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1. INTRODUCTION

In this note we present some constructions with generators of analytic semigroups which
are an abstract version of the familiar method of “freezing the coefficients” to prove ellip-
tic estimates for differential operators with continuous coefficients @dét-continuous
coefficients. As a side result we obtain an abstract exponential decay result for, say eigen-
functions corresponding to isolated eigenvalues.

After recalling some basic definitions in section 1.1 we first introduesalutionof an
operatord : E; — Ej in a Banach coupléE,, Ey) (section 2) and then discukscalized
resolutions,which allow us to formulate an abstract version of the method of “freezing
the coefficients” (section 3). In section 4 we show how all this can be applied to show
that systems of parabolic operatots= Emgm aj(z)D’ generate analytic semigroups
in L? spaces. In this example the result is certainly not new, but it illustrates the the-
ory and suggests generalizations. In section 5 we show that the matrix elements of the
resolvent of and € Hol(E) with respect to a localized resolution are exponentially de-
caying, provided certain commutators are sufficiently small (In the example of systems of
differential operators of? this would imply that the integral kernel of the resolvent is
exponentially decaying.) This result immediately implies exponential localization of gen-
eralized eigenvalues corresponding to isolated eigenvalues finite multiplicity again,
assuming certain commutators are small enough (see section 6). For the example it turns
out one can always choose a localized resolution for which the relevant commutators are
adequately small. This way we find that generalized eigenfunctions (corresponding to iso-
lated eigenvalues with finite multiplicity) of parabolic operaters= E|j|Sm aj(z) DI
always decay exponentially at= co. This fact has an implication for classical solutions
of nonlinear elliptic systems, namely, if an entire solutigf:) of an elliptic system of
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PDEsF(u,Du,...,D™u) = 0 is such that the linearized equationiahas\ = 0 as
isolated eigenvalue of finite multiplicity, théim ,|_, ., u(z) exists (section 8).

| have found the theory of analytic semigroups particularly useful to prove short time
existence and regularity results for an ever increasing class of nonlinear diffusion equa-
tions. In the middle 80ies | found the works [1][2][3] particlarly inspiring. The reader can
find much information in [4], (see also [13][5][11][14][12]). There is some overlap be-
tween the theory presented here and the work in volumes | and Il of [4]. | hope the reader
will find the different perspective useful.

1.1. Some definitions and facts.A Banach coupleZ = (E, Ey) is a pair of Banach
spaced; C Ey with E; densely embedded iBy. An operatotd € £(E,, Ey) generates
an analytic semigroup if forsome > 0 all A\ — A : E; — Ey with ®\ > w are invertible
(A—4)"

< 00.

. 1

while supg ., HE(EO, o)
We denote the set of € £(E;, Ey) which generate an analytic semigroupiyl (E).

This set is open it (E;, Ey) , meaning a small perturbation (in t# — E, operator

norm) of a generator of an analytic semigroup also generates one. Other perturbations

which do not destroy the property of generating an analytic semigroup are addition of a

compact operatoK : E; — Ey, or an operatol. : E; — E, of zero relative bound

(meaning for alk > 0 there is arC. < oo such that|Lz||; < e ||zl + C: ||zl g, for

anyz € E;.)

2. RESOLUTIONS

Consider a Banach couple. By definition aresolutionE 2y F %4 E of E consists
of another Banach coupl€ and two maps of Banach couplés £F — Fande : F — E
which satisfy

ed = ZdE

A resolution of an operatad € £(E,, Ey) is, by definition, an operatot’ € £(Fy, Fp)
whereE -2 F -%5 E is a resolution of the Banach coupte
For any resolutiom’ of A we define the commutators
[A,e] = Ae—€A
[4,8] = A'§-0A.
These are bounded operatofd; €] € £(F1, Ep) and[A4, §] € £(E,, Fp). In general a

resolution will be quite useless, unless the corresponding commutators are in some sense
small.

