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Abstract We show that some very naturally occurring energy manéftidt are induced by
second order Lagrangiads= L(u,u’,u"), are in generahot of contact type inR*, w).
We also comment on the more general question whether théseasy contact forms
on these energy manifolds for which the associated Reelowvéeld coincides with the
Hamiltionian vector field.

1. Introduction
This paper was motivated by the questiare the level sets of the Hamiltonial : R* —
R associated to the variational problem

5/{%(1/’)2 + 5 (W) + F(u)}dz =0

of contact type?”

If the highest order terrfu’")? is removed then the resulting variational problem is the
standard T' — V" Lagrangian from classical mechanics, whose associatedilktdamians
are well known to have level sets of contact type.

When the(u”)? term is present it turns out that the level sdfsof the associated
HamiltonianH : R* — R are only of contact type for certain values of the parameter
«a. We construct here very simple explicit examples of funwié' : R — R for which
H~1(0) is not of contact typéor a large range of parameter valuegsees 8.4).

Before stating our results we recall some definitions.

1.1. Hypersurfaces of contact typeThe energy manifoldl = H~'(0) of a smooth
Hamiltonian function : R?" — R is said to be otontact typen (R?",w) if there exists
a one-formy on M such that

df = —j*(w), andix, 0 #0

1 Throughout this note we assume the energy manifolds to hearege.dH # 0 on M.
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2 S.B.Angenent, J.B.van den Berg, R.C.A.M.Vandervorst

hold onM. Herew = 3" dg; A dp; is the usual symplectic form dR?”, j : M — R?" is
the inclusion map, an& y = (H,,, —H,) is the Hamiltonian vector field oN.}

Such a contact forre can always be written @&= 6, -+ 3, wherefy = pdq = > p;dg;
is thecanonical form(or standard Liouville fornp, andg is any closed one-form oM.

The contact type condition first appeared in Weinstein’sepg@0] in which he
stated his celebrated conjecture to the effect tieaery compact energy manifoll
of contact type carries a closed orbit of the Hamiltonian teedield Xy This was
later proved by Viterbo 19]. If M is of contact type then the powerful techniques
involving pseudoholomorphic curves can be used to studyér@dic orbits of Xz on
M, and in more general settings, s&&][ Without the contact type conditiof*°-smooth
counterexamples of energy manifolds(iR?", w) which contain no periodic orbits have
been given by Ginzburgd[ 7] and Hermann10] for dimension®2n > 6. Ginzburg and
Gurel [8] extended the result t&*, exhibiting aC2-smooth example.

Although many Hamiltonian systems from differential gedrpeand classical
mechanics are known to have all their energy manifolds otamirtype, there does not
seem to be a clear procedure for deciding if any given enemyifisid M C R?" is or
is not of contact type. In this paper we address this issukl&mniltonian systems oR*
which arise from second order variational problems of tipety

5/.L(u, o' u”)dt = 0. 1)

Given any vector field{ on an odd dimensional manifoM (such asXy onM), one may
also ask the more general question “is there a contact foom M such that the vector
field X (after renormalization) is the Reeb vector field\@F' If M is of contact type, then
the answer is “yes,” and one can simply put 6. The question “isM of contact type” is
more restrictive since the symplectic forth corresponding to the contact form one looks
for is prescribed (it should bgw.)

1.2. Second order LagrangiansA second order Lagrangian is a function of the form
L = L(u,v,u"), whereu = u(t) is a scalar function oR. Such a Lagrangian is assumed
to be convex in the:”-variable. The Euler-Poisspmrquation for the variational problem
(1) is a fourth order ODE, and is given by

@ oL dOL O _

dt2ou’  dtow = Ou
This ODE is equivalent to a Hamiltonian system @, w) with Hamiltonian function
given by

0. )

H:Puv“‘L*(UaU,Pv)- (3)

Here L*(u, v, py) = sup,er Pow — L(u,v,w) is the Legendre transform df(u, v, w)
with respect to third variable. The correspondence betwkercanonical coordinates
+ The same definition can be given for arbitrary symplectic ifoids (M 2™, w).

i These are the equations obtained by requiring the firstti@miaf the action to vanish along all possible

variationsu — u + ep. In [1] these equations are called the Euler-Poisson equatidherrénan the Euler-
Lagrange equations.
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Contact and noncontact type Hamiltonian systems 3

z = (u,v,pu,py) andu and its derivatives is as follows: = «/, p, = —4 2L 4 oL
andp, = %. In §3.1 this procedure is explained in more detail for genemgihéi order
Lagrangians. See alsd][

Due to thep,v term in the definition of the Hamiltonian (3) the energy malus
M = H~1(0) are alwayshon-compact The particular question we shall be concerned
with is whether or not the zero energy manifdifl is of contact type in general. The
following result identifies a large class of second orderrag@ans for this is indeed the

case.

THEOREM1.1. If L(u,v,w) > 0forall (u,v,w) € R3, thenM is of contact type and the
canonical formdy = p, du + p,dv is a contact form oM.

This holds in much greater generality for Hamiltonian sygecoming from variational
problems of the typé [ L(u,u’,...,u(™)dt = 0, where the “LagrangianL. is strictly
positive. Seg3.1 for the proof.

We continue now with a special class of Lagrangians whiclmat@ecessarily positive,
and we show that among these there are Lagrangians for whismot of contact type.

1.3. The Swift-Hohenberg & eFK modelsAs a special case one considers Lagrangians
of the form

1
L(u,v,w) = §w2 + %1}2 + F(u). 4)

The associated Hamiltonian is then givenByz) = p,v + p? — $v? — F(u), and the
Euler-Poisson equation for the variational problem is floarder;

d*u d’u

att ~ Caz
For various different choices of the “potential"(u) and parametes, this equation is
known in the mathematical physics literature as extendstédfiKolmogorov (eFK) or
Swift-Hohenberg equation. Se&7], [4, introduction] and the references given there.

