ON PLATE DECOMPOSITIONS OF CONE MULTIPLIERS

GUSTAVO GARRIG OS AND ANDREAS SEEGER

Abstract. An important inequality due to Wol on plate decompositions o f cone multipliers
is known to have consequences for sharp LP results on cone multipliers, local smoothing for the
wave equation, convolutions with radial kernels, Bergman proje ctions in tubes over cones, averages
over nite type curves in R3 and associated maximal functions. We observe that the range of p
in Wol 's inequality, for the conic and the spherical versions , can be improved by using bilinear
restriction results. We also use this inequality to give some im proved estimates on square functions
associated to decompositions of cone multipliers in low dime nsions. This gives a new L# bound
for the cone multiplier operator in  R3.

1. Introduction

Let = f(; )2R RY: = jjg denote the forward light-cone in R, d 2. For xed
c> 0 and small > 0, we consider -neighborhoods of the truncated cone

(©=f(; )2R¥ : 1 2 and i | cog
with the usual decomposition into plates subordinated to aIO ~-separated sequence in the sphere
fleg S9 1

n (0]
O="(:)2 ©: — 1 &,
(1.1) 0 ]
dist(! ;! o) — if k6 k®
Let
11 1
(1.2) (p) = d(i B) >

the standard Bochner-Riesz critical index ind dimensions. Then Wol 's inequality is the assertion

that forall "> 0

X P " X 1=p
(1.3) fkp c. @ Kf kP

Some results of this paper were presented by G.G. at the Conferenc e on Harmonic Analysis and its Applications
at Sapporo, 2005, and a preliminary version has been included in t he Hokkaido University Technical Report series in
Mathematics (No. 103, December 2005). G.G. thanks Hokkaido University and Prof. Tachizawa for the invitation
and support. Special thanks also to Aline Bonami for many sugg estions and discussions related to this topic.

G.G. was supported in part by the European Commission, within th e IHP Network \HARP 2002-2006", contract
number HPRN-CT-2001-00273-HARP, and also by Programa Ranon y Cajal and grant \MTM2004-00678", MCyT
(Spain). A.S. was supported in part by NSF grant DMS 0200186.

1



2 G. GARRIG OS AND A. SEEGER

provided that
(1.4) supp 1*?( f( ).

The power (p) is optimal for each p (except perhaps for" > 0), and the inequality is conjectured
to hold for all p> 2+ ﬁ. In his fundamental work [22], Wol developed a method to prove such
inequalities for large values ofp, and obtained a positive answer ford = 2 and p > 74. Subsequently
the method has been extended in the paper by Laba and Wol [1]to higher dimensions. It is shown
there that (1.3) holds for p > 2 + % whend 3andp> 2+ % whend 4. In this paper
we modify the weakest part of their proof to obtain a better range of exponents in all dimensions
(see Table 1 below). The improvement relies on certain squar function bounds which follow from

Wol 's bilinear Fourier extension theorem, [23].

Dimension | [22], [11] Improvements Conjecture
d=2 p>74 p>p,:=63+1=3 p>6
d=3 p>18 p>p3:=15 p>4
d=4 p> 84 p>ps:=7:28 p> 2
d 5 |p>2+7%|p>pa=2+ 250 &) |p>2+ 74

Table 1. Range of exponents for the validity of (1.3) for light-cones

Theorem 1.1. Letd 2 andpg as in Table 1. Then, under the assumption(1.4) the inequality
(2.3) holds forall "> Oand allp pg.

Remark: Various further and more technical improvements on the rang of Theorem 1.1 (and by
implication on the results of Corollaries 1.3 and 1.4 below)have been obtained by the authors, and
also by Wilhelm Schlag. After the initial submission of this article these improvements have been
combined and included in a joint paper ([9]).

A similar result can be proved for decompositions of sphereg RY. We now let
U@=f 2RY:jj 1 cag
and consider the decomposition into plates subordinated tca P " -separated sequence in the sphere
flyg S91, 0 o
B)= 2U(@©: =jj '« I

Theorem 1.2. The analogue of Wol 's inequality for the sphere,

X . X 1=p
(1.5) fi c. ® kfck? ; suppf  B{’;

K P K

holds forp 2+ 2; ﬁ and all "> 0.
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Again (1.5) is conjectured to hold for the optimal rangep > 2+4=(d 1). It has been known
to hold for p> 2+8=(d 1); this follows from a modi cation of the argument in [11], see also [10].
Note that in two dimensions the range is improved from previasly p > 10 to p > 8.

Remark: Theorem 1.2 may be extended to convex surfaces with nonvariing Gaussian curvature
and similarly Theorem 1.1 may be extended to cones withd 1 positive principal curvatures. This
can be achieved by using scaling and induction on scales argients such as inx2 of [16], see also
the article by Laba and Pramanik [10] for related results.