We will call the resolutiond’ exactif the commutatorgA, €] and[4, §] vanish. If
these commutators are compact operators (ffgnto Ey, or E; to Fy) then we will call
the resolutiorcompact If the commutators are operators with relative bound zero, then
we’ll say the resolution haglative bound zero

Theorem 2.1. Let A € £(FE;, Ey) have a resolutiod’ € £(Fy, Fp), and assume that
this resolution is either compact, or of relative bound zero. THére Hol(F') implies
A € Hol(E).
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PROOF Let A’ € £(F}, Fp) be the given resolution and assume that the resolution is
compact. It follows fromeé = idg that

Tp = 0€
is a bounded projection if'. This projection allows us to splif as
F =rangéd) & kern(e).

The matrix of the linear operatat’ with respect to this splitting can be written as

(5 9)
with P € £(range(d)1, range(d)o), R € L(range(d)1, kern(e)o), etc.
The off diagonal parts ofi’, R and@, are given by
R=(1—-np)A'rp =[A", mp)nF
Q=rpA'(1—7p) =np[rp, A']
and since
[A", mp] = [A', d¢] = [A, d)e + d[A, €]

the commutatofA’, 7r| is a compact operator. Therefofeand @ are also compact.
Compact perturbations of aff € Hol(F) still belong toHol(F'), so that

< v > ¢ Hol(F),

which implies thatP € Hol(range(d)). Butd is an isomorphism onto its range, with
inversee, so

€A'd = eP§ € Hol(E).
Finally,
€A'd — A=€A'd —edA = €[A, 0]
is again a compact operator and we may concludedhatHol(E).

If the resolution is not compact but of vanishing relative bound instead, then the same
proof will work. Q.E.D.

Given aresolution ofi € £(E;, Ey) one can try to express the resolventdoin terms
of the resolvent ofd’. Let

R'(\)=(\-A4)"
be the resolvent oft’, for some\ € C.
As a first approximation to the resolvent.dfwe introduce
S(A\) = eR'(N\)d.
To measure by how muci(\) fails to be the resolvent of, we consider
T\ =1 — (A= A)S(\) =[4, €]R' ()\)d.



4 SIGURD ANGENENT

Formally a right inverse fok — A is given by

right-(A — A)~' = S\ [(A — A)SN)] !
SMe —TMN]™
SN[e+TAN) +TN)?+ -]

oo

= Zﬁ o R'(\) {3[4, R'(V)} 6

Z{s , €|R' (A ] 6.

If the infinite series converges in the operator norm then the terms of the series decay at
least exponentially, and the series represents an actual right inverse-fot. Thus the
series converges if and only if for sorke> 1 one has

04, R (M)} lle(m) < 1,
or, what is equivalent, if the spectral radiusiofl, €| R'(\) € £(E)) is less than one.

eR'(\

To obtain a left inverse fok — A one considers
T(\) =15 — S\ (A — A) = —eR'(MN)[A, 4],
and one tries to sum the series
left-(A — A)~! =
= [+TON+TMN?+---1S(\)

e |D {-R'WI[A, dle}*| R'(M)s.
k=1

Again, a necessary and sufficient condition for summability of the series is that the spec-
trum of R'(\)[A, d]e as operator oty is contained in the open unit disk. We can summa-
rize this as follows.

Theorem 2.2.If A € £(E,, Ep) has a resolutiomd’, and A € C lies in the resolvent set
of A’, then) also belongs to the resolvent set4ff

Tspec(R'(N)[A4, dle) <1 and rge.(d[A, R (V) < 1.
The resolvent ofi at \ is then given by

(1) (A=A = eR'()

2{5

Z{ R'(MN)[A, d]e}*

2) = R'(\)4.