Clearly, if the potentiaF' is positive and the parameter> 0, then Theorem 1.1 implies

that M is of contact type. However, for potentials that are notc8iripositive, or for
negative values of the paramterthe question becomes more delicate, and the geometry
and topology ofM will come into play. The next three theorems summarize cedese
M is again of contact type, but is not necessarily strictly positive.

—|—F'(u) =0.

THEOREM1.2. If « > 0 and F'(u) only has simple zeroes, thafis of contact type, with
0 = 0o + d(vp,) + B as contact form, and whep@is a closed form which can be chosen
arbitrarily small in C*°.

The proofis given irg4.
In §5 we recall that for certain choices &f the flow onM admits a global Poincaré

section. This additional structure also allows one to aaritcontact forms compatible
with w, and is useful for the study of periodic orbits_&fy; on M.

T We may restrict to just the zero energy manifolds since akioenergy manifolds may be obtained by simply
replacingL by L + E.
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4 S.B.Angenent, J.B.van den Berg, R.C.A.M.Vandervorst

THEOREM1.3.

If F(u) > 0and F(u)/u®* — oo asu — oo, then there exists a diffeomorphism
A : M — R? x (R/Z) which carries trajectories of ; to solutions of a nonautonomous
planar Hamiltonian system.

If in addition o < 0 then the growth condition o' () is not needed, and one can
exhibit an explicit diffeomorphism.

Here a nonautonomous planar Hamiltonian system refersdocéise in whichM =
R? x (R/Z) with coordinatep,q) € R?, t € (R/Z) and\ = pdq — H(p,q,t)dt.
Such a system is not necessarily of contact type as we show éxample in§5.3. The
following is therefore not an immediate corollary of Theoré.3.

THEOREM1.4. If F(u) > 0 and if F/(u)/u — oo asu — +oo, thenM is of contact
type.

1.4. Non-contact type energy manifold$o far we have only given sufficient conditions
for M to be of contact type. These conditions do not cover all ¢asegarticular the
situation in whichF'(u) changes sign and < 0 is not covered. 11$8.4 we show that the
energy manifoldV is in fact not always of contact type {iR*, w).

THEOREM1.5. There exists a potentiagf : R — R and ana,. < 0 such that for all
a < a, the energy manifoldl is not of contact type.

In §€8.4 we describe for which shapes Bfthe above theorem holds. This leads to a very
large class of noncontact type energy manifolds. The pmlaiefinding energy manifold
which are not of contact type has been approached from aeliff@erspective ing.

All this leaves us with a few unanswered questions of whicheation two.

Q1. For the Swift-Hohenberg equation wiffi(u) = (1 — u?)? + E (a usual choice
in physics models) fof < 0 anda < 0 we still do not know ifM is of contact type or
not, i.e. is the hypersurface Rt defined by

1 a o

L @p L o2 p_
puv+2pv 21) 4(1 u) E=0

of contact type?

Q2. If one choosed'(u) as in Theorem 1.5, then for sufficiently large negativéne
hypersurfacél is not of contact type, while far > 0 it is of contact type. How does the
transition from contact to noncontact type take place dgcreases fromoo to —oo?

2. Representation oK'y by an arbitrary Reeb vectorfield
Any one-form@ on a(2n — 1) dimensional manifold defines a variational problem for
closed immersed curvesC M in which one requires thaction

A [ o,

1 Poincaré sections can be found in much more general sefiimgecond order Lagrangians. In this theorem
we chose to restrict the details to the Swift-Hohenberg & eftdels for simplicity. Se§5 and B] for a more
detailed account on this subject.
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Contact and noncontact type Hamiltonian systems 5
to be stationary. IfX is any vector field along then the variation of the action bY is

dA('y)-X:/ixdez/O dO(X (1), ~/(t))dt.

Hence the action will be stationaryaif and only if i, ;)df = 0 holds. SeeZ].

We will call the one-forn® nondegeneraté df has maximal rank everywhere. dfis

nondegenerate then

L, =kerd) < {Y € T,M | iydf = 0}, (5)
is one dimensional for ajp € M and thus defines a linebundle (direction field)Mn In
this case the stationary curves &) are precisely the integral curves for the line bundle
L. The nondegeneracy condition #®is the analog for the variational probleﬁj"7 =0
of the Legendre-Hadamard condition from the calculus oftians.

If the manifoldM is oriented therC has a nowhere vanishing sectipiVe will call any
positively oriented section of the line bundleapseudo Reeb vector fiefor the one-form
6. Critical points of the actioni(v) are then closed orbits of any pseudo-Reeb vector field
for 6.

If the form @ is a contact form, i.e. ifl A (df)"~! # 0 everywhere, therdd clearly has
maximal rank everywhere, so contact forms are nondegendtat a contact form there
is a chosen sectioX of £, defined byix# = 1. This pseudo Reeb vector field is called
theReeb vector fieldf §. Conversely, if) is nondegenerate and if there is a pseudo Reeb
vector fieldX such that x 8 > 0, thend is a contact form.

For Hamiltonian systems iR*", i.e. if M = H~!(0) with 0 a regular value off, the
form 6, = p - dq is nondegenerate, and the Hamiltonian vector fié}d is a pseudo-Reeb
vector field forf, on M.

The energy surfacdl will be of contact type if one can find a closed forsnon M
such tha¥, + 3 is a contact form. The Reeb vector field ftor+ 5 is then a multiple of
the Hamiltonian vector field . The more general question that can be asketDees
there exisany contact forn¥, such that the Hamiltonian vector fieki; is a pseudo Reeb
vector field ford? This question leaves more freedom in choodirgince the condition
df = —j*(w) is omitted.

Although we do not give any positive or negative results anrtiore general question
the following observations seem to indicate that the sitmah which a Hamiltonian vector
field X i is a Reeb vectorfield for a contact fovawith d\ # ¢j*w, for any constant £ 0,
is unusual.

