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Cardinal arithmetic

Cardinal arithmetic reduces to the study of cardinal exponentiation. In
fact, it suffices to consider the function & peof (k)
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Cardinal arithmetic reduces to the study of cardinal exponentiation. In
fact, it suffices to consider the function & ~ peof (k)
In the case of regular cardinals, the only limitation is the following.
Theorem (Konig)

If k is an infinite cardinal then ') > k. In particular, cof (2%) > &,
for all infinite k.
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Cardinal arithmetic

Cardinal arithmetic reduces to the study of cardinal exponentiation. In
fact, it suffices to consider the function & ~ peof (k)

In the case of regular cardinals, the only limitation is the following.
Theorem (Konig)

If k is an infinite cardinal then ') > k. In particular, cof (2%) > &,
for all infinite k.

Theorem (Easton)

Let F' : RCard — Card be a class function, where Caxd is the class of
infinite cardinals and RCard is the class of regular cardinals. Assume
that

0 k<A F(k)<F(N)
0 cof (F(k)) > K, for all regular k.

Then there is a generic extension of the universe in which 2% = F(k),
us
for all regular k. JibEROT



Singular Cardinals

Concerning singular cardinals there are several restriction on the
value of the exponential function.
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Singular Cardinals

Concerning singular cardinals there are several restriction on the
value of the exponential function.
Theorem (Silver, 1974)

Assume k is a singular cardinal of uncountable cofinality and 2° = §*,
forall § < k. Then 2" = k™.
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Singular Cardinals

Concerning singular cardinals there are several restriction on the
value of the exponential function.

Theorem (Silver, 1974)

Assume k is a singular cardinal of uncountable cofinality and 2° = §*,
forall § < k. Then 2" = k™.

Theorem (Galvin, Hajnal, 1975)
Assume R is a singular strong limit cardinal of uncountable
cofinality. Then 2% < R (|[cof(8) y+-
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Singular Cardinals

Concerning singular cardinals there are several restriction on the
value of the exponential function.

Theorem (Silver, 1974)

Assume k is a singular cardinal of uncountable cofinality and 2° = §*,
forall § < k. Then 2" = k™.

Theorem (Galvin, Hajnal, 1975)

Assume R is a singular strong limit cardinal of uncountable
cofinality. Then 2% < R (|[cof(8) y+-

Theorem (Shelah, 1978)
If R, is a strong limit then 2% < R0y
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Shelah’s theorem

Starting from the early 1980s Shelah developed PCF theory which
allowed him to obtain much stronger restrictions on the power of
singular cardinals. The most spectacular application of this theory is
the following.

P
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Shelah’s theorem

Starting from the early 1980s Shelah developed PCF theory which
allowed him to obtain much stronger restrictions on the power of
singular cardinals. The most spectacular application of this theory is
the following.

Theorem (Shelah, 1989)

RY0 < max(Ry,, (270)*).
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Shelah’s theorem

Starting from the early 1980s Shelah developed PCF theory which
allowed him to obtain much stronger restrictions on the power of
singular cardinals. The most spectacular application of this theory is
the following.

Theorem (Shelah, 1989)

RY0 < max(Ry,, (270)*).

Corollary

if R, is a strong limit then 2% < R,,,.
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Singular Cardinal Hypothesis

In view of the previous results one may ask what are the restrictions
on the exponential function on singular cardinals. The Singular
Cardinal Hypothesis says that it takes the minimal possible value.
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Singular Cardinal Hypothesis

In view of the previous results one may ask what are the restrictions
on the exponential function on singular cardinals. The Singular
Cardinal Hypothesis says that it takes the minimal possible value.

Definition

The Singular Cardinal Hypothesis SCH says that, for every singular
cardinal x, if 2¢°f(%) < x then Kf(F) = k*.
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Singular Cardinal Hypothesis

In view of the previous results one may ask what are the restrictions
on the exponential function on singular cardinals. The Singular
Cardinal Hypothesis says that it takes the minimal possible value.

Definition

The Singular Cardinal Hypothesis SCH says that, for every singular
cardinal x, if 2¢°f(%) < x then Kf(F) = k*.

This statement is a weakening of the Generalized Continuum
Hypothesis.
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@ Solovay showed SCH holds above a strongly compact cardinal.
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@ Solovay showed SCH holds above a strongly compact cardinal.

O Viale showed that SCH follows from the Proper Forcing Axiom.
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@ Solovay showed SCH holds above a strongly compact cardinal.
O Viale showed that SCH follows from the Proper Forcing Axiom.

