Solutions to Problem Set 5

I. Problems to be graded on completion.
14. 2212 + 4(2)(1) = 12(1), so (2,1) lies on the curve. Now

2zy% + 22%yy’ + 4y + 4oy’ =12y
448y +4+8y =12y
Yy =2

-1
so the tangent line is given by y_2 =—2o0ry=-2x+5.
T —

16. 0+ cos(1-0)+3-12 =4, so (1,0) lies on the curve. Now

y' —sin(zy®)(y® + 2zyy’) + 62 = 0
Y —0+6=0

/

y =—6

-0
so the tangent line is given by y—l =—6ory=—-6x+6.
T —
18. V14412 =5, 50 (4,1) lies on the curve. Now
%yil/zy/ +y? 4+ 2zyy’ =0
1y +1+8) =0

/_ 2
by =1
the tangent line is given by £+ = —2 ory = — Zx + 28
so the tangent line 1s given ym_—ﬁ ory = —y7x+ i%.
-y
37 a.y = —=—.
Y x + 3y?
b.

zy” + 2y + 3y*y" + 6y(y')* = 0
2y 63
3 AN/ =0
W e T sy
(z+3y%)°y" — (¢ + 3y*)2y + 6y° = 0
(z+3y°)%y" — 22y =0
" 2xy

(z +3y?)?




38.

322 —8yy' =0
,  3a?
Yy = 8y

62 —8(y')* —8yy” =0
4

9x
6x—8—2—8yy”:0

48zy% — 9zt — 64y%y” =0
" 487y — 9z*
N 6413

22. Let a be the angle between the minute hand and 12:00, § the angle between the hour hand and

12:00, § = B — « the angle between the minute hand and the hour hand, and x the distance

between the tips of the hands. Always, 9¢ = 2rtad _ mrad 559 da _ 2rrad _ _7_rad o,

' dt
d0 _ dB _ da _ 1
dt — dt At 360 Moreover,

hour 30 min dt 12 hours ~— 360 min’

22 =4>+5%2-2.4-5co0s6

d do
2:17d—x —40smt9d—
At 3:00,0 =7 and v = V42 4+ 52 — 0 = V41, so
dz 1z in

== ~03—
dt  18v/41

1. Let 6 be the angle between the beam and the line from the beacon to A and x be the distance

_ 10rev _ 10rev2mrad _
from A to the point the beam is lighting up. Always, < E = ¥ = S S0 = 207, and

x
tanf = —
2

x

0 = arctan —

o 1 1dx

dt 1+ (2)22dt

so when x = 2,

d—x=807r 251—~42—
dt min sec
2. Let 6 be the acute angle in the diagram and z be the length of the shadow. Always, 4 & = % =

27 rad

140 min — 720> and

25
tanf = —
T

0 = arctan(252" 1)
dé 1

dt 1+ (250 1)2 5 (=207 5

dx —25 dx
dt 22 252 dt

so when x = 50,

dx —1257 —247 m cm
dt 720 144 —0:55 T & 09 sec’

td0

But the minus sign is implausible, and we see tha should have been negative since the sun is

setting, so our answer is 0.9 cm/s.



28.
logy = log(x? + 3x) + log(x — 2) + log(2* + 1)

y 2z + 3 1 2T
o 72 T3
y z¢4+3r -2 x¢4+1
2z + 3 1 2x
/ 2 2
= 3 -2 1
y = (2% + 3z)(z — 2)(z* + )<x2+3$+x—2+x2+1)

=2z +3)(x —2)(2® + 1) + (2% + 3z)(2® + 1) + (2% + 3z)(z — 2)(27)

