Solutions to Problem Set 10

I. Problems to be graded on completion.

1. Evaluate the following indefinite integrals:

a. Let w = 23 + 1, so du = 322 dx, so 2 dxz%du.
1u3/2
xz\/xg—f—ldu’c/U1/2%du—§2—/3+0—%(z3+1)3/2+0

b. Let u = e”, so du = €” dx.
/excos(ez) d:c:/cosu du = sinu + C = sin(e”) + C
c. Let u = 2% 41, so du = 2z dz.
2z dz du, 9
d. Let u = sinx, so du = cosx dx.

/esmzcosx d:vz/e“ du=e"+C =% 4+ O

e. Letu:x2+1,sodu:2xdx,so3xdx:%du.

3v dx 3 du 5 o 3u? -3 -3
/(x2+1)2_/ " :/§u du:———i—C':—u—l—C +C

f. Let u=a/* +1, so du = 273/ dz, so 73/* dx = 4 du.

—4
/x73/4(xl/4+1)72 dZZ?:/4’LL72 du = —4U71+O: 74_0
/441
d
g. Let u=e"2% so du= —2e~%* dz, so T:z: = _% du.
e X

t —2x
/M dz = /—%tanu du = §log|cosu| + C = 3 log| cos(e*")| + C

2. Evaluate the following definite integrals:
a. Let w =22 + 1, so du = 2z dz, soxdx:%du. When z =0, u = 1. When z = /3, u = 4.

V3 4 474
lu 1 255
2 3 1,3
de= [ sudu=|-—| =<5(266—-1)=
/0 x(z® +1)° dz /12u u {24}1 8( ) 3
b. Letu:x2+16,sodu=2xdac,soxdx:%du.Whensz,uzlG.Whenx=3,u=25.

/3 z dv 251,12 g [1u1/2r5 5 Vo1
—_— =U U = _— = — =
0o Va2+16 1 2 21/2 |



c. Letu:wx,sodu:wdx,sodx:%du. Whenx:%,u:f Whenxz%,:vz%
/3 /3 1 (1 V2 21
/ sin(ma) d:zc:/ —sinu du = ——cosu =—— ——£ = V2 ~ .066
1/4 x4 T m n/4 m\2 2 2m
d. Let u = cosw, so du = —sinz dz, so sinx dr = —du. When x = 0, u = 1. When x = 7,
u = 0. L
1

0

/2 0 1 w3
/ (cosz)?sinz dr = / —u? du = / u? du = —
0 1 0 3

I1. Problems to be graded on correctness.

1. Evaluate the following indefinite integrals. Do not take any shortcuts.

a. Let u =2z + 3, so du =2 dxz, sodu:%du.

1 1ud 1(2z+3)3
2 2d = — 2d = - — e e ——
/(x—l-?)) x /2u u 23—1-0 5 3 +C

b. Let u = —4x 4 2, so du = —4 dx, so du = —% du.

1 1 1
—4x+2 _ _~Lu _ __Lu _ _ o 4zt2
/e d:v—/ 46 du 46 +C 46 +C

c. Let u=1z—17,s0 du=dx.
/sin(x—?) da::/sinu du=—cosu+C = —cos(x—7)+C

d. Let u = :v—l,soduz%dx,sodac:6du.

1
6
/(sec(%x - 1))2 dx = /6(secu)2 du=6tanu +C = 6tan(gz — 1)+ C

e. Let u =17z, so du = 17 dzx, so dz = 1—17 du.

1 1 1
/tan(l?zz:) dx = / ﬁtanu du = —ﬁlog|cosu| +C= —ﬁlog|cos(17x)| +C

f. Letu:%:z:—l—f’), sodu:%d:c,soda::%du.

3/2
1/2 2 2 u3/? 2 (§x+5)
1
In general, if /f(:z:) dz = F(z) + C then /f(ax +b) de = —F(ax 4+ b) + C. We might like to
a

say that we take the anti-derivative of the outside divided by the derivative of the inside, but this
does not work if our substitution is not linear. For example,

/cos(xz) dx # % sin(2?) + C

because the derivative of 1271 sin(2?) is cos(x?) — 2% sin(2?), which is different from cos(z?).

In particular, there is nothing as nice as the chain rule for anti-derivatives.

3 —1 2 ozl x? 1 x3 42
dr = —r Ndr=" -4 C="4_4C= C
/ 2 7 /(I ) de = -t g Tt o