3. LOCALIZATION

Let E 25 F - E be a resolution of the Banach cougie We will say that the
resolution idocalizedif the Banach couplé’ can be written as a direct sum

F=t,-PF

acd



Analytic Semigroups and Exponential Decay 5

where2( is a finite or countable index set. More precisely, for each 2l we have a Banach

coupleF(® for which Fj(“) is a closed subspace 6§ (j = 0, 1), and eachr € F; can be
written in exactly one way as a norm convergent sum

r= 3
ac
and theF; norm ofz is equivalent to the expression

1/p
(Z ||x<a>||%,.> -

ac
Throughoutthis article all direct sungp , ., Will be understood to bé, sums in the sense
just explained.

We will say that anr € F; hasfinite supportif z € FZ.(D“) D... @Fi(“’") for a finite
number ofay, ..., a, € 2. We denote the space ofwith finite support byFf". Since
everyz € Fj is a norm convergent sum of®)’s the spaceM is dense inf;.

Given such a direct sum, we define the canonical projectigns ¥ — F(® and
inclusionsi,, : F(® — F by

{ Pa(z) =2 if o =3, cq 2

®) io(x) =2z forallz € Fj(a) (1=0,1)

If T € &(F;, F;) (i, § = 0,1) is a bounded operator, then we can consider its associ-
ated matrix{T,, 5}, with T s € £(F,”, F\*)), defined by
(4) Taﬁ = paTig.
For operatord” : E — E we will also define the "matrix element§7, 5 € S(Fi(ﬁ), Fj(o‘))
by
(5) Tap =padTcia.

The graph of a localized resolution. We can define the matrix of the projection
Tp = d€

TaB = PaTF iﬁ:

and we can define a gragh( E, F'), whose vertices are the elementfifand in whicha
andg are connected if either,g # 0 or 7z, # 0.

We will always assume that the gragt{ £, F') is uniformly locally finite This means
by definition that

(6) ne def m&’f{n“mber of edges containing
is finite.

Let A € £(Ei, Ey) be given. Then an operatet’ € £(F, Fp) will be called a
localized resolutiorof A, if

1. The decompositiof = @, .o F@ is A’ invariant.
2. The operatof Ae is dominated by the projectiory, in the sense thgt Ae),3 = 0
wheneverr,g = 0.
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By A’ invariance we mean:;
©) A(FY c B (Vo e ).
Lemma 3.1. If A’ € Hol(F), then the restrictiomd(®) of A’ to F(®) belongs taH ol (F(*)).

Proof. Let) belong to the resolvent set df. Then (7) trivially implies
A=A)"YEF) c B (Yo e ).

Indeed, if f, € Fé"‘) then we can writey = (A — A")~!f, asg = Eﬁem g, with
9p € Fl(ﬁ), and it follows from
(A=A)g =D (A= A)gs = fa € Iy
BeA

and the uniqueness of the decompositiory afito the gg's thatgs = 0 for all 5 # «a.
Henceg € F().

Since the norm of the resolvent restrictedﬂb”) can never be more than its norm on
Fp, this shows thati(®) ¢ Hol(F(®)). Q.E.D.

As a converse to this lemma we have the following observation.
Lemma 3.2. Assume that all thel(®)’s belong toHol(F(®)), that anw € R exists for

which anyA € C with ®(\) > w belongs to the resolvent set of all tag*)’s, and for
which

M = sup supl|/(A—A®)
RO >w ac

_1||£(F0(a)yF1(a)) < 00.

ThenA' € Hol(F).

Indeed, ifR(\) > wthenX is in the resolvent set od’. The resolvent is given by

(A =A)"Hfad = {(A =AW o}

and its€(Fp, Fy) norm does not exceed .

