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1. INTRODUCTION

In this note we present some constructions with generators of analytic semigroups which
are an abstract version of the familiar method of “freezing the coefficients” to prove ellip-
tic estimates for differential operators with continuous coefficients or H¨older-continuous
coefficients. As a side result we obtain an abstract exponential decay result for, say eigen-
functions corresponding to isolated eigenvalues.

After recalling some basic definitions in section 1.1 we first introduce aresolutionof an
operatorA : E1 ! E0 in a Banach couple(E1; E0) (section 2) and then discusslocalized
resolutions,which allow us to formulate an abstract version of the method of “freezing
the coefficients” (section 3). In section 4 we show how all this can be applied to show
that systems of parabolic operatorsA =

P
jjj�m aj(x)D

j generate analytic semigroups
in Lp spaces. In this example the result is certainly not new, but it illustrates the the-
ory and suggests generalizations. In section 5 we show that the matrix elements of the
resolvent of anA 2 Hol(E) with respect to a localized resolution are exponentially de-
caying, provided certain commutators are sufficiently small (In the example of systems of
differential operators onRd this would imply that the integral kernel of the resolvent is
exponentially decaying.) This result immediately implies exponential localization of gen-
eralized eigenvalues corresponding to isolated eigenvalues�0 of finite multiplicity again,
assuming certain commutators are small enough (see section 6). For the example it turns
out one can always choose a localized resolution for which the relevant commutators are
adequately small. This way we find that generalized eigenfunctions (corresponding to iso-
lated eigenvalues with finite multiplicity) of parabolic operatorsA =

P
jjj�m aj(x)D

j

always decay exponentially atx = 1. This fact has an implication for classical solutions
of nonlinear elliptic systems, namely, if an entire solutionu(x) of an elliptic system of
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PDEsF (u;Du; : : : ; Dmu) = 0 is such that the linearized equation atu has� = 0 as
isolated eigenvalue of finite multiplicity, thenlimjxj!1 u(x) exists (section 8).

I have found the theory of analytic semigroups particularly useful to prove short time
existence and regularity results for an ever increasing class of nonlinear diffusion equa-
tions. In the middle 80ies I found the works [1][2][3] particlarly inspiring. The reader can
find much information in [4], (see also [13][5][11][14][12]). There is some overlap be-
tween the theory presented here and the work in volumes I and II of [4]. I hope the reader
will find the different perspective useful.

1.1. Some definitions and facts.A Banach coupleE = (E1; E0) is a pair of Banach
spacesE1 � E0 with E1 densely embedded inE0. An operatorA 2 L(E1; E0) generates
an analytic semigroup if for some! > 0 all ��A : E1 ! E0 with <� > ! are invertible

while sup<�>!




(��A)
�1




L(E0; E1)

<1.

We denote the set ofA 2 L(E1; E0) which generate an analytic semigroup byHol(E).
This set is open inL(E1; E0) , meaning a small perturbation (in theE1 ! E0 operator
norm) of a generator of an analytic semigroup also generates one. Other perturbations
which do not destroy the property of generating an analytic semigroup are addition of a
compact operatorK : E1 ! E0, or an operatorL : E1 ! E0 of zero relative bound
(meaning for all" > 0 there is anC" < 1 such thatkLxkE0

� " kxkE1
+ C" kxkE0

for
anyx 2 E1:)

2. RESOLUTIONS

Consider a Banach coupleE . By definition aresolutionE
�
�! F

"
�! E ofE consists

of another Banach coupleF and two maps of Banach couples� : E ! F and" : F ! E

which satisfy

"� = idE :

A resolution of an operatorA 2 L(E1; E0) is, by definition, an operatorA0 2 L(F1; F0)

whereE
�
�! F

"
�! E is a resolution of the Banach coupleE.

For any resolutionA0 of A we define the commutators

[A; �] = A�� �A0

[A; �] = A0� � �A:

These are bounded operators:[A; �] 2 L(F1; E0) and[A; �] 2 L(E1; F0). In general a
resolution will be quite useless, unless the corresponding commutators are in some sense
small.

We will call the resolutionA0 exact if the commutators[A; �] and [A; �] vanish. If
these commutators are compact operators (fromF1 to E0, orE1 to F0) then we will call
the resolutioncompact. If the commutators are operators with relative bound zero, then
we’ll say the resolution hasrelative bound zero.