We proceed to list some of the known implications of Theorem 1L.

Corollary 1.3. Letd 2 andpy be asin Table 1. Then

() Forall p>pg, > 92 %,we have
ZZ - -

. p
(1.6) ) el pr(Rd)dt LKk, p(ray:

(i) Forall p2(pg;1), > dTl % the Fourier multiplier
1.7) m(;)=@ j i’=2,
de nes a bounded operator inLP(R9*1).

(iii) Let K 2 SYRY) be radial, let' 2 C} (R9nf0g) so that' is radial and not identically zero,

and let"> 0. Let K, = F 1 Ib(t )]. Then for all Schwartz functionsf and 1<r < pfdl
z -

KK fko Cesup  jKX)j"(1+jxj)dx  kfk:
0

P )
(iv) Let 2 Cg (R) ands 7! (s) 2 R® a smooth curve satisfying [_, jh; @)(s)ij & O for
every unit vector and everys 2 supp . For t> 0 de ne the convolution operator A; by
Z

Af(x)= f(x t (s) (s)ds:

Suppose thatmaxfn;32+2=3g<p< 1 . Then A; mapsLP(R?®) into the LP-Sobolev space

L’;:p(R3). Moreover the maximal function Mf = sup, jA:fj de nes a bounded operator on
LP(R®).

Parts (i), (ii), (iii) are standard consequences of Theorem1.1; see [22] for (i) and the local
version of (ii). The global version follows by results on dyalic decompositions of multipliers andL?
Caldeon-Zygmund theory (see [6] or [17]). The proof of The@rem 1.6 in [15] together with these
arguments can be used to deduce (iii) from Theorem 1.1. For {i) see [16].

Besides the connection to cone multipliers a major motivaton for this paper is the relevance of
inequalities for plate decompositions for the boundednesgroperties of the Bergman projection in
tube domains over full light cones, see [1], [2]. Denote by (Y) = y3 j y9? the Lorentz form and
consider the forward light cone on which is positive;

M= fY =(yoy)2R RU:yE | y32> Oyo > Og:
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Let T4l  C9*1 pe the tube domain over 91 j.e.

Td+1 - Rd+l + i d+l:

Letw (Y)= ( Y) and consider the weighted spacé.P(T 91 ;w ) with norm
z

KFky, = FX+iY)P (Y)dYdX
Td+1

Let P be the orthogonal projection mapping the weighted spacd.?(T 91 ;w ) to its subspace AP
consisting of the holomorphic functions. Only the case > 1 is interesting since AP = fQOg for

1. We are interested in theLP boundedness properties oP . For > 1 the operator P
can only be bounded onLP(T9*1:w ) in the range

d 1 2( +d+1)
1+ ——————<p< 1+ ———;

2( +d+1) P d 1

see e.g. Theorem 4.3 in [3], and (1.8) is indeed the conjected range forLP boundedness (except
ford=2and 2 ( 1, 1=2), in which case there are additional counterexamples fop 8+4 |,
see [2]).

(1.8)

2(d+1)

Corollary 1.4. Letd 2 andpqg as in Table 1. Then for all %(pd T 1

projection P is a bounded operator inLP(T 91 ;w ) in the sharp range (1.8).

), the Bergman

Beyond Corollary 1.4 both Theorem 1.1 and Theorem 4.4 below &ve implications for the range
of boundedness of the Bergman projecto in natural weighted mixed norm spaces. For the
derivation of Corollary 1.4 and further discussion of mixed norm estimates we refer to [2] €f. in
particular Proposition 5.5 and Corollaries 5.12 and 5.17).

Our approach to Theorem 1.1 is based on bilinear methods, fawhich we consider a closely related
inequality:

X X 1=2
(1.9) fx C kfkkg :
K P k
One can conjecture the validity of (1.9) forall > Oandall2<p< 2+ ﬁ, but for the moment
no positive result for any suchp seems to be known. The limiting pointp = % should be the

hardest case, since by interpolation and Helder's inequaty it implies both (1.9) and (1.3) in all the
conjectured ranges. This kind of inequality arises naturaly in the study of weighted mixed norm
inequalities for the Bergman projection operatorP , see [2].

