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1 p-adic groups
Let F be p-adic field so that

F
Ul where k = o/p.

o — k
and our favourite example is

F=C((t) = {ct* (1 +art + ast> + ---) | c € C*,k € Z,a; € C},
o = C[[]],
k=C,

with

p= () =tC[[t] = {art + ast> +--- | a; € C}, and
o ={c(l+at+---) | ceC* a €C}.

Let G(F) be a p-adic group so that

G = G(F)
Ul

K = Go) — G(k)
Ul Ul



where our favourite example is

Ul
K = GL(C[t]]) — GL,(C)
U ul
* %
I —
0 *
2 Root structure
GL,(F) is geberated by
1
zij(a) = “a = |] =i(t*ar),  fa=a_ gt +a gt 4
1 k>—¢
and
1
1
hi(g) = g ., where g € C((?))",
1
1
and contains a lattice
M
H = ‘ A, ..., \p €EZ and Sy = {permutation matrices}
thn
and the affine Weyl group of type GL,, is
s matrices with entries t*, k € Z, with
exactly one nonzero entry in each row and each column
et
1
I 1 Qg
Ur = . ay €C(() p =9 [l @ilay) | ay e (@)

1<i<j<n

Theorem 2.1.
(a) GLn(F) = | | Twl
weWw
(b) G=| | Utor
veW



These are are analogues of
GLn(C)= | | U wB.
wESH
which is proved by taking a matrix, row reducing to obtain pivots in each row, and then multi-
plying by a permutation to move the pivots into successive rows so that the resulting matrix is
upper triangular. The row reduction is effected by multiplication by generators x;;(a), since

z;; A takes a - (' row) and adds it to the i*" row.

3 SLy(F)
Let k
Ta,+ks(C) = <é tlc> and Tay+rs(€) = <tklc 8) '
Then
xalJrké(c);pfal7k5(—071)$a1+k5(c) = (tgc t?)
T o 1k6(C) Ty ks (—¢ )Ty 115 (c) = <t’9c _ikc>
Let

0 tk tk 0 0 1
Noy+k6 = —t_k 0 = 0 t—k; -1 0 = tkalslu
0 —t*F —tk 0 0 1
ootk =k o = o %)\ 1 o)~ —l_ka, 51,

and
0 1 . 0 1
s1 = <1 0) = Say with ny = (_1 0)
41 -1
sp = (? g > = Sqy with ny = <_Ot to > and ag= —aq + 6.
Then
ss—t 0 and ss—tilo
0= 1o ¢! 1=l o ¢
Let
(0 1 d (0 ¢!
=10 . =\t o
so that
Ta+ks(C)N1 = N1T_q, 1rs(—C) and  Z_q 1ks(c)n1 =1%o, 4rs(—C),
and
Tay+k6(C)N1 = N0T_o 4 (k42)5(c)  and o, 1ks(c)n1 = 12, 4 r—2)5(C),
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4 The double cosets [wl

o S1 1
Tay(c1)s1] isin  Isil. | )\ |
1
H_
. 1o
T_a,15(c1)sol isin  Isol. l | |

Tay (€1)81%—ay+5(c2)S0] = oy (€1)Tay+5(c2)s150] isin  Isysol.

Her(;Ha1
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(5180 s1 ) 1
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Ty 45(€1)s0Ta, (2)81] = gy 46(C1)T—ay425(c2)sos1] isin  Isgsil.

H—a1+5 H—a1+25
L L so sost

L]
—_—
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Zay (€1)$12—ay+6(C2)S0%a, (€3)S11 = Tay (€1)Tay+5(C2)Tay+25(c3)s1s0s1]  isin  Isisosil.
T_ay45(C1)50%a; (C2)517_ay45(c3)80] = T _qy+6(C1)T oy 426(c2)T oy 135(c3)s051500 isin  Ispsisol.

Note that

1 a
(0 1) 511 = ’};[()xalJrkg(ak) s1I = 51 ’g)xalJrk(;(—ak) I =s12_o(—ap)l = x4, (ag)s1l,

and

1 0
(b 1) s1] = foalJrké(bk) s1] = s HxalJrké(_bk) I =351,
k>1 k>1

and, in fact
IsiI = {xq,(c1)s1] | c € CCY,

since, for b € p,

T—q,(0)Zay (a0)$11 = T—0, (b) 2oy (a0)Tay (—a0)T—ay (aal)xm (—ao)!

= T—ay (aal)x—th (b)I =T—ay (aal)l =Ty (CLQ)SlI.

A similar computation is

1 a
<0 1> sol = | [ zarsnslar) | so = s1 | ] o—arrcerors(—ar) | T =sol,
k>0 k>0



and

1 0
(b 1) sol = foalJrké(_bk) sol = sg H%1+(k—2)5(—bk) I

k>1 k>1

= 50$a1—6(—bl)1 = $_a1+5(b1)80_[,

5 The double cosets UTvl

INUtI=1 since ICU"I,

31Ha1 1
IsiINU"s1I = {x4,(c1)s11 | c1 € C} | I\ |
1
since I's1] = {wq,(c1)s11 | ¢; € C} C Ut s11, and
Ha1+§ Ha1
Is1sol NUVs1I = {4, (c1)Ta,+5(c2)s150] | c1,c2 € C} | 150 | o1 I\ 1
! c2

since Is1s50f C Uisol.
Isol = {x_q,+5(c1)sol | c1 € C}. Case ¢ # 0: Then
Ty 45(¢1)50] = T a3 16(c1)T oy +5(—€1)Tay—5(¢7 )T —ayys(—c1)]
= xa1*5(cl_1)x*a1+5(_cl)l = xalfé(cl_l)[,

This is the case when a positive crossing changes to a fold.
Case ¢ = 0: Then x_4,46(0)sol = sol.
So

Isol NUTT = {xq, _s(c7")I | c1 # 0}

H,,
i 174,
= {z_ats(c)l | 1 # 0}, Jf | I
cfl
oo
IsoI NUVsol = {sol} = {x_0+s(0)sol}. I | |
=

This is the case when a positive crossing changes to a negative crossing.



Isis0l = {x_o,4+6(c1)T—ay+25(c2)sos1] | cica € C} = {x_n,15(c1)S0—q, (c2)s1] | c1,c2 € C}.
Case c¢1 # 0: Then

2y 45(€1)50%—a, (€2)511 = T a1 45(c1) T 0 +6(—C1)Za, (61 )T —ay +5(—¢1)Tay (c2) 511

=Loy— 5(Ci)$ a1+§(—01)$a1(62)811

= Ta;—5(c1)T—ay+s(—c1)Is1]
(

Tar—s(cr )ty ()51 1
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Case ¢1 = 0 and ¢ # 0: Then

(0)s0Za, (c2)Tay (— CQ)x—al(Cz_l)xoq(_@)I
=T a1+5(0 Sox—al(cz )56061(_02)1
= Z_a,45(0 5037—041(62 )1
(

= &, +6(0)a,425(c5 " )sol.

T—a;+5(0)50%ay (c2)51] = T_;45(0

)
)
)
)

So
H—a1+6 H—a1+25
L Loy so sos
—_——— |
0 02—1

Case ¢ =0 and ca = 0: Then

ZT—0y45(0)502q, (0)s11 = sps11.