Theorem 2.1. LetA 2 L(E1; E0) have a resolutionA0 2 L(F1; F0), and assume that
this resolution is either compact, or of relative bound zero. ThenA0 2 Hol(F ) implies
A 2 Hol(E).
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PROOF. LetA0 2 L(F1; F0) be the given resolution and assume that the resolution is
compact. It follows from�� = idE that

�F = ��

is a bounded projection inF . This projection allows us to splitF as

F = range(�)� kern(�):

The matrix of the linear operatorA0 with respect to this splitting can be written as

A0 =

�
P Q

R S

�

with P 2 L(range(�)1; range(�)0), R 2 L(range(�)1; kern(�)0), etc.

The off diagonal parts ofA0,R andQ, are given by

R = (1� �F )A
0�F = [A0; �F ]�F

Q = �FA
0(1� �F ) = �F [�F ; A

0]

and since

[A0; �F ] = [A0; ��] = [A; �]�+ �[A; �]

the commutator[A0; �F ] is a compact operator. ThereforeR andQ are also compact.
Compact perturbations of anA0 2 Hol(F ) still belong toHol(F ), so that�

P 0
0 S

�
2 Hol(F );

which implies thatP 2 Hol(range(�)). But � is an isomorphism onto its range, with
inverse�, so

�A0� = �P� 2 Hol(E):

Finally,

�A0� �A = �A0� � ��A = �[A; �]

is again a compact operator and we may conclude thatA 2 Hol(E).

If the resolution is not compact but of vanishing relative bound instead, then the same
proof will work. Q.E.D.

Given a resolution ofA 2 L(E1; E0) one can try to express the resolvent ofA in terms
of the resolvent ofA0. Let

R0(�) = (��A0)�1

be the resolvent ofA0, for some� 2 C .

As a first approximation to the resolvent ofA we introduce

S(�) = �R0(�)�:

To measure by how muchS(�) fails to be the resolvent ofA, we consider

T (�) = 1E � (��A)S(�) = [A; �]R0(�)�:
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Formally a right inverse for��A is given by

right-(��A)�1 = S(�)[(� �A)S(�)]�1

= S(�)[1E � T (�)]�1

= S(�)[1E + T (�) + T (�)2 + � � � ]

=

1X
k=1

� �R0(�) f�[A; �]R0(�)g
k
�

= �R0(�)

"
1X
k=1

f�[A; �]R0(�)gk

#
�:

If the infinite series converges in the operator norm then the terms of the series decay at
least exponentially, and the series represents an actual right inverse for� � A. Thus the
series converges if and only if for somek � 1 one has

kf�[A; �]R0(�)gkkL(F0) < 1;

or, what is equivalent, if the spectral radius of�[A; �]R0(�) 2 L(E0) is less than one.

To obtain a left inverse for��A one considers

T̂ (�) = 1E � S(�)(� �A) = ��R0(�)[A; �];

and one tries to sum the series

left-(��A)�1 =

= [1E + T̂ (�) + T̂ (�)2 + � � � ]S(�)

= �

"
1X
k=1

f�R0(�)[A; �]�gk

#
R0(�)�:

Again, a necessary and sufficient condition for summability of the series is that the spec-
trum ofR0(�)[A; �]� as operator onF0 is contained in the open unit disk. We can summa-
rize this as follows.

Theorem 2.2. If A 2 L(E1; E0) has a resolutionA0, and� 2 C lies in the resolvent set
ofA0, then� also belongs to the resolvent set ofA if

rspec(R
0(�)[A; �]�) < 1 and rspec(�[A; �]R

0(�)) < 1:

The resolvent ofA at � is then given by

(� �A)�1 = �R0(�)

"
1X
k=0

f�[A; �]R0(�)gk

#
�(1)

= �

"
1X
k=0

f�R0(�)[A; �]�gk

#
R0(�)�:(2)

3. LOCALIZATION

Let E
�
�! F

�
�! E be a resolution of the Banach coupleE. We will say that the

resolution islocalizedif the Banach coupleF can be written as a direct sum

F = `p �
M
�2A

F (�)
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whereA is a finite or countable index set. More precisely, for each� 2 Awe have a Banach
coupleF (�) for whichF (�)

j is a closed subspace ofFj (j = 0; 1), and eachx 2 Fj can be
written in exactly one way as a norm convergent sum

x =
X
�2A

x(�)

and theFj norm ofx is equivalent to the expression X
�2A

kx(�)kpFj

!1=p

:

Throughout this article all direct sums
L

�2A will be understood to bèp sums in the sense
just explained.