LEmMMA 2.1. If Xy is a pseudo Reeb vector field for a contact fokmon M, then
d\ = fj*w for some smooth nowhere vanishing functjpn M — R. Furthermore,
this functionf is a conserved quantity foX5: Xy (f) = 0.

There is a unique vectorfield on M which satisfiegy (d\) = df, andiy A = 0.

Let X be the Reeb vectorfield af(i.e. X is a multiple ofX ; which satisfiea\(X) = 1).
Then the vectorfield§ andY commute]X,Y] = 0.

WhereverY” # 0 the vector fieldsY andY” are linearly independent.

1 Indeed, at each poipt € M the quotientl,, M /L, is oriented by the volume forri)™—1, while the tangent
spacel’, M is assumed to have an orientation. These two orientatiehgéan orientation o .
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6 S.B.Angenent, J.B.van den Berg, R.C.A.M.Vandervorst

Proof. Since bothix, j*w = 0 andix,d\A = 0 we havekerj*w = kerd\. Let
kerw = span(X), and write§ = & X + &Y + &7, andny = mX + Y + 37,
where{X,Y, Z} is a basis forT'M, normalized byw (Y, Z) = 1. Write @ = dA. Then
w(&n) = (&ns — &n2)w(Y, Z2), andw (€, n) = (§ans — Em)w(Y, Z) = &ans — Eana.
Thus we findd\ = fj*w, with f = &(Y, Z).

Sincefj*w = d\is closed it follows thatif A j*w = 0, and thus

0=1ix, (df /\j*w) = (’LXde)j*w — df A\ iXHj*w = (iXde)j*w,

which implies that x,, df = 0. The functionf is therefore an integral of the vector field
XH.

Sinceker df = ker d), a vectorY” exists such thalf (Z) = d\(Y, Z) forall Z € T, M.
Two different choices ofY” differ by an element ofker d\ most oneY can satisfy
AY)=0.

If X is the Reeb vectorfield fox, thenLx A = 0. HenceA(Lx (Y)) = Lx(AMY)) =0
so that{ X, Y] = LxY belongs tdker .

One also has, usingx A = 0 andiyd\ = df

icyd\ = Lx(iyd\) —iydCx\ = Lx(df) = dLx f =0.

SinceLxY belongs both tder A and toker d\, we havel xY = 0, and henceX andY
commute.

If Y # 0 at somep € M then at that point one hasd\ = df # 0 andixd\ = 0, so
thatX andY cannot be linearly dependentat |

It is well known that a second integral of the motion can slgvesstrict the possible
dynamics ofX iy onM. For instance, any periodic orbit &f on whichY # 0 must appear
in a family of periodic orbits ofX. Also, forn = 2if f : M — R has a compact regular
level surfaceS = f~!(c), then this must be a 2-torus, and the flowof; will be the
standard linear flow. By the implicit function theorem thengawill apply toS” = f~1(¢’)
for ¢’ close toc, so that an open subsetldfis foliated by invariant tori with linear flow.

A typical Poincaré plot (see Fig. 1) for the Swift-Hohendpequation shows none of
these phenomena, suggesting that generg@llywill only be a pseudo-Reeb vectorfield
for one particular form.

3. Generalities about finding contact forms
3.1. Positive Lagrangians As explained in 1], the Euler-Lagrange-Poisson equations
of a generah™ order Lagrangian variational problem of the type

5/L(u,u', u’, .. ,u(")) dt=0 (6)

whose “LagrangianL = L(ug, u1,- . ., uy) is strictly convex in the highest derivativg,,
can be transformed to a Hamiltonian system on the cotangewi® of the spacg™ !
of (n — 1)-jets of functionsu : R — R. Alternatively, one writesuy, ..., u,, for the
first n derivatives ofu and introduces variables, . .., p,_1, where the last is related to

UQ, - -« , Uy, DY
OL(ug, ..., un)

oy = 22, Un) 7
Pn—1 8’un ) ()
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Contact and noncontact type Hamiltonian systems 7

FIGURE 1. A Poincaré plot for parameter values= —10 and £ = 10. Reproduced from4]

due to the assumption thaf L > 0. One then defines the Legendre transform by

L*(ug,u1, ...y Upn—1,Pn-1) = su% {pn—1w — L(ug,u1,...,Up_1,w)}
we

and “Hamiltonian” by
H(UOa e, Un—1,P05 - - - ap’n,—l) = Pou1 + - +p’n,—2un—1
+ L*(u0, U1y« + + s Un—1,Pn—1)-
The Hamilton equations fall give the extremals for (6).

LEMMA 3.1. If one defineM to be the zero energy manifold—!(0) c R?" of H, and
if the LagrangianL is strictly positive, thetM is of contact type with the standard contact
form 90 = pod’ll,() + 4 pnfldunfl.

Proof. Letp,_1 andu,, be related by (7), then

_ aL*(U(), s 7un71;pn71)
apn—l

n

and L + L* = pu_1u,. One hasix, 00 = pou'o + -+ + pp_1u'n—1, and from
the Euler-Lagrange-Poisson equations one finds ¢hat= wu;,; fori < n — 1 and
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8 S.B.Angenent, J.B.van den Berg, R.C.A.M.Vandervorst

T agfjl = u,,. Therefore
. oL*
ixy00 = pour + 4 Pn—2Un—1 + Pn—1 3
Pn—1
= pour + -+ pn—2Up-1+ L+ L"

=H+ L.

SinceH = 0 onM we findix, (6y) = L > 0 onM, so thatf is a contact form oM,
whose Reeb vector field coincides wikfy . O

This Lemma, when applied to second order Lagrangians, prokkeorem 1.1.

