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1 Introduction. This note is about the exponentially small separatrix splitting which
occurs when one studies the separatrices of maps of “standard type”

b (u,v) = (u+e,v+efo(u + ev)),

where fj is an entire function, or when one considers the Poincaré—map associated with the
ODE
u'(t) = F(t/e,u(t)) (1.1)

for small values of € > 0, and nonlinearities F' with F(t + 1,u) = F(¢,u) which are analytic
in the u variable.
We recall that the Poincaré—map . is defined in terms of the first order system

u' =v,v" = F(t/e,u)

which is equivalent to the second order ODE (1.1); ®. sends (u(0),v(0)) to (u(g),v(g)),
where (u(t),v(t)), (0 <t <¢) is a solution of (1.1).

For small £ > 0 the theory of averaging tells us that we may regard (1.1) as a “small”
perturbation of the averaged equation

u'" = Fy(u) (1.2)

with Fy(u) = [, F(r,u)dr.

If the Poincaré map associated with (1.2) has a hyperbolic fixed point with a homoclinic
orbit, then one expects the same to be true! for the perturbed Poincaré map ®. (¢ << 1).
One also expects the homoclinic orbit of perturbed map to come from a transverse inter-
section of the invariant manifolds through the hyperbolic fixed point. Melnikov’s method
allows one to verify this for smooth perturbations of (1.2) with fixed period, e.g. equations
of the form u" = Fy(u) + ug(t,u). However, it has been observed that the method does
not apply directly to (1.1). Holmes, Marsden and Scheurle? were the first to try to adjust
Melnikov’s method to the averaging situation. They gave an asymptotic expression for the
separatrix splitting if F' is of the form F'(7,u) = sinu+0ePg(t), with g periodic, p sufficiently

L See chapter 4 of [GH83] for a discussion of averaging.
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large, and § a small parameter. This result was later improved by various authors, the best
result to date being due to Delshams, Teresa and Seara®.

In section 2 we give a variational interpretation of the Melnikov function, and in the
subsequent sections show how this interpretation can be adapted to study the homoclinic
orbits of (1.1). Like Holmes et.al. we only get an upper bound for the size of the splitting in
the most general setting, while we only get transverse homoclinic intersections for a special
nonlinearity, F(7,u) = u —3/ou® + 6¢'°H'(7), with H(7) periodic, and § a small parameter.
For this particular example the variational approach is an improvement on the results of
Holmes et.al. but fails to give the result of Delshams et.al.

One advantage the variational point of view may have over others, is that it can easily
be generalized, to find entire solutions of elliptic PDE’s such as

Au = Fy(u) + pg(z,u(z)), u(o0) = 0, (1.3)

where g(z,u) is periodic in the z-variable; given a nontrivial solution U(x) of the spatially
homogeneous equation Au = Fy(u) which vanishes at x = oo, the analysis in section 2
allows one to find solutions of (1.3) close to some translate U(z + ¥) of U(z).

Although there is no obvious Poincaré-map in this situation, one can still show* that
nondegenerate solutions of (1.3) generate many more solutions of (1.3), much in the same
way that a transverse homoclinic point of the Poincaré—map generates an abundance of
homoclinic orbits.

The two main examples we have in mind throughout the paper are a forced Duffing
equation

u'" — Fy(u) = dg(t), (1.4)
and a “kicked anharmonic oscillator”
u'(t) =Y 8(t — je) - Fo(u(t)) (1.5)
JEL

with Fy(u) = u — 3/2u?.
In the second example the equation is to be interpreted in the sense of distributions:
a solution is a Lipschitz function whose second distributional derivative satisfies (1.5). In
fact, solutions will be piecewise linear, and their values u; = u(je) satisfy the recurrence
relation
Ujt1 — Zuj +uj1 = EZFg(uj). (16)

One easily verifies that the Poincaré—map ®. is given by the standard type map (u,v) —
(u+ev,v + eFy(u + €v)).

In section 3 we introduce a large class of nonlinearities F' which includes both of these
examples.

2 A variational account of the Melnikov function. We assume in this section that
€ = 1, and that the nonlinearity F is of the form F(t,u) = Fy(u) + ug(t,u), where g is some
smooth function, y is small, and Fj satisfies

Fo(0) =0, F}(0)>0. (2.1)

This last condition implies that the origin is a hyperbolic fixed point for the local flow ¥,
generated by the system v’ = v,v" = Fy(u).
The potential energy associated with Fp is given by

Vo(u) = — / " Fy(w)dw.
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We shall assume that Vp(u) < 0 for some v > 0, and that V(o) = —Fp(a) < 0 where
is the smallest positive root of Vp(a) = 0. Under this assumption the stable and unstable
manifolds W*, W?* of the origin coincide; they are parametrized by (U (t),U’(t)) where U is
the unique positive and even solution of

U" = Fy(U),  U(xoo) = 0. (2.2)

Consider the Poincaré map ®, of the perturbed system u' = v,v' = F(u,t,u). If p is
small ®, will have a hyperbolic fixed point O, near the origin, whose stable and unstable
manifolds we denote by W7, W. Since ®, depends smoothly on u, the fixed point O), as
well as the Wi, W} vary smoothly with p.

For most perturbations g(t,u) the invariant manifolds W, W} will not coincide when
u # 0. Melnikov’s method was designed to compute the separation between the invariant
manifolds for small values of p, and in particular, to find the transverse intersections in
Winwg.

Figure 1 Here

It is a commonplace® to remark that these transverse intersections are of interest since
they are known to be a cause of complicated dynamics of the Poincaré map &®,,.

We shall now proceed to describe a variational method which produces a result equiv-
alent to Melnikov’s. To begin with we construct a periodic solution which corresponds
to the hyperbolic fixed point O, by applying the implicit function theorem to the map
F :R x C*(T) — C°(T) given by

F(u,p) = p" — Fo(p) — pg(t,p).

Here T = R/Z and C*(T) is the space of k times continuously differentiable functions u(t)
with u(t + 1) = u(?).

We have F(0,0) = 0 while d,F(0,0), the derivative of F w.r.t. p, is given by D? — F}(0);
since F(0) > 0 the operator d,F(0,0) has a bounded inverse from C°(T) to C?(T), and we
have a smooth branch of solutions p(u,-) € C%(T) of F(u,p) = 0 with p(0,t) = 0. The fixed
point O, is now given by (p(p,0),p' (1, 0)).