We will say that anx 2 Fi hasfinite supportif x 2 F
(�1)
i

L
: : :
L
F
(�m)
i for a finite

number of�1; : : : ; �m 2 A. We denote the space ofx with finite support byF fin
i . Since

everyx 2 Fi is a norm convergent sum ofx(�)’s the spaceF fin
i is dense inFi.

Given such a direct sum, we define the canonical projectionsp� : F ! F (�) and
inclusionsi� : F (�) ! F by(

p�(x) = x(�) if x =
P

�2A x
(�)

i�(x) = x for all x 2 F
(�)
j (j = 0; 1)

(3)

If T 2 L(Fi; Fj) (i; j = 0; 1) is a bounded operator, then we can consider its associ-

ated matrixfT��g, with T�� 2 L(F
(�)
i ; F

(�)
j ), defined by

T�� = p�T i�:(4)

For operatorsT : E ! E we will also define the “matrix elements”T�� 2 L(F
(�)
i ; F

(�)
j )

by

T�� = p� � T " i�:(5)

The graph of a localized resolution. We can define the matrix of the projection
�F = ��

��� = p� �F i� ;

and we can define a graphG(E; F ), whose vertices are the elements ofA, and in which�
and� are connected if either��� 6= 0 or ��� 6= 0.

We will always assume that the graphG(E; F ) is uniformly locally finite. This means
by definition that

nG
def
= max

�2A
fnumber of edges containing�g(6)

is finite.

Let A 2 L(E1; E0) be given. Then an operatorA0 2 L(F1; F0) will be called a
localized resolutionof A, if

1. The decompositionF =
L

�2A F
(�) isA0 invariant.

2. The operator�A� is dominated by the projection�F , in the sense that(�A�)�� = 0
whenever��� = 0.
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By A0 invariance we mean:

A0(F
(�)
1 ) � F

(�)
0 (8� 2 A):(7)

Lemma 3.1. If A0 2 Hol(F ), then the restrictionA(�) ofA0 toF (�) belongs toHol(F (�)).

Proof. Let� belong to the resolvent set ofA0. Then (7) trivially implies

(��A0)�1(F
(�)
0 ) � F

(�)
1 (8� 2 A):

Indeed, iff� 2 F
(�)
0 then we can writeg = (� � A0)�1f� as g =

P
�2A g�, with

g� 2 F
(�)
1 , and it follows from

(��A0)g =
X
�2A

(��A0)g� = f� 2 F
(�)
0

and the uniqueness of the decomposition ofg into theg� ’s that g� = 0 for all � 6= �.

Henceg 2 F (�)
1 .

Since the norm of the resolvent restricted toF (�)
0 can never be more than its norm on

F0, this shows thatA(�) 2 Hol(F (�)). Q.E.D.

As a converse to this lemma we have the following observation.

Lemma 3.2. Assume that all theA(�)’s belong toHol(F (�)), that an! 2 R exists for
which any� 2 C with <(�) � ! belongs to the resolvent set of all theA(�)’s, and for
which

M = sup
<(�)�!

sup
�2A

k(��A(�))�1k
L(F

(�)
0 ; F

(�)
1 )

<1:

ThenA0 2 Hol(F ).

Indeed, if<(�) � ! then� is in the resolvent set ofA0. The resolvent is given by

(��A0)�1ff�g = f(��A(�))�1f�g

and itsL(F0; F1) norm does not exceedM .

4. AN EXAMPLE

LetE =
�
Wm
p (Rd ; Rn ); Lp(R

d ; Rn )
�

with 1 < p < 1, and consider themth -order
(matrix) differential operator

A =
X
jjj�m

aj(x)D
j 2 L(E1; E0):

Here the coefficientsaj(x) are continuousd�dmatrix valued functions, and the subscript
j is a multiindex. We will show thatA 2 Hol(E), if the aj(x) are uniformly continuous,
and if the principal symbol

Am(x; �)
def
=
X
jjj=m

aj(x)(�i�)
j(8)

satisfies ������(�I �Am(x; �))
�1
������ � c

j�j+ j�j
m(9)
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for all x 2 Rd , all � 2 C d , all � 2 C with <� � c; and some constantc > 0. This is of
course well known, but the proof we give below generalizes to many other situations and
should also motivate the constructions which follow in this section.