3.2. A necessary condition for contact typén [20] Weinstein gives an example of a
compact hypersurface which is not of contact type, togettidr a general necessary
condition for a compact hypersurface with' (M; R) = 0 to be of contact type. See also
[11]. From these sources we may distill the following variatmmWeinstein’s criterion.
LetM = H~1(0) be an energy manifold of a Hamiltonian system(@&3", w), with w the
standard symplectic form.

LEMMA 3.2. Given two contractable periodic orbitg;,v» € M of Xy for which the
standard contact form, yields actions of opposite signs. Then one may concludéthat
is not of contact type.

Proof. Any possible contact forréi is of the forméd = 0y + 3, with dg = 0.

Represent the curveg as boundaries of discs; = dA;, A; C M. Then by Stokes’
theorem one hag_ ¢ = — [, w = § 0o. If 0 were a contact form then both actions
3§% 0 would have the same sign, and hence both inte@;@l@o would also have the same
sign, a contradiction.

]

3.3. Fixing almost contact formsIn [11] Hofer and Zehnder show that all energy
manifolds of any classical mechanical system ®ff* with Hamiltonian H(q,p) =
%|p|2 + V(q) are of contact type. They do this by first observing that theooical form
satisfiesix 0y, > 0 and then perturbing the fory to achieve strict inequality. If one
replaces the explicit perturbation id1] by something more abstract one arrives at the
following result.

LEMMA 3.3. { LetM be a(2n — 1)-dimensional manifold with a nondegenerate one-form
A. Let X be a pseudo Reeb vector field farAssume thatx A > 0, and also that the set

1 As the referee has pointed out to us, McDUb Theorem 5.2], using ideas of Sullivat8], has proved a
necessary and sufficient condition for compact odd-dinogr@dimanifold with a nondegenerate exact two-form
do to be of contact type. In the compact case it is a refinementiofesnma 3.2. For the concrete noncompact
examples we are dealing with it does not seem obvious to usohevwvould use the extra information contained
in McDuff's theorem.

T As observed by the referee, this lemma is closely relatedtie@em of Sullivan 18], a self contained account
of which is given in [L4].
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S ={peM]|ix\(p) =0} satisfies
Vp653t7<0<t+ : (I)ti(p)ng

Then there exists a smooth functibn M — R such that\* = X\ + edf is a contact form
onM for all € € (0, 1), and for whichX is a pseudo Reeb vector field(@\* = 0).

Proof. Forany giverp € S we choose a parametrized—2 ball oy : B2*~2 — M which
is transverse to the vector fiekl. Theno (zg, z1,. .., T2n—2) = % (00 (Z1,. .., Tan—2))
is a local diffeomorphism which straightens the flow, i.emaps lines parallel to the,
axis to flow lines of the vector fiel&, and it mapsé%o to X. Itis a diffeomorphism on
B2"=2 x [t_,t4] if r > 0is small enough.

FIGURE 2. Proof of Lemma 3.3

Since®'+ (p) does not belong to the closed sebne can choose > 0 so small that
o(zo, ..., Ton—2) doesnotlieinSif 23 +---+ 23, _, <r?andzg € [t_,t_ +r]U[t4 —
r,t+]. We also chooseso smallthat_+r < 0 < t;—r. Nowlet0 < n € C*°(R) satisfy
n(zg) = 0forzg < ¢_ andxzy > t4, as well ag)(zg) = 1 forag € [t— +r,t4 —7]. In
addition we pick @ < ¢ € C>°(R?"~2), which is supported iB32"~2, and with¢ (0) > 0.
We then definef : M — R by f o o(xo,...,Tan—2) = zon(xo)((z1,...,Toam—2) ON
o(B*=2 x [t_,ty]) andf = 0 elsewhere.

Using
ixdf = Oxon(xo)C(x1,. .., Tan—2)

al’o
one now easily verifies thatcdf > 0 on S, andixdf > 0 atp and by continuity in a
neighborhoodV,, of p. One also sees thatdf < 0 only ino([t—,t— + r] x B2"2?) U
o[ty —rty] x B2"72),i.e.ixdf < 0 outside of some neighborhood §f

Let {px },y b€ @ sequence of points for which the neighborhdggscovers. Denote
the functions obtained by the above constructiorfpyThen for eactk € N the quantity

(—ixdfr)

A = sup -
M\s  IxA

is finite, sincei x dfr, > 0 on a neighborhood of. We define

27" f
F= Z L —
i Ak I fellon
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10 S.B.Angenent, J.B.van den Berg, R.C.A.M.Vandervorst

This series converges {f*. Its sum satisfiesxdF > 0on S and

—ixdF <) 2*’“7(*”;‘%)*
keN k
< Z 2_k’ix)\ =ixA
kEN

onM\ S. Henceix (A + edF') > 0onallof M forall 0 < € < 1, as claimed. a

3.4. Fixing contact forms without recurrenceOur proof of Theorem 1.4 is based on the
following general observation.

LEMMA 3.4. LetM be(2n — 1)-dimensional manifold with a nondegenerate one-farm
and letX be a pseudo Reeb vector field for If there is a largest compact invariant set
K C M for the flow of X, and ifixA > 0 on K, then a functionf € C*(M) exists
for which \* = X + df is a contact form and for whiclX' is a pseudo Reeb vector field
(ixd\* =0).

Proof. Let K = Ky € K; C K,--- be a sequence of compact subsetdlo$uch that
K isin the interior ofK; 11 andu;cnK; = M. By induction we will construct a sequence
of functionsf; € C*°(M) such that

{the one-forms\g = A\, \; = \;_1 + df; (: > 1) are contact (®)

forms onK;, andf; = 0 on a neighborhood ak; ;.

The functionsf; with j > 4 + 1 then all vanish or¥;, so thatf = d¥;cn f; is well-
defined, and\, = X + df is a contact-form.

Let fo,. .., f; be constructed, so that is a contact form oik;, i.e.ix (\;) > 0 on K.
By continuity there is an open séf; C U; C K;4+1 such thatx (A\;) > 0onU,.