We shall deduce Theorem 1.1 by using a stronger version of @) for p = 2(d+ 3)=(d + 1), but
with a power of 1= whi():(h is (probably) not optimal. Namely under the assumption (1.4) we have

_d 1 . X e .2 1=2
(1.10) fi 2 d+3) C. Jfklz A
k d+1 K d+1
for all * > 0. We prove this inequality in x2 using the bilinear approach of Tao and Vargas [20,

x5] and the optimal bilinear cone extension inequality of T. Wol [23], see Proposition 2.3 below.
By Minkowski's inequality and interpolation (1.10) trivia lly implies non optimal estimates for the
inequality (1.9) for all p2 (2;1 ) (see Corollary 2.4 below). Inx3 we use these to re ne a part of
Wol 's proof of (1.3) and obtain the new sharp estimates for large p announced in Table 1. Inx4
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we improve on some of the square function results in low dimesions; these yield in particular the
following estimate for the cone multiplier in R%*! |

Theorem 1.5. Suppose > % p‘;z & . Then the cone Fourier multiplier m de nes a bounded
11

operator on L4(R®) and the local smoothing result(1.6) holds in two dimensions.

This is a small improvement over the known range > 5=44 which follows from a combination
of [20] and [23].

Notation. We shall use the notation A [CBlif there is a constant (which may depend ond) so that
A CB. For families (A ;B ), 1 we useA [BI1 if for every " 2 (0; 1) there is a constantC-
sothatA C. "B for < 1.

2. The bilinear estimate

Following the approach by Tao and Vargas, we rst establish an equivalence between linear and
bilinear versions of (1.10), which is a higher-dimensionaknalogue of Lemma 5.2 in [20].

Lemma 2.1. Letd 2, and suppose that for somg 2 [2;1 ) and > maxf0;(d 1)(1=4 1=p)g

X X X 1=2 X 1=2
(2.1) fi f o c 2 ifKj? jf oj2 ;
2 02 O p=2 2 02 © P

holds for all f, 2 S(R%1) with supp (), all pairs of 1-separated subsets ; © S¢ ! and
all 1. Then we also have

X X 1=2
2.2) fk  CO ifu2 5 suppf ()

k P K P

We remark that the restriction on  for p > 4 is never severe. To see this we note that the

condition (d 1)(1=4 1=p) (p)=2 holds i d 2 and that (2.2) cannot hold with <  (p)=2;
this can be proved using Knapp examples.

Proof of Lemma 2.1. Let : Q [0;1] ' ! SY ! be a smooth parametrization of (a compact
subset of) the sphere and letD denote the set of all dyadic intervalsl  Q with jlj “* . Asin

[21, p. 971], we may consider a Whitney decomposito®@ Q = |, ;| J,wherel J means:

@) 1;J 2D andjlj=jJj;

@i) If j1j> %, then | and J are not adjacent but their parents are.
@iy If j1j= dz—l, then I;J have adjacent or equal parents.

For simplicity, we assume (by splitting the sphere into nit ely many pieces) that all! ( 2 ( Q) and

lety = ('x) 2 Q. We also denoteD; = fl 2D : jlj=2 I(d g Then
X 2 X X X X X
fk = fkfko = fk fko :
k Y)Y 02 Q P- 20 1 'v;]ZDJj yk2l yo2J
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To establish (2.2) we takeLP=?-norms in the above expression and use Minkowski's inequai in |,
so that we reduce the problem to show, for eacl

X X X , ) _ X 1=2 2
(2.3) fi fo @3 ) 2 maxf1,2(¢ D@ 4=p)g ifKi?
1,920 j  y 21 yo02J p=2 k
1 J
Inequality (2.3) is trivial when 2 | P- since by assumption the number ofyy's in eachl is
approximately constant. We consider the general case < 2 I 1. By construction we must have
X X
(2.4) 1+ 1
12D;J |

Indeed, if ¢, denotes the center ofl , then

I +J C+Bepi * C+Bei 2¢c) + Beop i

Since for eachl there are at most O(1) cubesJ with J I, and since the centersc, are 2 !
separated, (2.4) follows easily. P P

From (2.4) it follows that the functions Fj; = 2l fx V102 fxo have pairwise (almost)
disjoint spectra when!| J 2 Dj. We may conclude by orthogonality and standard interpolation
arguments

X . _ X — 27p
(2.5) Fip  [Chaxf1;2(@ D@ 4%eg KFig kboy
I J2D; p=2 I J2D;

