
A new path method for exponential ergodicity of
Markov processes on Zd, with applications to stochastic

reaction networks

David F. Anderson∗, Daniele Cappelletti † Wai-Tong Louis Fan ‡

Jinsu Kim§

October 2, 2023

Abstract

This paper provides a new path method that can be used to determine when an ergodic
continuous-time Markov chain on Zd converges exponentially fast to its stationary distribution
in L2. Specifically, we provide general conditions that guarantee the positivity of the spectral
gap. Importantly, our results do not require the assumption of time-reversibility of the Markov
model. We then apply our new method to the well-studied class of stochastically modeled
reaction networks. Notably, we show that each complex-balanced model that is also “open”
has a positive spectral gap, and is therefore exponentially ergodic. We further illustrate how
our results can be applied for models that are not necessarily complex-balanced. Moreover, we
provide an example of a detailed-balanced (in the sense of reaction network theory), and hence
complex-balanced, stochastic reaction network that is not exponentially ergodic. We believe
this to be the first such example in the literature.
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1 Introduction
Consider an ergodic continuous-time Markov chain X = (X(t))t≥0 with a discrete countable state
space S ⊂ Zd and a unique stationary distribution π. For such a process, a natural question is:
what is the rate of convergence of the distribution of the process to π?

Let π(f) =
∑

x∈S f(x) π(x) be the expectation of a function f on S with respect to π, and let
‖f‖L2(π) =

(
π(f 2)

)1/2 be the L2-norm. Denote by Pt the Markov semigroup for X . That is, for
f ∈ L2(π), Ptf is the function on S whose xth element is Ptf(x) = Ex[f(X(t)]. Then we say
that the distribution converges exponentially fast in L2 if there is a constant C > 0 so that for each
compactly supported function f (or, equivalently, for each f ∈ L2(π)) we have

‖Ptf − π(f)‖L2(π) ≤ ‖f − π(f)‖L2(π)e
−Ct, for all t ≥ 0. (1)

Of course, we can also have convergence in other norms. For example, we have exponential
convergence in the total variation norm if there is an η > 0 such that for all x ∈ S we have

‖P t(x, ·)− π(·)‖TV ≤ B(x)e−ηt, for all t ≥ 0, (2)

for some function B(x) : S → R≥0 [25], where P t(x, ·) is the probability distribution of the pro-
cess at time twith initial condition x and where the total variation distance between two probability
measures on a measurable space (Ω,F) is defined as ‖µ− ν‖TV := supA∈F |µ(A)− ν(A)|. In our
case of a discrete state space, ‖µ−ν‖TV = 1

2

∑
x∈S |µ(x)−ν(x)|, and so is an L1 norm [36]. Hence,

L2 exponential convergence immediately implies exponential convergence in total variation via the
Cauchy-Schwartz inequality.

A natural, and related, way to quantify the convergence of the distribution is via the mixing
time of the process. Let ε ∈ (0, 1

2
). The mixing time with distance ε for the process with initial

condition x ∈ S is

τ εx := inf
t≥0
{‖P t(x, ·)− π(·)‖TV ≤ ε}. (3)

See [36] for a pedagogical introduction to mixing times. Hence, when (2) holds, an upper bound
for the mixing time follows since τ εx ≤ 1

η
[ln(B(x) + ln(ε−1)] = O(ln(B(x))).

For continuous-time Markov chains on a countable state space, common methods to demon-
strate exponential ergodicity include (i) the use of Foster-Lyapunov functions [12, 15, 16, 25] and
(ii) analysis of the spectral gap of the model [16,36,37,45]. We take the second approach and in the
first part of this paper we provide new sufficient conditions, in the form of a new path method, that
imply that the spectral gap is positive (and, in particular, that the Poincaré inequality holds) which
in turn implies that (1) holds. This, in turn, implies the mixing time is of order − log(π(x)), when
X(0) = x. These results are located in Theorem 2.5 and Corollaries 2.6 and 2.8. Very loosely,
our results apply to models whose stationary distributions have tails that decrease quickly (faster
than exponential, such as the Poisson distribution, among others) and that allow for transitions
of the form ±ei, where {ei} is the canonical basis for Zd (there are more technical assumptions
related to lower bounds for the rates of these transitions). Importantly, we do not assume that the
models are time-reversible. That is, we need not have that the stationary distribution π satisfies
π(x)q(x, z) = π(z)q(z, x) for all states x, z, with q(·, ·) denoting the transition rates. In fact, we
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Figure 1: Network for the EnvZ-OmpR signaling system in E. coli.

even allow our models to be irreversible in that a positive rate of transition from state x to state z
need not imply there is a positive rate of transition from state z to state x.

To illustrate the new path method, we present three key examples. First, in Example 2.1, a
simple birth-death model is provided in order to motivate our new approach. In Example 2.3, we
present a Markov system where the well-known “canonical path method” falls short, while our
method establishes exponential ergodicity. Finally, in Example 2.4, we demonstrate the necessity
of the assumption pertaining to transitions of the form±ei for the class of models we are interested
in (stochastic reaction networks).

In the second part of this paper, we apply our method to the class of models that motivated
this work: stochastic reaction networks. Stochastic reaction networks are used ubiquitously in the
biology literature to model biological interaction systems (which include intracellular processes,
viral infections, signaling systems, etc.). Reaction networks are often depicted via a reaction
graph, which is a graphical representation of the interactions between the constituent “species” of
the model. See Figure 1 for a network describing the intracellular interactions of the EnvZ/OmpR
signal transduction system in E. coli [10, 43]. The constituent “species” are written in black,
and the reactions are the transitions implied by the directed graph. For example, the reaction
XP + Y → XpY uses one XP molecule and one Y molecule to generate one XpY molecule. The
rate constants, such as k1, are written next to the arrows. The standard stochastic model then treats
the system as a continuous-time Markov chain on Zd≥0, with Xi(t) giving the count of species
i at time t. Transitions for the model are then implied by the reactions. The standard intensity
functions for the transitions (called mass-action kinetics) are polynomial in form. These models
will be introduced in Section 3.

Often, the goal of the mathematical theory for reaction networks is to relate topological condi-
tions of the underlying reaction network (which are easy to check) to the qualitative behavior of the
associated dynamical system (which is typically difficult to quantify). In previous research pertain-
ing to the discrete stochastic models, classes of reaction networks characterized by graph topologi-
cal conditions have been identified for which key long-term behaviors are guaranteed, independent
of system parameters. These behaviors include non-explosion [6], positive recurrence [4, 5, 9, 11],
and large deviation principles [1, 2, 5]. However, finding structural classifications for exponen-
tial ergodicity has not been widely studied. The exception is [12], which used Foster-Lyapunov
functions to prove exponential ergodicity for a class of stochastic reaction networks. Therefore,
the second goal of this paper is to continue to fill this gap in our understanding. Specifically, we
utilize our methods via Theorem 2.5 and its corollaries to prove exponential ergodicity in L2 for a
subclass of stochastic reaction networks that are “open,” meaning that each species can enter and
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leave the system. Notably, our results apply (but are not limited to) complex-balanced models. In
particular, we are able to state the following result:

An open and complex-balanced stochastic reaction network is L2-exponentially ergodic.
A precise statement is given in Corollary 3.3, and a more general formulation is given in Corol-
lary 3.5. The “complex-balanced” condition of reaction network theory is a balance condition
similar to the “traffic conditions” found in probability theory [35]; the concept in the setting of
reaction network theory was introduced in the seminal papers [27, 32, 33] and has been an object
of study ever since (for example, see [3, 9, 21, 23]).

Finally, in Example 2.4 we provide an example of a detailed-balanced, and hence complex-
balanced, reaction network (which is time-reversible in the sense of Markov chains) that is not
exponentially ergodic. We believe this to be the first such model analyzed in the literature.

The remainder of the paper is outlined as follows. In Section 2, we introduce our main technical
theorem and its corollaries along with the needed background pertaining to analysis of the spectral
gap. In Section 3, we formally introduce stochastic reaction networks and then provide our main
results pertaining to this class of models (which motivated the present work). We anticipate interest
from a broad range of researchers, including those from the biosciences, and so add necessary
technical background material in the appendix. We also relegate certain proofs from Section 2 to
the appendices.

2 Main analytical results
In Section 2.1, we provide a detailed overview of how to apply the analytical methods relating
the Poincaré inequality to L2 exponential convergence in the current context (continuous-time
Markov chain on a discrete state space, with time-reversibility not assumed). Importantly, in our
Assumption 2.1 we will carefully specify the regularity conditions needed on the Markov model
that guarantee the objects under consideration are well-defined and allow the analytical methods
to go through. While much of this material is, to a greater or lesser extent, known, see for ex-
ample [17, 22, 37, 41, 45], all the references we are aware of on the subject make assumptions
that we do not, with the most notable being the common assumption that the Markov process is
time-reversible. We therefore provide our own proofs for the preliminary results. We note that
our proofs for the preliminary results are somewhat similar to those found in the concise lecture
notes by Ramon van Handel [45]. However, in our opinion there are important technical differ-
ences, especially related to when certain limits and sums can be exchanged. Still, in the interest of
readability we have placed many of the proofs from this section in the appendices.

Next, in Section 2.2, we provide the statement and proof of our first main result, which pro-
vides sufficient conditions for L2 exponential ergodicity of continuous-time Markov chains on Zd.
In Section 2.3, we provide corollaries that are easier to apply for continuous-time Markov chains
on Zd≥0. Finally, in Section 2.4, we provide two important examples. In the first example, we
demonstrates why new theory was needed by showing that the canonical path method stands silent
on certain models of interest, while our new theory is strong enough to prove exponential ergod-
icity. In the second example, we demonstrate the necessity of one of our main structural/analytic
assumptions found in the corollaries: that transitions of the form ±ei have rates that are lower
bounded (together with other technical assumptions). Moreover, we believe that this is the first ex-
ample in the literature of a complex-balanced (and detailed-balanced) stochastic reaction network
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that is shown to be not exponentially ergodic in L2.

2.1 Models and methods
2.1.1 The basic model

We assume basic knowledge of the theory of continuous-time Markov chains, as can be found, for
example, in [40]. For some positive integer d, we let X be a continuous-time Markov chain with a
countable state space S ⊂ Zd and stationary distribution π. For x, z ∈ S with x 6= z, we denote by
q(x, z) the transition rate from state x to z; that is,

P(X(t+ ∆t) = z | X(t) = x) = q(x, z)∆t+ o(∆t), as ∆t→ 0. (4)

We will denote qx =
∑

z∈S\{x} q(x, z) and q(x, x) = −qx. We will not assume that X is time-
reversible. That is, we allow the situation π(x)q(x, z) 6= π(z)q(z, x) for some x, z ∈ S. In fact,
we even allow for the state space to be irreversible, that is, q(x, z) > 0 and q(z, x) = 0 for some
x, z ∈ S.

We will assume throughout that our collection of rates, {q(x, z)}, satisfies the following regu-
larity assumption.

Assumption 2.1. The collection of rates {q(x, z)} satisfies the following four conditions.

(i) For x, z ∈ S, with x 6= z, we have 0 ≤ q(x, z) <∞.

(ii) For each x ∈ S, we have qx =
∑

z∈S\{x} q(x, z) <∞.

(iii) For each z ∈ S, we have supx∈S\{z} q(x, z) <∞.

(iv) X is an irreducible and non-explosive continuous-time Markov chain on a countable state
space S ⊂ Zd, with unique stationary distribution π. 4

The first condition is standard and states that all rates are non-negative and bounded. The
second condition guarantees that the holding time in each state is positive with probability one
(no instantaneous states). The third condition is more technical in nature, but is required, for
example, in the proof of Lemma 2.1. Finally, the last condition guarantees that the distribution
of the process X is uniquely determined by the transition rates {q(x, z)}, and that the distribution
of X(t) converges to π, as t goes to infinity. The most common way to ensure that condition (iv)
holds is to assume that

∑
x π(x)qx <∞ [7]. Assumption 2.1 ensures that the Kolmogorov forward

equations

dPx(X(t) = y)

dt
=

 ∑
z∈S\{y}

q(z, y)Px(X(t) = z)

− qyPx(X(t) = y) (5)

hold for all x, y ∈ S and t ∈ [0,∞), where Px(·) := P (·|X(0) = x) (see the appendix in [7]). As
a consequence, we have that π satisfies

π(y)
∑

z∈S\{y}

q(y, z) =
∑

z∈S\{y}

π(z)q(z, y). (6)
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Denote by A and Dom(A) the infinitesimal generator of X and its domain in L2(π), respec-
tively (see [26, (Chapter 1)] for relevant definitions). Then for f ∈ Dom(A),

Af(x) =
∑

z∈S\{x}

(f(z)− f(x)) q(x, z). (7)

Let Bc be the collection of compactly supported functions on S. The following technical lemma
demonstrates the usefulness of Assumption 2.1. For completeness, we placed the proof in Ap-
pendix B.