30.
logy = 2log(z” + 3) + 2log(3z + 2) — log(z + 1)
y_’_ 4z n 6 1
y  3(224+3) 3z+2 2x+1)
,(x2+3)2/3(3x+2)2< 4z N 6 1 >
v= VT 1 3(12+3)  3z+2 20x+1)
 da(3z+2)? N 6(z> +3)*3(3x+2) (22 +3)*3(3x +2)
S 3224 3)13Vz+1 T+ 1 2(z +1)3/2
16.
y
=241
x 3—|—
y=-3@x—-1)
f N z) = -3z +3
—1 _ _
f(f‘l(w))Z—fT(x)H:— 3g+3+1=3x3 S e i+1=2
S @) = =8f(@) +8= -3 (-5 +1) +3=2-3+3=0
20.
T
_ — (y—9)"1/2
x - (y—2)
y:x72+2
Tl ) =272 +2

U =\ g = = VPR =
f_l(f(x)) = (f(x))_Q +2 = ((w—2)_1/2)—2+2 —r—242=12¢

30. If H is measured in feet, H = —16t? + vot. The maximum height is acheived when 0 = H' =
2 2 2
—32t+wvg,s0t =35, 50 H= _312621)0 + 35 = &% vo = V64H = 8VH.
38. f(1)=2,50 f71(2) =1, and f'(z) = 2° + 52 — 4, so f'(1) = 10, so




I1. Problems to be graded on correctness.

1. a.
(x—y)?—y=0
22 =2y +1y> —y=0
v - e+ 1y+22=0
2x+1)+/(2z+1)2 — 422 1 fdx + 1 1 1
b. d 1 1 1 1
Y ~1/2
U - R [y RS S R S
dr L TOEZE T A Viz +1
4
C.
(x—y)?-y=0
2@ -y)(1-y) -y =0
200 —y) -2 -y)y -y =0
2(r —y) = 2(z —y) + 1]y
y/_ 2(I_y)
2 —y)+1
d.
1 1 1 1 1
2z—y)=2|z—|z+gt\fatg || =2(—5F\ e+ | =—1F2/e+ = -1FViz+1
;o 2@ -y —l1¥FVixr+1  —1FVixr+1
Y 2@—y+1 A Virti+1l  FAz il
I S V4 UE S WS SRR S
O FVArz+1 FArz+1 Viz+1 T Az +1
2. a
y=1(2?+1)*3z +2)"1/3
y' = 1202 + 1)22(3x + 2) 73 + L(@a? + 1)%(-3) Bz +2)7V/*3
=z(a® +1)(3z +2)73 — L(@a? + 1)%(32 +2)~Y/?
b.

1
logy = 2log(z? + 1) — log4 — 3 log(3z + 2)

y'_2 2T 1 3
y a241 33x+2
4z 1
2241 342
4x 1
;14,2 2 -1/3
=1 1)“(3 2 —
y =30 +1)7@r+2) <x2+1 3:10—1—2)

=xz(2® +1)(3z +2)7 3 - L(a? + 1)%(3z +2)~Y/*



3. Let 0 be the angle between the side of the trough and the vertical dotted line in the diagram,
A be the area of the end, and V = 104 be the volume of the trough. Always, ¥ = L1des —

> dt min
%;&)—{fc‘i = %@. The sides and bottom of the trough are all 1 foot long, so the end of the
g 80 min

trough consists of two triangles of base sinf and height cosf and one rectangle of base 1 and
height cos @, so

V =10A =10(2- §sinfcosd + cos ) = 5sin(26) + 10 cos

dVv df do
— =5 20)2— = 10sin—
o cos(26) 7 sin 7
so when 0 = 45°,
dv ft
& - T ~0123 —.
dt 182 sec
4. a
y = (u1uz)us
y' = (ujug + uiub)us + (uguz)us
= u/luy@, + ulu’2U3 + u1u2ué
b.
Yy = (U1U2U3)U4
Y = (ujugus + urubus + ugugul)ug + (uiusug)ul
= u’1u21L3U4 + ulu’2U3U4 + u1u2u§U4 + uluzu;guﬁl
C.

logy = loguy + logug + - - - + log uy,
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