0 Using a supercompact cardinal Silver showed that SCH can
consistently fail.
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Solovay showed SCH holds above a strongly compact cardinal.
Viale showed that SCH follows from the Proper Forcing Axiom.

Using a supercompact cardinal Silver showed that SCH can
consistently fail.

Magidor showed, using large cardinals, that SCH can first fail at
R,,. The consistency strength was later reduced by Gitik and
Magidor.
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Solovay showed SCH holds above a strongly compact cardinal.
Viale showed that SCH follows from the Proper Forcing Axiom.

Using a supercompact cardinal Silver showed that SCH can
consistently fail.

Magidor showed, using large cardinals, that SCH can first fail at
R,,. The consistency strength was later reduced by Gitik and
Magidor.

Shelah showed using large cardinals that for any given countable
ordinal « it is possible to have R, strong limit and 2%~ = R, 1.
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Solovay showed SCH holds above a strongly compact cardinal.
Viale showed that SCH follows from the Proper Forcing Axiom.

Using a supercompact cardinal Silver showed that SCH can
consistently fail.

Magidor showed, using large cardinals, that SCH can first fail at
R,,. The consistency strength was later reduced by Gitik and
Magidor.

Shelah showed using large cardinals that for any given countable
ordinal « it is possible to have R, strong limit and 2%~ = R, 1.
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Definitions

0 If Ais a set of regular cardinals we let [T A denote the set of all
functions f with domain A such that f(a) € a, for all a € A.
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Definitions

0 If Ais a set of regular cardinals we let [T A denote the set of all
functions f with domain A such that f(a) € a, for all a € A.

o If F'is a filter on A we define a partial ordering <r on [] A by
f<pgiff{aeA: f(a)<g(a)}eF.
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Definitions

0 If Ais a set of regular cardinals we let [T A denote the set of all
functions f with domain A such that f(a) € a, for all a € A.

o If F'is a filter on A we define a partial ordering <r on [] A by
f<pgiff{aeA: f(a)<g(a)}eF.

o The cofinality of [T A/F is the least size of a set cofinal in
(ITA,<p).
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Definitions

0 If Ais a set of regular cardinals we let [T A denote the set of all
functions f with domain A such that f(a) € a, for all a € A.

o If F'is a filter on A we define a partial ordering <r on [] A by
f<pgiff{aeA: f(a)<g(a)}eF.

o The cofinality of [T A/F is the least size of a set cofinal in
(ITA,<p).

@ pcf(A) = {cof ([T A,<p) : D is an ultrafilter on A}.
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Definitions

0 If Ais a set of regular cardinals we let [T A denote the set of all
functions f with domain A such that f(a) € a, for all a € A.

o If F'is a filter on A we define a partial ordering <r on [] A by
f<pgiff{aeA: f(a)<g(a)}eF.

o The cofinality of [T A/F is the least size of a set cofinal in
(ITA,<p).

@ pcf(A) = {cof ([T A,<p) : D is an ultrafilter on A}.
O An interval A of regular cardinals is called progressive if

min(A) > |AJ.
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Theorem (Shelah)

Let A be a progressive interval of regular cardinals. Then pcf(A) is
also an interval of regular cardinals and has a maximal element.
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Theorem (Shelah)

Let A be a progressive interval of regular cardinals. Then pcf(A) is
also an interval of regular cardinals and has a maximal element.

Theorem (Shelah)

Suppose i is a singular cardinal and r < p is an infinite cardinal such
that the interval A of regular cardinals in (k, i) has cardinality < k.
Then

cof ([1]%, <) = max(pcf(A4)).
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Theorem (Shelah)

Let A be a progressive interval of regular cardinals. Then pcf(A) is
also an interval of regular cardinals and has a maximal element.

Theorem (Shelah)

Suppose i is a singular cardinal and r < p is an infinite cardinal such
that the interval A of regular cardinals in (k, i) has cardinality < k.
Then

cof ([1]%, <) = max(pcf(A4)).

Corollary

Under the same assumptions p"* = max{2", max(pcf(A))}.
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Properties of the PCF space

Let A be a progressive interval of regular cardinals. We can consider
A and pcf(A) as sets of ordinals (to « we associate Rq1). If

p =max(pcf(A)) then the pcf operator on I = [min(A), p] has the
following properties:
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Properties of the PCF space

Let A be a progressive interval of regular cardinals. We can consider
A and pcf(A) as sets of ordinals (to « we associate Rq1). If

p =max(pcf(A)) then the pcf operator on I = [min(A), p] has the
following properties:

0 If X, Y cIthen X ¢ pcf(X), pcf(X uY) =pef(X) upcf(Y),
pef(pef(X)) = pef(X).
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Properties of the PCF space