4. AN EXAMPLE

Let E = (W (R?; R"), L,(R; R")) with 1 < p < o0, and consider the:" -order
(matrix) differential operator

A=Y aj(x)D’ € £(By, Eo).
[71<m

Here the coefficients; («) are continuoud x d matrix valued functions, and the subscript
j is a multiindex. We will show thatl € Hol(E), if the a;(z) are uniformly continuous,
and if the principal symbol

8) Am(@,6) B3 aj(a)(~ig)?
[7]=m
satisfies
-1 Cc
9) H(AI— Am(maf)) H < W
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forallz € R?, all¢ € C%, all A € C with ®A > ¢, and some constant> 0. This is of
course well known, but the proof we give below generalizes to many other situations and
should also motivate the constructions which follow in this section.

Choose a bounded open symmetric neighbourl@ad R? of the origin, whose trans-
Iates{O +alac Zd} coverR? (e.g. a sufficiently large sphere). We then define for any
“scale”r > 0 anda € Z?the set
(10) Ousr € {r(a+z) |z € O}

For anyr > 0 the O, coverR?. This covering is uniformly locally finite: sinc® is
bounded it contains only a finite numhbgrof lattice points, and hence afy,, , intersects
exactlyN otherOg, ,s.

Next we construct a suitable partition of unity. Chose& ¢y € C°(0) so that the
translates by.¢ of {x | 4(z) > 0} also coveiR?. Define

0u () def Yz — )
Vsezi (@ — )2
and
air(z) € %(%)-
Then
(11) > bar(@—a)®’=1 (Vo eR?).
a€Zd

We now describe the resolution. The index set willbe= Z¢ , and for eaclr € Z¢
we put

F®) = (W (R%; R"), Ly(R'; R"))
so that the Banach coupléis defined by
F=t,-PF.
ac

ThusF; (j = 0, 1) is the space of all sequencgg, },czq Of functionsf, € F].(“) for
which the sum

{fa}tacal %J- = Z ||fa||2ga)
aeA ’
is finite.
We construct the morphisnis SFSE using the partition of unitfy, }. For any
f € E; (j =0, 1) we define thex*® component of f to be

(12) (6f)a = pa;r(z)f(2),
and for any{ fo }aca € Fj (j = 0, 1) we put
(13) (e{fad)(@) = > s (@) f5().

BgedU
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Observe that this last sum is locally finite and that boter(D‘) — Ejandd : E; — Fj(o‘)

are bounded operators. As an example, let us verify&half“l(“) — FE; is bounded. Let
f e W (R?; R") be given. Then

16415 = D NENall? )
acA !
= Z “‘Paf”svgn( Re; Rn)
acd
S c Z “f“p ;n(OQ;,n)
acA
< Nellflle -

where, as abovely is the number of lattice points i®. Soé : E; — Fi is indeed
bounded.

Foranyf € F; one has

(6f)(@) =Y wp()’ flx) = f(x)

BeAU

so thated = 15, and therefor® —>s F - E is indeed a localized resolution &k

The projectionrr = de acts as follows:
(mr{fa})a(®) = Y pal@)ps (@) fs(@),
Bed

from which one can see what the graptiE, F') is: the vertices are the lattice points
a € 2, anda, B € A are connected if and only if — 3 € O. In particular this graph is
uniformly locally finite, and we havee = N.

Interpretation of the matrix coefficients 7,3 = p,dTeig of an operator T : £y —
Ey. ltis evident that for anyf € E; one has

(14) Tap(f) = ¢asrT (a0 f)
so thatT,5(f) more or less represents the componeri?in. of the image undef of the
componentirOg,,. of f.

Next, we introduce an operatdr € £(F}, Fp) by saying how it acts on eadﬁ(“):

(49%) @ = Y o @Diful)  (VzeR)
l7]<m
for any f, € Ff“). The coefficientsz;") (x) coincide with the coefficients; () of the
original operatord on the support op,,. Outside of these supports tb?’) (x) are contin-
uous extensions of the; (x) for which

(15) osc aga)(w) = osc aga)(w)

zERD zESpt Yo

holds!