Choose a bounded open symmetric neighbourhoodO � Rd of the origin, whose trans-
lates

�
O + � j� 2 Zd

	
coverRd (e.g. a sufficiently large sphere). We then define for any

“scale”r > 0 and� 2 Zd the set

O�; r
def
= fr(�+ x) jx 2 Og(10)

For anyr > 0 theO�; r coverRd . This covering is uniformly locally finite: sinceO is
bounded it contains only a finite numberN of lattice points, and hence anyO�; r intersects
exactlyN otherO�; rs.

Next we construct a suitable partition of unity. Choose0 �  2 C1c (O) so that the
translates byZd of fx j (x) > 0g also coverRd . Define

'�(x)
def
=

 (x� �)qP
�2Zd (x� �)2

and

'�; r(x)
def
= '�(

x

r
):

Then X
�2Zd

'�; r(x � �)2 = 1 (8x 2 Rd ):(11)

We now describe the resolution. The index set will beA = Zd , and for each� 2 Zd

we put

F (�) = (Wm
p (Rd ; Rn ); Lp(R

d ; Rn ))

so that the Banach coupleF is defined by

F = `p �
M
�2A

F (�):

ThusFj (j = 0; 1) is the space of all sequencesff�g�2Zd of functionsf� 2 F
(�)
j for

which the sum

kff�g�2Ak
p
Fj

=
X
�2A

kf�k
p

F
(�)
j

is finite.

We construct the morphismsE
�
! F

�
! E using the partition of unityf'�g. For any

f 2 Ej (j = 0; 1) we define the�th component of�f to be

(�f)� = '�; r(x)f(x);(12)

and for anyff�g�2A 2 Fj (j = 0; 1) we put

(�ff�g)(x) =
X
�2A

'�; r(x)f�(x):(13)
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Observe that this last sum is locally finite and that both� : F
(�)
j ! Ej and� : Ej ! F

(�)
j

are bounded operators. As an example, let us verify that� : F
(�)
1 ! E1 is bounded. Let

f 2 Wm
p (Rd ; Rn ) be given. Then

k�fkpF1 =
X
�2A

k(�f)�k
p

F
(�)
1

=
X
�2A

k'�fk
p
Wm
p ( Rd;Rn)

� c
X
�2A

kfkpWm
p (O�; r)

� NckfkE1:

where, as above,N is the number of lattice points inO. So � : E1 ! F1 is indeed
bounded.

For anyf 2 Fj one has

(��f)(x) =
X
�2A

'�(x)
2f(x) = f(x)

so that�� = 1E, and thereforeE
�
�! F

�
�! E is indeed a localized resolution ofE.

The projection�F = �� acts as follows:

(�F ff�g)�(x) =
X
�2A

'�(x)'�(x)f�(x);

from which one can see what the graphG(E; F ) is: the vertices are the lattice points
� 2 A, and�; � 2 A are connected if and only if� � � 2 O. In particular this graph is
uniformly locally finite, and we havenG = N .

Interpretation of the matrix coefficients T�� = p��T"i� of an operator T : E1 !
E0. It is evident that for anyf 2 E1 one has

T��(f) = '�;rT ('�;rf)(14)

so thatT��(f) more or less represents the component inO�;r of the image underT of the
component inO�;r of f .

Next, we introduce an operatorA0 2 L(F1; F0) by saying how it acts on eachF (�)
1 :�

A(�)f�

�
(x) =

X
jjj�m

a
(�)
j (x)Djf�(x) (8x 2 R)

for any f� 2 F
(�)
1 . The coefficientsa(�)j (x) coincide with the coefficientsaj(x) of the

original operatorA on the support of'�: Outside of these supports thea(�)j (x) are contin-
uous extensions of theaj(x) for which

osc
x2Rd

a
(�)
j (x) = osc

x2spt'�
a
(�)
j (x)(15)

holds.1

1For vector valued functionsf one should definedosc f to be the smallestr > 0 such that the range off is
contained in a ball of radiusr=2.
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The operatorA0 defined byA0 ff�g =
�
A(�)f�

	
is a resolution ofA. Observe that

the�th component ofA0, i.e. A(�), coincides withA on the support of'�, but is chosen
arbitrarily outside of this set.