Let A be a progressive interval of regular cardinals. We can consider
A and pcf(A) as sets of ordinals (to « we associate Rq1). If

p =max(pcf(A)) then the pcf operator on I = [min(A), p] has the
following properties:

0 If X, Y cIthen X ¢ pcf(X), pcf(X uY) =pef(X) upcf(Y),
pef(pef(X)) = pef(X).

o If X c I and 7 € pef(X) then there is Y € X such that
v epcf(Y)and |Y| < |A].
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Properties of the PCF space

Let A be a progressive interval of regular cardinals. We can consider
A and pcf(A) as sets of ordinals (to « we associate Rq1). If

p =max(pcf(A)) then the pcf operator on I = [min(A), p] has the
following properties:

0 If X, Y cIthen X ¢ pcf(X), pcf(X uY) =pef(X) upcf(Y),
pef(pef(X)) = pef(X).

o If X c I and 7 € pef(X) then there is Y € X such that
v epcf(Y)and |Y| < |A].

@ For every nonempty X ¢ I, pcf(X') has a maximal element and
min(pcf(X)) = min(X).
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Properties of the PCF space

Let A be a progressive interval of regular cardinals. We can consider
A and pcf(A) as sets of ordinals (to « we associate Rq1). If

p = max(pcf(A)) then the pcf operator on I = [min(A), p] has the
following properties:

0 If X, Y cIthen X ¢ pcf(X), pcf(X uY) =pef(X) upcf(Y),
pef(pef(X)) = pef(X).

o If X c I and 7 € pef(X) then there is Y € X such that
v epcf(Y)and |Y| < |A].

@ For every nonempty X ¢ I, pcf(X') has a maximal element and
min(pcf(X)) = min(X).

0 If y € I and cof (7y) > w then there is a club C' in y such that
pcf(C) cy+1.
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Thus, we obtain a topological space on I with some very special
properties. A is a dense subset of [ in this topology and there is an
interplay between the natural ordering of ordinals and the topological
properties of the space.
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Thus, we obtain a topological space on I with some very special
properties. A is a dense subset of [ in this topology and there is an
interplay between the natural ordering of ordinals and the topological
properties of the space.

Theorem (Shelah)

Let A and I be intervals of ordinals with A an initial segment of I.
Assume there is a closure operation on I with the above properties.
Then |I| < |A|*4.
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Thus, we obtain a topological space on I with some very special
properties. A is a dense subset of [ in this topology and there is an
interplay between the natural ordering of ordinals and the topological
properties of the space.

Theorem (Shelah)

Let A and I be intervals of ordinals with A an initial segment of I.

Assume there is a closure operation on I with the above properties.
Then |I| < |A|*4.

Corollary

Let A be a progressive interval of regular cardinals. Then

[pef(A)] <A™,
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Thus, we obtain a topological space on I with some very special
properties. A is a dense subset of [ in this topology and there is an
interplay between the natural ordering of ordinals and the topological
properties of the space.

Theorem (Shelah)

Let A and I be intervals of ordinals with A an initial segment of I.
Assume there is a closure operation on I with the above properties.
Then |I| < |A|*4.

Corollary

Let A be a progressive interval of regular cardinals. Then

[pef(A)] <A™,

The PCF conjecture

If A is a progressive interval of regular cardinals then |[pcf(A)| < |A].
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PCF structures

Definition

A topological space X is called scattered if every nonempty subset of
X has an isolated point.
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PCF structures

Definition

A topological space X is called scattered if every nonempty subset of
X has an isolated point.

Definition (Cantor Bendixson derivative)

Let X be a topological space. The a-th derivative X (@) of X is
defined as follows: X () = X, x(e+1) = () { (X (), where
I(Y') denotes the set of isolated points of Y. If « is a limit ordinal
then X () =N, X©.
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PCF structures

Definition

A topological space X is called scattered if every nonempty subset of
X has an isolated point.

Definition (Cantor Bendixson derivative)

Let X be a topological space. The a-th derivative X (@) of X is
defined as follows: X (9 = x, x(a+1) = x(@) { I(X(")), where
I(Y') denotes the set of isolated points of Y. If « is a limit ordinal
then X () =N, X©.

o If X is scattered then there is « such that X (*) = &. The height
of X is the least such a.
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PCF structures

Definition

A topological space X is called scattered if every nonempty subset of
X has an isolated point.