(the casep=2 = 2 follows by orthogonality and the casesp=2 = 1 and p=2 = 1 are trivial; see e.g.
Lemma 7.1 in [20]). Next, we wish to use the bilinear assumptin (2.1) to estimate kF,;; kp=>. This
can only be used directly when 2 1, since dist(;J) 1. For other j's we must use Lorentz

with ; being the center of (1). Then we de ne L 2 SO(1;d) acting on a basis ofR*! by
q_
L(L; 1)=(@@; 1); L( L 1)=-( 1 1) and L(@; )= —(0; +); " =2;:u5d;

where we choose =22 (sothat < < 1). The functions f, L have now spectrum in (perhaps
a multiple) of the plates (k ) corresponding to thep "~ -separated centersf L(1;! x)g. Moreover, by
the choice of , the plates corresponding toyx 2 | and yxo 2 J are c-separated, and therefore after

a change of variables we can apply (2.1) at scale to obtain

X X
kF|;J kp:2 = fk fko ~
Y2l Y02 J p=2
) X 1=2 X 1=2
@) 2 ifii® jfKoj ;
Y21 P Yy02J P
and then also
- h X X - B X =5 pl2
_, 29p _ o 1= 1=
kP Ky TP ) 2 ifi? fe2 0"
| J2D; 7 I J2D;  ye2l P2l P
. h X X p=2l 2=p , X 1=2 2
2 ) 2 ifii® (7) 2 ifii? K

I yk2l k
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where in the second inequality we have useda@d a2 + k? followed by the imbedding *1 | "Z.
Combining this with (2.5) we obtain

X _ _ _ X o 1=22
(2.6) Fiy @ ) ? maxf1,2(@ D@ 4=p)g ifij? :
| J2D; p=2 k P

This proves (2.3). By our assumption on we may sum inj and the lemma follows. —1

We turn to the proof of (a generalization of) the square functon estimate (1.10). We shall use
the following statement of Wol 's Fourier extension theorem.

Wol 's bilinear estimate. [23, p. 680]. Let p gj—f "> 0and let E; E°be 1-separated subsets

of 1o . Then, for all smooth f and g supported in E and EC and all N -cubesQ, we have

(2.7) Py o C N MK ko kgke!

Denote by Q Q ( ') atiling of R9*1 with cubes Q of disjoint interior and sidelength 172,
with centers cg in 2z,

Proposition 2.2. Letd 2, and suppose that supf () supp d ()andlet ; 0 sd1

be 1-separated subsets. Supposdi2l. g p 1 and let

d+1

d d+1
2. = - :
(28) P=7 5
Then, for all "> 0
2.9) X X . X p=2 2=p

. k Oko
Q2Q ( 17?2) 12 I o2 © La72(Q)
. X 1=2 X 1=2
12 jfj? jokej?
12 P2 o

Broof. Let 2 S(RY*!) be so that supp b Bi-10 and ng) > 1ifjxj 2,i=1;:::;d+1; then
nozan (+ N2 Llet o= ( ( c))sothat o 2 1. We write

X X
FQ: fk Q and GQ: ko Qs

12 102 O

so that the supports of #Q and &2 are 1-separated sets in P-. Thus, we can use Wol 's estimate

(2.7) with N = 172 to obtain
X X - 2 do do
(2.10) fle o L) CFOGY 0 (-7 ) ,:
12 o2 ©
Now, by almost orthogonality we can write
X X 1=2 2
2 2 .
g ? e C 5= ifi2 o
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P P
and similarly for GR. Wewrite S =( | , fi?)¥™ S o=( | , ojaki?)'™?, raise (2.10) to the
power p=2 and sum in Q. Thus
X X X p=2 2=p _ X _ _, 2=p
fk Oko |£| SQ22§0Q22
La72(Q)
Q 12 o2 © Q
and by the Cauchy-Schwarz and Helder inequalities the righ hand side is
— X 1=p X 1=p
] S o' oo b

2 2

Q Q
_ X . 1=p X . 1=p
I—_El S o SJQJ 1+ p=2 €, 9 S]QJ 1+ p=2
Q Q
3 @: D s &
which yields the assertion. —1

We combine Proposition 2.2 forq= p and Lemma 2.1 to obtain

Proposition 2.3. Letd 2, let (p) be as in(2.8) and suppose thatp 2(dd++13) . Then, for all

"s 0

(2.11) X fi c. ® X ifj2 if supp ) (D
k P k P
We may apply Minkowski's inequality on the right hand side of (2.11) and obtain (1.9) for the
limiting case p=2(d+3)=(d+1)and > (p)= d=4 (d+1)=2p. It turns out this is all that is
needed to obtain the claimed improvements in Theorem 1.1. Th resulting inequality can also be
interpolated with the trivial estimates for L? and L! to give:

Corollary 2.4.  The inequality (1.9) holds for all > %:1(3 %), when2 p 2d+3) and for all

d 1 2(d+2 2(d+3
> T(l pEd+1§ ) when (d+1) p1

3. An improvement of Wolff's estimate

We turn to Theorem 1.1. The proof in [22, 11] for inequality (1.3) is based on a subtle localization
procedure, induction on scales and certain combinatorial yuments. Here we only discuss the
modi cations leading to the claimed improvements based on Poposition 2.3. A more self-contained
exposition with further improvements can be found in [9].