Homoclinic orbits of ®, correspondend to solutions u(t) of u" = F(u,t,u) which are
defined for all ¢ € R, and which are asymptotic to the small solution p(u,t) as t = +oo. To
find such solutions we substitute u(t) = v(t) + p(u,t) and obtain the following equation for
v

V" = F(u,t,0(t)), v(£o0) =0, (2.3)

where R
F(p,t,v) = F(p,t,p+v) —p"
= Fy(p+v) — Fo(p) + u{g(t,p+v) — g(t,p)}

with p = p(u,t), and ' = 9/0t. The corresponding potential energy is given by
V(,u,t,v) = /OU F(u,t, w)dw;
it satisfies |V (u,t,v)| < Cv? for small v, and hence the functional
Aul0) = Alv) = [ (Yav' 02 =V (uto(0) ae (24)

is well defined for v € H'(R).

5 See [Mo73, HG84] and the references given there.



2.1. Lemma.  Critical points of A, are exactly the solutions of (2.8), and hence they
correspond to the homoclinic orbits of ®,,, i.e. to the intersections of W; and W.

For small p a critical point of A, is nondegenerate if and only if the corresponding
intersection of W; and W is transverse.

Proof. The first statement holds since (2.3) is the Euler-Lagrange equation for A,,.

Concerning the connection between nondegeneracy and transversality we remark first
of all that the Poincaré-maps ®, and ®,, where the latter is derived from w" = F'(u,t,w),
are conjugate. The conjugation is provided by the translation

T (UO,Ué) = (1}0,’1)(,]) = (UO +p(/~]'70)au6 +pt(lu’7 0)) .

Thus if P € W/ N W/, then 7(P) € Wﬁ n W,j , and W;j and W: intersect transversally at

7(P) iff W and W do so at P. We may therefore consider W[j and Wlf instead of W/
and W.

Let v € H' be a critical point of A,. Then v € C*®, and P = (v(0),0'(0)) is the
corresponding intersection of W:j and Wj . The second derivative of A, at v is given by

dQ.AH(’U) ) (‘PJP) = <L(107 ¢>7

where L : H! — H~! is the differential operator

L =-D?+Q(t); Q(t) =def g—i(u,t,v(t)),

and where (p,¢) = [ ¢y.
When g is small p(u,t) is also small, so it follows from

Fy(p,t,0) = Fy(p(, 1) + ) + pgu(t, p(u, t) +v),
F{(0) > 0, and v(+o00) = 0 that for small p

ltlinjg.lof Q(t) > 0. (2.5)

Hence L is Fredholm with index zero for small u.

Indeed, Ly = —D? + Qo(t) with Qo(t) = F,(u,t,0) is invertible, since inf Qq(t) > 0;
L — Ly is given by multiplication with Q(¢) — Qo(t), which vanishes at ¢ = +o0o and hence
is a compact operator from H! to H'; so L is indeed Fredholm.

By definition the critical point v will be nondegenerate iff L = d?A4,(v) is invertible,
which, due to L’s Fredholmness, will be the case iff L is injective. The nullspace of L consists
of those y € H! which satisfy

y" = Q(t)y. (2.6)

At t = £oo Q(t) is bounded away from zero, so solutions of (2.6) as well as their deriva-
tives either grow or decay exponentially. Hence there are two solutions y(t) of (2.6) with
Y4 (+00) = 0 and y_ (—o0) = 0, respectively.

Since (2.6) is the variational equation of (2.3), the vectors &1 = (y+(0),%/ (0)) and
§- = (y-(0),y_(0)) span the tangent spaces TpW and TpW, respectively.

If the intersection is not transverse, then £_ = A&y, and hence y_ = Ay, ; in this case
y+ not only vanishes at t = 0o, but also at t = —oc. Condition (2.5) implies that bounded
solutions of (2.6) decay exponentially as ¢ — +00, so y4+ belongs to the nullspace of L, and
v is a degenerate fixed point.

Conversely, if v is degenerate, then the y1 are multiples of each other, whence the &1
are also multiples of each other; i.e. the intersection at P is nontransverse.

Q. E. D.



For p = 0 we have a curve ¥ C H'(R) of critical points of A,, consisting of all
translates Uy(t) = U(9 +t),9 € R of U. All these critical points are degenerate, but they
are nondegenerate in the direction transverse to the curve X. Indeed, define

Ej = {v € H'(R) : /Rv(t)Ug'(t)dt = 0} , r=4+1.

Using Uy (+00) = 0 one easily verifies that Uy € Ej. Since Uy’ spans the tangent space to
the curve X, E} intersects ¥ transversally at Uy.

Figure 2 here

The second derivative of Ag = A(0, -) at Uy is given by d?Ao(Us) - (¢,%) = (Agp, 1), where
Ay : H' — H ! is the operator Ay = —D? + F}(Us(2)).

2.2. Lemma. Ay is a Fredholm operator of index zero. Its kernel is spanned by Uy', and
its range is By .

Proof. That Ay is Fredholm follows from the same arguments we used in the previous
lemma.

The kernel of Ay clearly contains Uy’ — just differentiate (2.2) — and by considering the
growth or decay of solutions of y"(t) = F§(Uyg(t))y(t) at t = £oo one finds that the kernel
of Ay can be at most one-dimensional. Hence it must be spanned by Uy'.

It follows that the range of Ay has codimension one, while integration by parts shows
that Ay(H') C E;'. Hence Ag(H') = Ej".

Q. E. D.

2.3. Corollary. Uy is a Morse critical point of Ao|E}.

It follows that the critical point Uy of Ag|E} will persist under small perturbations, so
that we obtain a smooth family of critical points vg,,, € E} which is defined for small y and
JdeR

If A, has a critical point v, near any of the Uy’s then v, = vy, for some ¥ € R, but
the converse is not true: not every vy, is a critical point of A,. To determine which of the
vy,, are critical points we observe that, since vy, is a critical point of A, subject to the
constraint (Uy',v) = 0, we have

dA, (vs,,) = AUy,
where A = A(p, ) is a Lagrange multiplier. This obviously implies:
2.4. Proposition. vy, is a critical point of A, iff AM(u,d) = 0.
Rather than considering A(u, ) we introduce
a(p, 9) = Au(vs,u),

and compute

da Ovy,,
99 <d“4u(”19,u); a0 >

,
= \u,9) <U,9 , gfé“>.
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For p = 0 we have vy , = Uy, and hence b " 2“4 — [Jy', so that we find

S 0) (o)), (4 0),

Ap,9) =
with ' = [, U’(t)?dt > 0. Hence for small p the zeroes of A(y,-) and ag(u, -) coincide.