LFor vector valued functiong one should definedsc f to be the smallest > 0 such that the range gfis
contained in a ball of radius/2.
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The operatord’ defined byA’ {f,} = {A®f,} is a resolution of4. Observe that
theat" component ofd’, i.e. A(®), coincides withA on the support of,,, but is chosen
arbitrarily outside of this set.

In order to see how good the resolutidhis, we will compute the commutatof4, €]
and[4, 4]. Itturns out that these commutators do not depend on whatthes do outside
of the support ofp,. This gives us the freedom to choad&™ any way we like on the
complement of the support @f,. The particular choice which we have made ensures that

the coefficientslg.”‘) (z) of A®) do not oscillate more than thg (z) do onO,, ;..

In general the commutator of a differential operator with a multiplication operator is
another differential operator édwer order. The point of the following computations is to
show thaf 4, €] and[A, ¢] are made up of differential operators of order 1.

If {fo} € F1,then

[Av 6] : {foz} =A { Z @a;rfa} - Z @a;rA(a) {fa}

acd acd

=Y > a;@)[D?, pu;rlfa

lj|<m aeA

=S a@) 33 kD (pair) DI (fa)

ac li|<m 0<k<j

(16) =Y Y TP

|7]1<m 0<k<j acA

where they; ;. are fixed integers which appear as coefficients when one expands the com-
mutator[D?, ¢,. ], and where

r

17) B (@) = a; () s (Do) ( - O‘) .

@)

The coefficient:k;.;k (z) are uniformly bounded, i.e. there is a consta&ht< oo such that
‘b(“) ‘ <M

for all z € R? and all multiindiced) < k < j, and the support dfjo‘k( ) is contained
in Oy, . Consequently the operatfd, ] is bounded from@® .o W," *(R?; R") to
L,(R%; R™), and therefor¢A, €], by the interpolation inequality

(18) lullyr < C llulliyn!™ lull™

is an operator of zero relative bound frarm to E,.
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As for [A, 4], we compute that fof € E; one has

([4, 6] fla = A (pa(2)f(x)) — palz)Af(2)
= Z aj(;r) [Dj: ‘Pa;r] f
l7|=m
= Z Z 7]'7ka (‘Poz;r) DIk (f)
l7l=m 0<k<j
- ¥ w2 Y
[jl=m 0<k<j

Again the coefficients;.‘;",g (z) are uniformly bounded, from which one deduces fhgtd]

is a bounded operator frof,” ' (R%; R") to @, Lp(R; R™). The interpolation in-
equality (18) implies that4, 0] : Ey — Fy has zero relative bound.

So A’ is a resolution of4 with vanishing relative bound, and if we can show tAate
Hol(F'), then we have also shown thate Hol(E).

In order to verify thatd’ € Hol(F) we consider eacH(® separately, with the intention

of using lemma (3.2). By assumption the coefficiamﬁfé) (z) are almost constant if one
chooses the scale> 0 small enough. Thus, given amy > 0 one can choose > 0 so

small that constant x d matricesag.“) exist for which

(29) ag-a) (z) — d;a) <po, VzeR?

holds for alla € 2. So theA(®)’s are uniformly small perturbations of the constant
coefficient operators

7] <m

all of which belong taH ol (F(®)). The resolvent ofd{") is given by convolution with

5 (A-— > d?”(—¢€f)

l7]<m

whereg denotes the Fourier transform. An appropriate multiplier theorem then provides
us with a constant/ < oo such that

I — AF) <M

e, o)
wheneverR(\) > w for some fixedv > 0. Therefore if the sizgi, of the perturbation

A@ — Al is small enough, thel® will satisfy the same estimate with/ instead of
M. By lemma (3.2) this implies that’ € Hol(F'), and thusd € Hol(E).