Definition (Cantor Bendixson derivative)

Let X be a topological space. The a-th derivative X (@) of X is
defined as follows: X (9 = x, x(a+1) = x(@) { I(X(")), where
I(Y') denotes the set of isolated points of Y. If « is a limit ordinal
then X () =N, X©.

o If X is scattered then there is « such that X (*) = &. The height
of X is the least such a.

o We call I(X (™) the a-th level of X.
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PCF structures

Definition

A topological space X is called scattered if every nonempty subset of
X has an isolated point.

Definition (Cantor Bendixson derivative)

Let X be a topological space. The a-th derivative X (@) of X is
defined as follows: X (9 = x, x(a+1) = x(@) { I(X(")), where
I(Y') denotes the set of isolated points of Y. If « is a limit ordinal
then X () =N, X©.

o If X is scattered then there is « such that X (*) = &. The height
of X is the least such a.

o We call I(X (™) the a-th level of X.

O The width of X is the supremum of the cardinality of the levelszans—

EROT



Definition
Let X be a topological space. The tightness of X is the least cardinal
# such that if Y € X and p € Y there is Z ¢ Y with | Z| < x such that

pe .
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Definition

Let X be a topological space. The tightness of X is the least cardinal
# such that if Y € X and p € Y there is Z ¢ Y with | Z| < x such that
pe .

We saw that if A is a progressive interval of regular cardinals then the
pcf space on pcf(A) has tightness at most |A|.
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Definition

Let X be a topological space. The tightness of X is the least cardinal
# such that if Y € X and p € Y there is Z ¢ Y with | Z| < x such that
pe .

We saw that if A is a progressive interval of regular cardinals then the
pcf space on pcf(A) has tightness at most |A|.

Definition

Let I be an interval of ordinals and 7 a topology on I which refines
the order topology. We say that (1, 7) has the club property if for
every ordinal « € I of uncountable cofinality there is a club C' € «
such that C ¢ o + 1.
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Definition

Let © be an ordinal and 7 a topology on © refining the order
topology. We say that (©, 7) is a pcf candidate if it is locally
compact, countably tight and has the club property.
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Definition

Let © be an ordinal and 7 a topology on © refining the order
topology. We say that (©, 7) is a pcf candidate if it is locally
compact, countably tight and has the club property.

We saw that if A = {X,, : n <w} and max(pcf(A)) = Rg41 then
using the pcf operation we can define a pcf candidate (O, 7). (Recall
that we identify o and R41.)
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Definition

Let © be an ordinal and 7 a topology on © refining the order
topology. We say that (©, 7) is a pcf candidate if it is locally
compact, countably tight and has the club property.

We saw that if A = {X,, : n <w} and max(pcf(A)) = Rg41 then
using the pcf operation we can define a pcf candidate (O, 7). (Recall
that we identify o and R41.)

Theorem (Shelah)
If (©,7) is a pcf candidate then © < wy.
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Definition

Let © be an ordinal and 7 a topology on © refining the order
topology. We say that (©, 7) is a pcf candidate if it is locally
compact, countably tight and has the club property.

We saw that if A = {X,, : n <w} and max(pcf(A)) = Rg41 then
using the pcf operation we can define a pcf candidate (O, 7). (Recall
that we identify o and R41.)

Theorem (Shelah)
If (©,7) is a pcf candidate then © < wy.

Question
Is this bound optimal?
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LCS spaces

Definition

Let X be a locally compact scattered space. Let A be the height of X
and let ,, be the cardinality of the a-th level of X. Then (K : @ < \)
is the cardinal sequence of X.
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LCS spaces

Definition

Let X be a locally compact scattered space. Let A be the height of X
and let ,, be the cardinality of the a-th level of X. Then (K : @ < \)
is the cardinal sequence of X.

The question of which sequences of cardinals can occur as cardinal
sequences of locally compact scattered spaces has been studied
extensively. We do not give a complete survey but just mention the
key results.
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Let 6 = (kq : o < \), where each k, is an infinite cardinal. (T, <, %) is
a f-poset if

@ T=U{Ty:a<A}, where T, = {a} x Yy, and Y| = Kkq.
@ i:[T)? - [T] satisfies:

@ Ifuei{s,t},thenu<s,t
@ If u < s,t, then there exists v € i{s, ¢} such that u < v.

@ IfseT, teTgands<t, then a<p.

@ Forevery a< <\, ift € T then the set {s € T,, : s <t} is
infinite.
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Let 6 = (kq : o < \), where each k, is an infinite cardinal. (T, <, %) is
a §-poset if
@ T=U{Ty:a<A}, where T, = {a} x Yy, and |Y,| = kq.
@ i:[T)? - [T] satisfies:
@ Ifuei{s,t},thenu<s,t
@ If u < s,t, then there exists v € i{s, ¢} such that u < v.