The functional A(0,v) is invariant under translations of v, i.e. under the substitution
v(t) = v(t +9), so a(0,9) = A(0,Uy) does not depend on . Therefore ay(0,9) = 0, and
ay(p,¥)/p is a well defined smooth function for small y; we have

2

0%a

(0 9)+0("),  (u—0)

The second derivative can be computed directly:

Ze0m- 4 (Bann)
6619 (gA(O Us) + d‘AO(Uﬂ)agZﬂ)
5619 (gA(O Uﬂ)) (since dAg(Ug) = 0)
:__/ g—Z(OJ:Uﬂ(t))dt (by (2.4))
= [ 2.t vaps oy

Using our definition of F' we find that

Z—f(o,t, v) = (Fiv) — F4(0)) a(t) + 9(t,v) — 9(2,0),

where ¢(t) = g—Z(O, t) is obtained by solving
¢"(t) - Fy(0)q(t) = 9(£,0),  q(t+1) = q(t).
This identity implies that
[ s0us = [ @~ BOU) atta
= [ U@ (R (0) - Fi(0) a(tre

from which we get the following formula for a,y

0,000,9) = [ 9(t.UsO)V ()t

This last integral is precisely the Melnikov function. In general we can now easily prove:

6



2.5. Theorem (Melnikov). Assume that the Melnikov function M(9) = a,s(0,9) has a
simple zero at 9 = 9. Then there exists a smooth branch of nondegenerate critical points
Wy, = Uy 9(n) of Ay with wog = Uy, . In particular, for small enough p the stable and unstable
manifolds W3, W have a transverse intersection at P, = (w,(0)+p(,0),w},(0) +p¢(1,0)).

Proof. We have just shown that b(u, ) = as(u,?¥)/p is a smooth function, defined for
small g, with b(0,9) = M(¥). The implicit function theorem provides us with a smooth
branch of zeroes ¥(u) of b(u, ), hence of ay(u,). Defining w, = v, 4, as we did, we get
a branch of critical points.

To show that the w, are nondegenerate we consider the splitting H! = 119( ) @ U, 1’9( u)];
w.r.t. this splitting we can represent the second derivative of A, at w, by

Ao By +0w)  Op) )
O(n) agy(p,9(w)) /-

We have seen that Ay, |E119( ) is invertible; we have also assumed that ¥ is a simple zero

of M, i.e. M'(¥g) # 0; using ags(p,9(u)) = uM'(99) + O(u?) one can then show that
d?A,(w,) is invertible, for small p.

2 a,w,) = (

Q.E.D.

The size of the splitting. In the classical derivation of the Melnikov function one computes
the distance d(u,?) between W and W} in some direction transverse to both invariant
manifolds. The Melnikov function arises as the first coefficient of an expansion of d(u,¥) in
powers of p: d(p,9) = pM() + O(u?).

One can show that d(d, u) = A\(¥9, u) +O(p?) which gives an approximate interpretation
of A(u,). Instead we will now show that one can give an exact measure of the size of the
separation between W and W in terms of a(u, ).

Homoclinic points lie on the stable manifold of O, so they can be ordered linearly by
their position on this invariant manifold. Their position on the unstable manifold defines
another ordering of homoclinic points and these two orderings need not coincide, in general.

Our construction identifies certain homoclinic points with critical points of the function
a(p, -) so that these particular homoclinics have a third ordering.

For small y all three of these orderings coincide. That this is so becomes clear if
one considers the curve 7,(9) = (vu,9(0),v;, 5(0)) with J € R When g = 0 we have
vu,9(0) = Uy(0) = U(D), so that v,(¥) = (U(¥),U’'(¥)) parametrizes the stable and unstable
manifolds of Op. Hence, for small u the curve parametrized by 7, will be C' close to both
the stable and unstable manifolds of O,. Since the three orderings of critical points are
determined by the order in which they occur on the curves v,, W; and W, these orderings
coincide for small pu.

2.6. Proposition. Let P,Q) € WiNW, be two consecutive homoclinic points corresponding

to two consecutive critical points Yp < Yg of a(u,-). Denote the region bounded by the

segments of W and W that connect P and Q by Q (some call such a region a “lobe”).
Then the area of the lobe  is given by

m(Q) = |Au(wp) = Au(wg)| = la(p, Ip) — alp, 9q)|.

This was shown by MacKay, Meiss and Percival®.

Figure 3 here

6 See [MMP84] for a discussion of transport by area preserving maps. Their arguments are easily adapted to

our setting.



The point of this observation was that it allows one to compute “the flux across a
barrier,” where the barrier is formed by the stable and unstable manifolds. More precisely,
choose a homoclinic point P, corresponding to one of the critical points of a(u,-); Let
WP, O,] and WO, P,] be the segments of the two invariant manifolds between O,
and P,; and define ) to be the bounded region these two curve segments enclose. Then the
flux across 912 is by definition

flux(®,, Q) = m (QAD,(Q)) .

(We write AAB = (AN B¢)U(A°N B).) Since one can decompose the difference QA®,,(Q)
into a disjoint union of “lobes” one can actually compute the flux in terms of a(u,-): One
finds that the flux is given by the sum of |a(u,9p) — a(u,¥q)| over all consecutive critical
points ¥p < J¢ in one period interval, i.e. the flux is equal to the total variation of a(y,-)
over T:

fux(B,, ) = [ Jao( 0] .
T

For small p the flux is therefore given by
fux(2,,0) = [ [M()1d + O2).
T

This completes our discussion of separatrix crossing when the perturbations are small and
their period is fixed.

3 Rapidly oscillating perturbations. We turn to equation (1.1), with £ > 0 small. In
this section we will explain exactly what kind of equations and solutions we consider.

