Solutions to Exam 2

1. (a) This limit is of the form oo, so we should take the logarithm and use I'Hépital’s rule. Let
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Now this is of the form oco/oc0, so by ’'Hopital’s rule,
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InL = lim ”13" =0

soL=¢"=1.
(b) This limit is of the form oo — 0o, so we should get things over a common denominator and if
necessary use I’Hopital’s rule. The trick is to multiply and divide by v/n + 2 + /n:
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which goes to 0 as n — oo.

2. (a) This series is positive and decreasing, so it behaves the same as the corresponding integral:
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where we substituted v = Inz, so du = <*. The integral converges, so the series converges.

(b) We know that |sinn| < 1 for all n, so sin?n = |sinn|? < 1, so
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The right-hand side is a p-series with p = 3/2 > 1, so it converges, so by the comparison test, the
left-hand side converges as well.



3. (a) The terms go to zero:
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so by the alternating series test, the series converges. For absolute convergence, we compare

> n—ﬂ to > ‘/TE =y % using the limit comparison test:
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Since 1 is between 0 and oo, Y n—ﬂ behaves like > %, which is a p-series with p = 1/2 < 1, so
it diverges. Thus ) n—‘fi converges, but not absolutely, so it converges conditionally.

(b) As n — o0, m/n — 0, so cos(w/n) — cos0 = 1, so the terms do not go to zero, so the series
diverges.

4. We look at the derivative:
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where the third line is valid when |-z?| < 1, that is, when |z| < v/1 = 1. Now we take the anti-
derivative:
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Plugging in x = 0, we have C' =1In 1 = 0, so our final answer is
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5. The auxiliary equation is 7> +2r + 1 = 0, so (r +1)? = 0, so 7 = —1, so the basic solutions to the
homogeneous equation are e~* and xe~”. For a particular solution to the inhomogeneous equation,
we guess y, = Asinz + Bcosz, so y,, = Acosx — Bsinz, so y, = —Asinz — Bcosz. Now

cosz =y, + 2y, + Yp
= (—Asinz — Bcosz) + 2(Acosx — Bsinz) + (Asinx + Bcosz)

= 2Acosx — 2Bsinx

s02A =1and 2B =0,50 A =1/2and B =0, so yp, = %sin 2. Thus the general solution to the
inhomogeneous equation is
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y=Cre ¥+ Coxe " + 3 sin z.
When 2 =0,y =0,500=C; +0+0,s0 C; =0, soy = Coze ™ + tsinz. We differentiate this:

y = Cee ™ — Coze™™ + %cos:z:. When z =0,y =0,500=Cy —0+ 3, so Ca = —1/2, so our final
answer is
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