Lemma 2.1. Let X be a continuous-time Markov chain on S ⊂ Zd with transition rates {q(x, z)}
that satisfy Assumption 2.1. Then, Bc ⊂ Dom(A) and

‖Af‖∞ <∞ for f ∈ Bc. (8)

Remark 2.1. The proof of Lemma 2.1 still holds if we only assume points (i)-(iii) in Assump-
tion 2.1, provided that we consider X to be the minimal process, i.e. the process that is absorbed
in a cemetery state∞ after a potential explosion. In this case, [7, Theorem 4] can still be applied
and the result be derived. †

2.1.2 Methods: Poincaré inequalities and exponential L2 convergence

We make precise some notation from the introduction and introduce some new ones. For the
stationary distribution π let

〈f, g〉L2(π) :=
∑
x∈S

f(x)g(x)π(x)

be the inner product of the L2-space L2(π). We let π(f) =
∑

x∈S f(x)π(x) be the expectation of
f , ‖f‖L2(π) =

(
π(f 2)

)1/2 the L2-norm, and V arπ(f) = π(f 2) − (π(f))2 = ‖f − π(f)‖2
L2(π) the

variance, all with respect to π.
Denote by Pt the Markov semigroup for the process X . Recall that if f ∈ Dom(A), then

Ptf ∈ Dom(A) and, moreover, APtf = PtAf [26, Proposition 1.5].
For f ∈ L2(π) and g ∈ Dom(A), we define

E(f, g) :=− 〈f, Ag〉L2(π) = −
∑
x,z∈S

f(x)
(
g(z)− g(x)

)
π(x) q(x, z). (9)

The bilinear operator E is referred to as the Dirichlet form of the process X (see [38, Chapter
1]). Of particular interest will be E(f, f) for f from a rich enough class of functions. A slightly
different representation will be useful. So, for f ∈ Dom(A), let

E∗(f) :=
1

2

∑
x,z∈S

(
f(x)− f(z)

)2
π(x) q(x, z). (10)

The proof of the following lemma is found in Appendix C.

Lemma 2.2. Suppose that X satisfies Assumption 2.1. For f ∈ Dom(A) with ‖f‖∞ < ∞, both
the sum (9) for E(f, f) and the sum (10) for E∗(f) converge absolutely. Also, E(f, f) = E∗(f).
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With Lemma 2.2 in hand, we define the spectral gap as

gap(E) := inf

{
E(f, f)

V arπ(f)
: f ∈ Dom(A), ‖f‖∞ <∞, V arπ(f) 6= 0

}
. (11)

Note that gap(E) > 0 if and only if there is a C > 0 for which

E(f, f) ≥ C V arπ(f) (12)

for all bounded f ∈ Dom(A). The inequality (12) is sometimes called the Poincaré inequality. In
light of Lemma 2.2, we have the following alternative representation for gap(E),

gap(E) = inf
{
E∗(f) : f ∈ Dom(A), ‖f‖∞ <∞, π(f) = 0, π(f 2) = 1

}
, (13)

which will be useful to us throughout.
The following theorem is key to our analysis, and explains our interest in the spectral gap. In

short, the result states that in our setting gap(E) > 0 implies exponential L2 convergence of the
distribution of X(t) to π, as t tends to infinity. As mentioned in the preamble to this section, the
result is considered to be well-known. However, we were not able to find a version exactly fitting
our needs. We also stress again that the unpublished lecture notes from Ramon van Handel has
a proof that is very similar to ours (though there are important differences on the justification for
passing certain limits through sums). In particular, see [45, Theorem 2.18 and Remark 2.19].

Theorem 2.3. Suppose Assumption 2.1 is satisfied. If the process X is time-reversible, then the
following statements are equivalent.

(i) gap(E) ≥ C for some C ∈ (0,∞).

(ii) For all f ∈ Bc and t ≥ 0,

‖Ptf − π(f)‖L2(π) ≤ e−2Ct ‖f − π(f)‖L2(π) . (14)

(iii) For f ∈ Bc there is a constant Cf so that for all t ≥ 0,

‖Ptf − π(f)‖L2(π) ≤ Cfe
−2Ct. (15)

Moreover, if the process is not time-reversible, we have the implications (i) ⇐⇒ (ii) =⇒ (iii).

Proof. We do not assume that the process is time-reversible and begin by showing (i) =⇒ (ii).
Suppose gap(E) ≥ C for some C ∈ (0,∞). Let f ∈ Bc be arbitrary. We have f ∈ Dom(A)

by Lemma 2.1. Because f ∈ Dom(A), [26, Proposition 1.5] implies that Ptf ∈ Dom(A) for
all t ≥ 0. Recalling that Ptf(x) = Ex[f(X(t))], we immediately have ‖Ptf‖∞ ≤ ‖f‖∞ < ∞.
Hence, we can consider E(Ptf, Ptf) and we note that by our assumption that gap(E) ≥ C, we
have that

E(Ptf, Ptf) ≥ C V arπ(Ptf), (16)

for all t ≥ 0.
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Observe that π(Ptf) = π(f) is constant in t. Hence,

d

dt
V arπ(Ptf) =

d

dt

{
π((Ptf)2)− [π(Ptf)]2

}
=

d

dt
π((Ptf)2)

=
d

dt

∑
x∈S

π(x)(Ptf(x))2. (17)

Next, and again by [26, Proposition 1.5], d
dt
Ptf = APtf . Hence, the series giving the term-wise

derivatives of the final line above is∑
x∈S

π(x)
d

dt
(Ptf(x))2 = 2

∑
x∈S

π(x)Ptf(x)APtf(x) = 2〈Ptf, APtf〉L2(π).

Because f ∈ Bc, we know ‖f‖∞ <∞. Hence, by Lemma A.3 the sum above converges uniformly
for t ≥ 0. Thus, we may pass the derivative through the sum in (17) and conclude

d

dt
V arπ(Ptf) = 2〈Ptf, APtf〉L2(π)

= −2 E(Ptf, Ptf) (18)
≤ −2CV arπ(Ptf),

for t ≥ 0, where the final inequality follows from (16). Hence for all t ≥ 0, we have

V arπ(Ptf) ≤ e−2CtV arπ(f),

which is exactly (14).
The proof that (ii) =⇒ (i) is now straightforward by using (18) (see [45, Proof of Proposition

2.18]). The fact that (iii) =⇒ (i) (and (ii)) in the time-reversible setting follows from a convexity
argument. See the proof of Theorem 2.18 in [45] for these details.

The next lemma formally connects the previous result to the convergence of the distribution in
the total variation norm, and hence makes the connection to mixing times.

Lemma 2.4. Suppose X is an irreducible and positive-recurrent continuous-time Markov chain
with countable state space S ⊂ Zd and stationary distribution π. Suppose that there is a C > 0
for which

‖Ptf − π(f)‖L2(π) ≤ e−Ct ‖f − π(f)‖L2(π) (19)

for all f ∈ Bc and t ≥ 0. Then

‖P t(x, ·)− π(·)‖TV ≤
2

π(x)
e−Ct.

Proof. Let K be a fixed, compact subset of S and let f(x) = 1K(x). For any x ∈ S, we have

π(x)|P t(x,K)− π(K)| ≤
∑
z∈S

π(z)|P t(z,K)− π(K)|

≤

(∑
z∈S

π(z)

)1/2(∑
z∈S

π(z)|P t(z,K)− π(K)|2
)1/2

(Cauchy-Schwarz)

= 1 · ‖Ptf − π(f)‖L2(π)

≤ 2e−Ct,
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where the final inequality follows from (19) and the fact that ‖f − π(f)‖L2(π) ≤ 2 for our choice
of f . Hence, taking the sup over the compact sets K, we have

‖P t(x, ·)− π(·)‖TV ≤
2

π(x)
e−Ct,

and the result is shown.

Note that the conclusion of Lemma 2.4 gives an upper bound for the mixing time: if the as-
sumptions of Theorem 2.3 are satisfied, then

τxε = inf{t > 0 : ‖P t(x, ·)− π(·)‖TV ≤ ε}

≤ 1

gap(E)

(
− ln

(ε
2

)
− ln(π(x))

)
=

1

gap(E)

(∣∣∣ln(ε
2

)∣∣∣+ | ln(π(x))|
)
. (20)

2.2 Statement and proof of our main result
In this section we again consider a non-explosive, irreducible continuous-time Markov chain X
on S ⊂ Zd with transition rates {q(x, z)}. Theorem 2.5 below, which is our main technical result
of the first part of our paper, gives sufficient conditions, in terms of the stationary distribution π
of the associated Markov chain and the transition rates {q(x, z)}, for exponential ergodicity of the
Markov chain.

As before, we will assume throughout that our process satisfies the mild regularity Assumption
2.1. For Theorem 2.5, we need a new assumption. We begin with a definition.

Definition 2.1. Let (x, x′) ∈ S × S be an ordered pair of points. A directed path γ(x, x′) from
x to x′ is an ordered list of distinct states (x1, . . . , xL), with each xi ∈ S, such that x1 = x and
xL = x′. If z = xi and z′ = xi+1 for some i ≤ L− 1, then we say (z, z′) is an edge or sometimes
a directed edge in γ(x, x′). We write (z, z′) ∈ γ(x, x′) if (z, z′) is an edge in the path γ(x, x′) and
write z ∈ γ(x, x′) if z = xi for some 1 ≤ i ≤ L. We denote by |γ(x, x′)| = L the length of the
path. We say this path is active if q(xi, xi+1) > 0 for each i ∈ {1, 2, . . . , L− 1}. 4

Note that we allow for the possibility that x′ = x in the definition above, in which case
γ(x, x) = (x) and |γ(x, x)| = 1. Note also that in the case that x = x′ the path is, by defini-
tion, active.

Our new assumption–Assumption 2.2 below– involves the existence of very particular sets of
paths. It is likely that the conditions on the paths will be difficult to digest at first glance, so we
first motivate with an example. The detailed analysis of this example will also make the proof of
Theorem 2.5 easier to parse as it contains many of the key steps.

Example 2.1. Consider the birth and death model on {0, 1, 2, . . . } with transition rates

q(x, x+ 1) = 1 and q(x, x− 1) = x for x ≥ 0.

This model has infinitesimal generator

Af(x) = f(x+ 1)− f(x) + x(f(x− 1)− f(x))

9



and stationary distribution π(x) = e−1

x!
(This model corresponds to the reaction network ∅

1

�
1
X1,

or the M/M/∞ queue).
While it is straightforward to prove exponential ergodicity for this model via the use of Foster-

Lyapunov functions, we want to instead prove positivity of the spectral gap of the process so as to
motivate our constructions. Hence, we want to show the existence of a C > 0 so that

V arπ(f) ≤ C E∗(f).

for any f ∈ Dom(A) with ‖f‖∞ <∞. To do so, we start with the following bound:

V arπ(f) =
∞∑
x=0

(
f(x)−

∞∑
x′=0

f(x′)π(x′)

)2

π(x) =
∞∑
x=0

(
∞∑
x′=0

(f(x)− f(x′))π(x′)

)2

π(x)

≤
∞∑
x=0

∞∑
x′=0

(f(x)− f(x′))2π(x)π(x′)

= 2
∞∑
x=0

∞∑
x′=x+1

(f(x)− f(x′))2π(x)π(x′).

To bound the final double sum above by E∗(f), we connect the points x < x′ via the active path

γ(x, x′) = (x, x+ 1, . . . , x′)

so that xi = x + i − 1, for i = 1, . . . , x′ − x + 1. Then, by considering a telescoping sum for the
term f(x)− f(x′) over this path, we have

∞∑
x=0

∞∑
x′=x+1

(f(x)− f(x′))2π(x)π(x′)

=
∞∑
x=0

∞∑
x′=x+1

(
x′−x∑
i=1

(f(xi)− f(xi+1)

)2

π(x)π(x′) (21)

≤
∞∑
x=0

∞∑
x′=x+1

|x′ − x|π(x)π(x′)

|x′−x|∑
i=1

(f(xi)− f(xi+1))2

≤
∞∑
x=0

∞∑
x′=x+1

|x′ − x| π(x)π(x′)

min
i∈{1,...,|x′−x|}

π(xi)q(xi, xi+1)

x′−x∑
i=1

(f(xi)− f(xi+1))2π(xi)q(xi, xi+1), (22)

where we used (
∑n

i=1 ai)
2 ≤ n

∑n
i=1 a

2
i in the first inequality above. The key observation, and

the motivation for the calculations above, is that for each pair x, x′ the final (third) sum in (22) is
bounded by 2E∗(f),

x′−x∑
i=1

(f(xi)− f(xi+1))2π(xi)q(xi, xi+1) ≤
∞∑
x=0

∞∑
z=0

(
f(x)− f(z)

)2
π(x) q(x, z) = 2E∗(f).
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Hence, if we can show that

∞∑
x=0

∞∑
x′=x+1

|x′ − x| π(x)π(x′)

min
i∈{1,...,|x′−x|}

π(xi)q(xi, xi+1)
<∞, (23)

we will have our desired result. However, it turns out that this term is actually infinity for the
present example and our bounds, especially that of (22), were too crude and will require modifica-
tion (which, in turn, leads to the conditions of Assumption 2.2). To show that the term on the left
of (23) is infinity, we simply make the following observations, which are unique to this example:

• q(xi, xi+1) = 1 for all i,

• because x′ > x, we know that min
i∈{1,...,|x′−x|}

π(xi)q(xi, xi+1) = π(x′ − 1) = e−1 1

(x′ − 1)!
.