5. EXPONENTIAL DECAY OF THE RESOLVENT

Consider a localized resolutidii - F — E, A’ € Hol(F), of A € Hol(E) and
assume that for somein the resolvent set of’ one has
(20) [16[A, €]RI()\)||L(F0,F1) <¥ and [R'()N[, A]€||L(F0,F1) <9
for somey < 1. By Theorem 2.2\ belongs to the resolvent set df and the resolvent is
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given by (1) or (2). One can write (2) as
A=A '=eRN)[1+D+D?>+...+DF+...] ¢
where
D = §[A, ]R'(\)

Using this expression we will estimate the matrix elementglof A) ', as defined in
(5), i.e.

A—A)7! = pad(A—A)" i
O S L

= pabeR'(A\) [L+D+ D> +...+ D" +...] deig
(21) = pamrR'(A) [1+D+D*+ ...+ D" +...] wpig

To begin we consider the operatbr : F, — F, and estimate the matrix elements of
its powersD¥, k = 1, 2, ... Recall that these matrix elements are defined as in (4), i.e.
D,s = pa Dig, etc. For the matrix elements &f* we then have

(22) (D*)5=>_--> DPaciDaras - - Days
[e5]) (699

Lemma 5.1. The operatorD is dominated by the projectiong, i.e. D,s # 0 only if o
and g are adjacent in the grapt.

The only nonzero terms in the sum (22) are those for which the gdagdntains a path
of lengthk + 1 from«a to 3.

Proof. The resolven®’(\) of the resolutiord’ is local, so we must show thé}A, €] is
dominated by the projectiong. This follows fromé[A4, €] = 6Ae — A'de = 6Ae — A'np.
The first term in this expression is by assumption dominatedhywhile the second is
also dominated by sinceA’ is local.

If DyorDosas ---Dayg # 0 thena is adjacent tax;, «; is adjacent taxs, etc, so
{a,a1,..., ai, B} is apath of lengtlk + 1 froma to 5. Q.E.D.

Continuing the computation in (21) we find that @ element of the resolvefiA — A)’1
is given by

@) {A=T} =3 Taa B () Dares Dasas -+ Do Tauss

where the summation runs over all paths+ a; — ... = ag+1 — G of lengthk + 2 at
least 2.

Theorem 5.2. If we assume thafing < % then the operator norm from”éﬁ) to Ff“)
of {()\ - A)’l} s bounded by (Wne) > IR Mgy, ) ex0 (—cd(a, B)) where

c=—InIneg.

Proof. Each term in (23) has norm at most

ISy 1B Ve, 7,y 0

The number of such terms is the number of paths of lekhgt from o to 5. Since each
vertex in the grapl® is connected to at mosts other vertices (including itself) there at
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mostn’gr2 paths emanating from. On the other hand, by definition there are no paths
from « to g of length less thad(a, §) so we can estimate the sum (23) by

H{()\— A)_l} < Z C||RI(A)||2(F0,F1)‘9IC"]Q€5+2
WBlleF?, £ k+2>d(e,B), k>0
d(a,8)—2
] ' (1971@5)
< C ”R()‘)“,{:(FO,FQW
< 2L IR W legry, p exp(—cd(a, 8)
Xpl— ’
< (ﬁnqa)Q £(Fy, Fy) €XP
= C(\ A 9ne)exp (—cd(a, 8))
wherec = — Indng, as promised. Q.E.D.

6. EXPONENTIAL DECAY OF EIGENFUNCTIONS

Theorem 6.1. Let Ao be an isolated eigenvalue with finite multilpicity &f € Hol(E).
Assume there exists a localized resolutidhof A and a smooth closed cunde ¢ C
contained in the resolvent set df, such that\, is the only point in the spectrum of

lying inside ofl". Keeping the same notation as in the previous section we assume that for
somed with Ing < % the estimate (20) holds forall € T'.

Then any generalized eigenfunctio® E; of A corresponding to the eigenvalug is
exponentially localized, i.e. for somag € 2 one has

| 60| . < Coxp(—cd(B,1)).

Proof. The hypotheses imlpy thBtalso lies in the resolvent set df .