For simplicity, when is xed (and small) we use the notation A [CBlto indicate the inequality
A C- 'B forall "> 0. Recall that the number of plates (k) covering is approximately

Ea Also, throughout this section we x q(d) =2(d+ 3)=(d+1).

Due to various reductions (see [11x3]), it is enough to show that, for all f¢ with supp e (k )
and kf x ky 1, and for all > 0 we have

P )
(3.1) fi (fij> g CP 9 2P kfi2

P
wheref = | fx. In[22, 11] it is observed that, by Chebyshev's inequality,this property trivially
holds for small enough ; namely for all 52 We use (1.9) to enlarge this range of .
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Lemma 3.1. Let g= q(d) =2(d+3)=(d+1). Then, inequality (3.1) holds for all

(3.2) T
Proof. Let = 4(dd—+§). By Chebyshev's inequality and (1.9), we have
P =,
fifj> g IFkd 19 9 kfkE T

and estimate

P a1 P P
K2 P C T @k TG DT kg sup, kfickd 2

P
Since by assumptionkf  ky 1 and by almost orthogonality |, kfk3 k fkZ, it suces to show

that in the desired range of we have 9 % (¢ D d 522 d b which is equivalent to
(3.2). 1
At this point one can proceed exactly as in the proof of Propodion 3.2 of [11] (or p. 1277 in [22],
d)
when d = 2). The desired gain comes from using R e (rather than Gt rJl_Z)

in step (54) of [11] (or (68) of [22]).

For completeness, we shall brie y sketch this procedure hes, referring always to the notation in
[11]. Localizing with =~ N-cubes as in Lemma 6.1 of [11], one can nd a collection of furctions
ff g with spectrumin P- and a number

(3.3) 2( ‘e )
so that X

fifi> g . fif j> g
and
(3.4) card P(f ) 24 2 %

Here P(f ) refers to the set of plates in the wave-packet decompositioof f . When the cardinality
of this set is \small", a further localization argument and i nduction on scales allows to conclude the
theorem (see Lemmas 6.2 and 6.3 in [11]).

In [11, 22], the size of cardP (f )) which ensures the validity of these arguments is controkd in
three di erent ways, each depending on a di erent combinatarial estimate

(3.5) card P(f ) o = 2

or

(3.6) card P(f ) o 8 %
or, in three dimensions (i.e.d = 2) only,
(3.7) card P(f ) o 8% %

the last estimate being by far the most di cult (see Lemmas 5.2 and 5.3 in [11] and Lemma 3.2 in
[22)).
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Given the lower bound for  in (3.3) and
(3.8) T e
and given (3.4) it remains to verify the estimates (3.5) in the claimed rangep > pyq, d 5, (3.6) for
p>pg, d=3;4 and (3.7) forp > p».

This is straightforward. By (3.4) and (3.8) we have

3d 1

" (d)
card P(f ) 1" 2971 zoaay %

which gives in the cased 4 the assertion (3.5) ifd 1 % 3"4—1 > 0 or, after a short
computation p > q(l+ 3%5) =2+ ;2;;%-. This is the asserted range ifd 5.

Next we examine the validity of the inequality (3.6) under condition (3.8). We now have

3d 1 " 3d 1 " 5d 3 "
dP(f ) C : ’ : - T 4
car . — ;
d i, (a)
22 4 72 2(d 1+ 5550

This quantity is 1 >% 4 if and only if 5.3 2 1+ pQ(qd()d) +4" < 33 which yields
the range givesp > q(d)(1 + ?,d‘%): Notice that this inequality amounts to p > 7:28 if d = 4 and
p > 15 if d = 3 which is the assertion in those cases.

Finally we consider the cased = 2 when g(2) = 10=3. By (3.4) we need to have 2 2 5% °

o 178 9 je. 2 21" ¢ T7providedthat > %" Thus taking the smallest possible
yields 358 10 9 and this has to hold for all  satisfying (3.8), i.e. Ak Cx o

Taking the minimal  this is achieved if 358 10'< 9=2 9qH4p 4q) with g = q(2) = 10=3.