In order to see how good the resolutionA0 is, we will compute the commutators[A; �]
and[A; �]. It turns out that these commutators do not depend on what theA(�)’s do outside
of the support of'�. This gives us the freedom to chooseA(�) any way we like on the
complement of the support of'�. The particular choice which we have made ensures that
the coefficientsa(�)j (x) of A(�) do not oscillate more than theaj(x) do onO�; r.

In general the commutator of a differential operator with a multiplication operator is
another differential operator oflower order. The point of the following computations is to
show that[A; �] and[A; �] are made up of differential operators of orderm� 1.

If ff�g 2 F1, then

[A; �] � ff�g = A

(X
�2A

'�;rf�

)
�
X
�2A

'�;rA
(�) ff�g

=
X
jjj�m

X
�2A

aj(x)[D
j ; '�; r]f�

=
X
�2A

aj(x)
X
jjj�m

X
0<k�j


j;kD
k ('�; r)D

j�k (f�)

=
X
jjj�m

X
0<k�j

X
�2A

b
(�)
j;k (x)

Dj�k (f�)

rjkj
(16)

where the
j;k are fixed integers which appear as coefficients when one expands the com-
mutator[Dj ; '�; r], and where

b
(�)
j;k (x) = aj(x) 
j;k

�
Dk'

��x� �

r

�
:(17)

The coefficientsb(�)j;k (x) are uniformly bounded, i.e. there is a constantM <1 such that

���b(�)j;k (x)
��� < M

for all x 2 R
d and all multiindices0 < k � j, and the support ofb(�)j;k (x) is contained

in O�; r. Consequently the operator[A; �] is bounded from
L

�2AW
m�1
p (Rd ;Rn ) to

Lp(R
d ;Rn ), and therefore[A; �], by the interpolation inequality

kukWm�1
p

� C kuk
1�1=m
Wm
p

kuk
1=m
Lp

(18)

is an operator of zero relative bound fromF1 toE0.



10 SIGURD ANGENENT

As for [A; �], we compute that forf 2 E1 one has

([A; �] � f)� = A(�)('�(x)f(x)) � '�(x)Af(x)

=
X
jjj=m

aj(x)
�
Dj ; '�; r

�
f

=
X
jjj=m

X
0<k�j


j;kD
k ('�; r)D

j�k (f)

=
X
jjj=m

X
0<k�j

b
(�)
j;k (x)

Dj�k (f)

rk

Again the coefficientsb(�)j;k (x) are uniformly bounded, from which one deduces that[A; �]

is a bounded operator fromWm�1
p (Rd ;Rn ) to

L
�2A Lp(R

d ;Rn ). The interpolation in-
equality (18) implies that[A; �] : E1 ! F0 has zero relative bound.

SoA0 is a resolution ofA with vanishing relative bound, and if we can show thatA0 2
Hol(F ), then we have also shown thatA 2 Hol(E).

In order to verify thatA0 2 Hol(F ) we consider eachA(�) separately, with the intention

of using lemma (3.2). By assumption the coefficientsa
(�)
j (x) are almost constant if one

chooses the scaler > 0 small enough. Thus, given any�0 > 0 one can chooser > 0 so
small that constantd� d matrices�a(�)j exist for which���a(�)j (x) � �a

(�)
j

��� � �0; 8x 2 R
d(19)

holds for all� 2 A. So theA(�)’s are uniformly small perturbations of the constant
coefficient operators

A
(�)
0 =

X
jjj�m

�a
(�)
j Dj ;

all of which belong toHol(F (�)). The resolvent ofA(�)
0 is given by convolution with

F�1

8><
>:
0
@�� X

jjj�m

�a
(�)
j (�i�)

j

1
A
�1
9>=
>;

whereF denotes the Fourier transform. An appropriate multiplier theorem then provides
us with a constantM <1 such that

k(��A
(�)
0 )�1k

L(F
(�)
0 ; F

(�)
1 )

�M

whenever<(�) � ! for some fixed! > 0. Therefore if the size�0 of the perturbation
A(�) � A

(�)
0 is small enough, theA(�) will satisfy the same estimate with2M instead of

M . By lemma (3.2) this implies thatA0 2 Hol(F ), and thusA 2 Hol(E).