Hence,

∞∑
x=0

∞∑
x′=x+1

|x′ − x| π(x)π(x′)

min
i∈{1,...,|x′−x|}

π(xi)q(xi, xi+1)
=
∞∑
x=0

∞∑
x′=x+1

(x′ − x)π(x) · 1

x′
=∞,

and our first attempt to prove that the gap is positive has failed.
To fix the method for this example we note that if we had changed things so that a modified

version of the term
π(x′)

min
i∈{1,...,|x′−x|}

π(xi)q(xi, xi+1)

had been of order 1
(x′)3

(or smaller), then the double sum in (23) would have been finite. Our
strategy, therefore, will be to make the denominator larger by forcing the minimum to be over
paths that do not go all the way to x′; instead, the paths will stop at x′ − 3. We will then consider
the remaining path from x′ − 3 to x′ separately.

Therefore, we begin by defining a function, t : {0, 1, . . . } → {0, 1, . . . } as follows:

t(x) =

{
x− 3 for x > 3

x otherwise.

Then, for each pair of points x and x′ with x < x′, we consider three paths that connect x and x′:

1. A path from x to t(x):

γ(x, t(x)) =

{
(x, x− 1, x− 2, x− 3) if x > 3

(x) else.
, (24)

2. A monotonic path from t(x) to t(x′): γ(t(x), t(x′)) = (t(x), . . . , t(x′)),

3. A path from t(x′) to x′, which is simply the reverse of the path γ(x′, t(x′)), defined similarly
as above.

11



We may now perform a telescoping sum similar to what we did in (21), but over the three different
paths as well. This leads to terms of the following form:

3
∞∑
x=0

∞∑
x′=x+1

|γ(x,t(x))|−1∑
i=1

(f(xi+1)− f(xi))
2 +

|γ(x′,t(x′))|−1∑
i=1

(f(x′i+1)− f(x′i))
2

 π(x)π(x′) (25)

∞∑
x=0

∞∑
x′=x+1

|γ(t(x), t(x′))|
|γ(t(x),t(x′))|−1∑

i=1

(f(zi+1)− f(zi))
2

 π(x)π(x′), (26)

where xi and x′i denote the ith points in the paths γ(x, t(x)) and γ(x′, t(x′)), respectively, zi denotes
the ith point in the path γ(t(x), t(x′)), and where the 3 in (25) is an upper bound on each of
|γ(x, t(x′))| and |γ(x, t(x′))|.

We begin with the second term (26), and bound it in a similar manner as in (22):

∞∑
x=0

∞∑
x′=x+1

|γ(t(x), t(x′))|
|γ(t(x),t(x′))|−1∑

i=1

(f(zi+1)− f(zi))
2

 π(x)π(x′)

≤
∞∑
x=0

∞∑
x′=x+1

|x′ − x| π(x)π(x′)

min
i∈{1,...,|t(x′)−t(x)|}

π(zi)q(zi, zi+1)

|γ(t(x),t(x′))|−1∑
i=1

(f(zi)− f(zi+1))2π(zi)q(zi, zi+1),

where we also used that |γ(t(x), t(x′))| ≤ |x′ − x|. Similar to (22), the final sum is uniformly
bounded by 2E∗(f). Hence, the question is whether or not the double sum

∞∑
x=0

∞∑
x′=x+1

(x′ − x)
π(x)π(x′)

min
i∈{1,...,|t(x′)−t(x)|}

π(zi)q(zi, zi+1)
(27)

is finite. Now that the minimum is over the path γ(t(x), t(x′)) (which ends at t(x′) = x′ − 3 so
long as x′ ≥ 4) we see that

π(x′)

min
i∈{1,...,|t(x′)−t(x)|}

π(zi)q(zi, zi+1)
=

π(x′)

min
i∈{1,...,|t(x′)−t(x)|}

π(zi)
≤ c0

(x′)4
,

for some c0 > 0. Hence, (27) is indeed finite.
The sums in (25) will be handled in a similar (and simpler) manner. By symmetry in x and x′,

we just need the existence of a universal c1 > 0 for which

∞∑
x=0

∞∑
x′=x+1

|γ(x,t(x))|−1∑
i=1

(f(xi+1)− f(xi))
2

 π(x)π(x′) < c1E∗(f).
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Proceeding in a similar manner as above, we note the following

∞∑
x=0

∞∑
x′=x+1

|γ(x,t(x))|−1∑
i=1

(f(xi+1)− f(xi))
2

 π(x)π(x′) ≤
∞∑
x=0

|γ(x,t(x))|−1∑
i=1

(f(xi+1)− f(xi))
2π(x)

=
∞∑
x=0

|γ(x,t(x))|−1∑
i=1

(f(xi+1)− f(xi))
2 q(xi, xi+1)π(xi)

q(xi, xi+1)π(xi)
π(x)

≤

(
sup

x∈{0,1,2,... }

π(x)

min{π(xi)}

)
∞∑
x=0

|γ(x,t(x))|−1∑
i=1

(f(xi+1)− f(xi))
2q(xi, xi+1)π(xi),

However, because the path γ(x, t(x)) moves towards zero from x, we have that π(xi) ≥ π(x) for
all x and all associated xi. Hence, the supremum term is equal to 1. Next, note that because each
edge (xi, xi+1) can only be in at most 3 paths of the form γ(x, t(x)), we have that the double sum
above is bounded by

3 · 2E∗(f),

where the 2 arises because of the 1
2

term in the definition of E∗(f).
Collecting all the above, we have shown the existence of a constantC > 0 for which V arπ(f) ≤

C E∗(f) and the analysis of this example is complete. 4

We now introduce our main new assumption, Assumption 2.2, on the model. This new assump-
tion is motivated by Example 2.1. Part 1 says that each state can reach a “nice” (terminal) state in a
finite number of steps (and that number of steps is bounded). Comparing to Example 2.1, this will
involve the paths defined in (24) . Part 2 says that a certain sum, (31) below, taken over all pairs
of points in S, is finite. This corresponds to the double sum (27) in Example 2.1 being finite. The
key thing to observe is that the sum explicitly uses a mix of regular states (denoted x and x′) and
terminal states (denoted t(x) and t(x′), respectively). Continuing with the comparison to Example
2.1, the term L (the max length of γ(x, t(x))) below is equal to 3 in the example, the term M
(representing how many paths of the form γ(x, t(x)) a particular edge can be in) is also equal to 3,
and the term (30) is equal to 1 (as mentioned in the last part of the analysis of the example).

For ease of notation, for a given path γ we let πmin(γ) := minz∈γ π(z) be the minimal weight
among all states on γ.

Assumption 2.2. The process X with rates {q(x, z)} and stationary distribution π satisfies the
following conditions.

1. (Finite steps to a terminal state.) For each x ∈ S there is a fixed (terminal) state t(x) ∈ S and
an active directed path γx = γ(x, t(x)). The following conditions hold for this set of paths

sup
x∈S
|γx| := L <∞, (28)

sup
(x,x′)∈S×S

|{z ∈ S : (x, x′) is an edge in γz}| := M <∞ (29)

sup
x∈S

π(x)

πmin(γx)
<∞. (30)

Denote the set of terminal states by T = {t(x) : x ∈ S}.
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2. (Fast decay of π.) There is another set of paths,

ΓT = {γ(t(x), t(x′)) or γ(t(x′), t(x)) but not both : t(x), t(x′) ∈ T with t(x) 6= t(x′)}

that contains precisely one active, directed path for each pair of terminal states for which

∑
(x,x′)∈S×S

x 6=x′

|γ(t(x), t(x′))|

(
π(x)π(x′)

πmin
(
γ(t(x), t(x′))

)) <∞, (31)

where |γ(t(x), t(x′))|
(

π(x)π(x′)

πmin

(
γ(t(x),t(x′))

)) is taken to be zero if γ(t(x), t(x′)) /∈ ΓT .

3. (Uniform lower bound for transition rates.) There is a minimum for the transition rates along
all the active paths described in parts 1 and 2 of this assumption (including the paths {γx}
and those in ΓT ). That is, there exists a cmin > 0 for which both the following hold,

inf
x∈S

inf
(z,z′) is an edge in γx

{q(z, z′)} ≥ cmin

inf
γ∈ΓT

inf
(z,z′) is an edge in γ

{q(z, z′)} ≥ cmin.
(32)

4

Remark 2.2. Note that condition (29) simply states that there is a bound on the number of paths
of the form γz = γ(z, t(z)) that a particular edge can be contained within. Moreover, (29) holds if
(28) holds and if the sizes of the possible transitions for X are uniformly bounded. Also note that
(32) holds if the rates qx =

∑
z∈S\x q(x, z) satisfy lim|x|→∞ qx =∞. †

We now state the main technical result developed in this paper. Loosely, it says that if Assump-
tion 2.2 holds, then the spectral gap is positive and the model is exponentially ergodic.

Theorem 2.5. Suppose X is an irreducible and positive-recurrent continuous-time Markov chain
with countable state space S ⊂ Zd and stationary distribution π for which Assumption 2.1 holds.
Suppose that Assumption 2.2 also holds. Then there is a C > 0 for which

E(f, f) ≥ C · V arπ(f) (33)

for all f ∈ Dom(A) with ‖f‖∞ <∞, and so gap(E) ≥ C. Moreover, we have the following two
conclusions.

(i) (2) holds with B(x) =
2

π(x)
and η = 2C. That is,

‖P t(x, ·)− π(·)‖TV ≤
2

π(x)
e−2Ct,

for all t ≥ 0.
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(ii) For a fixed ε > 0 and each x ∈ S the mixing time defined in (3) satisfies

τxε ≤
1

2C

(
|ln (π(x))|+

∣∣∣ln(ε
2

)∣∣∣) = O(| ln(π(x))|).

Proof. Note that conclusions (i) and (ii) follow directly from a combination of (33), Theorem 2.3,
and Lemma 2.4. Hence, we only show (33).

Let f ∈ Dom(A) with ‖f‖∞ <∞. Due to Lemma 2.2, which states that E(f, f) = E∗(f) for
the f under consideration, we need to show that

V arπ(f) ≤ 1

C
· E∗(f) (34)

for some C > 0 that does not depend upon the choice of f .
The proof of (34) is organized into three steps, and should be compared to the analysis of

Example 2.1.

Step 1: Path decomposition. By definition, we have that

V arπ(f) =
∑
x∈S

(
f(x)−

∑
x′∈S

f(x′)π(x′)

)2

π(x). (35)

By Jensen’s inequality we have(
f(x)−

∑
x′∈S

f(x′)π(x′)

)2

=

(∑
x′∈S

(f(x)− f(x′))π(x′)

)2

≤
∑
x′∈S

(f(x)− f(x′))2π(x′).

Putting this back into (35) yields

V arπ(f) =
∑
x∈S

(
f(x)−

∑
x′∈S

f(x′)π(x′)

)2

π(x) ≤
∑
x∈S

∑
x′∈S

(f(x)− f(x′))2π(x)π(x′). (36)

We will now consider the term (f(x) − f(x′))2 for x 6= x′. For a given pair x, x′ ∈ S, we
enumerate the paths γx, γx′ and γ(t(x), t(x′)) ∈ ΓT in Assumption 2.2 as

γx = (x1, x2, . . . , x|γx|),

γx′ = (x′1, x
′
2, . . . , x

′
|γx′ |)

γ(t(x), t(x′)) = (z1, z2, . . . , z|γ(t(x),t(x′))|),

where we note that z1 = t(x) = x|γx| and z|γ(t(x),t(x′))| = t(x′) = x′|γx′ |. Note that we are, without
loss of generality, specifically (and arbitrarily) assuming that the active path in ΓT connecting t(x)
and t(x′) is γ(t(x), t(x′)) as opposed to γ(t(x′), t(x)). We now split the term f(x)− f(x′) in (36)
into three sums via a telescoping sum using the three active paths γx, γ(t(x), t(x′)), and γx′ . We
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obtain

(f(x)− f(x′))2 =

(
−
|γx|−1∑
i=1

(f(xi+1)− f(xi))−
|γ(t(x),t(x′))|−1∑

i=1

(f(zi+1)− f(zi))

+

|γx′ |−1∑
i=1

(f(x′i+1)− f(x′i))

)2

≤ 2

− |γx|−1∑
i=1

(f(xi+1)− f(xi)) +

|γx′ |−1∑
i=1

(f(x′i+1)− f(x′i))

2

+ 2

|γ(t(x),t(x′))|−1∑
i=1

(f(zi+1)− f(zi))