Solving in p and letting " ! 0 yields the rangep > 199(2) = 63 + 1 =3. 1

On the proof of Theorem 1.2. The proof is similar to the proof of Theorem 1.1. Instead of (110)

we use a square function inequality for the sphere
X

(3.9) oo @20 TPt s Bl
k a K a

with (g) = d(1=2 1=9 1=2,andqg=2(d+2)=d. Intwo dimensions this is an old observation by C.
Fe erman ([8]), and holds for g = 4 with " = 0. In higher dimensions the inequality (3.9) was proved
by Bourgain [4] for the range of the Stein-Tomas restrictiontheorem (i.e. q 2(d+1)=(d 1)). For
the larger rangeq > 2(d + 2) =d the proof of (3.9) is rather analogous to the proof of Propositon 2.3;
one now uses Tao's bilinear Fourier extension inequality [2] (see also [12] for related results). Unlike
(2.11) in the conic case the inequality (3.9) is essentiallyoptimal for the given rangeq 2(d+2)=d.
We omit further details. —1

4. More on square functions
We shall now discuss some improvements of the square functioestimate in Proposition 2.3 in

low dimensions; thus we seek estimates of the form

X . X 1=2
(4.1) fk —C jf i ; suppf ()
K P K P
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for some < (p)= d=4 (d+1)=2p. We shall assume throughout this section the following Wol
hypothesis, labeled hypothesidV (w; d), and aim to prove estimates of the form (4.1) conditional on
this hypothesis.

Hypothesis W (w;d). For all 2 (0;1) and all families f hyg of functions satisfying supphk
O,
X N X 1=w
(4.2) hy c. W khi kY

K W K

where (w)= d(1=2 1=w) 1=2. Cf. Table 1.

We note that in view of the embeddingLP(*?)  LP("P) the inequality (4.2) trivially implies (4.1)
with = (p), forw p < 1. Another trivial observation is that (4.1) holds with (d 1)=4
in view of the Cauchy-Schwarz inequality, as | jfx(x)j 1@ D=4 | jf(x)j?)1"2 for every x.

The method for our improvement over the exponent mirf (p); %g will be limited to the case
where

(4.3) (p) < minf (p); 9519
which holds if and only if p < minf Z2_1; 4d g We have the additional restriction p > %23 n

Proposition 2.3. Summarizing we shall get an improvement wigh is limited to d = 2; 3;4 and to the
ranges

(4.4) d=3; 3<p< 4

8
2d=2; 10=3<p< minf8 wg;
3
d=4; 145<p< 3

We emphasize that square function estimates such as (4.1) naot a priori be interpolated when
subject to the Fourier support condition (1.4). We shall however start with a preliminary result
which is proved using an interpolation.

We let ' ¢ be a bump function adapted to the plate f< ) satisfying the natural estimates, so that
'k equals 1 on the plate, and is supported on the \double plate".De ne the operator Py by
(4.5) Bf =" ,0

Each Py is bounded onLP(R%1), 1 p 1 , with uniform bounds.

Lemma 4.1. Let d=2, and suppose that hypothesisV (w; 2) holds. Let
3w 13 9w 40

(4.6) = PW= 520 Gw 20p
and letr = r(p;w) be de ned by
1 1 w 2 10
(4.7) r(p;w) 2 6w 20 )
Then, for 10=3 p w,
X X 1=r
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for all families fgcg with g¢ 2 S(RI*1).

Proof. By W (w;2) and the embeddingLP("2) “P(LP) we have the inequality

X o X 1=w
P~ C ¢ Pr Ok
K

><W

R 1=w
(4.8) cc (D) jo”
k

We also observe thatfor2 p 4

X o 172 o X =2
(4.9) JPr ok C(l+log %) P jokj?
K P k
Indeed the left hand side is estimated by
z _ Z _
X . ) 1=2 X o 1=2
(4.10) sup jPrOkj2ldx [_Isup j9j?M 1dx
12L(p72)0 K 1 2L (p72)0 K

where M is a Besicovitch-type maximal operator associated to the fjht cone which is bounded on
L2 with norm O( log(2+ 1))if < 1=2, see [7], [14]. Thus Helder's inequality implies (4.9).
Now we can combine Proposition 2.3 with respect to the double lates, andfy = Py gk, and (4.9)

to obtain
X . X L, 172
(4.11) P Ok C. Joki

10= 10=3"
. 0=3 . 0=3

After a little arithmetic the claimed bound follows by inter polation between (4.8) and (4.11). 1

g

Sincer(p;w) 2 in Lemma 4.1 we immediately get

Corollary 4.2. Let d =2, suppose that hypothesi®V (w; 2) holds. Then for all families of functions
ffxg with suppi"?< (k) the estimate (4.1) holds for10=3 p w with = (p;w).

In particular note that ~ (4;w) = X 32 so that (4;6) = 3=32. If we use the exponent
obtained in Theorem 1.1,i.e. w = p, = 190=3 we get only (4;p2) = 89=720 which is worse than
5=44 exponent that is already known from [20], [23].

For large values ofw one can improve on the result of Corollary 4.2. Our approach Wi be similar
to the one by Tao and Vargas [20] in 2 + 1 dimensions. By usingVN (w; 2) in that approach one can

slightly improve on the previously known exponents.