It is well known from the theory of averaging” that solutions of (1.1) are approximated
by those of the averaged equation,

u"(t) = Fo(u(t)), (3.1)
where
Fo(u) = /0 1 F(r,u)dr. (3.2)
Indeed, if we define
G(t,u) = t (F(r,u) — Fo(w)) dr,

0

then (1.1) can be rewritten as u” = Fy(u) + G¢(t/e,u), and hence as

dG(t/e, u(t))

—u"(t) + Fo(u) — ¢ ( n

+ Gu(t/a,u(t))u’(t)) =0. (3.3)

We shall regard (3.3) as the central equation in our discussion. This equation is a small
perturbation of the averaged equation (3.1) and it is at least plausible that the deviation of
solutions of (1.1) from those of the averaged equation is of order €, on any bounded time
interval; but to make a more precise statement we must first state our hypotheses.

We assume the autonomous term Fy(u) is as in the previous section (i.e. (2.1) holds, and
the corresponding potential energy is such that (2.2) again has a unique positive solution
U); in addition to this we require Fy to be an entire function of u € C.

7 See [GH, chapter 4].



Concerning G(t,u) we assume it is holomorphic in u, but only bounded measurable in
the time variable. In other words, we assume that G may be written as

oo
Gltyu) = 3 g5t (3.4)
=0
with g; € Loo(T) and lim, o0 ||gn||}i: = 0. We could also say that we require u — G(-,u)
to be an entire function with values in L (T).
Finally, we assume that ¢ — G(t,u) is right—continuous and vanishes at ¢ = 0; i.e.

ltlgll G(t,u) =0 (3.5)

uniformly in », on bounded subsets of C.

Since we do not assume that G is differentiable w.r.t. the time variable, G¢(t/e, u(t))
cannot be defined by simply substituting «(t) in G;. Hence we must define what it means
for a function to be a solution of (1.1).

3.1. Definition. A solution is an absolutely continuous function u(t) which satisfies (3.3)
in the sense of distributions.

The right—continuity of G allows us to integrate (3.3), which leads to

u(t) = ug + tvg + /t(t — 8) {Fo(u(s)) —eGy(s/e,u(s))u'(s)} ds+
0
te / “Gls/eu(s) dss  (3.6)
0

u'(t) = vo + /0 {Fo(u(s)) —eGu(s/e,u(s))u'(s)} ds+
+eG(s/e,u(s)). (3.7)

The second identity shows that the derivative u’ of any solution is bounded, i.e. solutions
are Lipschitz continuous instead of merely absolutely continuous. The same identity also
shows that lim; o u'(t) = u'(0+) exists for any solution u, so that we can speak of the initial
values (u(0),u'(0+)) of a solution.

By applying Picard-iteration and Gronwall’s lemma to the two integral equations one
can show the following.

3.2. Lemma. For anye > 0 and ug,vg € C (8.3) has a solution u(e,ug,vo;t) on a short
enough time interval —T_ (g, ug,v0) < t < T (g, uq, V).

The Ty are lower semi continuous functions of €,uq,vo, the solution u(e,ug,vo;t) de-
pends continuously on € > 0, and is holomorphic in ug, vg.

Thus, if the solution u(t) of the averaged equation u" = Fy(u) with (0) = ug,u'(0) = vg
exists on the closed interval —t_ < ¢ < ¢4, then for small enough € > 0 (3.3) will have a
solution on the same time interval, and u(e; t) — u(t), v'(e;t) = w'(¢) uniformly on [t_,t4].

In terms of the Poincaré-maps ®. this may be stated as

lim (®,/,)" (uo,v0) = W4(uo, vo),

n—oo

where ¥, denotes the flow of the averaged system u' = v,v' = Fy(u).



The two examples. If one assumes G(t,u) does not depend on u, and puts g(t) = G'(t)
then one obtains the forced Duffing equation (1.2). Hence in terms of the first example we
allow periodic forcing terms g(t) which are distributional derivatives of bounded measurable
functions with [} g(t)dt = 0.

To obtain the second example one should choose G(t,u) = Z(t)Fo(u) where

Z({t)=|t| -t=max(n €Z:n <t)—t.

In this case our previous remarks show that the solutions of the difference equation (1.4)
converge to the solution of the ODE u" = Fy(u) — this is ofcourse a well known fact from
numerical mathematics.

4 Separatrix splitting. In computing the splitting of the separatrices for small € we try
to follow the approach of section 2 as closely as possible. The main result we shall find in
this section is:

4.1. Theorem. Assume that U is analytic in |Imt| < po. Then for any p < po there exist
R(p),0(p) > 0 such that the following holds for e[G]r < 6.

1. ®. has a hyperbolic fized point O. near the origin; O. depends analytically on £2.
2. There is a homoclinic point P. € W2 N W} such that

flux(®., Qo,p,) < Cpe~2/°,
where Qo, p, is the domain enclosed by WE[P., O,] and WX[O,, F].
In what follows we will use the following seminorms to measure the size of F’ and G:
[G]r = ess.sup (|G(t,u)| : t € T, |u| < R).

Since F' and G are analytic in the u variable these seminorms also control the derivatives
w.r.t. u € C of F and G. Indeed, Cauchy’s theorem implies that for almost every ¢t € T

k
9G ;)

uk < k![G]R-HJ (41)

if |u| < R.
We shall frequently use this observation in the following form. If we approximate Fj

or G by a Taylor series, then we can estimate the error in terms of the seminorms [Fp] and
[G]. Indeed,
n—1 qop

G(t,u+v) = Z Wf(t,u)fuk + Ry (u,v),
k=0

where

1 -1
L ta=N oG
R, (u,v) =v /0 oD oun (t,u+ ) dA,

so that it follows from (4.1) that

| R (u,0)| < [Gljujgfolaalv]™ (4.2)

Step 1-The hyperbolic fized point. As in section 2 we verify that the hyperbolic fixed point
at the origin persists for small € > 0, when the equation (1.1) is perturbed.

10



4.2. Lemma. There is a 6o > 0 such that (1.1) has an e periodic solution p.(t) = p(e,t/e)
for any €,G with € < o and E[G]z < do- The solution p(e,t) is analytic in £ and may be
written as p(e,t) = )51 Pj (t)e%. The WL (T) norm of the solution p(e,-) is estimated by:

lIp(e, )l < Ce*[Ga.

In terms of the Poincaré map this means that ®. has a fixed point

O: = (p(e,0),p'(s,0)/e)
for 0 < € < min(do, do/[G]2). We postpone the proof of this lemma until section 6.