Corresponding to any closed curve in the resolvent set of an opetatoe can define
the spectral projectioRr by a Dunford integral

(24) Pr dzeff =4yt A
N

21

If T encloses one and only one eigenvalgeof A thenPr is the projection on the gener-
alized eigenspace corresponding\to The matrix elements with respect to the localized

resolutionE —2 @, F(® —=+ E are then given by

(25) (P 2 § {0- 07 5

af %
By theorem 5.2 we can estimate this operator by
[P)as|| < Ol 0ne) > sup IR W), 1,y 050 (e (e, )
(26) = CO(I', 4", 9ng) exp (—cd(a, B))

with ¢ = —Invne.

Assume now thalf encloses one and only one eigenvalyef A, and thatPr has finite
rank N (so X is an eigenvalue of finite multiplicity). Since the spdc¥ of x € F, with
finite support is dense i there arer;, ... ,zx € Fi" such thatPrz, . .. , Przy span
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the range ofPy. If the z;, are contained ilFO(‘“) D...H Fé”‘"‘) then (26) implies that
the components af, = Prx; decay exponentially:

@) | @]

m
<C e—cdaif) < o g—cd(a1,0)

(we have used the triangle inequaliti(x;, 3) < d(a1, 8) + d(a;, a1).)

The same estimate applies to any generalized eigenfunctofivy + ... + Cpvp,.
Q.E.D.

7. EXPONENTIAL DECAY IN THE EXAMPLE

We return to the example in section 4. In this section we choose a slightly differ-
ent resolutiond’ = @ A(®), namely we set ald(®) equal to the same operatdr =

> |jj<m @j(z)D7. Thus the coefficientsg.“) (z) coincide with the coefficients; (z) of A,
and the computation (16) implies that thg-matrix element 06[A, €] is given by

b @)
(28) (64, 6])(1[3 = Z Z Pasr(T) J,le‘ o DIk,

1j]<m 0<k<j

Since thebg.f’)k) (z) andgq,(z) are uniformly bounded i, (R?) (i.e. independently of
> 0) (4[4, €]), 5 is a bounded operator frofi;" ! (R?; R") to L, (R*; R"). Assuming
thatr > 1 the terms with the largest norm in (28) are those for whigh= 1, so that we
get the following estimate for the operator norm(éft4, e]) 5

<€ forr >1

(29) H((S[A’ Das |£(W;"‘1(Rd;R");Lp(Rd? RY) T

For smallr the terms with k| = |j| = m dominate, and one gets

(30) |14, €D <Y foro<r<it

‘E(me’l(Rd;R");Lp(Rd; R™)) T 1™

Composing(é[4, €]),; from the left or right withR'(\) and keeping in mind that the

action of R'(\) on F(®) or F(%) is the same as that @¥(\) = (A — 4) ", we find that
(20) is satisfied provided one takés= £ IRl g1, esmny;wom mamn)) -

Theorem 7.1. Let \g be an isolated eigenvalue with finite multiplicity of the operatasf
section 4. Then any generalized eigenfunctiar) € W, (R?; R™) of A is exponentially
decaying abo, i.e. for certain constants, C < co one has

(31) lv(z)] < Ce—clel

Proof. Choose a closed contduaround\y, e.g. one could I€f be a sufficiently small
circle centered ak, . Then the resolventB()) are uniformly bounded frond,, to W"
for all A\ € T, and by (29) the condition (20) holds with = % wheresup,cr | R(M)||
is incorporated into the consta6t If one chooses large enough, then theorem 6.1 ap-
plies, and gives us exponential decay ffor,., (z)v(z) ||Lp. Since thev(z) are generalized
eigenfunctions of an elliptic operator with continuous coefficients one can easily translate
the L, estimates into pointwise estimates and thus obtain the pointwise exponential decay
claimed in (31). Q.E.D.
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So far we have not really exploited the fact tli&tA, e])aﬁ is a differential operator of
order less tham. Choose aw € R, such that\— A is invertible with|| R(\ )||,3 L, Wm)