@ IfseT, teTgands<t, then a<p.

@ Forevery a< <\, ift € T then the set {s € T,, : s <t} is
infinite.

Fact

Let 6 be a sequence of cardinals and assume there is a é-poset. Then
there is an Ilcs space with cardinal sequence 0.
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Let () denote the constant sequence of length \ where each value
is w. It is fairly easy to construct an 2(w; )-poset in ZFC alone.
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Let () denote the constant sequence of length \ where each value
is w. It is fairly easy to construct an 2(w; )-poset in ZFC alone.

Theorem (Baumgartner, Shelah)

It is relatively consistent with ZFC that there exist an Q)(ws )-poset.
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Let () denote the constant sequence of length \ where each value
is w. It is fairly easy to construct an 2(w; )-poset in ZFC alone.

Theorem (Baumgartner, Shelah)

It is relatively consistent with ZFC that there exist an Q)(ws )-poset.

Theorem (Martinez)

It is relatively consistent with ZFC that there exist an 2(0)-poset, for
all § < ws.
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Tall pcf spaces

Question: Can we use the above constructions to obtain tall pcf
candidates? We need to add the club property.
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Tall pcf spaces

Question: Can we use the above constructions to obtain tall pcf
candidates? We need to add the club property.

Answer: Yes, but there are technical difficulties.
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Tall pcf spaces

Question: Can we use the above constructions to obtain tall pcf
candidates? We need to add the club property.

Answer: Yes, but there are technical difficulties.

Theorem (Er-rhaimini, V.)

It is relatively consistent with ZFC that there exist pcf candidates of
height 6, for all § < ws.
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Definition

Let f : [wa]? — [w2]® be such that f{a, B} € an B, for all a, 3. We
say that two finite subsets z and y of wy are good for f if for all
Texny,acx~yand fey\x

0 if 7 <a,Bthen T € f{a,}
0 if 7 < Bthen f{a,7} € f{a, B}
0 if T <athen f{B,7} ¢ f{a, 3}

f is a A-function if every family uncountable family of finite subsets
of wy contains two sets which are good for f.
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Definition

Let f : [wa]? — [w2]® be such that f{a, B} € an B, for all a, 3. We
say that two finite subsets z and y of wy are good for f if for all
Texny,acx~yand fey\x

0 if 7 <a,Bthen T € f{a,}
0 if 7 < Bthen f{a,7} € f{a, B}
0 if T <athen f{B,7} ¢ f{a, 3}

f is a A-function if every family uncountable family of finite subsets
of wy contains two sets which are good for f.

Baumgartner and Shelah first add a A-function by forcing and then
use it to force an (w9 )-poset. It is possible to obtain a A-function
directly from O, .
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Definition

Let f : [wa]? — [w2]® be such that f{a, B} € an B, for all a, 3. We
say that two finite subsets z and y of wy are good for f if for all
Texny,acx~yand fey\x

0 if 7 <a,Bthen T € f{a,}
0 if 7 < Bthen f{a,7} € f{a, B}
0 if T <athen f{B,7} ¢ f{a, 3}

f is a A-function if every family uncountable family of finite subsets
of wy contains two sets which are good for f.

Baumgartner and Shelah first add a A-function by forcing and then
use it to force an (w9 )-poset. It is possible to obtain a A-function
directly from O, .

However, in order to construction a pcf candidate of height wo we
need a strong A-function. Fortunately, we also get this from O, .
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Another ingredient: a sequence (D, : & < wa, cof () = w1 ) such that
@ D, isaclubin q, for all a with cof (o) = wy
@ D, n Dg is finite, for all o, 8 with a # 3.
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Another ingredient: a sequence (D, : & < wa, cof () = w1 ) such that
@ D, isaclubin q, for all a with cof (o) = wy
@ D, n Dg is finite, for all o, 8 with a # 3.

With these two ingredients we can use forcing to generically add a pcf
candidate of height wy with some special properties. Then we use
those special properties to stretch it to any ordinal § < ws.
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There is still a gap between what we can do and the upper bound
which is < wy. One cannot have a A-function on w3, but is there some
other device that can be used instead?
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There is still a gap between what we can do and the upper bound
which is < wy. One cannot have a A-function on w3, but is there some
other device that can be used instead?

Question
Can one build pcf candidates of height d, for any § < wy?
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There is still a gap between what we can do and the upper bound
which is < wy. One cannot have a A-function on w3, but is there some
other device that can be used instead?

Question
Can one build pcf candidates of height d, for any § < wy?

Of course, this still does not say what the real pcf space can be. It
would just say that the properties isolated by Shelah cannot give a
better bound than wy.
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