Step 2-The modified equation. After substituting u(t) = v(t) + p(e,t/e) in (1.1) one gets
the following equation for v: X
V" = F(t/e,v(t)) (4.3)

where F(t,v) = F(t,p(e,t) +v) — e 2p" (e, t).

As long as it causes no confusion we will write p(t) instead of p(e,t) and we will also
suppress the € dependence of F.

The averaged equation is v" = Fy(v), where

Fofw) = [ {Fto+p(0) — 9" (0)}

- / {Fo(v +p(t)) — Gult, 0+ p(£)p' (1)} dt.

The average free part of F' is given by Gy(t,v) where

~

G(t,v) = /0 t {B(ro+p(r) =72 (7) } dr - thy ()

= /Ot {FO(U +p(7)) — ﬁb(v) — Gu(r,v +p(7))p'(7—)} dr+

p'(0) —p'(®)

+ =

+ G(7,p(7) + v).

We also define the modified potentials Vo (v) = I Fy(w)dw.

Equation (4.3) is equivalent to (3.3), with Fy and G replaced by Fp,G. Solutions of
(4.3) are exactly the critical points of

Ac(v) = /R {1/2v'(t)2 —Vo(u(t)) — eé(t/e,v(t))u'(t)} dt.

The modified nonlinearities F' and G are close to F,G when ¢ is small. How close they are
is measured by the following lemma.

4.3. Lemma. Let 6y > 0 be as in lemma 4.1. Then for € < dg,€[G]a < d¢ one has

— Fo(0)] < (1 + [Glayz) [Glas™.
&;p’(t) S C(]. + [G]R+2) [G]282.
|G (t,0)] < c[Glr+

[Vo(v) = Vo(v)] < ¢ (1 + [G]r42) [Glae?
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whenever [v| < R and |w| < 1. Here c is a constant which only depends on R and [Fo|py2.

The first two inequalities are obtained from the definitions of Fy and G and our estimate
in lemma 4.1, i.e. |p| + [p'| < ¢[G]2¢®. The third inequality then follows from the second,
and one obtains the last one by integrating first estimate.

_ One can improve these inequalities a little by observing that we have defined F‘, G and
V so that

Since all these functions are analytic in the u variable this means that

G(t,0)] < c[Glrt2 -

?

v
[Vo(v) = Vo(v)] < ¢ (1 + [G]ry2) [Glag? - ‘}%‘2

for |[v| < R. This has the following implications for the functional A..

4.4. Lemma. Assume again that € < do,e[Gla < &y. Then A, is a holomorphic function
on HY(R,C), which satisfies

A= (v) = Ao(v)] < ¢[Glr+28,
for any v € HY(R,C) with ||v||g» < R. Moreover,
||dk.AE(v) — dkAo(v)” < kle|Gry2e

holds whenever ||v||g: < R—1.

Here and in the following sections we let H" = H"(R,C) stand for the Sobolev space
of complex valued functions with r derivatives in Lo.
Proof. For any v € H*(R) one has ||[v||r.. < |[v||g: so that |[v||g, < R implies ||v||r., <
R.
_ The first part of this lemma now follows by applying our estimates of é(t,v) and
[Vo(v) — Vo(v)] to

A (v) — Ao(v) = / {Vo(w) ~ Vo(w) — eG(t/e, 000’} .

R

The estimate for the derivatives then follows from Cauchy’s formula and the analyticity of

A — Ag.

Step 3-The curve of critical points. As in section 2 the translates of U form a curve of
critical points of Ag. But in the present situation it turns out to be expedient to note that
U(t) is an analytic function defined on a neighborhood of the real axis: Since U(t) is analytic
in Sy, = {t € C: [Imt| < po}, every translate Uy(t) = U(J +t) with & € S,, will also be a
critical point of A4y. The curve ¥ of critical points is therefore a holomorphic curve in the
complex Hilbert space H!(R,C).

We define E3" to be the subspaces of H*! consisting of all w with [y wU,' = 0. The
reader should note that for non-real values of ¥ this space is the Lo—orthogonal complement
of the complex conjugate of Uy’ rather than Uy’ itself. With this definition the spaces Efl
depend holomorphically on 4.

Analogously to lemma 2.2 one now shows

12



4.5. Lemma. Ay = d2A4¢(Uy) : H* — H ! is Fredholm with index zero.
Ay|E} is injective, the range of Ay is Ey 1 its kernel is spanned by Uy'.
Uy is a nondegenerate critical point of A|E}.

The stability of nondegenerate critical points implies that any small perturbation of
Ao|E} will have a nondegenerate critical point near Uy. In particular, A.|E} will have such
a critical point vy . € Ej if £ is small enough.

4.6. Lemma. For any p < po there is a 6 = §(p) > 0 such that A:|E} has a unique
critical point v. 9 € E} with

|ve,8 — Usllar < ¢[G)ry2e

for any 9 € S,. Here R =1+ supyeg, [[Usl|ler, and c is a constant that only depends on p
and [F()]R+2.
The ve 9 are holomorphic in ¥, and e periodic in the sense that v y1c(t) = vo(t+¢).
As H' valued function of ¥ they are also C' close to Ug, with

|

We shall obtain vy, from the Lagrange multiplier equation

3’1)5719 _

!
a9 U?

< ¢[G)ry2e.
H?!

dA: (v) = AUy, (v,Ug"y =0 (4.4)

in section 7.

Once again the vy are not necessarily critical points of A, but any critical point of
A which is close to some Uy must be a v y. At the same time, a v ¢ is a critical point iff
the corresponding Lagrange multiplier \(g, 1), defined by (4.4), vanishes.

Step 5—The function a(e,?¥). Consider a(e,¥) = A:(Uy + we,9). Then a(e, ¥ +¢) = a(e, )
for all 9 € S,,.

Just as in section 2 the critical points of a(e, ) correspond precisely to the homoclinics
of the Poincaré-map. Indeed, for ¢ € S, and €[G]r+2 < d(p) we have

5o (€)= A6, 0) (U9, 2550 ) = X6, 0) (T + OClGlara)), (45)

where T' = [, U'(t + ¥)?dt > 0 does not depend on 9.
Unlike the case of the Melnikov function we cannot expand a(e, ) in powers of . For
the moment we shall be satisfied with an upper estimate for the total variation of a(e, -).
We begin with a crude estimate:

la(e, ¥) — A(Us)| < [Ao(Us + we,9) — Ao(Us)| + |B=(Us + we,9)|

< sup | Ao(2)] - llweol® + c[Glroe
l=l| <R-+2

< ¢[G]Ry26.

