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Review of Results
e0

Forevery y € fw\w, is fw\{y} not normal? Is (Sw\w)\{y} not
normal?

Yes, if CH or MA or MA(countable poset).

Yes in ZFC is possible.

Same questions for y € Gk\k, where & is uncountable discrete.

Same questions for y € X\ X, where X is metric.
Yes for many X and y — sometimes assuming GCH and more.
Yes in ZFC is possible.
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Review of Results
oe

Definition

A point x in a normal space X is called a non-normality point
of X if X'\ {x} is not normal.

Definition

We denote a discrete space by the cardinality of its point set.
Thus « and wy have the discrete topology, not the order
topology.

Definition

For an infinite cardinal, », the set of uniform ultrafilters on « is
denoted U(k), and the set of non-uniform ultrafilters is denoted
NU(k).
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Bw and NU(k)
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Every point p € fw \ w is a non-normality point of fw \ w.

The case where p is not a P-point was done by Gillman (1966)
and when p is a P-point independently by Rajagopalan (1972)
and Warren (1972).

The proofs of Gillman and Rajagopalan are in the spirit of
”"Rings of Continuous Functions.”
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Bw and NU(k)
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Warren’s proof is set-theoretic. The key result:

There is a clopen subset Z of NU(wq)\wy which is not the
trace of a clopen subset of fw1. Hence NU(w1) is not normal.
Moreover, this gives a new construction of an Aronszajn tree.
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Bw and NU(k)
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Bw and NU(k)
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Bw and NU(k)
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Theorem (Malyhin, 1973)

If 6 is regular and not strongly inaccessible then NU(6) is not
normal. If 0 is singular then then NU(6) is not normal.

Theorem (Kunen, Parsons, 1978)

NU(0) is normal if and only if 6 is a weakly compact cardinal
(including 6 = w).

A\
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Bw and NU(k)
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Theorem (Beslagic, van Douwen, 1990)
[GCH] Every p € (k \ k is a non-normality point of Bk \ k.

[BvD] need less than GCH. The induction is of length p(k);
p(r) is the reaping number of «; it is a cardinal function such
that x < p(k) < 2%.

They have a model where they can prove gx\{p} is not
normal, but they cannot prove (8x\x)\{p} is not normal.
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Bw and NU(k)
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Theorem (Beslagic, van Douwen, 1990)

If p(k) = 2% and (if X < cf(2F) then 2* < 2 ) then every point
p € U(k) is a non-normality point of U(k).

They embedded the non-normal space NU(cf(2"%)) into
U(k) \ {p} as a closed subset.

Removing the second condition gives a non-normality
point of Gk.
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Blaszczyk, Szymanski [1980]: If p € Br\k is the limit of a
strongly discrete subset of fr\k, then (5r\r)\{p} is not
normal.

Note that the hypothesis is weaker:
just ZFC not ZFC + GCH

and that the conclusion is weaker:
some, not all points are non-normality points.
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Theorem (Logunov, 2007; Terasawa, 2007)

Let X be a metric space without isolated points. Every point
y € BX\ X is a non-normality point of X .

Again the hypothesis is just ZFC not ZFC + GCH
and the conclusion is weaker:

non-normality points of X, not X\ X.
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The construction is an induction of length 6 where 6 is
approximately cf(C*(X)/M,). Here C*(X) is the ring of
bounded continuous real-valued functions on X.

We mod out by the maximal ideal

M, ={f: {x e X:f(x) =0} ey}

Functions f and g are equivalent iff {x € X : f(x) = g(x)} € y.
C*(X)/M, is sort of an ultrapower of R. If X is discrete, the
z-ultrafilter y is a set ultrafilter; we do have an ultrapower of R.

William Fleissner University of Kansas Non-Normality Points of 3X \ X



Theorem (Yengulalp, 2009)

[GCH)] Let X be a locally compact metric space without isolated
points. Let y € X \ X. Then for some 6 depending on y,
NU(0) embeds as a closed subspace of (5X\X)\{y}.

Corollary (GCH)

Assume that all set ultrafilters are regular. Let X and y be as
above. Then y is a non-normality point of 3X\X.

