
Putnam Problems in 2017 and 2018

Botong Wang

September 25, 2019

(2017 A1) Let S be the smallest set of positive integers such that

(a) 2 is in S,

(b) n is in S whenever n2 is in S, and

(c) (n + 5)2 is in S whenever n is in S.

Which positive integers are not in S? (The set S is “smallest” in the sense that S is
contained in any other such set.)

(2017 A2) Let Q0(x) = 1, Q1(x) = x, and

Qn(x) =

(
Qn−1(x)

)2 − 1

Qn−2(x)

for all n ≥ 2. Show that, whenever n is a positive integer, Qn(x) is equal to a polynomial
with integer coefficients.

(2017 A4) A class with 2N students took a quiz, on which the possible scores were 0,1,...,10. Each
of these scores occurred at least once, and the average score was exactly 7.4. Show that
the class can be divided into two groups of N students in such a way that the average
score for each group was exactly 7.4.

(2017 A5) Each of the integers from 1 to n is written on a separate card, and then the cards are
combined into a deck and shuffled. Three players, A, B, and C, take turns in the order
A,B,C,A,... choosing one card at random from the deck. (Each card in the deck is equally
likely to be chosen.) After a card is chosen, that card and all higher-numbered cards are
removed from the deck, and the remaining cards are reshuffled before the next turn. Play
continues until one of the three players wins the game by drawing the card numbered 1.

Show that for each of the three players, there are arbitrarily large values of n for which
that player has the highest probability among the three players of winning the game.

(2017 B2) Suppose that a positive integer N can be expressed as the sum of k consecutive positive
integers

N = a + (a + 1) + (a + 2) + · · ·+ (a + k − 1)

for k = 2017 but for no other values of k > 1. Considering all positive integers N with this
property, what is the smallest positive integer a that occurs in any of these expressions?

(2018 A1) Find all ordered pairs (a, b) of positive integers for which

1

a
+

1

b
=

3

2018
.
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(2018 A2) Let S1, S2, . . . , S2n−1 be the nonempty subsets of {1, 2, . . . , n} in some order, and let M
be the (2n − 1)× (2n − 1) matrix whose (i, j) entry is

mij =

{
0 if Si ∩ Sj = ∅;
1 otherwise.

Calculate the determinant of M.

(2018 A5) Let f : R → R be an infinitely differentiable function satisfying f(0) = 0, f(1) = 1, and
f(x) ≥ 0 for all x ∈ R. Show that there exist a positive integer n and a real number x
such that f (n)(x) < 0.

(2018 B5) Let f = (f1, f2) be a function from R2 to R2 with continuous partial derivatives ∂fi
∂xj

that

are positive everywhere. Suppose that

∂f1
∂x1

∂f2
∂x2
− 1

4

(
∂f1
∂x2

+
∂f2
∂x1

)2

> 0

everywhere. Prove that f is one-to-one.

(2018 B6) Let S be the set of sequences of length 2018 whose terms are in the set {1, 2, 3, 4, 5, 6, 10}
and sum to 3860. Prove that the cardinality of S is at most

23860 ·
(

2018

2048

)2018

.
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