Theorem 4.3. Let2 d 4, andp be as in(4.4). If hypothesis W (w; d) holds then for all families
of Schwartz functionsf f g with suppi"?< (k ) the estimate (4.1) holds with

d+1 1
_ d 1 2(d+3) p 1 d 2
(4.12) = (p) > 1.1 200 p 2d 1)

2d+3) T p w Dp

The proof (of a slightly more general result) will be given in x5.
In 2+ 1 dimensions Theorem 4.3 yields inequality (4.1) for the range 13 p w with equal
to
(Bp> 2p 20w 23p?+82p 40

1
(4.13) (Piw) = o5 (10+3pw 23+ 10 !
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in particular we have (4, w) = % which (with p,  w) occurs in Theorem 1.5. We compare
with (4.6). Noticethat3=32= (4;6) < (4;6) = 1=10. A straightforward computation shows the
inequality  (p;w) <  (p;w) holdsifand only if (9p 30)w?+( 9p? 39+230)w+23p(3p 10)> 0
and after factoring we see that for 163 < p <w we have (p;w) < (p;w) if and only if
(P V(w Z)w p)> 0 Thus for any p 2 (10=3;w) we have
23

(4.14) (pw)< (W) 0 w>—
so that the LP result in Theorem 4.3 is better than the result of Corollary 4.2 in the rangew > 23=3.

We obtain the following corollary which yields Theorem 1.5.

Corollary 4.4. Let d =2 and suppose thatW (w; 2) holds for somew > 6. Let 10=3<p 4 and
let > minf (p;w); (p;w)g(i.e. > (p;wW)g if w> 23=3).
Then

(i) the smoothing inequality (1.6) holds true and

(ii) the Fourier multiplier m in (1.7) de nes a bounded operator onLP(R?®).

We also observe that by interpolation we obtain the analogos boundedness results for the range

4 p wunder the assumption that > 1 §+§§‘x 53 minf  (4;w));  (4;w)g.

If we use the result of Theorem 1.1 in 2 + 1 dimensions i(e. hypothesis W (w;2) with w =

P2 = 190=3) we obtain this result for > (p; 1) = 9lb 134p 3920 \yhich equals 4453934 if

p = 4. This represents a slight improvement over the Tao-Vargas result [20] which yields thelL*
boundedness for > 2 =0:11363; note that s  0:11311642:. We also see from Corollary 4.2
that the validity of (1.3) for the optimal (conjectured) ran gep 6 implies the L*# boundedness for

> 3=32 = 0:09375; however it has been conjectured that it should hold foall > 0.

Proof of Corollary 4.4. It remains to estimate the LP norm of the square function. For part (ii) this
is done as in [13], namely one rst uses a weightet > bound as in (4.10) together with the optimal
L(P=2° pound for a Besicovich maximal function associated with thelight cone. Now let S¢ be the
region in R? obtained by projecting the plate (k ) to the 1 2 plane. Now de ne an operator S
by §kg( ;)= «()B(; )where =( 1; 2)and  is afunction adapted to the double ofSy, with
the property that PySy = Px. We then obtain

X 1=2 .. X 1=2
(4.15) iPcgj® C(l+log %)% 1 iSkg?

k P K

and by rdoba's estimate for a sectorial square function (7]) one dominates the latter LP norm
by C(log )<kgk,. For part (i) one argues similarly, except that now one has touse a result for a
Besicovitch maximal function which sends functions onR?® to functions on R?; this variant and its

application is discussed in [14]. 1

5. Proof of Theorem 4.3

We work with the operators Py in (4.5) which localize in Fourier space to the doubles of theplates
f( ). 1t will be convenient with the following mixed norm variant of the "Wol hypothesis'.
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Hypothesis W (r;s;d). Givenr 2(d+1)=(d 1)andl1l s r, we say that hypothesidV (r;s;d)
holds if for all < 1, "> 0, and all families of Schwartz functionsf hyg, we have

X . N X 1=s
(5.1) Py hi c. s khekS
K ' K
where (r;s)= 93 4L

We shall prove the following variant of Theorem 4.3.

Theorem 5.1. Let2 d 4, andpbe asin(4.4). Let q= % If hypothesis W (r; p;d) holds

then for all families of Schwartz functionsffyg with suppﬁ?( (k ) the estimate (4.1) holds with
h 1 1 |
(5.2) = (P dTl lj 1 : 2 % 2(dd 21)
a p T

Theorem 4.3 is an immediate consequence of Theorem 5.1, bydHollowing observation.

Lemma5.2. Letw 2% and x p2 [2;w]. Then W(w;d) implies W (r; p;d) with r = pqw  1).