2

≤ 4L

|γx|−1∑
i=1

(f(xi+1)− f(xi))
2 +

|γx′ |−1∑
i=1

(f(x′i+1)− f(x′i))
2


+ 2|γ(t(x), t(x′))|

|γ(t(x),t(x′))|−1∑
i=1

(f(zi+1)− f(zi))
2,

(37)

where we used (
∑n

i=1 ai)
2 ≤ n

∑n
i=1 a

2
i for the two inequalities above, and we remind that L is

defined in (28). We may plug the inequality in (37) back into the inequality (36) to obtain the
following

V arπ(f) ≤
∑

(x,x′)∈S×S

(f(x)− f(x′))2π(x)π(x′)

≤4L
∑

(x,x′)∈S×S
x 6=x′

|γx|−1∑
i=1

(f(xi+1)− f(xi))
2 +

|γx′ |−1∑
i=1

(f(x′i+1)− f(x′i))
2

 π(x)π(x′)

(38)

+ 2
∑

(x,x′)∈S×S
x 6=x′

|γ(t(x), t(x′))|
|γ(t(x),t(x′))|−1∑

i=1

(f(zi+1)− f(zi))
2

 π(x)π(x′). (39)

The summations (38) and (39) correspond to the ends and the middle parts of the path from x
to x′, respectively. We must now show that each is upper bounded by c · E∗(f), for some positive
constant c. We handle the sums individually in the next two steps of the proof.
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Step 2: Upper bound for (39). For each pair (x, x′) ∈ S× S with x 6= x′, we have

|γ(t(x),t(x′))|−1∑
i=1

(f(zi+1)− f(zi))
2π(x)π(x′)

=

|γ(t(x),t(x′))|−1∑
i=1

(f(zi+1)− f(zi))
2 q(zi, zi+1)π(zi)

q(zi, zi+1) π(zi)
π(x)π(x′)

≤ 1

cmin

(
max

z∈γ(t(x),t(x′))

π(x)π(x′)

π(z)

) |γ(t(x),t(x′))|−1∑
i=1

(f(zi+1)− f(zi))
2 q(zi, zi+1) π(zi)

≤ 2
1

cmin

(
π(x)π(x′)

πmin(γ(t(x), t(x′)))

)
E∗(f), (40)

where cmin is as in (32) (and is used to bound the term 1/q(zi, zi+1)), and the term 2E∗(f) arises
by restricting the sum in (10) from all of S × S to the particular path γ(t(x), t(x′)). Note that
γ(t(x), t(x′)) being an active path plays a key role above since we require that q(zi, zi+1) > 0. It
follows from (40) that the summation in (39) is bounded in the following manner

2
∑

(x,x′)∈S×S
x 6=x′

|γ(t(x), t(x′))|
|γ(t(x),t(x′))|−1∑

i=1

(f(zi+1)− f(zi))
2

 π(x)π(x′)

≤ 4
1

cmin
E∗(f)

∑
(x,x′)∈S×S

x 6=x′

|γ(t(x), t(x′))|
(

π(x)π(x′)

πmin(γ(t(x), t(x′)))

)
(41)

≤ c1 · E∗(f), (42)

for some constant c1 > 0, where we utilized (31) in Assumption 2.2 for the final inequality.

Step 3: Upper bound for (38). By the symmetry of (38), it is enough to show that there exists
some c > 0 for which

∑
x∈S

|γx|−1∑
i=1

(f(xi+1)− f(xi))
2π(x) < c · E∗(f). (43)

We have

∑
x∈S

|γx|−1∑
i=1

(f(xi+1)− f(xi))
2π(x)

=
∑
x∈S

|γx|−1∑
i=1

(f(xi+1)− f(xi))
2 q(xi, xi+1)π(xi)

q(xi, xi+1) π(xi)
π(x)

≤ 1

cmin

(
sup
x∈S

π(x)

πmin(γ(x))

) ∑
x∈S

|γx|−1∑
i=1

(f(xi+1)− f(xi))
2 q(xi, xi+1) π(xi). (44)
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However, the term in parentheses is bounded by (30) in Assumption 2.2. For the double sum in
(44), by considering how many times each particular pair (x, z) ∈ S×S could be an edge, we have

∑
x∈S

|γx|−1∑
i=1

(f(xi+1)− f(xi))
2 q(xi, xi+1)π(xi) ≤M

∑
x,z∈S

(f(z)− f(x))2q(x, z)π(x)

= 2ME∗(f).

where M is as in (29). Hence, the result is shown.

2.3 Special cases that are easier to apply for models on Zd
≥0

The conditions in Assumption 2.2 are quite technical. We therefore present a few corollaries that
are significantly more “user-friendly.”

Our first corollary considers models restricted to Zd≥0 and states that the conditions in Assump-
tion 2.2 hold so long as (i) the stationary distribution has a type of super-exponential decay, and (ii)
transitions of the form ±ei, where {ei} is the canonical basis for Zd, have positive rate so long as
the transition would not push the system into a region with a negative component. We note that the
super-exponential decay condition of (45) below holds for many probability distributions show-
ing up in our area of interest of biochemical reaction systems (see section 3). Examples include
models whose stationary distribution is a product of Poissons [9], some products of Poisson and
Beta-binomials [19], and some models with non-mass-action kinetics [8, 31]. Moreover, in [47], a
detailed analysis of the decay of the tails of the stationary distribution for one-dimensional models
is given; even though without a lower bound on π(x) we cannot deduce (45), it seems possible the
link will be established with future work.

Note that in Corollary 2.6 below the fact that S = Zd≥0 is irreducible follows from condition 2
in that corollary.

Corollary 2.6. Suppose X is a positive-recurrent continuous-time Markov chain with irreducible
state space S = Zd≥0 and stationary distribution π. Suppose that Assumptions 2.1 hold. Suppose
further that the following two conditions hold.

1. There exist an integer K > 0 and an α > 0 so that for each i ∈ {1, . . . , d},

π(x)

π(x− ei)
≤ 1

xαi
(45)

if x is such that xi ≥ K, and

2. There is a cmin > 0 so that for each i ∈ {1, . . . , d}, we have

inf
x∈Zd≥0

q(x, x+ ei) ≥ cmin and inf
x∈Zd≥0

xi≥1

q(x, x− ei) ≥ cmin.

Then the conditions in Assumption 2.2 hold. Hence, the conclusions of Theorem 2.5 hold as well.

We begin with the following lemma, which states that a process satisfying the conditions of
Corollary 2.6 has all moments.
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Lemma 2.7. Let X and π be as in Corollary 2.6. Let m ≥ 3 be an integer. Then there is a cm > 0,
depending upon m, for which

π(x) ≤ cm

d∏
i=1

1

(xi + 1)m
,

for all x ∈ Zd≥0.

Proof. Let K and α be as in the statement of Corollary 2.6. Fix a K ′ > K so that

(K!)

(x!)α
≤ 1

xm
, (46)

for all x ≥ K ′. With this choice, if x1 ≥ K ′, then (45) with i = 1 implies that

π(x) =
π(x)

π(x− e1)

π(x− e1)

π(x− 2e1)
· · · π(x− (x1 −K − 1)e1)

π(x− (x1 −K)e1)
π(x− (x1 −K)e1)

≤ 1

xα1
· 1

(x1 − 1)α
· · · 1

(K + 1)α
π(x− (x1 −K)e1) (repeatedly applying (45))

=
(K!)α

(x1!)α
π(x− (x1 −K)e1)

≤ 1

xm1
· π(x− (x1 −K)e1), (47)

where the final inequality follows from (46). To generalize the above, let IK′(x) = {i : xi ≥ K ′}
be those indices for which the ith coordinate of x is larger than K ′. For each x we define u(x) ∈
Zd≥0 via

u(x)i =

{
K if i ∈ IK′(x)

xi otherwise.

Applying the above inequality to those indices IK′(x), there is a cm > 0 such that for any x ∈ Zd≥0

π(x) ≤
∏

i∈IK′ (x)

1

xmi
· π

x− ∑
i∈IK(x)

(xi −K)ei

 =
∏

i∈IK′ (x)

1

xmi
π(u(x))

≤ cm

d∏
i=1

1

(xi + 1)m
π(u(x)) ≤ cm

d∏
i=1

1

(xi + 1)m
,

where we used that π(u(x)) ≤ 1 in the final inequality. Hence, the result is shown.

We turn to the proof of Corollary 2.6.

Proof of Corollary 2.6. We begin by defining t(x), the terminal state, for each x ∈ Zd≥0. To do so,
we begin by letting k0 ≥ K + 3

α
+ 1 be a positive integer and let Ik0(x) = {i : xi ≥ k0} be those

indices for which xi ≥ k0. We then define the terminal state for x component-wise via

t(x)i =

{
xi − d 3

α
e if i ∈ Ik0(x)

xi otherwise,
(48)
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where d 3
α
e is the smallest integer larger than 3

α
(i.e., we round up).

We turn to defining γx = γ(x, t(x)) for each x. If ‖x‖∞ < k0, in which case Ik0(x) is empty,
then t(x) = x and we take γ(x, t(x)) = (x). Now suppose that ‖x‖∞ ≥ k0. In this case, Ik0(x)
is non-empty and for each i ∈ Ik0(x) we will subtract off ei exactly d 3

α
e times. Note that there

are
(|Ik0(x)| · d 3

α
e)!

(d 3
α
e!)|Ik0 (x)| possible such paths connecting x and t(x) using only subtractions of ei for

i ∈ Ik0(x). We choose one of those paths at random.
For example, consider the situation with d = 3, α = 1, and x = (k0 + 2, k0 − 1, k0 + 1). Here,

Ik0(x) = {1, 3} and d 3
α
e = 3 and so t(x) = (k0 − 1, k0 − 1, k0 − 2). There are (2·3)!

(3!)2
= 20 possible

paths to choose from. If we choose the path that decreases the first component 3 times in a row
followed by the third component 3 times in a row, then the specific path γx = γ(x, t(x)) is

((k0 + 2, k0 − 1, k0 + 1), . . . , (k0 − 1, k0 − 1, k0 + 1), . . . , (k0 − 1, k0 − 1, k0 − 2)).

Returning to the general case, we now observe the following.

• The paths constructed have a maximum length of d 3
α
ed, so (28) holds.

• Each edge in γ(x, t(x)) must be within d 3
α
ed transitions taken from the set {−ei : i ∈

{1, . . . , d}}. Hence, the number of such paths that a particular edge can be contained within
is bounded and (29) holds.

• Combining (45) with the construction above immediately yields

sup
x∈Zd≥0

π(x)

πmin(γx)
≤ 1,

and so (30) holds.

Hence, condition 1 of Assumption 2.2 holds.
To verify condition 2 of Assumption 2.2, we first point out a bound we will use later. Doing

an analysis similar to that found in (47), we may apply (45) one time for each edge in the path
γ(x, t(x)) to conclude that there exist constants c1 > 0 and c2 > 0 that are independent of the
choice of x ∈ Zd≥0, such that

π(x)

π(t(x))
≤

∏
i∈Ik0 (x)

(
c1

(xi)α

)d 3
α
e

≤
d∏
i=1

c2

(xi + 1)3
. (49)

We turn to the paths connecting the terminal states. Recall that T is the set of terminal states
{t(x) : x ∈ Zd≥0}. We must still define ΓT so that (31) holds. Towards that end, select a pair of
terminal states: t(x), t(x′) ∈ T , with t(x) 6= t(x′). We arbitrarily choose to orient the path as
starting from t(x) and terminating at t(x′). That is, we construct the path γ(t(x), t(x′)). Moreover,
to construct the path γ(t(x), t(x′)) we only use transitions of the form {±ei, i ∈ {1, . . . d}}, where,
as always, {ei} is the canonical basis in Zd.

For two vectors x, y ∈ Zd we denote by x ∧ y the vector whose ith coordinate is xi ∧ yi =
min{xi, yi}. The main idea for the construction of the desired γ(t(x), t(x′)) is to use two sub-paths:

20



one connects t(x) to t(x)∧t(x′) by only using transitions of the form {−ei, i ∈ {1, . . . , d}}, and the
other one connects t(x) ∧ t(x′) to t(x′) by only using transitions of the form {ei, i ∈ {1, . . . , d}}.

We now make this precise. Let I− = {i : t(x)i > t(x′)i} and I+ = {i : t(x)i < t(x′)i}. Note
that at least one of I− or I+ is non-empty since t(x) 6= t(x′). Note that there are(∑

i∈I−(t(x)i − t(x′)i)
)
!∏

i∈I−(t(x)i − t(x′)i)!

paths connecting t(x) to t(x) ∧ t(x′) using only transitions of the form −ei for those i ∈ I−. The
particular choice of path does not matter and we select one at random. We now have our path,
γ− = γ(t(x), t(x) ∧ t(x′)) connecting t(x) to t(x) ∧ t(x′).

We then similarly connect t(x) ∧ t(x′) to t(x′) via a path using only transitions of the form ei
for i ∈ I+. We denote this path via γ+ = γ(t(x) ∧ t(x′), t(x′)). The path connecting t(x) to t(x′),
denoted γ(t(x), t(x′)), is then defined by moving first along γ− and then along γ+.