5. EXPONENTIAL DECAY OF THE RESOLVENT

Consider a localized resolutionE
�
�! F

"
�! E, A0 2 Hol(F ), of A 2 Hol(E) and

assume that for some� in the resolvent set ofA0 one has

k�[A; �]R0(�)kL(F0; F1) � # and kR0(�)[�; A]�kL(F0; F1) � #(20)

for some# < 1. By Theorem 2.2� belongs to the resolvent set ofA, and the resolvent is
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given by (1) or (2). One can write (2) as

(��A)�1 = �R0(�)
�
1 +D +D2 + : : :+Dk + : : :

�
�

where

D = �[A; �]R0(�)

Using this expression we will estimate the matrix elements of(��A)
�1, as defined in

(5), i.e.n
(��A)�1

o
��

= p�� (��A)�1 "i�

= p���R
0(�)

�
1 +D +D2 + : : :+Dk + : : :

�
�"i�

= p��FR
0(�)

�
1 +D +D2 + : : :+Dk + : : :

�
�F i�(21)

To begin we consider the operatorD : F0 ! F0 and estimate the matrix elements of
its powersDk, k = 1; 2, : : : Recall that these matrix elements are defined as in (4), i.e.
D�� = p�D i�, etc. For the matrix elements ofDk we then have�

Dk
�
��

=
X
�1

: : :
X
�k

D��1D�1�2 : : : D�k�(22)

Lemma 5.1. The operatorD is dominated by the projection�F , i.e. D�� 6= 0 only if �
and� are adjacent in the graphG.

The only nonzero terms in the sum (22) are those for which the graphG contains a path
of lengthk + 1 from� to �:

Proof. The resolventR0(�) of the resolutionA0 is local, so we must show that�[A; �] is
dominated by the projection�F . This follows from�[A; "] = �A"�A0�" = �A"�A0�F :
The first term in this expression is by assumption dominated by�F , while the second is
also dominated by�F sinceA0 is local.

If D��1D�1�2 : : :D�k� 6= 0 then� is adjacent to�1, �1 is adjacent to�2, etc, so
f�; �1; : : : ; �k; �g is a path of lengthk + 1 from� to �. Q.E.D.

Continuing the computation in (21) we find that the�� element of the resolvent(��A)
�1

is given byn
(��A)

�1
o
��

=
X

���1R
0(�)D�1�2D�2�3 : : :D�k�k+1

��k+1�(23)

where the summation runs over all paths� ! �1 ! : : : ! �k+1 ! � of lengthk + 2 at
least 2.

Theorem 5.2. If we assume that#nG < 1
2 then the operator norm fromF (�)

0 to F (�)
1

of
n
(��A)

�1
o
��

is bounded byC (#nG)
�2
kR0(�)k

L(F0; F1)
exp (�c d(�; �)) where

c = � ln#nG.

Proof. Each term in (23) has norm at most

k�k
2
L(F ) kR

0(�)k
L(F0; F1)

#k:

The number of such terms is the number of paths of lengthk + 2 from� to �. Since each
vertex in the graphG is connected to at mostnG other vertices (including itself) there at
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mostnk+2
G

paths emanating from�. On the other hand, by definition there are no paths
from� to � of length less thand(�; �) so we can estimate the sum (23) by



n(��A)

�1
o
��






L(F

(�)
0 ; F

(�)
1 )

�
X

k+2�d(�;�); k�0

C kR0(�)k
L(F0; F1)

#knk+2
G

� C 0 kR0(�)k
L(F0; F1)

(#nG)
d(�;�)�2

1� #nG

�
2C 0

(#nG)
2 kR

0(�)k
L(F0; F1)

exp(�cd(�; �))

= C(�; A0; #nG) exp (�c d(�; �))

wherec = � ln#nG, as promised. Q.E.D.

6. EXPONENTIAL DECAY OF EIGENFUNCTIONS

Theorem 6.1. Let �0 be an isolated eigenvalue with finite multilpicity ofA 2 Hol(E).
Assume there exists a localized resolutionA0 of A and a smooth closed curve� � C

contained in the resolvent set ofA0, such that�0 is the only point in the spectrum ofA
lying inside of�. Keeping the same notation as in the previous section we assume that for
some# with #nG � 1

2 the estimate (20) holds for all� 2 �.

Then any generalized eigenfunctionv 2 E1 ofA corresponding to the eigenvalue�0 is
exponentially localized, i.e. for some�1 2 A one has


(�v)�




F0
� C exp(�cd(�; �1)):

Proof. The hypotheses imlpy that� also lies in the resolvent set ofA .