ProPOSITION3.1. For eachp € K41 \ U; a functiong, € C2°(M) exists such that
suppg, C M\ K;, ixdg, > 0 everywhere, andxdg, > 0in p.

Proof. Letp € K,41 \ U; be given. The orbif’, = {®*(p) | ¢ € R} cannot be contained
in K;41, forif it were, then the closure df, would be a compact invariant set containing
points outside of' = K, thereby contradicting our assumption tHatis the largest
compact invariant set. Hence for some # 0 one hasb’+(p) ¢ K, 1. Without loss of
generality we assume that > 0. Itis also impossible for the half-ortit; = &(=>:0l(p)
to be contained ifd<;;1 \ U;. If this were to happen, then thelimit of r, would be a
compact invariant subset of the flow outsidekaf. Thus at_ < 0 exists with®'- (p) € U;
or®d'-(p) € M\ K;,1. In either case we can choaseso thatd[*--% (p) is disjoint from
Ki-

We straighten the flow in a neighborhood of the orbit segndéht+!(p). To this end
choose a smooth immersion: R?"~2 — M with ¢(0) = p and which meets the orhit,
transversally at this point. Then lgt: [t_,¢.] x R?"~2 — M be given by

¢($0,$1, “en 75527172) = Q¥o [O’(%l, ‘e ,xgnfg)].
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Contact and noncontact type Hamiltonian systems 11

For sufficiently smallr > 0 this map is a diffeomorphism frofa_, ¢ ] x B2"~2 into M.
Since ¢(t4,0,...,0) = ®+(p) ¢ K,;11 we can choose,r > 0 so small that
O([t+ — €, t4] x B2=2) is disjoint from K ;.
Choose) € C2°(t_,ty) and¢ € C°(B2"~?) and defing, by requiring

gp(¢(‘r05 Tlyew- ,l’2n_2)) = 77(170)C($17 ) :CQTI—Q);

on the tubular neighborhood([t_,t,] x B2"~2), andg = 0 elsewhere. One then
hasixdg, = n'(z0)((z1,...,22m—2). We now choose& > 0 andn’(x¢) > 0 for
t- < xzp <ty — ¢ sothatixdg, > 0 on K,,;. Finally we also choos¢ andn so
that{(0,...,0) > 0 andn’(0) > 0, i.e. so that xdg, > 0 atp. O

We complete the proof of Lemma 3.4. For eack K;.1 \ U; ak, > 0 exists such
thatix (\; + kpdgp) > 0 atp. By continuity this als holds on some small neighborhood
N, of p. Afinite number of such neighbourhoods,, - - - , N,,, coverK;;, \ U; and the
function f; 1 = ¥;k, g, satisfy our requirements in (8). o

4. Proof of Theorem 1.2
We try one-forms of the form

A =0 + Srd(upy) + B2d(vpy)
= (B1 + )pudu + Srudp, + (B2 + 1)pydv + Bavdp,

onM = H~1(0), whereH = p,v + L*(u, v, py).
We then have

’L'XH)\ = (51 + 1)puul + ﬁlup; + (52 + 1)pv'U/ + ﬁQ'Up;

oL AL oL
= (B1+ D)puv + frum— + (B2 + V)po— + Bov | —pu + o=
ou ov

Opy
OL OL oL
= (61 - 62 + 1>puv + ﬂlu% + 62’0% + (62 + 1)10%
) OL OL oL
= —(B1 = B+ L + Brume + fovom + (B2 + Do

=B —P2+1)L+ 51Ug—5 + 520(3—5 +(=f1 + 252)102—5-
If (61— P2+ 1)L+ BruLy + PovL, + (=51 + 262)wL,, > 0, for some constants; and
(2, then we see thaty \ > 0 everywhere. This generalizes the calculatiofi®fl, where
(1 = P2 = 0. Different choices ofj; lead to different “starshapedness-like” conditions on
L. Forinstance, if one put$; = 3, = v~ > 0, then one finds that

YL 4+ uly +vLy +wly, >0

for all (u, v, w), implies that\ is a contact form and thaf is of contact type.

We will apply this more general criterion now to the Lagraarg defined by (4). Taking
81 = 0andp, = 1, it follows that2wL,, + vL, = 2w? + aw?® > 0 forall « > 0. In order
to find a contact form we need to examine the zerdget M | ix,, A(p) = 0} and apply
Lemma 3.3.
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Whena > 0 we have thatx A = 0 on the setS = {(u,0,p,,0) | L(u,0,0) = 0}. At
any point on(u, 0, p,, 0) € S, with p,, # 0, one ha®!, = —p,, # 0 so that all trajectories
of the flow immediately leavé in forward and backward time. H, = 0 then one has

Pl = —pl, +av' = —F,(u) + ap, = —F,(u).

At (u,0,0,0) we havep! = —F,(u) # 0 and it follows again that orbits of the flow
through(u, 0,0,0) leave.S immediately in both time directions. By Lemma 3.3 we see
thatM is of contact type, and that one can take- edf to be the contact form, for some
f € C>(M) and anye € (0,1).

If « = 0, then the sef is larger,

S ={(w,v,pu,0) | puv = F(u)}.

On S one hay!, = —p, so that all orbits through points a$ with p,, # 0 leaveS in
forward and backward time. Points ghwith p,, = 0 are of the form(z, v, 0,0) with
F(z) = 0. SinceF only has simple zeroes, this implie§ = F,(a) # 0, so that
trajectories througliz, v, 0, 0) also leaveS in forward and backward time. Again we can
apply Lemma 3.3 and conclude thdtis of contact type, concluding the proof of Theorem
1.2.

5. When there is a global Poincarsection

5.1. Poinca sections and contact formsA surfaceX ¢ M = H1(0) C (R*,wp)
is called a global Poincaré section if (i) it is a closed sl M, (ii) the Hamiltonian
vector field is transverse 1, and (jii) for everyp € M there exist_ < 0 < ¢4 such that
'+ (p) € ¥ (hered’ denotes the Hamiltonian flow dvf as defined before.)