Note that, by construction, if z is an element of γ(t(x), t(x′)), i.e. a state visited along the path
γ− or γ+, then we either have z ≤ t(x) (meaning zi ≤ t(x)i for all i ∈ {1, . . . , d}) or z ≤ t(x′).
Combining this fact with (45) implies that

1

πmin(γ(t(x), t(x′)))
≤ CK max

{
1

π(t(x))
,

1

π(t(x′))

}
, (50)

where the constant CK > 0 is needed since some coordinates of t(x) or t(x′) may be smaller than
K.

Finally, note that

|γ(t(x), t(x′)| =
∑

i∈I+∪I−
|t(x)i − t(x′)i| ≤ |x|+ |x′|. (51)

We may combine all of the above to show that (31) holds:∑
(x,x′)∈Zd≥0×Z

d
≥0

x 6=x′

|γ(t(x), t(x′))|
(

π(x)π(x′)

πmin(γ(t(x), t(x′)))

)

≤ CK
∑

(x,x′)∈Zd≥0×Z
d
≥0

x 6=x′

(|x|+ |x′|)π(x)π(x′) max

{
1

π(t(x))
,

1

π(t(x′))

}
(using (50) and (51))

≤ CK
∑

(x,x′)∈Zd≥0×Z
d
≥0

x 6=x′

(|x|+ |x′|)π(x)π(x′)

(
1

π(t(x))
+

1

π(t(x′))

)

≤ CK · c3

∑
(x,x′)∈Zd≥0×Z

d
≥0

x 6=x′

(|x|+ |x′|)

(
π(x′)

d∏
i=1

1

(xi + 1)3
+ π(x)

d∏
i=1

1

(x′i + 1)3

)
, (from (49))

which is finite by applying Lemma 2.7 with m = 3. Hence, we have demonstrated that condition
2 of Assumption 2.2 holds.
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Finally, since all the paths we constructed above only consist of birth and death events (i.e. the
transitions given by ei and −ei), the second condition of Corollary 2.6 (pertaining to the infimum
of the rates) implies that condition 3 of Assumption 2.2 holds. Hence, the proof is complete.

If the stationary distribution π is of a product form, while also satisfying condition 1 of Corol-
lary 2.6, then we can relax the second condition in Corollary 2.6. That condition required that
births and deaths can happen for each index at each state in Zd≥0 (so long as the transition did not
push the process out of Zd≥0), and moreover that the rates for those transitions had a uniform lower
bound. Loosely speaking, the new condition is that there is a partition of the indices {1, . . . , d},
denoted by the disjoint, non-empty sets {J0, . . . , Jm} so that (i) the transitions ±ei have positive
rate for all states if i ∈ J0 (so long as the transition does not push the process negative in the
ith component), and (ii) the transitions ±ei, for i ∈ J`, have positive rate for any state for which
xj is greater than some given threshold (denoted N below) for some j ∈ ∪`−1

i=0Ji. Moreover, the
rates of these transitions must still have a uniform lower bound. Thus, loosely, the components
associated to the indices in J0 ∪ · · · ∪ J`−1 act as catalysts, or at least switches, for the birth and
death transitions for the components associated to the indices in J`. Note that if J0 = {1, . . . , d}
then this condition is the same as condition 2 of Corollary 2.6.

Note that in the corollary below the fact that S = Zd≥0 is irreducible follows from conditions 2
and 3.

Corollary 2.8. Suppose X is an irreducible and positive-recurrent continuous-time Markov chain
with countable state space S = Zd≥0 and stationary distribution π for which Assumption 2.1 holds.
Suppose that the following three conditions hold.

1. π(x) =
∏d

i πi(xi) where πi is a probability measure on Z≥0. Moreover, there is an integer

K ≥ 1 and a constant α > 0 so that for each i ∈ {1, . . . , d} we have
πi(n)

πi(n− 1)
≤ 1

nα

whenever n ≥ K.

2. There exists an cmin > 0 and a non-empty subset J0 ⊂ {1, 2, . . . , d} so that for each i ∈ J0

we have

q(x, x+ ei) ≥ cmin for all x ∈ Zd≥0,

q(x, x− ei) ≥ cmin for all x ∈ Zd≥0 with xi ≥ 1

3. There exist disjoint subsets of {1, . . . , d}, denoted J1, . . . , Jm, so that {J0, J1, . . . , Jm} is a
partition of {1, . . . , d}, and there exists an integer N ≥ 1 so that for each i ∈ J` with ` ≥ 1,
we have

(i) q(x, x+ ei) ≥ cmin when xj ≥ N for some j ∈ J0 ∪ · · · ∪ J`−1, and

(ii) q(x, x− ei) ≥ cmin if xi ≥ 1 and xj ≥ N for some j ∈ J0 ∪ · · · ∪ J`−1.

Then the conditions in Assumption 2.2 hold. Hence, the conclusions of Theorem 2.5 hold as well.

Proof. Let NK,α = N + K + d 3
α
e + 1. First, we define the terminal point t(x) for each x and

construct γx := γ(x, t(x)). Let

D := {x ∈ Zd≥0 : xi ≥ NK,α for each i}.
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If x ∈ D, then we define t(x) component-wise via

t(x)i = xi −
⌈

3

α

⌉
for each i.

As in the proof of Corollary 2.6, for this case we define γx = γ(x, t(x)) to be one of the active
paths that can be constructed from x to t(x) that only utilizes transitions of the form −ei, where,
as always, {ei} is the canonical basis of Zd.

Suppose now that x ∈ Dc. In this case, we have xi < NK,α for at least one i ∈ {1, . . . , d}. We
define two points: an intermediate point, tinter(x), and then finally the terminal point t(x). First, we
define tinter(x) componentwise via

(tinter(x))i =

{
NK,α if xi < NK,α

xi if xi ≥ NK,α.

Next, we define t(x), whose ith coordinate is

t(x)i = (tinter(x))i −
⌈

3

α

⌉
.

We now construct a path, γ1
x = γ(x, tinter(x)) connecting x to tinter(x) in the following manner.

1. For i ∈ J0 with xi < NK,α, use the transitions +ei exactly NK,α− xi times. Repeat for each
such i ∈ J0, with the ordering of the elements of J0 not important, and any will do.

2. Repeat the above for J`, ` = 1, . . . ,m, taking the ` in sequential order (` = 1 first, ` = 2
second, etc.). The ordering of the elements of each J` is not important, and any will do.

Next, we now construct a path, γ2
x = γ(tinter(x), t(x)) connecting tinter(x) to t(x) in the following

manner.

1. For i ∈ J0, use the transitions −ei exactly d 3
α
e times. Repeat for each i ∈ J0, with the

ordering of the elements of J0 not important, and any will do.

2. Repeat the above for J`, ` = 1, . . . ,m, taking the ` in sequential order (` = 1 first, ` = 2
second, etc.). The ordering of the elements of each J` is not important, and any will do.

Finally, we take γx = γ(x, t(x)) to be the path that first moves along γ1
x and then along γ2

x.
For example, consider the situation with d = 3, and J0 = {1}, J1 = {2}, and J3 = {3}. We

also assume that α = 1 so that d 3
α
e = 3. Then for x = (NK,α − 2, NK,α − 1, NK,α + 1) ∈ Dc, we

have

tinter(x) = (NK,α, NK,α, NK,α + 1) and t(x) = (NK,α − 3, NK,α − 3, NK,α − 2).

In this case, γ1
x is(

(NK,α − 2, NK,α − 1, NK,α + 1), (NK,α − 1, NK,α − 1, NK,α + 1),

(NK,α, NK,α − 1, NK,α + 1), (NK,α, NK,α, NK,α + 1)
)
,
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and γ2
x is(

(NK,α, NK,α, NK,α + 1), (NK,α − 1, NK,α, NK,α + 1), (NK,α − 2, NK,α, NK,α + 1),

(NK,α − 3, NK,α, NK,α + 1), (NK,α − 3, NK,α − 1, NK,α + 1), (NK,α − 3, NK,α − 2, NK,α + 1),

(NK,α − 3, NK,α − 3, NK,α + 1), (NK,α − 3, NK,α − 3, NK,α), (NK,α − 3, NK,α − 3, NK,α − 1),

(NK,α − 3, NK,α − 3, NK,α − 2)
)
.

Returning to the general case, we now observe the following.

• For each x ∈ D, we have |γx| = d 3
α
ed. For x /∈ D, we have |γ1

x| ≤ NK,αd and |γ2
x| =

d 3
α
ed. Thus, |γx| = |γ1

x| + |γ2
x| ≤ NK,αd + d 3

α
ed. Therefore, condition (28) holds with

L = NK,αd+ d 3
α
ed.

• Each edge in γ(x, t(x)) must be within either d 3
α
ed+1 transitions (if x ∈ D) orNK,αd+d 3

α
ed

transitions (if x ∈ Dc) of x. Hence the number of such paths that a particular edge can be
contained within is bounded and (29) holds.

Now we show that condition (30) holds. For x ∈ D, it holds that

sup
x∈D

π(x)

πmin(γx)
≤ 1 (52)

since for x ∈ D, we used the same construction of γx as in the proof of Corollary 2.6. Now we
suppose that x ∈ Dc. By the construction of γ1

x and by the assumption that the distribution π is of
product-form, for any state xm, with m ≥ 2, contained within the path γ1

x we have

π(xm−1)

π(xm)
=

πi(xm−1,i)

πi(xm−1,i + 1)
for some i for which xi < NK,α,

which is uniformly bounded, and where where we denoted the i th component of xm−1 by xm−1,i.
Hence,

sup
x∈Dc

π(x)

πmin(γ1
x)
<∞. (53)

Next,

sup
x∈Dc

π(x)

πmin(γ2
x)

= sup
x∈Dc

π(x)

π(tinter(x))
· π(tinter(x))

πmin(γ2
x)

≤ sup
x∈Dc

π(x)

π(tinter(x))
· sup
x∈Dc

π(tinter(x))

πmin(γ2
x)

<∞
(54)

where the term supx∈Dc
π(x)

π(tinter(x))
is finite due to (53), and the term supx∈Dc

π(tinter(x))

πmin(γ2
x)

is also finite

by the same argument used in the proof of Corollary 2.6. Combining (53) and (54) yields

sup
x∈Dc

π(x)

πmin(γx)
<∞. (55)
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Combining (52) and (55) implies that (30) holds.
We now construct a set of paths γ(t(x), t(x′)) that satisfies (31). Let NK = N +K + 1 and let

DK := {x ∈ Zd≥0 : xi ≥ NK for each i}.

Note that for any x we have t(x) ∈ DK , and that for any y ∈ DK all of the birth and death
rates for each index i ∈ {1, . . . , d} at y are lower bounded by cmin due to conditions 2 and 3 in
the statement of the corollary. Hence for each pair of states x and x′, we use exactly the same
construction of γ(t(x), t(x′)) that we used in the proof of Corollary 2.6. We highlight that for any
z ∈ γ(t(x), t(x′)) we have

min{t(x)i, t(x
′)i} ≤ zi ≤ max{t(x)i, t(x

′)i},

by the construction of the path γ(t(x), t(x′)). Hence z ∈ DK and the birth and death rates for each
index i is lower bounded by cmin. Therefore γ(t(x), t(x′)) is always an active path.

Now we show that (31) holds with the set of paths ΓT we constructed above. First note that for
each y ∈ D we used exactly the same construction of γy as in the proof of Corollary 2.6. Hence, by
the same argument as in the proof of Corollary 2.6, and the fact that the path γ(t(y), t(y′)) below
is necessarily active, we have that∑

(y,y′)∈D×D
y 6=y′

|γ(t(y), t(y′))|
(

π(y)π(y′)

πmin(γ(t(y), t(y′)))

)
<∞, (56)

where it is important to notice that the sum is over pairs D ×D and not Zd≥0 × Zd≥0.
To expand the sum to all of Zd≥0 × Zd≥0 we simply consider which states x ∈ Zd≥0 get mapped

to y ∈ D via tinter. Hence, for y ∈ D, we define By = {x ∈ Zd≥0 : y = tinter(x)}. Note that there is
a positive integer c ≥ 1 for which

sup
y∈D
|By| := c <∞. (57)

Next, note that by (53) there exists a c′ > 0 so that for any y ∈ D and any x ∈ By we have
π(x) ≤ c′π(tinter(x)) = c′π(y). Thus,∑

(x,x′)∈Zd≥0×Z
d
≥0

x 6=x′

|γ(t(x), t(x′))|
(

π(x)π(x′)

πmin(γ(t(x), t(x′)))

)

≤c(c′)2
∑

(y,y′)∈D×D
y 6=y′

|γ(t(y), t(y′))|
(

π(y)π(y′)

πmin(γ(t(y), t(y′)))

)
,

which is finite by (56) (and we remind that t(x) = t(y) for any x ∈ By. Hence, (31) holds.
Finally, note that (32) holds due to the existence of cmin in the statement of Corollary 2.8.

Hence, the proof is complete.
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Example 2.2. Let X(t) = (X1(t), X2(t), X3(t)) be a Markov chain modeling the number of
customers in queues A, B, and C, respectively. We assume that the customers who have been
served at queueA immediately move toB, and then move toC when the service atB is completed.
Once a customer at queue C is served, the customer leaves the queuing system. The service time
at each queue A,B and C is exponentially distributed with the rates λA, λB, and λC , respectively.
The arrival time at queue A is also exponentially distributed with the rate λ0. We represent the
system pictorially via the image below.

