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properties, yield new insights into longstanding open problems in
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We report on recent research in collaboration with Marion
Scheepers and with Leandro Aurichi. Classical combinatorial
strengthenings of Lindelofness, namely the Menger and Rothberger
properties, yield new insights into longstanding open problems in
topology.

1. (Arhangel'skii) Is it consistent that every Lindelof T, space
with points Gs has cardinality < 2%0?

2. (Hajnal-Juhasz) Does every Lindelof space have a Lindelof
subspace of size N7

3. (Michael) Is there a ZFC example of a Lindelof space whose
product with the irrationals is not Lindelof?

4. (Michael) Is there a productively Lindelof X such that X¢ is
not Lindelof?

5. (van Douwen) Is there a Lindelof space which is not D?
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Definitions

e A space X has the Rothberger (Menger) property if for each
sequence {U, : n < w} of open covers of X (each closed
under finite unions), for each n there is a U, € U, such that
{Un : n < w} covers X.

e A space X has the Hurewicz property if for each sequence
{Up : n < w} of open covers of X, there is a sequence
{Vn : n < w} of finite sets such that V,, C U, and each x € X
is in |JV, for all but finitely many n.

e A space X is D if for each open neighborhood assignment
{Vi : x € X} there is a closed discrete D such that
{Vi : x € D} covers X.
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Definitions

e A space is Alster if every cover by Gs sets that covers each
compact set finitely includes a countable subcover.

e A space X is productively Lindelof if X x Y is Lindelof for
every Lindelof space Y.

e A space is indestructibly (productively) Lindelof if it remains
(productively) Lindelof in any countably closed forcing
extension.
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Theorems

Theorem 1 [Scheepers-Tall]. Rothberger spaces with points Gs
have cardinality < the first real-valued measurable cardinal.
Theorem 2 [Scheepers-Tall]. If it is consistent there is a
supercompact cardinal, it is consistent with GCH that all
Rothberger spaces with points Gs have cardinality < Ny, and that
all uncountable Rothberger spaces of character < R; have
Rothberger subspaces of size N;.

Theorem 3 [Aurichi]. Menger spaces are D-spaces.

Theorem 4 [Aurichi-Tall]. Indestructibly productively Lindelof
implies Alster implies Menger.

Theorem 5. Alster implies Hurewicz implies Menger.
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Theorems

Theorem 6. CH implies that if a T3 space X is either separable
or first countable, and is productively Lindelof, then it is Alster and
hence Hurewicz, Menger, and D.

10



Theorems

Theorem 6. CH implies that if a T3 space X is either separable
or first countable, and is productively Lindelof, then it is Alster and
hence Hurewicz, Menger, and D.

Theorem 7. Every completely metrizable productively Lindelof
space is Menger (Alster) (o-compact) (indestructibly productively
Lindelof) iff there is a Lindelof regular space M such that M x PP
(P is the space of irrationals) is not Lindelof.
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Theorems

Theorem 6. CH implies that if a T3 space X is either separable
or first countable, and is productively Lindelof, then it is Alster and
hence Hurewicz, Menger, and D.

Theorem 7. Every completely metrizable productively Lindelof
space is Menger (Alster) (o-compact) (indestructibly productively
Lindelof) iff there is a Lindelof regular space M such that M x PP
(P is the space of irrationals) is not Lindelof.

Corollary 8. b =X; or 0 = cov(M) implies every completely
metrizable productively Lindelof space is o-compact.
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Theorems

Theorem 9. 0 = N; implies every productively Lindelof
metrizable space is o-compact.
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Theorems

Theorem 9. 0 = N; implies every productively Lindelof
metrizable space is o-compact.

Theorem 10. Productively Lindelof metrizable spaces of size N
are Menger.

Theorem 11. MA implies productively Lindelof metrizable spaces
are Hurewicz.
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What are the cardinalities of Rothberger spaces with
points Gs7

Moore's L-space has cardinality N; and is Rothberger. Gorelic’s
consistent Lindeldf space with points Gz of size 281 is Rothberger.
Theorem 1. Rothberger spaces with points Gs have cardinality
< the first real-valued measurable cardinal.