Corresponding to any closed curve in the resolvent set of an operatorA one can define
the spectral projectionP� by a Dunford integral

P�
def
=

I
�

(��A)�1
d�

2�i
:(24)

If � encloses one and only one eigenvalue�0 of A thenP� is the projection on the gener-
alized eigenspace corresponding to�0. The matrix elements with respect to the localized

resolutionE
�
�!

L
�2A F

(�) "
�! E are then given by

(P�)��
def
=

I
�

n
(��A)

�1
o
��

d�

2�i
(25)

By theorem 5.2 we can estimate this operator by


(P�)��


 � C j�j (#nG)
�2 sup

�2�
kR0(�)k

L(F0; F1)
exp (�c d(�; �))

= C(�; A0; #nG) exp (�c d(�; �))(26)

with c = � ln#nG.

Assume now that� encloses one and only one eigenvalue�0 ofA; and thatP� has finite
rankN (so�0 is an eigenvalue of finite multiplicity). Since the spaceF fin

1 of x 2 F0 with
finite support is dense inF0 there arex1; : : : ; xN 2 F fin

0 such thatP�x1; : : : ; P�xN span
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the range ofP�. If the xk are contained inF (�1)
0

L
: : :
L

F
(�m)
0 then (26) implies that

the components ofvk = P�xk decay exponentially:


(vk)�



F1
� C

mX
i=1

e�cd(�i;�) � C 0e�cd(�1;�)(27)

(we have used the triangle inequality:d(�i; �) � d(�1; �) + d(�i; �1).)

The same estimate applies to any generalized eigenfunctionv = C1v1 + : : :+Cmvm.
Q.E.D.

7. EXPONENTIAL DECAY IN THE EXAMPLE

We return to the example in section 4. In this section we choose a slightly differ-
ent resolutionA0 =

L
A(�), namely we set allA(�) equal to the same operatorA =P

jjj�m aj(x)D
j . Thus the coefficientsa(�)j (x) coincide with the coefficientsaj(x) of A,

and the computation (16) implies that the��-matrix element of�[A; �] is given by

(�[A; �])�� =
X
jjj�m

X
0<k�j

'�;r(x)
b
(�)
j;k (x)

rjkj
�Dj�k:(28)

Since theb(�)j;k (x) and'�;r(x) are uniformly bounded inL1
�
Rd
�

(i.e. independently of

r > 0) (�[A; �])�� is a bounded operator fromWm�1
p (Rd ;Rn ) toLp(Rd ;Rn ). Assuming

thatr � 1 the terms with the largest norm in (28) are those for whichjkj = 1, so that we
get the following estimate for the operator norm of(�[A; �])��


(�[A; �])��




L(Wm�1
p (Rd;Rn);Lp(Rd; Rn))

�
C

r
for r � 1(29)

For smallr the terms withjkj = jjj = m dominate, and one gets


(�[A; �])��



L(Wm�1

p (Rd;Rn);Lp(Rd; Rn))
�

C

rm
for 0 < r � 1(30)

Composing(�[A; �])�� from the left or right withR0(�) and keeping in mind that the

action ofR0(�) onF (�) or F (�) is the same as that ofR(�) = (��A)
�1, we find that

(20) is satisfied provided one takes# = C
r kR(�)k

L(Lp(Rd;Rn);Wm
p (Rd;Rn)) .

Theorem 7.1. Let�0 be an isolated eigenvalue with finite multiplicity of the operatorA of
section 4. Then any generalized eigenfunctionv(x) 2 Wm

p (Rd ;Rn ) ofA is exponentially
decaying at1, i.e. for certain constantsc; C <1 one has

jv(x)j � Ce�cjxj(31)

Proof. Choose a closed contour� around�0, e.g. one could let� be a sufficiently small
circle centered at�0 . Then the resolventsR(�) are uniformly bounded fromLp to Wm

p

for all � 2 �, and by (29) the condition (20) holds with# = C
r , wheresup�2� kR(�)k

is incorporated into the constantC: If one choosesr large enough, then theorem 6.1 ap-
plies, and gives us exponential decay fork'�;r(x)v(x)kLp . Since thev(x) are generalized
eigenfunctions of an elliptic operator with continuous coefficients one can easily translate
theLp estimates into pointwise estimates and thus obtain the pointwise exponential decay
claimed in (31). Q.E.D.
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So far we have not really exploited the fact that(�[A; �])�� is a differential operator of
order less thanm. Choose an! 2 R+ such that��A is invertible withkR(�)k

L(Lp;Wm
p ) �

C for all � 2 C with <� > !. Then we also havekR(�)k
L(Lp;Lp)