Let k = w(X). From y, a z-ultrafilter on X, we define a
set ultrafilter p on . Then we set 6 = cf(w”/p).
Always 6 < 2%. If p is regular (more precisely,

(No, k) -regular), then x < 6. Under our hypotheses,

6 = kT, which is not weakly compact.
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Theorem (Fleissner, Yengulalp, 2009)

[GCH] For many metric X and many y € X\ X, for some 6
depending on y, NU(0) embeds as a closed subspace of

(BX\X)\{y}. In particular, if y is a remote point, or if X is a
dense subspace of "w.

Let X be (metric) and let y € 5X \ X. Does there exist Z; € y
such that for all Z € y, the interiorin Zy of ZNZy #A07?

Can there exist an ultrafilter p on some « such that cf(w”/p) is
uncountable weakly compact?
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q is countably complete

Let’'s draw some pictures. Viewing (X x Xj) as the rectangle
6Xo x BX7 can be helpful, but also misleading. Recall
Glicksberg’s Theorem:

B(Xo x Xq) = BXo x BXq

iff Xo x Xi is pseudocompact.
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q is countably complete

Let’s start with X = x x I. Each horizontal line is homeo «, and
its closure in 3X is homeo (k. Label the points as (p, r).
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q is countably complete

(p,r)

(p,0)
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q is countably complete

By construction, the horizontal lines are homeo (k. The
topology on the vertical line above p € gx\x depends on p. If
p is w-incomplete, the T above p is relatively discrete. We'll
discuss that in the second example.

In contrast, if g € 8k\k is w-complete, then the I above q is
homeo 1 because the nhds whose traces on x x I are
rectangular form a base.
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q is countably complete
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q is countably complete

Now let y = (q,0). Then (8X\X)\{y} is not normal — by
different pairs of closed sets. Beslagic and van Douwen find
closed sets in the horizontal red line. Logunov and Terasawa
find two disjoint w-sequences in the vertical blue line.
Blaszczyk and Szymanski show that the red line and blue line

cannot be separated.
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q is countably complete
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q is countably complete

The closed sets {(g,1/n): ne N} and {(g,—1/n) : ne N}
can be separated by disjoint open sets. [LT] show that X\ {y}
is not normal because they cannot be separated by a
continuous real function. The problem is that some points
(«,0) in X (the red dots) are in the closure of both open sets.
The routine translation of the [BS] argument also uses the
these points. Can we improve the argument?
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q is countably complete
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q is countably complete

Put a rectangular open set around each (g,+1/n) on the
vertical blue line. The width of each rectangle (horizontal green
line) is an element of g, countably closed. So the green lines
accumulate at (q’,0) for some countably closed q' near q.
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p is countably incomplete

Now let’s consider X = k x R and y = (p,0) where p is
w-incomplete. The copy of R above p is relatively discrete
because of "triangular” nhds.
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p is countably incomplete
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p is countably incomplete
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p is countably incomplete

The set of upper endpoints of intervals (green dots) is homeo
k, and its closure is homeo (k. Then the green point above p
can be considered as an infinitesmal.

An element u = [f] of the ultrapower R"/p is an equivalence
class of functions from x to R. Choose f € u. The graph of f is
homeo «. The closure (in 8X) of the graph of f is homeo (k.

f,geu iff p-lim gr(f) = p-lim gr(g).
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p is countably incomplete

We have mapped the ultrapower, call it R, into X above p.
The subspace topology on the image coincides with the interval
topology on R.

Assume 2% = kT and that p is regular. In R, thereisa ™
sequence {u, : a < k™ } converging to 0, and any shorter
sequence has no accumulation points in R.

What is the closure of {u, : o < k™} in BX?
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p is countably incomplete

Every countable subset C of R is C* -embedded in X.
Equivalently, the closure of C in 5X is homeo fw.
Assume that p is k*-good and that E C R has cardinality
A < k. Then the closure of E in 58X is homeo SA. So the
closure of {u, : a < k*} in 3X is homeo NU(x™) U {oo}.
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p is countably incomplete

We are given h: C — {0,1}, where C = {up: n € w}, and we
must find h: 5X — [0, 1].

Let Ap D Ay D ... witness that p is incomplete. Let f, € up.

Al = Ao
Ay = A0 o hla) # fi(a)}
Ay = AN {a s ha) # hla) # fi(a)}
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p is countably incomplete

X BX\X
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