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ELLIPTIC CURVES

e Definition:
E :y* = f(x) is anelliptic curve overQ if f(x) € Q[x] is a cubic
polynomial andf has distinct roots.

e Definition:
The K -rational points ofF/, denotedt/( K'), are the points oy with
coordinates inK. We’'ll considerK’ = Q andK = [F,,.

e There is agroup lawon the elliptic curve, and for any field, £ (K) is
closed under the operation.



RATIONAL POINTS ON £

e Mordell-Weil Theorem:E(Q) is a finitely generated abelian group.
Thatis,F(Q) = Z" € T wherer and|T'| are finite.

e 1 IS called the algebraiankof F.

e Mazur's Theorem{T| < 16.



RATIONAL POINTS ON CURVES. A CLASSIFICATION

Let C be a curve of genus. Then:
e If g =0, thenC(Q) is Parameterizabl@onic case).
o If g =1, thenC(Q) is Finitely Generatedelliptic curve case).

o If ¢ > 2,thenC(Q) is Finite.



AN ELLIPTIC CURVE AS A TORUS

To an elliptic curveF, we can associate a lattide= (wy,ws) C C, such
that:

¢ If we define theMNeierstrass-function of A by
oa(z) = Z% + Zo;éweA((z_lw)z — wlg), then:

e This induces an analytic isomorphisif A = FE(C) by
z = (pal2), P (2))-




L-FUNCTIONS

e Definea, :=p+1—|E(F,)| and
L(E,s) :=TI(1 — a,p—* + p*~2%)~! (up to the bad primes)

e TheConjecture of Birch and Swinnerton-Dyavhich has been proven
up to the constant for rank 0 and 1, says:
¥ L(E,s) wi-R-(Il <cocy) - ||
— T — 2
s—1 (8 — 1) |E(Q)tors|

e For analytic rank one curves, i.é.(F.1) =0andL/(F,1) # 0, then
algebraic rank is also one.




HEEGNERPOINT ALGORITHM

e We implement a method to find certaiteegner pointin £(Q). When
the rank ofE is 1, these points aneontorsion Unfortunately when the
rank is not 1 they are torsion points.

e Our program inPARI-gpdoes the following:
Input An elliptic curve E defined over.
Output A rational point inE(Q) which is /|I11| times a generator of
the rank one part.



PROGRAM OUTLINE

1. Wei will use theModular Parametrizatioto shift our study from
Elliptic Curves toQuotients of the Upper Half Plane
Lo(N)\H — E(C).

2. Joe will use thenagic of Complex Multiplicatiorto find points inH
which map to points i (Q).

3. David will use thenagic of Gross-Zagieo find what to divide by to
get the generator.

4. Ifti will describe some further results from implemenfiour algorithm.



OVERVIEW

e Goal: find a nontorsion rational point on an EQQ.

e Often easier to study families than objectsradular curve
IS one way to parametrize elliptic curves with extra
structure.

e \We construct special points on modular curvesbgnplex
multiplication

e We then apply thenodular parametrization map
¢ : Xo(N) — FE to obtain rational points o#.



MODULAR CURVES. ANALYTIC DESCRIPTION

o ['((N) C SLy(Z): upper-triangular matrices mau

b
oy = (a d) e I'y(V) acts on the upper half plari¢ by
C

at + b
— f
v(T) p—— orr e H

e We define the level Nnodular curve

Xo(N) :=To(N) \'HU {cuspg

l.e., we identifyr € H with ~(7) for all v € T'y(NV), and
take the compactification.



MODULAR CURVES. ALGEBRAIC STRUCTURE

BecauseX(/V) is a compact Riemann surface, it has the
algebraic structure of @omplex algebraic curveverC.

There’s also anoduliinterpretation:
Xo(N) < {(E/C,C) : C = Z/NZ} U {cusps,

l.e., points onXy (V) parametrize isomorphism classes of
elliptic curves overC with cyclic subgroups of ordew.



MODULAR PARAMETRIZATION

e Given E/Q, modularity gives a modular forn.

e TheEichler-Shimura constructioproduces a curvé’,
associated tg such that there is an isogeftyy — E.

e In fact, for NV the conductor of/, this construction gives

whereJy(N) is the Jacobian oKy (/V) and/; is a certain
ideal in the Hecke algebra associated’to

e This map isdefined over), which will be important later.