Expand a(e,?) in a Fourier series: if
ale,d) = Z an exp(2mind/e),
n

then

1 >
fanl < e 2002 [ a2 i) di
0
< ce[GQpyge 2 Inlo/e.
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Hence for real valued ¥ we get:

2
as(e, D) < T3 nlan] < c[Glryae"/".

n

Define the region Qp,_ p, as at the end of section 2: i.e. let P. be a homoclinic point associated
with a zero of ag(e,-). Such a point certainly exists, since a(e,?) is a periodic function of
¥— simply take a point 4 € R where a(g, ) is maximal, or minimal. Now let Qp, p, be the
bounded region enclosed by W2[P., O.] and WX[O¢, P:]. Then we find that

flux(®., Q) < / lag (e, 9)[dd
0

< c[G]ryoce 2™P/5.

5 Holomorphic Contraction Mapping Lemma. In what follows we shall frequently
use the contraction mapping lemma to obtain solutions of differential equations. Since we
are working with holomorphic maps of Banach spaces the usual contraction mapping lemma
admits a stronger formulation. In practice this stronger version will not allow us to prove
anything we couldn’t do with the usual version, but it does save us a small amount of work:
We no longer have to go through the calculations which show that the maps we consider
are contractions.

5.1. HCM-lemma. Let E be a complex Banach space, and let f : B, — By, be a
holomorphic mapping, where B, = {x € E : ||z|| < p}.

If 6 < /s, then f|Bg, is a contraction, and hence has a unique fized point in By,

If F is another complex Banach space, and f : F x E — E is holomorphic such that
f(Y9,-) maps B, into By, for some 6 < 1/5, 99 € F, then f(¥,-) has a unique fized point
x(¥) € By, for 9 € F close enough to ¥g. This fized point depends holomorphically on 9,
and

ldz(@o)l| < 7—slldo (Do, 2B

1-2

Proof. Use Cauchy’s inequality to estimate the derivative of f on By, in terms of its
sup norm on B,.:

lldf (@)l < %sup UF @ =My =2l < p)
< sw (7 W)ll -y € Br)

<1,

where we chose p = r — ||z||, and used 6 < !/5. Thus f is a contraction on By, which must
have a fixed point.

By the implicit function theorem the fixed point x(1) depends smoothly (i.e. holo-
morphically) on parameters; the estimate for dz(¥y) follows directly after differentiating
z(9) = f(9,%(9)).

Q. E. D.
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5.2. HCM—lemma, special case. If the holomorphic map f : E — E satisfies
1 (@)l < a+bllz]?,
with ab < 1/16, then f has a unique fized point xy with ||z|| < 2a.

The special case follows from the HCM-lemma, after observing that f(Bss) C Biga,
where § = (1 + 16ab) /4 < /5.

6 Proof of lemma 4.1. We define W2 (T) to be the space of all complex valued Lipschitz
continuous functions on T. By Rademacher’s theorem W2 (T) consists of those distributions
on T whose first derivative can be represented by a bounded measurable function. W1 (T)
is a complex Banach space, with norm

£ lwz, =der 1fllzo + 11|20
We define W!(T) to be the space of all distributions f which may be written as
f =g+ M, for certain g,h € Loo(T). With the following norm:

I fllw=1 =det inf (|9l + IBllz. : f=g+1)
WZH(T) is a complex Banach space. One can identify this space as the dual of W (T), the

(o ]
space of absolutely continuous functions on T.

One substitutes u(t) = p(t/e) in (1.1), or (3.3) and finds the following equation for p:
D?p(s) — e*F (s, p(s)) = 0, (6.1)

where the linear operator D? : WL (T) — WZ(T) is given by D?p(s) = p”(s). This
operator is bounded, Fredholm; its kernel consists of all constant functions, its range is
X~ ={qeW ! T): [;g=0}. When restricted to X+ = X~ N WL(T) D? is injective.
We denote its inverse by K : X~ — X, and extend it to an operator K : W (T) - X+ C
WL (T) by defining Ke = 0 for any constant function c.

Write p(s) as p(s) = ¢+ q(s), where c is constant and [} q(s)ds = 0. Then ¢" = p", so
that application of K to (6.1) leads to

g = —’K{Fo(c+q(s)) + Gi(s,c +q(s))} =aer ¢ (c, q)- (6.2)
Here ¢, is a holomorphic map from C x X+ to X*. If |¢| < 1,]|g]| < 1 then ¢. can be
estimated by
llpe (e, q)l| < Ce* (le] + llall + [Gl2) 5
where || - || denotes the W1 (T) norm. Applying the HCM—lemma, it follows that for small
enough € and any |c¢| < 1 there is a unique small solution g, . of ¢ = ¢ (¢, q). This solution
is a holomorphic X t—valued function of ¢ and &, and satisfies

llall < C&* (le| +[Gl2) - (6.3)
The function ¢ + ¢, . will satisfy (6.1) upto a constant. Requiring this constant to vanish

will give us one additional equation, which determines c. To get this equation we integrate
(6.1), and write Fy(u) = F3(0)u + Fy(u)u?. This leads to

-1
= — F 2 — G ! = (c).
= T0) /T {F(p)p* — Gu(s,p)q' } ds =daet ¢=(c)
Here p = ¢ + ¢.,c, and we have replaced G(s,p) by (G(s,p)) — Gu(s,p)p’. Using (6.3) we
get the following estimate for 1.:

[¥(c)| < Clef* + Ce?[G]3,
If £[G]2 is small then we can again apply the HCM-lemma and conclude that . has a fixed
point ¢, with
lee| < CEZ[G]g-

We obtain the desired solution by adding ¢ and ¢: p(e,-) = ¢ + ¢e,c,. That p(e,-) only
contains even powers of € follows from the uniqueness of the solution for fixed &, and from
the fact that the original equation (6.1) does not change if one changes the sign of .
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7 Proof of Lemma 4.5. Consider the Euler-Lagrange equation (4.4). In this equation we
substitute v = Uy + w, we write A (v) = Ag(v) + B (v), and we expand dAg(v) in a Taylor
series around Uy:
dAg(Uy + w) = w' + Foy(Uy +w) — Fy(Uy)
—{ D2+F0 Us(t }’U)-I-Rz(U,g, w)
= Ayw + R2(Us,w)
where R, may be estimated by (4.2), i.e. if |[Uy(t)| < R and |w| < 1, then |R2(Uy(t),w)| <

[Folrtalw].
Thus w = v — Uy satisfies

Ayw + Re(Ug,w) + dB:(Us + w) = \Uy', (w,Uyg") = 0. (7.1)
Let Ty : H~' — H! be the pseudo inverse of Ay; i.e.
To|E;" = (Ag|E}) ™", and TyUs' =0.

