
Math 832 – Spring 2013

Homework 2

Due: Tuesday, February 5th, 2013.

1. Detail an example in which the almost sure convergence of a martingale does not imply
convergence in L1. Make sure you prove (using results from class and the book) both the
almost sure convergence, and lack of L1 convergence.

2. Exercise 5.1.9. Let Var(X|F)
def
= E(X2|F)− [E(X|F)]2. Show that

Var(X) = E(Var(X|F)) + Var(E(X|F)).

3. Exercise 5.2.1. Suppose that Xn is a martingale w.r.t. Gn and let Fn = σ(X1, . . . , Xn). Then,
show that (i) Fn ⊂ Gn and (ii) Xn is a martingale w.r.t. Fn.

4. (a) Let Xi be i.i.d. ≥ 0 with EXi = 1. Show that

Mn = M0X1 · · ·Xn = M0

n∏
i=1

Xi

is a martingale wrt Fn = σ(X1, . . . , Xn).

(b) Let Y1, . . . , Yn be i.i.d. with

ϕ(θ)
def
= E exp{θY1} <∞.

Let

Sn = S0 +
n∑

i=1

Yi.

Show that
Mn = exp(θSn)/ϕ(θ)n,

is a martingale wrt Fn = σ(Y1, . . . , Yn). In particular, if ϕ(θ) = 1, then

exp(θSn)

is a martingale.

5. (Cramers estimate of ruin) Let Sn be the total assets of an insurance company at the end of
year n. We suppose that

Sn = Sn−1 +Xn,

where Xn are independent random variables that are normal with mean µ > 0 and variance
σ2 > 0. Let B (for bankrupt) be the event that the value Sn goes negative at some time.
Show that

P (B) ≤ exp(−2µS0/σ
2).

Hints: Note that B = {τ < ∞}, where τ is the first time the value of the company goes
below (or hits) zero. It will help to show that ϕX(θ) = exp(σ2θ2/2+θµ) and use the previous
problem together with martingale properties.


