.

(a) GLn(F) =
⊔

w∈W̃

IwI

(b) G =
⊔

v∈W̃

U+vI
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These are are analogues of
GLn(C) =

⊔
w∈Sn

U−wB.

which is proved by taking a matrix, row reducing to obtain pivots in each row, and then multi-
plying by a permutation to move the pivots into successive rows so that the resulting matrix is
upper triangular. The row reduction is effected by multiplication by generators xij(a), since

xijA takes a · (jth row) and adds it to the ith row.

3 SL2(F)

Let

xα1+kδ(c) =
(

1 tkc
0 1

)
and xα1+kδ(c) =

(
1 0

tkc 0

)
.

Then

xα1+kδ(c)x−α1−kδ(−c−1)xα1+kδ(c) =
(

0 tkc
tkc 1

)
x−α1+kδ(c)xα1−kδ(−c−1)x−α1+kδ(c) =

(
0 −tkc

tkc 1

)
Let

nα1+kδ =
(

0 tk

−t−k 0

)
=

(
tk 0
0 t−k

) (
0 1
−1 0

)
= tkα1s1,

n−α1+kδ =
(

0 −t−k

tk 0

)
=

(
−t−k 0

0 −t−k

) (
0 1
−1 0

)
= −t−kα1s1,

and

s1 =
(

0 1
1 0

)
= sα1 with n1 =

(
0 1
−1 0

)
s0 =

(
0 −t−1

t 0

)
= sα0 with n1 =

(
0 t−1

−t 0

)
and α0 = −α1 + δ.

Then

s1s0 =
(

t 0
0 t−1

)
and s0s1 =

(
t−1 0
0 t

)
Let

n1 =
(

0 1
−1 0

)
and n0 =

(
0 t−1

−t 0

)
so that

xα1+kδ(c)n1 = n1x−α1+kδ(−c) and x−α1+kδ(c)n1 = n1xα1+kδ(−c),

and
xα1+kδ(c)n1 = n0x−α1+(k+2)δ(c) and x−α1+kδ(c)n1 = n1xα1+(k−2)δ(c),

•

Hα1,1Hα1,0Hα1,−1 Hα0 Hα0,1Hα0,−1

1 s0 s0s1 s0s1s0s1s1s0s1s0s1
.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................

...........................................

...........................................

...........................................

...........................................

...........................................

...........................................

...........................................
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4 The double cosets IwI

xα1(c1)s1I is in Is1I. •

Hα1 1s1
.............................................................................................................................................................................................................................................................................................

...........................................

.............................
...........................................c1

....................................................................................................

x−α1+δ(c1)s0I is in Is0I. •

H−α1+δ
1 s0

.............................................................................................................................................................................................................................................................................................
...........................................

...........................................

.............................
c1

...................................................................................... ..............

xα1(c1)s1x−α1+δ(c2)s0I = xα1(c1)xα1+δ(c2)s1s0I is in Is1s0I.

•

Hα1Hα1+δ
1s1s1s0....................................................................................................................................................................................................................................................................................................................................................................

...........................................

.............................
.............................

...........................................c1c2
........................................................................................................................................................................................................

x−α1+δ(c1)s0xα1(c2)s1I = x−α1+δ(c1)x−α1+2δ(c2)s0s1I is in Is0s1I.

•

H−α1+δ H−α1+2δ
1 s0 s0s1....................................................................................................................................................................................................................................................................................................................................................................

...........................................

.............................
.............................

...........................................c1 c2
...................................................................................... .............. ...................................................................................... ..............

xα1(c1)s1x−α1+δ(c2)s0xα1(c3)s1I = xα1(c1)xα1+δ(c2)xα1+2δ(c3)s1s0s1I is in Is1s0s1I.

x−α1+δ(c1)s0xα1(c2)s1x−α1+δ(c3)s0I = x−α1+δ(c1)x−α1+2δ(c2)x−α1+3δ(c3)s0s1s0I is in Is0s1s0I.

Note that(
1 a
0 1

)
s1I =

∏
k≥0

xα1+kδ(ak)

 s1I = s1

∏
k≥0

x−α1+kδ(−ak)

 I = s1x−α(−a0)I = xα1(a0)s1I,

and (
1 0
b 1

)
s1I =

∏
k≥1

x−α1+kδ(bk)

 s1I = s1

∏
k≥1

xα1+kδ(−bk)

 I = s1I,

and, in fact
Is1I = {xα1(c1)s1I | c ∈ CC},

since, for b ∈ p,

x−α1(b)xα1(a0)s1I = x−α1(b)xα1(a0)xα1(−a0)x−α1(a
−1
0 )xα1(−a0)I

= x−α1(a
−1
0 )x−α1(b)I = x−α1(a

−1
0 )I = xα1(a0)s1I.