Given a global Poincaré section one defines the return fime ¥ — R, by
T(p) = inf {t > 0| ®(p) € ¥}, and the return may : ¥ — X by ¥U(p) = &7®)(p).
BothT and¥ are smooth. The suspension of the return @apthe spac# = (X xR)/~,
where the equivalence is given ¥ (p),t) ~ (p,t + 1). The manifoldsB andM are
diffeomorphic. The mag : (p,t) — ®*7(?)(p) induces a homeomorphism frofito M.
To construct a diffeomorphism one must choosg°a-function : [0,1] x (0,00) — R
with % > 0 for all (¢,7), % = 1 for ¢ close to O or 1, and(0,7") = 0,
7(1,T) = T. The map) : ¥ x [0, 1] — M given by (p, t) = &7 &T®) (p) then induces
a diffeomorphism froni3 to M.

LEmmA 5.1. If ix,, (6y) > 0 outside a compact subsetdfand ifM has a global section,
thenM is of contact type:

Proof. The formdt on B is closed (but not exact, sin¢e= R/Z is multi-valued). Let3
be the pushforward aft under the diffeomorphisnt : 5 — M. From

oY Ot

X (T T®)

5 = Xl »))

1 Heredy is the standard Liouville form witdfy = wo. As the referee pointed out, a compagtC R2"™ cannot
have a global sectiol, for then the symplectic forrv = —d0 restricted to> would be both nondegenerate
and exact.
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it follows thatix, 8 = 7:(t,T(p))~" > 0 holds at®”*T(®)(p). Since the set where
ixy (6o) < 0is compact,ix, 6y is bounded from below oM. For sufficiently large
k € R one then hasx,, (6o + k3) > 0 everywhere, so tha + k(3 is a contact form for
M. O

It is clear from the proof that one can get away with less th@ngactness of the set
{ix, 00 < 0}. Instead, it suffices to verify that

(6, T(p)) - ixs (00) |orcron () > —0

holds for some positive constahindependent ofp, ¢) € ¥ x [0, 1].

5.2. Representation by planar Hamiltonian systen®s planar Hamiltonian system is a
system defined by a smooth Hamiltoni&i{p, ¢, t) onR? x (R/Z). Its orbits satisfy the
variational problend [ pdg — H (p, ¢, t)dt = 0, i.e. they satisfyy [ 0 = 0, wheref is the
one-formd = pdq — Hdt. We continue the discussion §6.1, assuming from here on that
the sectiort is diffeomorphic toR2.

Any isotopy{¥* : & — ¥}, of the identityU® = id to the return mapr = ¥*
induces a diffeomorphism d (and hencéVl) with ¥ x (R/Z). By reparametrizing the
s variable we may assume thé@t(p) does not depend onfor 0 < s < % and for
% < s < 1. We can then extend the isotogy to all s € R by requiring¥**! = ¥ o ¥*,
The mapy : ¥ x R — X x R with n(p,t) = (¥¥(p), t) then induces a diffeomorphism
fromX x (R/Z) to 5.

Since any orientation preserving diffeomorphigm: R? — R? is isotopic to the
identity it follows thatM is diffeomorphic withR? x (R/Z). (To find an isotopy ofl
to the identity first translate so that the origin becomes adfigoint and then consider
Ué(p) = s~ 1W(sp); this is an isotopy off to a linear map, namelp ¥ (0); finally, all
orientation preserving linear maps are isotopic.)

Because the Hamiltonian vector field is transversE tine two-formd6, restricted to
3} is nondegenerate.

ProPOSITIONS. 1. If fz df, diverges then there exist coordinatés, y,t) : M —
R? x (R/Z), a smooth functiork : R? x (R/Z) — R and a closed one-form such
thatfy = —ydx + K(z,y,t)dt + 5. In particular the trajectories of the Hamiltonian flow
onM are mapped to those of the planar Hamiltonian sysiem K, y = — K.

Proof. Identify M with R? x (R/Z), and assume that we have chosen coordinates
onR? so thatdfy = f(u,v,t)du A dv with f(u,v,t) > 0. We now construct “action
angle variables.” Lef(u,v,t) be the area measured wif{{u, v, t)du A dv of the disc
in R? centered at the origin and with radiy&:2 + v2. ThenI is a smooth function on
R? x (R/Z). For each fixed € R/Z the orbits of the Hamiltonian vector field &f-, -, ¢)
with respect to the symplectic foraf, are circles centered at the origin. With this choice
of I all orbits have period 1.

Let ¢(u,v,t) be the time it takes to reach the poinat, v,t) along the Hamiltonian
vector field of I(-, -, t) starting from the positive: axis. Theng(u,v,t) is a smooth
function on the universal cover ofR?\ 0) x (R/Z), and that¢ mod Z is smooth
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14 S.B.Angenent, J.B.van den Berg, R.C.A.M.Vandervorst

on (R?\ 0) x (R/Z) itself. By direct computation one verifies that in the cooedes
z = z(u,v,t) = V2lcos2r¢ andy = y(u,v,t) = /2Isin2r¢, the pullback of
dfp to R? x {t} is dz A dy. On the entire manifol®? x (R/Z) one therefore has
dOo = dx N dy + A(x,y,t)de A dt + B(x,y,t)dy A dt.

From0 = ddby = (B, — A,)dxz A dy A dt it follows that there is a smooth fuction
K(z,y,t) such thatd = K, andB = K,. Hencedfy, = dz A dy + dK A dt, and
8 = 0y + ydx — Kdt is closed, as claimed. O

5.3. Example of a planar Hamiltonian system which is not of contigoe As pointed
out at the beginning of this section, for non-compact Paibsactions, a contact form
is not immediately found without certain additional reguirents.