� C
j�j for all � with

<� � !. Interpolation betweenWm
p andLp then implies that



Dj�k �R(�)



L(Lp;Lp)

� C j�j�1+
jjj�jkj

m :(32)

Combine this with (28) and you get the following estimate for theLp ! Lp norm of the
operator(�[A; �]R(�))��




(�[A; �]R0(�))��



L(Lp;Lp)

�
X
jjj�m

X
0<k�j






'�;r(x)b
(�)
j;k (x)

rjkj
�Dj�k �R(�)







� C

X
jjj�m

X
0<k�j

r�jkj j�j�1+
jjj�jkj

m

� C
X
jjj�m

X
0<k�j

�
r j�j

1=m
��jkj

�
C

r j�j1=m
(33)

assuming thatr j�j1=m � 1. Since�[A; �]R0(�) is dominated by the projection�F we also
get

k�[A; �]R0(�)k
L(F0)

�
nGC

r j�j
1=m

:(34)

Hence ifr j�j1=m is sufficiently large and if<� � !, then the resolventR(�) is given by
(1) and its matrix elements are given by (23 ). Withr = 2C

nGj�j
1=m we get#nG = 1

2 so that

theorem 5.2 implies



�(��A)
�1
�
��






L(E0;E1)

� C (#nG)
�2
kR0(�)k

L(F0; F1)
exp (�c d(�; �))(35)

� C 0 exp (�cd(�; �)) :(36)

Refering to the interpretation of the matrix element given in (14) we see that the size
of (��A)

�1
f in O�;r wheref is a function which is localized inO�;r is at most

C 0e�cd(�;�) kfk. The proper measurement of the exponentiale�cd(�;�) is in terms of the
distance between the setsO�;r andO�;r, rather than between the indices�; � 2 A =Zd.
The distance betweenO�;r andO�;r is proportional tor j�� �j, and the graph distance
d (�; �) is also roughly proportional toj�� �j. Hence we get the following estimate



�(��A)

�1
�
��






L(E0;E1)

� C 0 exp
�
�c j�j

1=m
jx� � x� j

�
(37)

for all � with <� � !. (We have writtenx� = r� for the centre ofO�;r.) Using elliptic
interior estimates for the equation�u�Au = f one can show that the resolvent(��A)

�1

has an integral kernelK(�;x; y) which is bounded by

jK(�;x; y)j � C 0 exp
�
�c j�j

1=m
jx� yj

�
for jx� yj � C j�j

�1=m(38)
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8. APPLICATION TO “FREDHOLM SOLUTIONS” OF NONLINEAR ELLIPTIC SYSTEMS

When studying solutions of systems of nonlinear elliptic PDE from the point of view of
bifurcation theory (as in [7, 8]) it is of interest to consider the linearized equation. Theo-
rems from bifurcation theory will in general only be applicable if the linearized operator is
a Fredholm operator. The following theorem shows that a slightly stronger condition will
not hold for most bounded entire solutions of elliptic PDEs.

Theorem 8.1. Letu 2 BUC2(Rd ; Rn ) be a solution of the nonlinear PDE

F (u;Du;D2u; : : : ; Dmu) = 0(39)

whereF is aC1 function of its arguments, and assume that the linearized operator

A
def
=
X
jjj�m

aj(x)D
j ; aj(x)

def
=

@F

@ (Dju)
(u(x); : : : ; Dmu(x))(40)

is uniformly elliptic. If� = 0 does not belong to the essential spectrum of the operator
A :Wm

p (Rd ; Rn )! Lp(R
d ; Rn ) thenlimjxj!1 u(x) exists. (In cased = 1 the limits at

+1 and�1 may be different.)

Proof. By differentiating the equation (39) with respect toxk, one finds that@ku is an
eigenfunction ofA with eigenvalue 0. Hence by theorem 7.1 all derivatives@ku decay
exponentially asjxj ! 1 . By integrating the gradient along circles centered at the origin
one sees that the oscillation ofu(x) on the sphere of radiusr decays exponentially as
r ! 1 (at least ifd � 2; otherwise such circles do not exist.) By integrating along rays
one sees thatu(x) actually tends to a constant. Q.E.D.
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[11] CLÉMENT, PH., H.J.A.M.HEIJMANS,ET. AL .,One Parameter Semigroups, CWI Monographs #5, North

Holland, Amsterdam, 1987.
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