Proof. This follows by interpolation between the Wol inequality ( i.e. (4.8) in d dimensions) and
the trivial bound k | Pchky 1, khiky . —1

Remark: In [9] we establish certain cases of the mixed norm inequalit W (r;s;d) which do not
simply follow by interpolation from the original Wol inequ ality (as formulated in W (w; d)). In such
cases Theorem 5.1 leads to further improvements of Theorem.3.

To establish Theorem 5.1 we shall work with the following

Hypothesis SQ(;p ). Forall < 1,"> 0
X X 1=2
(5.3) he i
k P k P

provided that suppBy (k ),

By Proposition 2.3 we know already that for p > 2(d + 3) =(d + 1) this inequality holds true with
the exponent = (p)= d=4 (d+1)=2p and we seek an improvement in the ranges (4.4).

We use the hypothesisW (r; p; d) to prove the following proposition, which amounts to an improved
version of Proposition 5.4 in [20] (where the caseé = 1 was considered in the 2 + 1 dimensional
situation). As in x2 we work with a coveringQ( 2) of 1= cubes.

Proposition 5.3. Letd 2, 2<p<r, and suppose that hypothese®/ (r; p;d) and SQ( ;p) hold.

Then, for all functions h, with supp By 2 f() we have

X X p 1=p +a(p) X I
. i
k

(5.4)

X LT(Q) LP(R*L )

Q2Q( *?) Kk

Proof. We group the indicesk (and therefore the corresponding plates f()) into O( (4 D=4 dis-

joint families S; so that dist(! ;! ko) C_F* for k;k°2 S;. De ne
X
G = Ok:
k2,
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As in the proof of Proposition 2.2 we also work with the functions o adapted to the cuBes
Q2Q( *¥2). By the support property of €q the Fourier transform of oG is supported in aC -

plate and these plates form an essentially disjoint plate fanily. Therefore
X

X
o G

I
L"(Q) r

a(r,p)
2

(5.5)

by hypothesis W (r; p;d) with  replaced byp_. By the support property of \QG| and Young's
inequality

(5.6) kK oGk [T+ G Pk oGk,
and therefore
x X 1=p a(r,p) , d+l X 1=p
G o) S QGi
Q I Qil
A little algebra shows
(rp),d+1 1 1 _ (P,
2 4 p r 2
From some straightforward estimation using the decay of the g we also obtain
X X 1=p X 1=p
P (p)=2
(5.7) G L7 (Q) ' kGik§

Q I I

As 6 is supported in an ~ plate we may use rescaling arguments as in the proof of Lemma®
to deduce from the hypothesisSQ( ;p) applied with parameter = that

_ X =
kGikp, 172 o2
k2S,
and hence
X X 1=p apry o« X X  _1=2 p 1=p
Gl Er(Q) C. 2 ]gka
Q I I k2S,
X 1=2
aPr Yy L
a2 joi®
k
which is the assertion. 1

Proof of Theorem 5.1, cont. We begin by observing that HypothesisSQ( (p); p) holds by Proposi-
tion 2.3.

Assuming that SQ( ; p) holds for some (p) the following estimate for bilinear expressions is
an immediate consequence of Proposition 5.3
X X X p=2 2=p X . . 1 X . . 1
(5.8) fi G — ® ifui® jgeoi®
Q20 I 2 02 © L(Q) I 2 Py W2 ©

We now assume that and Care separated as in Proposition 2.2 and interpolate the inecalities
(5.8) and (2.9) with q=2(d+ 3)=(d+ 1). As a result we obtain
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X X X p=2  2p

. X 1 1
fi ko 20e) jfij? 2 jOoj® 2
Q20  !i2 L2 0 LP72(Q) 2 Py o2 0
where
(p) + . 1 1 1 1
v )=@2Q # +#——— with#= - = - =
(p)=@ # (P 5 .5 g
By Lemma 2.1 we also obtain
X _ X 1=2
(5.9) fi (P ifki?
k P )
The assumptionp < 221 in (4.4) implies that (p)< (p; )  (p) provided that (p) <
(p). Moreover = ( p; )ifandonly if equals
_ 1 (P _ # :
=T @ AP = P 5 @ P

The xed point is contained in the interval ( (p); (p)) and one observes that (p; ) < for
< (p). Thus, if we de ne a sequence , by setting o = (p) and 1 = ( P; n)
for n 0, then | is decreasing and bounded below and converges to. We compute that
#=2 #)=(1=q 1=p) (1=g+1=p 2=r)and (p) (p)=(d 2= (d 1)=2p and see that
is equal to the right hand side of (5.2). Thus (5.9) and an ite@ation yield the assertion of the
theorem. —1
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