Consider an autonomous Hamiltonian of the foffi{p,q,t) = h(I) wherel =
1(»* + ¢*), andh(I) is some smooth increasing functionbf

The manifoldM on which our flow is defined i3I = R? x (R/Z) and the Hamiltonian
vector field is a pseudo Reeb vector field for the one-férmpdq — h(I)dt.

Then the periodic orbits iM of the Hamiltonian system are exactly those periodic
solutions of§ = H,, p = —H,, whose minimal period is a fractiom/n (after n
oscillations the time variable increases by an integerand the(q, p) variables return
to their original positions). In this section we only coresigheriodic solutions for which
m = 1.

All solutions of the Hamiltonian system are given by
p(t) =V2Isin(¢p— Qt),  q(t) = V21 cos(¢ — Q).

where the angular frequency is givenQy= 4/(I). A solution has minimal periodl/n if
R (I) = 2mn.

FIGURE 3. Symplectic polar coordinates

Introduce polar coordinatds= (¢*+p?)/2, ¢ = arctan(p/q). Then along our periodic
orbit the anglep decreases bgrn. Using thatpdg = —Id¢ + d(pq/2), we compute the
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action of such an orbit:

A(l) = /t_o pdg — h(I)dt

= /.1 —Id¢ — h(I)dt
t=0

= 2nwl — h(I)

= W(I)I — h(I).

If we chooseh(I) = 4w (I — §sinT), then we get
A(I) =2n(—IcosI +sinl).

A sequence of periodic solutions occursla& km, k € N and their action isd(kn) =
2k7w2(—1)**1, For largek the action attains arbitrarily large positive and negataieies.
The Hamiltonian system witli (p, ¢,t) = I + asin[ is therefore not of contact type
(H*(M) is generated byit).

Although the energy manifold is not of contact type, the Heonian vector field is a
Reeb vector field (we are in the special situation that trese(second) conservation law
on M). We now construct a contact formwhose Reeb vector field is a multiple of the
vector fieldX ; = 9, + H,0, — H,0,. Our Hamiltonian flow oriR? x (R/Z) is determined
by the one form\ = Id¢ + h(I)dt. If there is any other one-formwhich determines the
same foliation, then for some functigiip, ¢, t) one hasi\ = f(p,q,t)du (Lemma 2.1).
This functionf must be constant on orbits &f;, from which it is not hard to see thgt
must be a function of alone. Thus we assunag = f(I)d, i.e.

dp = (D)L A d+ FDR(D)AI A dt = d(Jde + g(JT)dt)
where , ;
J(I) = /0 F(hyal,  g(J) = /0 W(I(J)d] +C,

whereI(J) is the inverse of/(I). We sety = Jd¢ + g(J)dt. The formp will be a
contact form provideq: A dy = —f(Jg'(J) — g(J))dI A de A dt # 0, i.e. provided
Jg'(J) —g(J) # 0forall J € R. Usingg’(J) = h/(I) we compute
Jg'(J)—g(J) = —C+/Jg”(J)dJ
©odl
=— —n"(I)d
C+/JdJ (H)dJ
= —C’+/J(I)h”(])d]
=-C+ QW/J(I)sinIdI.

Thus if we letJ(I) = 1 — e~!, and if we choose the constanC sufficiently large, then
1 will be a contact form with the same flow a&;, up to reparametrization.
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5.4. Additionalremarks The example we gave above has an additional integral (hamely
I) which allows us to write down a large class of one-forms lith same flows. A small
non-autonomous perturbation of the Hamiltonfdn= h(I) + ehi(1, ¢, t) will in general
destroy the integral and make it impossible to find the form It thus seems reasonable
to conjecture that an arbitrary small pertubationaxists for whose flow is not that of a
Reeb vectorfield ofR? x (R/Z).

The example is also different from the other classes of Hanidn systems we consider
in thatM is not embedded as a hypersurfacéRdf However, it is easy to produce such
an embedding. Namely, given any strictly positivgl), we consider the Hamiltonian
function

H(p,q,2,y) = mh (3(0° +¢°)) — 7(2* +y?)
on R* with symplectic formdg A dp + dx A dy. This Hamiltonian truly has a second
integral, namelyr(z?2 + y2). Under the Hamiltonian vectorfield ¢f thez andy variables

undergo harmonic oscillations with period 1.
The zero energy surfacel = H~1(0) is then diffeomorphic taR? x (R/Z) via

(p,q,t) — (p,q, Rcos2rt, Rsin2xt) with R = /1h(p?+¢%). On M one has
%(yd:c — ady) = —R2dt, so that

pdqg + = (ydaj — xzdy) = pdq — h(I)dt,

as required.

6. Poincaf sections for second order Lagrangians
Following [3] we can define a transverse slice to the flowMrprovided the Lagrangian
L(u,v,w) is a strictly convex function ofv which satisfies

inf L(u,0,w) >0

weR
forall v € R, and
L
g L Ow)
w—to0 w

Under this hypothesis the Legendre transfdififu, 0, p,) = sup,,{p,w — L(u,0,w)}
satisfiesL*(u,0,0) = —inf,, L(u,0,w) < 0. SinceL*(u,0, p,) is a strictly convex and
proper function op,, there are for each € R precisely two solutiong; (u) < 0 < p;f(u)
of L*(u, 0, p,) = 0. At the positive solution one h%’J— > 0.

OnM the equation = 0 impliesL*(«, 0, p,,) = 0. Hence the sétIn{v = 0} consists
of two smooth surfaces

oE = {(Uaoapu,pu) | u,pu € R, py pr(U)}

Both ¥* are transverse slices for the flow since, e.g.Ydnone has) = ap > 0.
To verify thatX* is a Poincaré section we must show that all orbits retudir'tan both
time directions. We do this in the special case whefe, v, w) = fw? + 2v? + F(u).