A similar computation is

(
1 a
0 1

)
s0I =

∏
k≥0

xα1+kδ(ak)

 s0I = s1

∏
k≥0

x−α1+(k+2)δ(−ak)

 I = s0I,
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and (
1 0
b 1

)
s0I =

∏
k≥1

x−α1+kδ(−bk)

 s0I = s0

∏
k≥1

xα1+(k−2)δ(−bk)

 I

= s0xα1−δ(−b1)I = x−α1+δ(b1)s0I,

5 The double cosets U+vI

I ∩ U+I = I since I ⊆ U+I,

Is1I ∩ U+s1I = {xα1(c1)s1I | c1 ∈ C} •

Hα1 1s1
.............................................................................................................................................................................................................................................................................................

...........................................

.............................
...........................................c1

....................................................................................................

since Is1I = {xα1(c1)s1I | c1 ∈ C} ⊆ U+s1I, and

Is1s0I ∩ U+s1I = {xα1(c1)xα1+δ(c2)s1s0I | c1, c2 ∈ C} •

Hα1Hα1+δ
1s1s1s0....................................................................................................................................................................................................................................................................................................................................................................

...........................................

.............................
.............................

...........................................c1c2
........................................................................................................................................................................................................

since Is1s0I ⊆ U s
1s0I.

Is0I = {x−α1+δ(c1)s0I | c1 ∈ C}. Case c1 6= 0: Then

x−α1+δ(c1)s0I = x−α1+δ(c1)x−α1+δ(−c1)xα1−δ(c−1
1 )x−α1+δ(−c1)I

= xα1−δ(c−1
1 )x−α1+δ(−c1)I = xα1−δ(c−1

1 )I.

This is the case when a positive crossing changes to a fold.
Case c1 = 0: Then x−α1+δ(0)s0I = s0I.

So

Is0I ∩ U+I = {xα1−δ(c−1
1 )I | c1 6= 0}

= {x−α+δ(c1)I | c1 6= 0}, •

Hα1−δ
1 s0

.............................................................................................................................................................................................................................................................................................
...........................................

...........................................

.............................

c−1
1

..............................................................................................

Is0I ∩ U+s0I = {s0I} = {x−α+δ(0)s0I}. •

H−α1+δ
1 s0

.............................................................................................................................................................................................................................................................................................
...........................................

...........................................

.............................
0

...................................................................................... ..............

This is the case when a positive crossing changes to a negative crossing.
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Is1s0I = {x−α1+δ(c1)x−α1+2δ(c2)s0s1I | c1c2 ∈ C} = {x−α1+δ(c1)s0x−α1(c2)s1I | c1, c2 ∈ C}.
Case c1 6= 0: Then

x−α1+δ(c1)s0x−α1(c2)s1I = x−α1+δ(c1)x−α1+δ(−c1)xα1−δ(c−1
1 )x−α1+δ(−c1)xα1(c2)s1I

= xα1−δ(c1
1)x−α1+δ(−c1)xα1(c2)s1I

= xα1−δ(c1
1)x−α1+δ(−c1)Is1I

= xα1−δ(c−1
1 )xα1(c

′
2)s1I

So

•

Hα1−δHα1
s1 1 s0 s0s1...........................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................

.............................
.............................

...........................................

...........................................
c−1
1

c′2

..................................................................................................................................................................................................

Case c1 = 0 and c2 6= 0: Then

x−α1+δ(0)s0xα1(c2)s1I = x−α1+δ(0)s0xα1(c2)xα1(−c2)x−α1(c
−1
2 )xα1(−c2)I

= x−α1+δ(0)s0x−α1(c
−1
2 )xα1(−c2)I

= x−α1+δ(0)s0x−α1(c
−1
2 )I

= x−α1+δ(0)xα1+2δ(c−1
2 )s0I.

So

•

H−α1+δ H−α1+2δ
1 s0 s0s1....................................................................................................................................................................................................................................................................................................................................................................

...........................................

.............................
.............................

...........................................
0 c−1

2

...................................................................................... .............. ..............................................................................................

Case c1 = 0 and c2 = 0: Then

x−α1+δ(0)s0xα1(0)s1I = s0s1I. •

H−α1+δ H−α1+2δ
1 s0 s0s1....................................................................................................................................................................................................................................................................................................................................................................

...........................................

.............................
.............................

...........................................
0 0

...................................................................................... .............. ...................................................................................... ..............
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