Proof. For each x € X, choose Uy(x) open, Up(x) C Unpt1(x),

(W Un(x):n <w} = {x}. Take a subset Y of X of real-valued
measurable size. Take n(m,x) with p(Y N Uy(mx)(x)) < zm57- Let
Um = {Un(mx)(x) : x € X}. Then, picking Un € Un,

((U{Um : m <w} < 1), so can't cover Y, which has measure 1,
so can't cover X.
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Ideas of Proofs

Theorem 2. If it is consistent there is a supercompact cardinal,
it is consistent with GCH that all Rothberger spaces with points
Gs have cardinality < Ny, and that all uncountable Rothberger
spaces of character < N; have Rothberger subspaces of size N;.
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Theorem 2. If it is consistent there is a supercompact cardinal,
it is consistent with GCH that all Rothberger spaces with points
Gs have cardinality < Ny, and that all uncountable Rothberger
spaces of character < N; have Rothberger subspaces of size N;.
Proof.

a) Rothberger spaces are indestructible. [Tall] proved: Lévy
collapse a supercompact to wy. Then indestructibly Lindelof
spaces with points Gz have cardinality < Nj.
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Ideas of Proofs

Theorem 2. If it is consistent there is a supercompact cardinal,
it is consistent with GCH that all Rothberger spaces with points
Gs have cardinality < Ny, and that all uncountable Rothberger
spaces of character < N; have Rothberger subspaces of size N;.
Proof.

a) Rothberger spaces are indestructible. [Tall] proved: Lévy
collapse a supercompact to wy. Then indestructibly Lindelof
spaces with points Gz have cardinality < Nj.

b) In the same model, by the character restriction, j”X is a
subspace of j(X). By indestructibility, it is Rothberger. Then
J(X) has a Rothberger subspace of size X; = j(R;1), so by
elementarity, so does X.
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Ideas of Proofs

Theorem 3. Menger spaces are D-spaces.
Theorem 4. Indestructibly productively Lindelof implies Alster
implies Hurewicz implies Menger.
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Theorem 3. Menger spaces are D-spaces.
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Ideas of Proofs

Theorem 3. Menger spaces are D-spaces.

Theorem 4. Indestructibly productively Lindelof implies Alster
implies Hurewicz implies Menger.

Proof. Aurichi: Menger — D via topological games.

Lemma [Alster]. CH — productively Lindelof spaces with

w < Ny are Alster.

Collapse max(2%, w(X)) to X1 and apply Lemma.

Lemma (classic). Hurewicz — Menger.

Lemma. Alster — Hurewicz.

Proof. Use characterization of Hurewicz: For each Cech-complete
G D X, there is a o-compact F such that X C F C G.
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Ideas of Proofs

Theorem 6. CH implies that if a T3 space X is either separable
or first countable, and is productively Lindelof, then it is Alster and
hence Menger and D.
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Ideas of Proofs

Theorem 6. CH implies that if a T3 space X is either separable

or first countable, and is productively Lindelof, then it is Alster and
hence Menger and D.

Proof. Note separable regular spaces and first countable Lindelof

Hausdorff spaces have w < 2% and apply Alster's Lemma.
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Ideas of Proofs

Theorem 6. CH implies that if a T3 space X is either separable
or first countable, and is productively Lindelof, then it is Alster and
hence Menger and D.

Proof. Note separable regular spaces and first countable Lindelof
Hausdorff spaces have w < 2% and apply Alster's Lemma.
Lemma [Alster]. X Alster implies X“ is Lindelof.
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Ideas of Proofs

Theorem 7 (there is a Michael space iff completely metrizable
productively Lindelof spaces are o-compact) follows from:
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Theorem 7 (there is a Michael space iff completely metrizable
productively Lindelof spaces are o-compact) follows from:
Lemma [Rudin-Starbird]. Suppose X is Lindelof regular and Y
is separable metrizable. Then X x Y is normal if and only if

X x Y is Lindelof.
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Ideas of Proofs

Theorem 7 (there is a Michael space iff completely metrizable
productively Lindelof spaces are o-compact) follows from:

Lemma [Rudin-Starbird]. Suppose X is Lindelof regular and Y
is separable metrizable. Then X x Y is normal if and only if

X x Y is Lindelof.