The range of Ty is E}. One can compute Ty from the resolvent of Ay via the following
formula?®
-1 &

S —— —A .
Y= omi |C|ZT(C ?) ¢

Here r > 0 should be chosen small enough, so that { — Ay has a bounded inverse for any ¢
with 0 < [¢] <r.
This expression for Ty shows that Ty depends holomorphically on ¢ € S,, and that
for any 0 < p < po
ﬁsug ITollg-1—m = C, < 0.

P

Now we apply Ty to both sides of (7.1) to get
w=—-Ty {RQ(Uﬂ,ﬂ)) + dBE(Uﬁ + w)}
=det ©(€,;w).

Clearly ¢(e,9;-) is a holomorphic map of H' to itself. If |[Uy|| < R — 1 and ||w|| < 1 then

we have
llp(e, % w)|| < [Tyl {|R2(Us, w)||g-1 + [|[dB(Us + w)|| -1}

< Cp {[Fo]rs2llwl|* + c[Glr42e}
< [Gr42t + cllwl?,

where ¢ only depends on p, R and [Fo)g+2. By the HCM-lemma there is a §; > 0 such that
(e, ;) has a unique fixed point w, g with

llwe,oll < c[GlR126 (7.2)

as long as [G)gya2e < d1.
It is clear from the definition of ¢p(e,d,w) that ¢ is holomorphic in ¥, with

6_@ 6T,9 { } . {BRQ(Uﬂ,w)

! 2 !
99 o, Uy +d Bs(Uﬂ + w)Uﬁ } .

Thus
H H < ¢ ([Glrsae + 0l?),

and the HCM-lemma implies that w, ¢ is also holomorphic in ¥, with ||@swe g|| < c[G]ry26.

8 See [Dss8].
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8 The forced Duffing equation. So far we haven’t found an explicit formula for a(e, 9),
for small €. In this section we show how one can do this for the forced Duffing equation

u —u+3/u® = g(t/e), (8.1)
provided g(t) = G'(t), and ||G||r., is small enough:
8.1. Theorem. If g(t) = 6c'°H'(t) where ||H|| € Loo(T) satisfies [, H =0, then

Oa

2 - 2w
— 858,21/ } _ 3 ; _
59 dee { 327°|H, | sin ( z—: ¢> + 0(1)} , (6,6 = 0)

uniformly in ¥ € R, where Hy is the first Fourier coefficient of H(t), and ¢ = arg H,.

If Hy # 0 then, if € and § are small enough, ay has precisely two nondegenerate zeroes
in any period interval, and hence the Poincaré-map P5. has two transverse homoclinic
orbits.

The small solution. Let p(e,7) be the small solution, i.e. p(e,7 + 1) = p(e,7) and p(t) =
p(e, t/e) satisfies (8.1). Since the perturbation G(t,u) = G(t) does not depend on u, all
the seminorms [G]g = ||G||r.., are the same, and p satisfies ||p||r.. < ¢||G||r.. €%, provided
|G|z € < do. To calculate ay for small ¢, it seems that we need to now the first order term
in the expansion of p.

8.2. Lemma. |[]p+&’Kgllwy < Ce'llgllyy =1, where the operator K is as in section 5.

Since [ H = 0, it follows from the way K was defined that (KH' ) = H, so this lemma
implies that
lp' + 62 H||p_ < Cde™. (8.2)

Proof. As in section 6 we write p = ¢+ ¢ with [ ¢ =0 and ¢ a constant. In view of (6.2),
q=—-’K{g+ F(p)},
and the estimate for ||p||y , this implies
lg + *Kgllwy, < Ce*|lglly=1-
For ¢ we have

0=/TF0(c+q)dt:Fo(c)+/T(Fo(c+q)—Fo(C)—Fé(C)Q)dt,

which implies |Fy(c)| < C||g||?, and hence |¢| < Ce?||g||?, .- Adding our estimates for ¢ and

q yields the desired inequality.
Q. E. D.

The modified equation. Put v = v + p. Then u corresponds to a homoclinic orbit iff
V" —v +3/50% 4+ 3p(e, t/e)v =0, v(£o0) = 0. (8.3)

The solutions of (8.3) are precisely the critical points of A. : H* — C, where A. = Ao+ B-,
and

Ao(v) = /R (a0 + Vav? = 1/50%) dt,
B.(v) = - /R 1 yp(e, t/e)o(t)%dt.
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The homoclinic orbit of the unperturbed equation is parametrized by (U (t),U’(t)), where

Ut) = sech2% =- Z (8.4)

4
= (t — (2k + 1)mi)*

We consider the Euler-Lagrange equations dA.(v) = AUy', which upon substitution of
v = Uy + w may be written as

w" — (1= 3Us) w + 3/2w? + 3pUs + 3pw = \Uy'. (8.5)
If Ty again denotes the pseudo inverse of the operator
Ay = —D? + F}(Uy) = —D* + (1 — 3Uy),,
then (8.5) is equivalent with
w = Ty {3pUs + 3pw + 3/ow?} . (8.6)
To analyze this equation we use our complete knowledge of the operator Ay to first give an

asymptotic description for Ty as Imd 1 7, and then use this asymptotics to compute A(g, )
for Im? close to .

The resolvent of Ay. For w € C—[1,00) we denote by /1 — w the square root with positive
real part. If w € C — [1,00) then the equation

—y" + F(U(t)y = wy (8.7)
has two solutions y+ (w,t), with

yr(w,t) =e V1 (1+0(1)),  (t— o0),
y_(w,t) = eV1=9(1 4 (1)), (t & —00).