C forall A € Cwith R\ > w. Then we also havgR(N)l¢(,, ./ ) < % for all \ with
$A > w. Interpolation betweei’;" andL,, then implies that

(32) 1Dk o R(X <O

||E(LP,L,,)
Combine this with (28) and you get the following estimate for fhe— L, norm of the
operator(d[A, €|R(N)) .5

)

Pair(T —’ (‘ “) o DIk o R(\)

IA

2. X

[71<m 0<k<j

¢y 3 T

|71<m 0<k<j

¢y Y ()™

[71<m 0<k<j
_Cc
r |)\|1/m

|6, d ),

|2(LP7LP)

|k

IN

IN

(33)

assuming that |/\|1/m > 1. Sinced[A, €]R'()) is dominated by the projectiary we also

get
’ 1’L®C
(34) 1614, B (Ml ¢ (5, <

r |)\|1/m'

Hence ifr | A| /m s sufficiently large and iR\ > w, then the resolven®(\) is given by
(1) and its matrix elements are given by (23 ). Witk we geting = % so that

theorem 5.2 implies

@s|(0-07),,), S O I W,y e (edtes 5)

(36) < Clexp(—cd(a, B)).

Refering to the interpretation of the matrix element given in (14) we see that the size
of (A\— A)~" f in O,., where f is a function which is localized irDs., is at most
C'e=cd@P) || f||. The proper measurement of the exponenti&l (7 is in terms of the
distance between the seis,.. andOg.,., rather than between the indices3 € 2 =Z1.

The distance betweefl,., andOg., is proportional tor |« — 3|, and the graph distance

d («, ) is also roughly proportional ty — 3|. Hence we get the following estimate

|>\‘1/m

(37) HQA—A>ﬁ

< C'exp (—c |/\|1/m |To — $B|)

Blle(Eo,Er)

for all A with A > w. (We have writterx, = r« for the centre o0,;,.) Using elliptic

interior estimates for the equatiom — Au = f one can show that the resolvgnt— A) "
has an integral kerné{ (\; z, y) which is bounded by

(38)  [K(w,y)| < Cexp (~cN/" o —yl) for o —y| > C ATV
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8. APPLICATION TO“FREDHOLM SOLUTIONS' OF NONLINEAR ELLIPTIC SYSTEMS

When studying solutions of systems of nonlinear elliptic PDE from the point of view of
bifurcation theory (as in [7, 8]) it is of interest to consider the linearized equation. Theo-
rems from bifurcation theory will in general only be applicable if the linearized operator is
a Fredholm operator. The following theorem shows that a slightly stronger condition will
not hold for most bounded entire solutions of elliptic PDEs.

Theorem 8.1. Letu € BUC?(R?; R™) be a solution of the nonlinear PDE

(39) F(u,Du,D?u,... ,D™u) =0

whereF is aC' function of its arguments, and assume that the linearized operator
def ; def OF m

(40) A= |j|2<:maj(m)Dj, aj(z) = m(“(m);--- ;D™ u(z))

is uniformly elliptic. If A = 0 does not belong to the essential spectrum of the operator
A:WMRY; R") = L,y (R?; R™) thenlim,| o u(z) exists. (In casd = 1 the limits at
+00 and—oo may be different.)

Proof. By differentiating the equation (39) with respectsjg one finds thad,u is an
eigenfunction ofd with eigenvalue 0. Hence by theorem 7.1 all derivatidgs decay
exponentially asz| — oo . By integrating the gradient along circles centered at the origin
one sees that the oscillation ofz) on the sphere of radius decays exponentially as
r — oo (at least ifd > 2, otherwise such circles do not exist.) By integrating along rays
one sees that(z) actually tends to a constant. Q.E.D.
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