λ0−−−−−→ A
λA−−−−−→ B

λB−−−−−→ C
λC−−−−−→

We further assume that the number of servers on each queue is infinite (i.e. the system is an
M/M/∞ system). Hence, the rate of service at each queue is proportional to the current number of
customers; this implies that the transition rate from queue A to B, B to C, and C to outside the
system at time t is λAX1(t), λBX2(t), and λCX3(t), respectively. By well known results (see one
of [9, 35, 46]) the stationary distribution for this model is a product of Poissons

π(x) = e
−(

λ0
λA

+
λA
λB

+
λB
λC

) (λ0/λA)x1

x1!
· (λA/λB)x2

x2!
· (λB/λC)x3

x3!
, x ∈ Zd≥0.

Hence, condition 1 in Corollary 2.8 holds. Furthermore, if we let J0 = {1}, J1 = {2} and J2 =
{3}, then conditions 2 and 3 in Corollary 2.8 also hold. Consequently, by Corollary 2.8, the
conditions of Assumption 2.2 hold. So, by Theorem 2.5 the process X is exponentially ergodic
and the mixing time τxε is bounded above by C| ln(π(x))| for some constant C > 0. 4

2.4 Key Examples
In this section, we analyze two examples from our motivating class of models: stochastic reac-
tion networks (which will be formally introduced in Section 3). The first example, Example 2.3,
demonstrates the necessity of our new theory to handle our models of interest. In particular, we
show that an existing geometric method (related to the “canonical path method”) is not powerful
enough to prove exponential ergodicity for the provided model, but our theory–specifically Corol-
lary 2.8–is able to prove that the spectral gap is strictly positive. In our second example, Example
2.4, we provide a time-reversible stochastic reaction network (which is also detailed-balanced in
the sense of [33]) and prove that it is not exponentially ergodic. This example demonstrates the
necessity of our assumption 2 in Corollary 2.6 and assumptions 2 and 3 in Corollary 2.8 (that tran-
sitions of the form ±ei have positive rates under certain conditions). Moreover, we believe this
to be the first detailed-balanced model (and, hence, the first complex-balanced model, see Defi-
nition D.1 and Theorem 3.1) in the stochastic reaction network literature to be proven to not be
exponentially ergodic.

Before moving to Example 2.3, we briefly discuss some existing theory pertaining to the canon-
ical path method (see for instance [42, Chapter 3] or [18, Section 3.3]), which was the motivating
theory for the present work. Consider a positive recurrent continuous-time Markov chain X with
irreducible state space S ⊂ Zd and stationary distribution π. We again denote by q(z, w) the tran-
sition rate from state z to state w. We recall that we denote a directed edge between z and w by
(z, w), and we write (z, w) ∈ γ(x, x′) if (z, w) is an edge in the path γ(x, x′). Similarly to as we
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did in Assumption 2.2, we let

Γ = {γ(x, x′) or γ(x′, x) but not both : x, x′ ∈ S with x 6= x′} (58)

that contains precisely one active, directed path for each pair of states. We then define the so-called
“congestion ratio”,

Ccr(Γ) := sup
(z,w)

 1

q(z, w)π(z)

∑
x,x′:

(z,w)∈γ(x,x′)

|γ(x, x′)|π(x)π(x′)

 , (59)

where the supremum is taken over all directed edges (z, w) and the sum is over pairs of states,
x, x′ ∈ S, for which (z, w) is an edge in γ(x, x′). Note that if (z, w) ∈ γ(x, x′), then q(z, w) > 0
because the path is active. Note that, very loosely, we should expect Ccr(Γ) to be large if there is
an edge, (z, w), which many paths go through.

We can now state the basic idea of the method. If there exists a set of paths Γ for which
Ccr(Γ) < ∞, then the spectral gap is lower bounded by 1/Ccr(Γ). Of course, if Ccr(Γ) = ∞ then
there is no hope of using this method and it stands silent.

Example 2.3. Consider a continuous-time Markov chain defined on Z2
≥0 with transition rates given

as follows: denoting the elementary basis vectors by e1 = (1, 0)> and e2 = (0, 1)>, for each
x = (x1, x2)> ∈ Z2

≥0

q(x, x+ e1) = κ1x2,

q(x, x− e1) = κ2x1x2,

q(x, x+ e2) = κ3,

q(x, x− e2) = κ4x2,

for some positive constants κ1, κ2, κ3, κ4 ∈ R>0. In Example 3.5 of Section 3 we will see that this
model arises via consideration of the stochastic reaction network with associated graph

X1 +X2 X2 0
κ1

κ2

κ3

κ4

Biologically, this system would model the creation and destruction of a molecule/protein of type
X2, that acts as a catalyst for the creation and destruction of a molecule/protein of type X1. Z2

≥0 is
irreducible and by Theorem 3.1 (originally found in [9]), the model has stationary distribution

π(x) = e−κ1/κ2−κ3/κ4 · (κ1/κ2)x1

x1!
· (κ3/κ4)x2

x2!
, x ∈ Z2

≥0. (60)

It is straightforward to check that this model is time-reversible (and detailed balanced in the sense
of [33], which implies time-reversibility but is not equivalent to it [20, 34]).

The Lyapunov function techniques developed in [12] to demonstrate exponential ergodicity for
stochastic reaction networks do not work in a straightforward manner for this model (these authors
could not develop a suitable Foster-Lyapunov function). Thus, we turn to spectral methods. We
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will show that the canonical path method, as discussed in this sub-section above, stands silent for
this model, but that our new techniques are strong enough to prove the desired result.

To show that the canonical path method stands silent, it suffices to show that Ccr(Γ) = ∞ for
any choice of paths Γ. Hence, we let Γ be an arbitrary set of active paths of the form (58). For
each positive integer n ≥ 1 we let zn = (n, 0)> and wn = (n, 1)>. Finally, we let y0 ∈ Z2

≥0 be a
fixed state.

Note that Γ must contain an infinite number of active paths from a set {γ(zn, y0)}n≥1 and/or
an infinite number of active paths from a set {γ(y0, zn)}n≥1. Also note that each such active
path γ(zn, y0) contains the directed edge (zn, wn) whereas each active path γ(y0, zn) contains the
directed edge (wn, zn). This follows because the only transition starting at zn = (n, 0)> ends in
wn = (n, 1)>, and the only transition ending in zn = (n, 0)> starts at wn = (n, 1)>.

We first assume that Γ contains an infinite number of active paths from a set {γ(zn, y0)}n≥1.
Denoting these active paths by γ(znk , y0) with a sub-sequence nk such that nk → ∞, as k → ∞,
we have (by only considering the one particular edge (znk , wnk))

Ccr(Γ) ≥ 1

q(znk , wnk)π(znk)
|γ(znk , y0)|π(znk)π(y0)

=
1

κ3

|γ(znk , y0)|π(y0),

where we use that q(znk , wnk) = κ3 for each nk. The right-hand side necessarily goes to ∞
as k → ∞, since |γ(znk , y0)| → ∞ and π(y0) is fixed. In the same way, we can also show
Ccr(Γ) =∞ for the case when Γ contains infinitely many active paths from the set {γ(y0, zn)}n≥1.
Hence we have that the canonical path method stands silent for this model.

However, the main method we propose in this paper successfully shows exponential ergodicity
of this model. First, condition 1 in Corollary 2.8 clearly holds because of the form of the stationary
distribution given in (60). Also conditions 2 and 3 in Corollary 2.8 hold with J0 = {2}, J1 = {1},
and N = 1. 4

We turn to our next example, demonstrating the necessity of our key assumptions.

Example 2.4. Consider a continuous-time Markov chain with the transition rates given as follows:
for each x = (x1, x2)> ∈ Z2

≥0

q(x, x+ e1 + e2) = 1,

q(x, x− e1 − e2) = x1x2,

q(x, x+ e2) = x2, and
q(x, x− e2) = x2(x2 − 1).

Note that Zd≥0 is irreducible. This model arises as the stochastic mass-action system of Section 3
associated to the reaction graph

X1 +X20 X2 2X2
1

1

1

1

Theorem 3.1 implies that the stationary distribution of this model is

π(x) = e−2 1

x1!
· 1

x2!
, x ∈ Z2

≥0. (61)
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It is straightforward to check that this Markov chain is time-reversible. To do so, one just needs
to verify the following two equalities for all x ∈ Z2

≥0

π(x)q(x, x+ e1 + e2) = π(x+ e1 + e2)q(x+ e1 + e2, x),

π(x)q(x, x+ e2) = π(x+ e2)q(x+ e2, x)

Verification is straightforward, and is left to the reader. It is further not complicated (by using
techniques of reaction network theory such as deficiency and the tree-like structure of the network
[24, 28, 39]) to show that the model is detailed balanced in the sense of [33], which implies time-
reversibility but is not equivalent to it [20, 34]. By Theorem 2.3, it is enough to demonstrate that
gap(E) = 0 to prove the model is not L2 exponentially ergodic. (Moreover, because the model is
time-reversible, even the weaker form of exponential convergence given by (iii) in Theorem 2.3
does not hold.) Hence, by (13), it is sufficient to show that

1

2
inf

 ∑
x,y∈Z2

≥0

q(x, y)[f(y)− f(x)]2π(x) : f ∈ Bc, π(f) = 0, π(f 2) = 1

 = 0, (62)

where, as always, Bc is the set of functions with bounded support.
Let

fn(x) = cnIn(x)− dn,

where In is the indicator function on {(n, 0), (n + 1, 1)} and cn and dn will be chosen so that
π(fn) = 0 and π(f 2

n) = 1. It is straightforward to check that these conditions imply

c2
n =

1

π(n, 0) + π(n+ 1, 1)− (π(n, 0) + π(n+ 1, 1))2
.

From (61), the dominant term in the denominator is π(n, 0) = e−2 1
n!

. Hence, we conclude that

c2
n ≈ e2 · n!.

Now we compute the term in (62) with fn. We just have to consider those transitions taking us in
to and out of the set {(n, 0), (n+ 1, 1)}. We have (the first two are the only possible transitions out
of the set and the next two are the two transitions that can take you in):

q((n+ 1, 1), (n+ 2, 2))[fn(n+ 2, 2)− fn(n+ 1, 1)]2π(n+ 1, 1)

+ q((n+ 1, 1), (n+ 1, 2))[fn(n+ 1, 2)− fn(n+ 1, 1)]2π(n+ 1, 1)

+ q((n+ 2, 2), (n+ 1, 1))[fn(n+ 1, 1)− fn(n+ 2, 2)]2π(n+ 2, 2)

+ q((n+ 1, 2), (n+ 1, 1))[fn(n+ 1, 1)− fn(n+ 1, 2)]2π(n+ 1, 2)

= c2
n [2π(n+ 1, 1) + 2(n+ 2)π(n+ 2, 2) + 2π(n+ 1, 2)] .

(63)

Thus, combining c2
n ≈ e2n! with (61), we have that the term above satisfies

≈ 2 · n!
1

(n+ 1)!
+ 2(n+ 2) · n!

1

2(n+ 2)!
+ 2 · n!

1

2(n+ 1)!
,
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which goes to zero, as n→∞. Hence, the infimum of (62) is zero. Thus, for this particular model,
gap(E) = 0 and it is not exponentially ergodic.

Now we can ask: what would have been different in the above calculation if we further allow
transitions of the form ±ei (i.e., what if the model satisfied the assumptions of our Corollaries 2.6
and 2.8)? Because of the presence of a rate for +e1 that is lower bounded (by, say, λ > 0), we
would get the following term added to (63)

q((n, 0), (n+ 1, 0))[fn(n+ 1, 0)− fn(n, 0)]2π(n, 0) ≥ λc2
nπ(n, 0) ≈ λ · n! · 1

n!
= 1.

Hence, we could not have concluded that the gap was zero in this new scenario. Of course, in this
new scenario we know the gap is strictly positive by our Corollaries 2.6 and 2.8. 4

3 Applications to stochastic reaction networks
In this section we explore the applicability of our results to a wide class of continuous-time Markov
chains used heavily in biochemistry, ecology, and epidemiology. The models are referred to as
stochastic reaction networks. We will provide the necessary definition of the models under consid-
eration in Section 3.1, then examine a specific example, and finally prove exponential ergodicity
for large families of stochastic reaction networks that are of particular interest to the community.

3.1 Reaction networks and their associated stochastic model
We give a minimal introduction to reaction networks and their associated dynamical systems. For
a more thorough introduction, see [13]. We begin with the definition of a reaction network.

Definition 3.1. A reaction network is given by a triple of finite sets (S, C,R) where:

1. The species set S = {X1, X2, · · · , Xd} contains the species of the reaction network.

2. The reaction set R = {R1, R2, · · · , Rr} consists of ordered pairs (y, y′) ∈ R, with y 6= y′,
where

y =
d∑
i=1

yiXi and y′ =
d∑
i=1

y′iXi (64)

and where the values yi, y′i ∈ Z≥0 are the stoichiometric coefficients. We will write reactions
(y, y′) as y → y′, and refer to y as the source complex and y′ as the product complex.