Both solutions are holomorphic functions of ¢ € C, with |Im¢|] < 7; they also depend
analytically on w. Their Wronskian

is therefore a holomorphic function on C — [1,00); Ag — w is invertible iff W(w) # 0. E.g.
we know that Ay itself is not invertible and, indeed, y4(0,t) = U' ().

It is well known® that if W (w) # 0, then the inverse of Ag — w is an integral operator,
with kernel
y+(wat)y7 (was) (8 8)

K(w;t,s) = W @)

if t > s;if s >t then K(w;t,s) = K(w;s,t).
As yi(w,t +¥9) are solutions of

—y" + Fy(Us(t))y = wy,

the next lemma follows in the same way.

9 E.g. see chapter XIII of [DS88].
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8.3. Lemma. If W(w) # 0 then Ay —w : H* — H~! is invertible for 9 € Sp. Its inverse
is a bounded integral operator on Lo (R,C) with kernel K(w;t+ 9,5+ 10).

One can verify that the operator with kernel K (w;t + 9, s + 1) is bounded on Ly, by

estimating its norm as follows:

1Ay — ) o ro < ess. supteR/ K (@t + 0,5+ 9)|ds.
R

To analyze the kernel K as Imt,Ims get close to m we look at the singular points of the
differential equation which defines y.. By substituting the expansion (8.4) in (8.7) we find
that the points ¢ = (2k + 1)mi are regular singular points for (8.7); a short computation
shows that the charcteristic exponents at the singular points are —3 and +4. It follows that
the solutions y4 of (8.7) satisfy

ly+ (@, )] < Colt® + 72|~

near the two singular points +ms.
Combining this with the exponential growth of y4 (w,t) at t = Foo we get for all t € S,

ly£(w, 8)| < Cy (14 [#? 4+ 72| %) T,

and thus

Co
W (w)|

|K (w;t, s)| < (1482 + 7273) (1 4+ |82 + 72| 73) eHlt=sl,

where k = Rev/1 — w.

The kernel of the pseudo inverse Ty. Recall that Ty is obtained by integrating the resolvent
around a small circle centered at the origin. Hence Ty is also an integral operator with kernel

T +t,9+ s) where
-1 dw
T(t,s) =— K(w;t,s)—
( 78) 27Tl |w|:,r (w’ 78) w ?

and r > 0 should be chosen sufficiently small. Our estimate for K implies

IT(t,s)| < Cr (14t + 72|73 (1 + |5 + w2|73) e~ VI77It=sl (8.9)
for all s,t € S;.
8.4. Lemma. For any o with 0 < Imo < 27/e

C(o)
”Tﬂi—sa”Lm_,Lm < 6—5

Proof. Tt follows from (8.9) that the kernel of T,; ., is dominated by
IT(mi+t—eo,mi+s—eo)| < (1+|t—eo|™®) (1+]s—eo|7?) e 1=rlt=s|,

Hence
C(o)

/ |T(mi+t —eo,mi+ s —eo)|ds < —— (1+ |t —eo|®) <
R €

¢

57

™

from which the lemma follows.
Q. E.D.
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The fized point equation with Im¥ =~ 7. We return to (8.6): let
pe9(w) = Ty {3pUs + 3pw + */ow?} .

Then ¢. 9 : Looc = Lo is a holomorphic map.
For ¥ = i — €0, Imo > 0 we have:

c
lleoll < =5 {3llpll (Tl + ) +*/2llw]”}

IA

c
= Ll 1Tl + 1ol + 2}
c
< = {llglhwar +e* gl o + Il

where we have used that |Ug| < C(c0)e 2, || - || denotes the Lo, norm, and C' is a constant
depending on o.
By the HCM-lemma ¢, g will have a unique small fixed point w, g provided Ce1°(||g||+
etllgll*) < /s, ie. if
llgllwzr < Coe™

for some small enough 6 > 0. This is why we assumed that g = Je'°H’, with H € Lo, and
¢ > 0 sufficiently small.
The fixed point w satisfies ||we || < Cde®.

The functions \(g,9) and ay(e,9). Multiplying (8.5) with Uy’ and integrating results in
1
e, 9) = T / Us' {3pUs + 3pw + %/ow? } dt. (8.10)
R

Since ||p|| < C&?||gllyy -1 < Cée™?, we have

[ v (spo+ 3wty ae < c [ 05101+ ol
R R
< 0% (M +€'9) / |Uy'|dt
R
< C§%e8.
After integarting by parts in the first term of (8.10) we therefore get

3

)‘(5719) = _Z_F Rp

(e, )U(I + eT)?dr + O (6°€%) . (8.11)
By expanding U(t) in a Laurent series around ¢ = i, and using the exponential decay of
U(t),t € Sy as Ret — £00 one obtains

16
et(oc —1)4

C

S 2o Vr e R

‘U(ﬁ +er)? —

Combine this with lemma 8.2, and substitute in (8.11). The result is

—246¢8 H(r
Me9) = = /R e 4 7))4 dr + 0 (810 + 5%°)

From this we shall compute the Fourier expansion of A(g,4). Put

A(&,ﬁ) = Z An(e)e%rz'nﬂ/é‘; H(T) — Z I_irne%rinr_

neEZ neEZ
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Then contour integration shows

H s om
/R( (T)4d7_=_4/37T3izn3Hne2m¢7_
1

o—T)
For n > 1 we then have
1 [® .
An=1 / €2mind/2 ) (= 9) a9
€ Jo

) il
= —e 2" "/E/ Ae, i —eo)do

)

where we have substituted ¢ = i —eo, and we have used the analyticity of A(g, ) to change
the path of integration.

For n > 0 we have \,(¢) = A_,(€), since X is a real valued function for real ¢. The
terms in the Fourier series of A with n = 0,£1 dominate those with|n| > 2, so, writing
Hy = |H,|e, we get:

3 ) X -
e, ¥) = o(e) — 32%5686_2” /e {|H1| sin (? - ¢) +0 (6+62)} . (8.12)

Finally, using
ay = (L' +0o(1)A(e,9), (8.13)

it follows from [ ag(e,¥)d9 = 0 that Ao = o (5586727&/5); combining (8.13) and (8.12) one

then finds the desired expression for ay.
Q.E.D.
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