Lemma [Lawrence]. Suppose Y is a separable completely
metrizable space which is not g-compact. Then X x Y is normal if
and only if X x P is normal.
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Ideas of Proofs

Theorem 7 (there is a Michael space iff completely metrizable
productively Lindelof spaces are o-compact) follows from:

Lemma [Rudin-Starbird]. Suppose X is Lindelof regular and Y
is separable metrizable. Then X x Y is normal if and only if

X x Y is Lindelof.

Lemma [Lawrence]. Suppose Y is a separable completely
metrizable space which is not g-compact. Then X x Y is normal if
and only if X x P is normal.

Lemma [Alster]. For metrizable spaces, Alster = o-compact.
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Ideas of Proofs

Theorem 10. Productively Lindelof metrizable spaces of size
< N; are Menger.
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Theorem 10. Productively Lindelof metrizable spaces of size
< N; are Menger.
To prove this, divide into cases.
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Theorem 10. Productively Lindelof metrizable spaces of size
< N; are Menger.

To prove this, divide into cases.

Case 1: 0 = N;. Then proof of Alster's Lemma works.
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Ideas of Proofs

Theorem 10. Productively Lindelof metrizable spaces of size
< N; are Menger.

To prove this, divide into cases.

Case 1: 0 = N;. Then proof of Alster's Lemma works.

Case 2: 0 > N;. Then every separable metric space of size N is
Menger.
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Ideas of Proofs

Theorem 10. Productively Lindelof metrizable spaces of size

< N; are Menger.

To prove this, divide into cases.

Case 1: 0 = N;. Then proof of Alster's Lemma works.

Case 2: 0 > N;. Then every separable metric space of size N is
Menger.

Theorem 11. MA imples productively Lindelof metrizable spaces
are Hurewicz.

Proof. Follows from work of Alster re Michael spaces, plus
characterization of Hurewicz.

46



47

References |

ALSTER, K.

On the class of all spaces of weight not greater than w; whose
Cartesian product with every Lindelof space is Lindelof.

Fund. Math. 129 (1988), 133-140.

AvuricHI, L. F.
D-spaces, topological games and selection principles.
Submitted.

AvuricHI, L. F. aAnD TALL, F. D.

Lindelof spaces which are indestructible, productive, or D.
Submitted.

HurEwicz, W.

Uber eine Verallgemeinerung des Borelschen Theorems.
Math. Zeit. 24 (1925), 401-421.



48

References |l

LAWRENCE, L. B.

The influence of a small cardinal on the product of a Lindelof
space and the irrationals.

Proc. Amer. Math. Soc. 110 (1990), 535-542.

RuUDIN, M. E., AND STARBIRD, M.
Products with a metric factor.
Topology Appl. 5 (1975), 235-248.

SCHEEPERS, M., AND TALL, F. D.

Lindelof indestructibility, topological games and selection
principles.

Submitted.

TALL, F. D.
On the cardinality of Lindelof spaces with points Gg.
Topology Appl. 63, 1 (1995), 21-38.



References 1l

[ TaLrL, F. D.

Lindelof spaces which are productive, Alster, Hurewicz,
Menger, or D.

In preparation.

40



In the following diagram, a solid arrow with a number n next to it
indicates that Example n is a counterexample to the reverse arrow;
a broken dashed arrow with a number m next to it indicates that
Example m shows the implication does not hold; a dotted arrow
indicates the implication holds, if the additional hypothesis next to
it is assumed.
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Key to arc labels

Moore's L-space.

[0,1].

The irrationals.

21,

A Hurewicz (and hence Menger) subspace of the real line
which is not o-compact (and hence not Alster).

Michael's space.

The one-point Lindeldfication of the discrete space of size Nj.
A Bernstein set.

Przymusinski's space.

Another example of Przymunsinski.

The Sorgenfrey line ((perfect + Lindel6f) x separable
Lindelof is Lindelof).

A Menger subspace of the real line which is not Hurewicz.
The subspace of the Michael line obtained from a set
concentrated on the rationals.