3. The complex set C consists of the linear combinations of the species in (64). Specifically,
C = {y : y → y′ ∈ R} ∪ {y′ : y → y′ ∈ R}. 4

Note that when we are working in a general setting we are denoting our species viaX1, . . . , Xd.
However, when a specific model is under consideration, such as that found in Figure 1, more
suggestive notation is often utilized (for example, in that model Xp and Yp are the “p”hosporolated
versions of certain proteins).
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Depending on the context, y can denote either the linear combination in (64) or the vec-
tor whose i-th component is yi, i.e. y = (y1, y2, · · · , yd)> ∈ Zd≥0. For example, when S =
{X1, X2, . . . , Xd}, y = 2X1 + X2 is associated with (2, 1, 0, 0, . . . , 0)> ∈ Zd≥0. When y =
(0, 0, . . . , 0)>, we denote the complex by ∅. This complex is used for the death of species, such as
X1 → ∅, or the production of species from outside of the system, such as ∅ → X1.

The triple of sets found in Definition 3.1 is most often illustrated with a reaction graph in which
the nodes are the complexes, each complex is written exactly one time (even if it appears in more
than one reaction), and the directed edges are given by the reactions.

Example 3.1. The reaction graph

S + E � SE → E + P,

has S = {S,E, SE, P}, C = {S+E, SE,E+P} andR = {S+E → SE, SE → S+E, SE →
E + P}. This is a standard model for substrate-enzyme kinetics. 4

3.1.1 Stochastic model

Given a reaction network (S, C,R), a (stochastic) kinetics is an assignment of a rate or intensity
function λy→y′ : Zd≥0 → R≥0 to each reaction y → y′ ∈ R. We then call (S, C,R, {λy→y′}) a
stochastic reaction system. The change in species counts is modeled by means of a continuous-time
Markov chain with state space Zd≥0, whose transition rates are given by

q(x, x′) =
∑

y→y′∈R
y′−y=x′−x

λy→y′(x),

where the sum is over those reactions whose occurrence causes a net change that is precisely x′−x.
In case of an explosion occurring at a finite-time T∞, we considerX(t) = ∆ for any t ≥ T∞, where
∆ is a cemetery state not contained in Zd≥0 [40]. The infinitesimal generator A of the associated
Markov process acts on functions via the operation

Af(x) =
∑
x′

q(x, x′)(f(x′)− f(x))

=
∑

y→y′∈R

λy→y′(x)(f(x+ y′ − y)− f(x)), (65)

for any function f in its domain satisfying f(∆) = 0.
A popular choice of stochastic kinetics is given by (stochastic) mass-action kinetics, where for

any reaction y → y′ ∈ R

λy→y′(x) = κy→y′
d∏
i=1

xi!

(xi − yi)!
1{xi≥yi}, (66)

for reaction constant κy→y′ . We denote K = {κy→y′}. When the intensity functions are given by
mass-action kinetics we write the stochastic system as (S, C,R,K).

Note that the first three conditions of Assumption 2.1 automatically hold for mass-action sys-
tems. However, the fourth condition (non-explosivity) may not.
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3.2 Exponential ergodicity for stochastic reaction systems
We start this section with an example on how to use our results in the context of stochastic reaction
networks. We then proceed to state general results pertaining models related to complex-balancing
(but not necessarily complex-balanced).

Example 3.2. Consider the following mass-action system, with the rate constants written next to
the associated reaction:

X1 0 X2 X1 +X22X1 2X2
κ1

δ κ2

δ

ρ ρ

This is model where particles of both types promote their own creations via the auto-catalytic
reactions X1 + X2 → 2X1 and X1 + X2 → 2X2. Auto-catalytic models have been extensively
studied in biochemistry and related mathematical questions have been popularised in [44]. Here
we assume that the degradation rates of both types of particles is the same, which is not unrealistic
in many concrete examples where degradation is due to homogeneous dilution. We further assume
that the two molecules are equally likely to be produced via the auto-catalytic mechanism. The
above example has been studied in [19], where it is proved that the model is positive recurrent and
the stationary distribution is given by

π(x) =
M

x1!x2!

Γ(x1 + γ1)Γ(x2 + γ2)

Γ(x1 + x2 + γ1 + γ2)

(
κ1 + κ2

δ

)x1+x2

,

where Γ denotes the Gamma function,

γ1 =
δκ1

ρ(κ1 + κ2)
, γ2 =

δκ2

ρ(κ1 + κ2)
,

and M is a normalizing constant that can be explicitly calculated as

M =
Γ(γ1 + γ2)

Γ(γ1)Γ(γ2)
e−

κ1+κ2
δ .

Note that in this case, for each x ∈ Z2
≥0 with x1 ≥ 1 we have

π(x)

π(x− e1)
=

1

x1

x1 + γ1 − 1

x1 + x2 + γ1 + γ2 − 1

κ1 + κ2

δ
≤ 1

x1

κ1 + κ2

δ
.

In particular, if
√
x1 ≥ (κ1 + κ2)/δ then

π(x)

π(x− e1)
≤ 1
√
x1

.

Similarly, if x2 ≥ min{1, (κ1 + κ2)2/δ2} we have

π(x)

π(x− e2)
≤ 1
√
x2

.

Hence, by Corollary 2.6 we can conclude that the model is exponentially ergodic, the second
condition of Corollary 2.6 being guaranteed by the presence of the reactions X1 
 0 
 X2. 4
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Our results can potentially apply to all models whose stationary distribution is known to a
certain extent, as in Example 3.2, provided that the assumptions of Corollary 2.6 or the more
general Corollary 2.8 are satisfied. Much effort has been devoted to calculating the exact form of
the stationary distribution for families of stochastic reaction networks, a classical example being
[9]. The results of [9] have been extended in [8]. In [31], Theorem 3.1 stated below has been
extended and systematically utilized to calculate the stationary distributions for a variety of models,
notably auto-catalytic models, and the computational package CASTANET is developed. Further
characterizations of the stationary distributions of auto-catalytic networks are given in [30], and
even further analysis on the form of the stationary distributions for families of stochastic reaction
systems is in the recent paper [29]. The main scope of this section, however, is not to investigate
the full applicability of our results in the setting of stochastic reaction networks, but to merely
suggest examples of applications. Hence, for the sake of simplicity, we do not state here the results
obtained in [8,29–31], and limit our applications to the classical Theorem 3.1, stated below, which
is a slightly stronger version of the classical result contained in [9].

3.2.1 Reaction networks related to complex-balancing

A special case of particular relevance in reaction network theory is given by complex-balanced
mass-action systems: these are mass-action systems (S, C,R,K) for which there exists a positive
vector c ∈ Rd

>0 satisfying

∑
y′∈C:

y→y′∈R

κy→y′
d∏
i=1

cyii =
∑
y′∈C:

y′→y∈R

κy′→y

d∏
i=1

c
y′i
i ,

for each fixed complex y ∈ C. In this case, the vector c is termed a complex-balanced equilibrium.
The study of complex-balanced networks dates back to [27, 33], where necessary and sufficient
conditions for its existence are given, and has an important role in the development of reaction
network theory. We give a minimal introduction in Section D, where we explain why the vector c
is called an equilibrium.

We will apply our theory to a class of stochastic reaction systems that are related to complex-
balancing, but are not necessarily complex-balanced themselves. To this aim, the only result we
need from the literature is the following one, which is proven in [14] and extends previous work
done in [6, 9, 21].

Theorem 3.1. Let (S, C,R,K) be a mass-action system with a complex-balanced equilibrium
c ∈ Rd

>0. Consider the stochastic process {X(t), t ∈ R>0} given by the stochastic reaction system
(S, C,R, {λy→y′}) where the rate functions are of the form

λy→y′(x) = κy→y′
d∏
i=1

yi−1∏
j=0

θi(xi − j) (67)

for the same rate constants κy→y′ as in (S, C,R,K) and some functions θi : Z→ R≥0 satisfying

θi(n) = 0 if and only if n ≤ 0 (68)
lim
j→∞

θi(j) =∞. (69)
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Then, {X(t), t ∈ R>0} is non-explosive and admits the stationary distribution

π(x) = M

d∏
i=1

cxii∏xi
j=1 θi(j)

, for each x ∈ Zd≥0, (70)

where M is a positive normalizing constant and the empty product is to be considered equal to 1.

Remark 3.1. Note that stochastic mass-action kinetics satisfies (67), (68), and (69) with the choice

θi(j) =

{
j if j ≥ 1

0 otherwise
. (71)

In this case, (70) is a product-form Poisson distribution.

We can state the following results.

Theorem 3.2. Let (S, C,R,K) be a mass-action system with a complex-balanced equilibrium
c ∈ Rd

>0, such that

{Xi → 0 : Xi ∈ S}
⋃
{0→ Xi : Xi ∈ S} ⊆ R.

Consider the stochastic process {X(t), t ∈ R>0} given by the stochastic reaction system (S, C,R, {λy→y′})
where the rate functions are of the form

λy→y′(x) = κy→y′
d∏
i=1

yi−1∏
j=0

θi(xi − j)

for the same rate constants κy→y′ as in (S, C,R,K) and some functions θi : Z→ R≥0 satisfying

θi(n) = 0 if n ≤ 0

θi(n) ≥ nβ if n > 0

for some β ∈ R>0. Then, {X(t), t ∈ R>0} is exponentially ergodic in L2.

Proof. First of all, note that the presence of the reactions 0 → Xi and Xi → 0 for each Xi ∈ S
guarantees the irreducibility of the state space Zd≥0. Theorem 3.1 implies the process {X(t), t ∈
R>0} is non-explosive and has a unique stationary distribution π satisfying

π(x)

π(x− ei)
=

ci
θi(xi)

≤ ci

xβi
,

hence for any 0 < α < β and for any large enough xi we have

π(x)

π(x− ei)
≤ 1

xαi
.

The first condition of Corollary 2.6 holds, and the second condition is satisfied by the presence of
the reactions 0→ Xi and Xi → 0 for each Xi ∈ S:

inf
x∈Zd≥0

q(x, x+ ei) ≥ κ0→Xi and inf
x∈Zd≥0

xi≥1

q(x, x− ei) ≥ inf
xi≥1

κXi→0θi(xi) = κXi→0.

The proof is then concluded by the application of Corollary 2.6
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A natural corollary follows from the application of Theorem 3.2 to the particular case of mass-
action kinetics.

Corollary 3.3. Let (S, C,R,K) be a mass-action system with a complex-balanced equilibrium
c ∈ Rd

>0, such that

{Xi → ∅ : Xi ∈ S}
⋃
{∅ → Xi : Xi ∈ S} ⊆ R.

Then, the associated process is exponentially ergodic in L2. Moreover, for any fixed ε > 0 there
exists Cε ∈ R>0 such that τ εx ≤ Cε‖x‖ ln(‖x‖), for any x ∈ Zd≥0 \ {0}.

Proof. The proof follows from direct application of Theorem 3.2 to the specific choice of rate func-
tions (71) as discussed in Remark 3.1. The bound on the mixing time follows from the conclusions
of Theorem 2.5 and from the fact that π is a product-form Poisson distribution.

Before applying the more general Corollary 2.8 to stochastic reaction networks, we show ex-
amples of applications of Theorems 3.2 and Corollary 3.3

Example 3.3. Consider the stochastic mass-action system (S, C,R,K) associated with the follow-
ing reaction network, where the rate constants are written next to the associated reaction:

X1

0

X2

2X1 +X2 3X1 + 2X2

1

1 1

1

1

1 1
(72)

It is easy to check that c = (1, 1) is a complex-balanced equilibrium. Furthermore

{X1 → ∅, X2 → ∅}
⋃
{∅ → X1, ∅ → X2} ⊂ R.

Hence, by Corollary 3.3 the model is exponentially ergodic in L2 and for any ε ∈ R>0 we have
τ εx = O(‖x‖ ln(‖x‖)). 4

Example 3.4. Consider a stochastic mass-action system (S, C,R,K) associated with the following
reaction network:

X20

X1

2X2

The model describes coexisting individuals of two types (X1 and X2). The individuals of type X2

fight against each other (modelled by 2X2 → X2) and individuals of type X1 naturally become
individuals of type X2. Such behaviour is similar, for example, to those of territorial fishes, where
individuals of type X1 can be interpreted as young offspring eventually becoming adult. We in-
clude inflows and outflows of both types of individuals, which makes sense if for example we study
a portion of water that fishes can freely enter or exit.
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Since the network is not strongly connected (or, in the language of reaction network theory,
weakly reversible), it is known that it cannot be complex-balanced for any choice of rate con-
stants [27, 32, 33]. However, the associated stochastic process has the same distribution as the one
associated with the network

X20

X1

(73)

with the following choice of kinetics:

λ0→X1(x) = κ0→X1 λ0→X2(x) = κ0→X2

λX1→0(x) = κX1→0θ1(x1) λX2→0(x) = κX2→0θ2(x2)
λX1→X2(x) = κX1→X2θ1(x1)

where

θ1(n) =

{
n if n ≥ 0

0 otherwise
and θ2(n) =

{
n+

κ2X2→X2

κX2→0
n(n− 1) if n ≥ 0

0 otherwise
.