ANALYTIC DESCRIPTION

We define, forf associated td,

w: H—C

——

For~ € I'y(IV), the differencep(y7) — ¢(7) is in the lattice
Ay, sop Induces

O :To(N)\'H— C/A; 2 E.

Practically,A; = Ag for the last isomorphism.



L UCKILY...

The two descriptions of the modular parametrization map

o : Xo(N) — FE
P’ . [o(N)\H — C/A

match up!

e Algebraic description: we’ll find a rational point in the end

e Analytic description: this map is computable



COMPUTING ¢

e If fz has the Fourier expansion

fE(T) _ Z an627m'n7"

n>1

then thea,, can be obtained directly frorA.

e Therefore, we have an explicit way to compdte

= 2 / F(C)d¢ = Za" 2minT



OVERVIEW (AGAIN)

e Goal: find a nontorsion rational point dry/ Q.

e Often easier to study families than objectsradular curve
IS one way to parametrize elliptic curves with extra
structure.

e \We construct special points on modular curvesbgnplex
multiplication

e We then apply thenodular parametrization map
¢ : Xo(N) — FE to obtain rational points o#.



COMPLEX MULTIPLICATION (1)

e The modular parameterization is a map ofer
¢: Xg(N) — FE

We'll find points onXy (N )(H ), over a fixed number field/, and map
them toFE. This gives points o (H). (We'll specify H later.)

e How to find H-rational points ofX(/V)?
Xo(NN) = {elliptic curves with levelN subgroup
Even better:
Xo(N)(H) = {elliptic curves overH with level-N subgroup ovet }

So want to findE” over H with level-N subgroup oved.



COMPLEX MULTIPLICATION (1)

CM to the rescue!

Let 7 € H. Assume it's quadratic ovdp. So satisfies unigue equation of
the form

AT +Br+C=0 ABCeZ A>0 (A,B,C) =1
Define thediscriminant

A(T) = B* — 4AC

Theorem 1. Let K bequadratic over Q, and let H = HCF(K). Let
D =disc(K/Q)andletr €¢ KN'H.If A(t) = D thenj(7) € H.

Soif B, =C/(1,7) thenE is defined overH.



COMPLEX MULTIPLICATION (I11)

We still need an ordeiV subgroup defined ovell. Have a map
ENT — ET

with cyclic kernel of orderV. When isEy - defined overH ?
Proposition 1. If A(7) = D = disc(K/Q) isprimeto N,

N|A and D=DB* (mod4N)
then A(7) = A(NT). In particular,

T € Xo(N)(H)

Such ar is called aHeeger pointGiven D, we can algorithmically search
for suchr.



COMPLEX MULTIPLICATION (1V)

Miracle! For suchr, o(r) € E(H)
Recall that we can compute by:
(I)(T) _ Z %627?&717'.
n=1

If 7,...,7 € Xo(IN)(H) are the conjugates undéml( H/K) then

Zcb(n) e F(K)

But we want aationalpoint of ! Turns out that because of the functional
equationGal(K/Q) acts trivially on the above sum. So in fact

h

Z O(r;) € E(Q)

1=1



COMPLEX MULTIPLICATION (V)

Last step: calculatell of the7;’s.
Theorem 2 (Gauss) Thereis a one-to-one correspondence

Gal(H/K) «— {tr€e KNH|A(r) = D}/SLs(Z)

In other words:

We only have to find a Heeger pointn each class modul®L,(Z).

Again, we can do this algorithmically.



AND Now??

¢ Joe has handed me a complex number
z=¢(1) € C

and we are interested in the corresponding point on our
elliptic curve:

P = (p(2), ¢/()) € E(C).

e Joe’'sComplex Multiplication Magical Mystery Touells
us that, in fact,

P = (p(2),¢/()) € B(Q).



AND Now??

Remember, our original goal was to find a
non-torsion point, and for that we need ...