By classical theory developed in [27, 32, 33] we know that (73), as a mass-action system, is
complex-balanced for any choice of rate constants (it is weakly reversible and its deficiency is 0).
Hence, we can apply Theorem 3.2 and conclude that our original model is exponentially ergodic.
4

We now relax Theorem 3.2 and Corollary 3.3 to allow for the birth and death of certain species
to be catalyzed by other species. The proofs are a direct application of Corollary 2.8, exactly as
the proofs of Theorem 3.2 and Corollary 3.3 were a direct application of Corollary 2.6, so we will
omit them.

Theorem 3.4. Let (S, C,R,K) be a mass-action system with a complex-balanced equilibrium
c ∈ Rd

>0, such that:

1. there exists a non-empty subset S0 ⊂ S so that for each i ∈ S0 we have

{Xi → ∅, ∅ → Xi} ⊆ R;

2. there exist disjoint subsets of S1, . . . ,Sm ⊂ S so that {S0,S1, . . . ,Sm} is a partition of S,
such that for each i ∈ J` with ` ≥ 1, we have

(i) N+
jiXj → N+

jiXj +Xi for some j ∈ S0 ∪ · · · ∪ S`−1 with some N+
ji ∈ Z≥0, and

(ii) N−jiXj +Xi → N−jiXj for some j ∈ S0 ∪ · · · ∪ S`−1 with some N−ji ∈ Z≥0.

Consider the stochastic process {X(t), t ∈ R>0} given by the stochastic reaction system (S, C,R, {λy→y′})
where the rate functions are of the form

λy→y′(x) = κy→y′
d∏
i=1

yi−1∏
j=0

θi(xi − j)
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for the same rate constants κy→y′ as in (S, C,R,K) and some functions θi : Z→ R≥0 satisfying

θi(n) = 0 if n ≤ 0

θi(n) ≥ nβ if n > 0

for some β ∈ R>0. Then, {X(t), t ∈ R>0} is exponentially ergodic in L2.

Corollary 3.5. Let (S, C,R,K) be a mass-action system with a complex-balanced equilibrium
c ∈ Rd

>0, such that:

1. there exists a non-empty subset S0 ⊂ S so that for each i ∈ S0 we have

{Xi → ∅, ∅ → Xi} ⊆ R;

2. there exist disjoint subsets of S1, . . . ,Sm ⊂ S so that {S0,S1, . . . ,Sm} is a partition of S,
such that for each i ∈ J` with ` ≥ 1, we have

(i) N+
jiXj → N+

jiXj +Xi for some j ∈ S0 ∪ · · · ∪ S`−1 with some N+
ji ∈ Z≥0, and

(ii) N−jiXj +Xi → N−jiXj for some j ∈ S0 ∪ · · · ∪ S`−1 with some N−ji ∈ Z≥0.

Then, the associated process is exponentially ergodic in L2. Moreover, for any fixed ε > 0 there
exists Cε ∈ R>0 such that τ εx ≤ Cε‖x‖ ln(‖x‖), for any x ∈ Zd≥0 \ {0}.

Example 3.5. The Markov chain given in Example 2.3 models the copy numbers of chemical
species X1 and X2 involved in the reaction system

X1 +X2 X2 0
κ1

κ2

κ3

κ4

with mass action kinetics. The model is complex-balanced for any choice of rate constants [27,32,
33]. Hence, the Markov chain is exponentially ergodic since the conditions in Corollary 3.5 hold.
Note that X2 catalyzes the birth and death of X1. 4
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of markov semigroups. Journal of Functional Analysis, 185(2):564–603, 2001.

[42] Laurent Saloff-Coste. Lectures on finite Markov chains. In P. Bernard, editor, Lectures on
Probability Theory and Statistics, pages 301–413. Springer, 1997.

[43] Guy Shinar and Martin Feinberg. Structural Sources of Robustness in Biochemical Reaction
Networks. Science, 327(5971):1389–1391, 2010.

[44] Yuichi Togashi and Kunihiko Kaneko. Transitions induced by the discreteness of molecules
in a small autocatalytic system. Phys. Rev. Lett., 86:2459–2462, Mar 2001.

[45] Ramon van Handel. Probability in high dimension, December 21, 2016. Lecture notes
retrieved from https://web.math.princeton.edu/˜rvan/APC550.pdf.

[46] Peter Whittle. Systems in stochastic equilibrium. John Wiley & Sons, Inc., New York, NY,
USA, 1986.

[47] Chuang Xu, Mads Christian Hansen, and Carsten Wiuf. Full classification of dynamics for
one-dimensional continuous-time markov chains with polynomial transition rates. Advances
in Applied Probability, pages 1–35, 2022.

40

https://web.math.princeton.edu/~rvan/APC550.pdf


A Technical results related to relevant operators
In this brief section, we suppose that X is an irreducible and positive-recurrent continuous-time
Markov chain with countable state space S ⊂ Zd and stationary distribution π that satisfies As-
sumption 2.1. We let Pt denote the semigroup operator on L2(π) associated with X defined by
Ptf(x) = Ex[f(Xt)], and denote the infinitesimal generator by A and its domain in L2(π) by
Dom(A).

The first two results are standard (for example, see [26]) but are required for our proofs and
so are included for completeness. In particular, they allow us to utilize the results from Chapter 1
of [26] (especially Proposition 1.5, which we use throughout). The third result is required for the
proof of Theorem 2.3. It is straightforward, but we were not able to find it in the literature and so
include it here.

Lemma A.1. Pt is a contraction onL2(π). That is, for f ∈ L2(π), we have ‖Ptf‖2
L2(π) ≤ ‖f‖2

L2(π).

Lemma A.2. Pt is strongly continuous on L2(π). That is, for f ∈ L2(π), we have limt→0 Ptf = f ,
in L2(π).

Lemma A.3. For f ∈ Dom(A) with ‖f‖∞ <∞, the sum∑
x∈S

π(x)Ptf(x)APtf(x)

converges uniformly over t ≥ 0.

Proof. Let Kn ⊂ Kn+1 be an increasing sequence of compact sets with ∪nKn = S. Denote
f(t) =

∑
x∈S π(x)Ptf(x)APtf(x) and fn(t) =

∑
x∈Kn π(x)Ptf(x)APtf(x). Also denote an =√∑

x∈Kc
n
π(x), and note that an → 0, as n → ∞. Then, because |Ptf(x)| ≤ ‖f‖∞ and APtf =

PtAf (see [26, Proposition 1.5]), we have

|f(t)− fn(t)| ≤
∑
x∈Kc

n

π(x)|Ptf(x)| |APtf(x)|

≤
√∑

x∈Kc
n

π(x)|Ptf(x)|2
√∑

x∈Kc
n

π(x)|PtAf(x)|2 (Cauchy-Schwarz)

≤ ‖f‖∞
√∑

x∈Kc
n

π(x)

√∑
x∈S

π(x)|PtAf(x)|2 (|Ptf(x)| ≤ ‖f‖∞ and converted Kc
n to S)

≤
(
‖f‖∞‖Af‖L2(π)

)
· an,

where in the final inequality we used that Pt is a contraction on L2(π). Hence, the convergence is
uniform in t ≥ 0.

B Proof of Lemma 2.1
Proof of Lemma 2.1. Let f ∈ Bc and let K ⊂ S denote the support of f . We write |K| for the
number of elements in K (which is finite). Let

C1 = |K| · ‖f‖∞max
z∈K

sup
x∈S\{z}

q(x, z) <∞,
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which is finite because of condition (iii) of Assumption 2.1. Next, let

C2 = |K| · ‖f‖∞
(

max
x∈K

qx

)
<∞,

which is finite by condition (ii) of Assumption 2.1. Let Â be the linear operator defined by (7). If
f ∈ Dom(A) then A = Â, and that is what we aim to prove. For x ∈ S

|Âf(x)| ≤
∑

z∈S\{x}

|f(z)− f(x)|q(x, z) ≤
∑
z∈K

|f(z)|q(x, z) + |f(x)|
∑

z∈S\{x}

q(x, z) ≤ C1 + C2.

We now show that Bc ⊂ Dom(A). Let f ∈ Bc. By [7, Theorem 4], we have that

f(X(t))− f(X(0))−
∫ t

0

Âf(X(s))ds

is a {FXt }-martingale, where {FXt } is the filtration generated by (X(t))t≥0. Therefore, for x ∈ S,

Ex[f(X(t))]− f(x)

t
− Âf(x) = Ex

[
1

t

∫ t

0

(Âf(X(s))− Âf(x))ds

]
, (74)

which converges to zero, as t → 0, since Âf(X(s)) → Âf(x) almost surely by condition (ii) of
Assumption 2.1 and because the integrand is bounded by 2‖Âf‖∞ ≤ 2(C1 + C2). Moreover,

∑
x∈S

π(x)

(
Âf(x)− Ex[f(X(t))]− f(x)

t

)2

→ 0, as t→ 0,

since we have pointwise convergence (in x ∈ S) from above and, again, a uniform bound on the
right-hand side of (74) (from the uniform bound on Âf ).

C Proof of Lemma 2.2
Proof of Lemma 2.2. Combining Assumption 2.1 and the boundedness of ‖f‖∞ demonstrates that
the sum in the definition of E∗(f) converges absolutely,∑

x,z∈S

(
f(x)− f(z)

)2
π(x) q(x, z) ≤ 4‖f‖2

∞

∑
x∈S

qxπ(x) <∞,

as does the sum for E(f, f),∑
x,z∈S

|f(x)(f(z)− f(x))π(x)q(x, z)| ≤ 2‖f‖2
∞

∑
x∈S

qxπ(x) <∞.
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Hence, we can rearrange the terms of the sums to find the following,

2E(f, f)− 2E∗(f) = −2
∑
x,z∈S

f(x)(f(z)− f(x))π(x)q(x, z)−
∑
x,z∈S

(f(x)− f(z))2π(x)q(x, z)

=
∑
x,z∈S

f(x)2π(x)q(x, z)−
∑
x,z∈S

f(z)2π(x)q(x, z)

=
∑
x∈S

f(x)2π(x)
∑
z∈S

q(x, z)−
∑
x,z∈S

f(z)2π(x)q(x, z)

=
∑
x∈S

f(x)2
∑
z∈S

π(z)q(z, x)−
∑
x,z∈S

f(z)2π(x)q(x, z) (75)

=
∑
x,z∈S

f(x)2π(z)q(z, x)−
∑
x,z∈S

f(z)2π(x)q(x, z) = 0,

where to get the equality (75) we used (6). Hence E(f, f) = E∗(f).

D Deterministic model and complex-balanced systems
Given a reaction network (S, C,R), a (deterministic) kinetics is an assignment of a function λy→y′ :
Rd
≥0 → R≥0 to each reaction y → y′ ∈ R. We then call (S, C,R, {λy→y′}) a deterministic reaction

system, and the associated ordinary differential equation governing the dynamics of the model is

x(t) = x(0) +
∑

y→y′∈R

(y′ − y)

∫ t

0

λy→y′(x(s))ds, (76)

where we recall that y, y′ are vectors in Zd≥0. Note that y′ − y is the vector describing the net gain
of each species due to one instance of the reaction y → y′.

A popular choice of kinetics is given by (deterministic) mass-action kinetics, where the form
of the kinetics is given by

λDy→y′(x) = κy→y′
d∏
i=1

xyii := κy→y′x
y,

for some positive constant κy→y′ , called a reaction constant, where we take 00 = 1 and where we
define the notation xy above. We denote K = {κy→y′} and in the case of a deterministic mass-
action system we write the system as (S, C,R,K) as opposed to (S, C,R, {λy→y′}). In the reaction

graphs, the rate constants are typically placed next to the reaction arrow as in y
κy→y′−−−→ y′ when we

need to incorporate them. See Figure 1 for an example of this methodology.
A fixed-point of (76) is said to be a complex-balanced equilibrium if, at equilibrium, each

complex has the following property: the total flux into the complex (according to the reaction
graph) is equal to the total flux out of the complex (according to the reaction graph).

Definition D.1. A deterministic mass-action system (S, C,R,K) is complex-balanced if the sys-
tem (76) admits a positive vector c ∈ Rd

>0 such that for each complex y ∈ C,∑
y′∈C

y→y′∈R

κy→y′c
y =

∑
y′∈C

y′→y∈R

κy′→yc
y′ . (77)

43



It is shown in [33] that a vector c satisfying (77) is necessarily a steady state of (76) and
is called a complex-balanced equilibrium. In [27, 32, 33] it is further shown that if a complex-
balanced equilibrium exists, then necessarily all positive steady states of the mass-action system
are complex-balanced. Sufficient and necessary conditions for complex-balancing are also given,
and the stability of complex-balanced equilibria is studied.
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