THE THEOREM OFGROSSZAGIER

h(P) = 4\\/{)@ ) L'(E,1)L(Ep,1)




CANONICAL HEIGHT

h(P) = 4\\/(/)@ ; L'(E,1)L(Ep, 1)

e L(P) is theCanonical Heighof the pointP.

e The precise definition is a bit tricky; in essence it
IS a measure of the number of digits necessary to
write down thexr-coordinate ofP.



KEY PROPERTIES

h(P) = 4\\/{)@ ) L'(D,1)L(Ep,1)

(1) h(IP) = I2h(P)

(2) Given some bound, there are only finitely
many pointsP with height less thas

(3) h(P) is zero if and only ifP is a torsion point.



AN

h(P) 1S ZERO IF AND ONLY IF P IS A TORSION POINT

h(P) = 4\@> L'(D,1)L(Ep,1)

e |D|is non-zero

e \OI(F) is the volume of the period lattice; this is
also non-zero.



AN

h(P) 1S ZERO IF AND ONLY IF P IS A TORSION POINT

h(P) = 4\\/{)@) L'(D,1)L(Ep,1)

To even get started we needed to know that
L'(D, 1) was non-zero.



A

h(P) IS ZERO IF AND ONLY IF P IS A TORSION POINT

h(P) = 4\%@) L'(D,1)L(Ep,1)

e F'pisthequadratictwist of £ by D.
o L(Ep,s) =301 (5) 32

e \We chose everything such thatEp, 1) will be
non-zero.



SO...ISP A TORSIONPOINT?

h(P) = MCE) L(D, ) L(Ep, 1) 0

P is a torsion point if and only ifi(P) is zero

We conclude thaP isnot atorsion point!



TIME TO PACK UP AND GO HOME?

Of course not.



BSD REVISITED

Lg)(l) _ #UI(E) - R(E) - wy - Hpgoo Cp

T! (#E(@)tors)2



BSD REVISITED - REGULATOR

LY(1)  #I(E) - R(E) wi - [Tyen %
o (#E(Q)1ors)?
o ForP,(Q € E(Q), define

2h(P,Q) = h(P + Q) — h(P) — h(Q).

e Thenh(-,-) defines a paring o (Q)/E(Q)ors



BSD REVISITED - REGULATOR

Ly (1) #I(E) - R(E) - wi - [Tpen &
r! (#E(@)tors)2
e Let P, ..., P, generate the free part ¢f(Q).

A A

h(P,P) --- h(P, P,
e ThenR(F) =

A A




BSD REVISITED - REGULATOR+ ‘RANK =1’

HIL(E) - R(E) w1 Tlpen &
(#E(@)tors)Q
Let G generate the free part éf(Q).

L(E,1) =

R(E) = WG.G) = % (h(26) ~ (@) — (@) = h(C)



BSD REVISITED - ONE MORE THING. ..

HIL(E) - R(E) w1 [en &
(#E(@)tors)Q
o Let P =[G + T, whereT is torsion.

L(E,1) =

e Thenh(P) = I2h(Q)



BSD REVISITED - THE POINT

HI1(E) - R(E) - [
(#E(@)tors)Q

h(P) = I2h(G) = ’R(E)

L(E,1) =

h(P) = 4\\/{)@) L'(E,1)L(Ep, 1)




BSD REVISITED - THE POINT

HI(E) - R(E) -0 []yere &
(#E(@)tors)2

h(P) = 12h(G) = ’R(E)

L(E 1) =

h(P) = 4\\/{)@) L'(E,1)L(Ep, 1)




BSD REVISITED - THE POINT

l2 V ‘D‘ ' Hpgoo Cp

HI(E) ' 4Vol(E)| B (Q)?
P=IG+T

L(ED7 1)



BSD REVISITED- P =[G+ T

Now we know that for some torsion polfiit

VAI(E) -G = — (P~ T),m =1 /#II(E

for some choice of:!" root.



BSD REVISITED - \/#LH(E) G==2(P-T)

e We have computeq/#I11(FE) - G as a real
number.

e Gross-Zagier’s height forumla gives us a bound
on the numerator and denominator of

V#HIL(E) - G
¢ Finally, using this bound and LLL, we can
compute,/#I11(E) - G as a rational point on our

curver.