Prepared usingetds.cls



Contact and noncontact type Hamiltonian systems 17

6.1. Proof of Theorem 1.3 Assume tha#'(u) > 0. Then the sectioX " is given by

= {(u,O,pu, 2F (1)) | u,py € R}.

If we also assume that for large the potentialF’(u) grows superquadratically (to be
precise,F(u)/u? — oo asu — o0) all solutions oscillate, i.e. for any solutian(t)
of the Euler-Lagrange-Poisson equations andtarfiere exist _ < ty < ¢ at which the
solution has local minima. Thus any orbit of the Hamiltoriilav on M returns toX both
in forward and backward time. This has been showrll#} for F(u) = (1 — »*)* and
with a minor modification the proof can be generalised to syyedratic potentials.

So¥ is a global Poincaré section faf and clearlyX: is diffeomorphic with the plane,
while [ dfy = oo. Therefore the Hamiltonian flow o is conjugate to a planar
Hamiltonian system, as was explained in Proposition 5.1.

Assuming also thatt < 0 we can find an explicit diffeomorphism frod¥ to a planar

Hamiltonian system. Write: = —a? and define
1

I= 5(&1)2 +p2/a), ¢ = arctan %,

Py = V2alsing, v=+/2/acose.
Thusp is a smooth function on the universal coveidf A short calculation reveals that

—Idy = pydv —d (Ugv)

so that the canonical form dvi is given byfy = p,du— Idp+d(vp,/2). The Hamiltonian
as a function of{u, p,, I, ¢) is H = al + py+/2I/acosp — F(u). On its zeroset one

therefore has )
I= {— cosgo—i—\/ cos? o + (u)} . 9)
a

The trajectories of the Hamiltonian vector field bhare determined by the “principle of
least action” 2, section 45CP [0y = 0, i.e. byd [ pudu — I(u,py,p)de = 0, where
we regardl as the smooth function dfu, p.,, ») specified in (9). Consequently they are
integral curves of the Hamilton equationsi@t:, p,,, ¢), i.e.

du  OI(u,pu, )  dpu _ OI(u,pu, )
do — Op. B '

dy ou

6.2. Proof of Theorem 1.4 We claim that for somé/ < oo any bounded solution(¢)
of the Euler-Poisson equations is actually boundeflifs)| < M. This then immediately
implies that|u”” — au”| < M’, and hence, using an interpolation inequality, that all
derivativesu’) of order;j < 4 are also uniformly bounded. It follows that the Hamiltonian
flow on the level seM has a largest compact invariant $&tC M.

Although this may be WeII known to some, let us prove our cldifaltiply the equation
with u(t) andh(t) = 1+(t e (a € R), and integrate by parts to get

/R[h(uF/(u) + (u")?) 4+ (20" — ah)un” — $h""u?]dt = 0.
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Use|h”|,|h""| < Ch and alsouu” < Lu? + €(u)? to obtain
/ hluF'(u) — C'u® + % (u”)?]dt < 0.
R

Superlinearity off” (u) impliesuF’(u) — C'u? > u?*— C”. One gets h(u?+ (u”)?)dt <
C"" independent ofi anda. This leads to the assertéd°-bound.

Using the Poincaré section for the flow as in the proof of Leninl, we obtain a closed
one-forms on M with ix 3 > 0 everywhere. Sincé is compact x 0, is bounded from
below onK by some positive constant. We can therefore chdose0 large enough so
thatix (0y + kB) > 0 on K. Lemma 3.4 then provides us with a smooth functfoon M
for which 8y + k3 + df is a contact form.

7. Topology ofM

Instead of analysing the topology of energy manifolds ofosecorder Lagrangians in
general we restrict ourselves here to the Swift-HohenbedgedrK Lagrangians. In that
case an energy manifold is given by the equafiba- %pg + puv — $v? — F(u) = 0. By
rewriting this as

H = 2%+ 1 {0+ (L= a/200) — (pu— (1 +0/2)0)*} — F(u) = 0

and introducing the new coordinates
1 1
X:§{pu+(1foz/2)v} and Y:§{puf(1+a/2)v},

we see thaM! is given by
1
5p3 +X2=Y%4 F(u). (10)

Itis immediately clear that all hypersurfaces obtained&nyinga € R are diffeomorphic.

If F(u) > ¢ > 0 for some constant, then (10) also shows thaif is diffeomorphic
to S' x R?, since one can parametriz&/ by p, = /2Y2+2F(u)cos, ¥ =

Y? + F(u)sind, whereY, v € R andf € R/27Z are the parameters.

We can also easily compute the homotopy typévbfor generalF’. Let us assume
that F(u) > 0 for large enoughu|, and thatF only has simple zeroes. Then the set
{u € R| F(u) < 0} is the union of afinite number of intervals, say, b1]U- - -U[ag, bx].
The set in théu, Y)-plane wher&’? + F'(u) vanishes is the union df closed curve§';,
given byY = +£./F(u), withu € [a;,b;],1 < j < k.

Let 7 : R* — R? be the projection irfu, X, Y, p,) space onto théu, Y) plane. Then
(M) is the region outside the curvEs, with the curved’; included. Over eaclw,Y)
in the interior ofr (M) the preimager—!(u, Y) is a circle whose radius shrinks to zero as
the point(u, Y') approaches one of the curniés

One can deform the projectior{M) onto the union of the circleB; and thek — 1 line
segmentd”; = {(u,0) | b; < a;+1}. This deformation can be lifted to a deformation
retraction ofM ontor~'(I'; U--- UL, UT) U---UT},_,). Since eachr—(T;) is an
S and eachr—!(T) is anS* one finds thad has the homotopy type of a bouquet of
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FIGUREA4. The(u,Y) plane.

k circles andk — 1 two-spheres. The first singular homology group is generbyethe
7~ 'T;, the second homology group is generatedrby (I';).

For instance, wheh = 1, one finds thaM the homotopy type of a circle. In this case
one actually finds that! is diffeomorphic withS! x R2.

If one applies a similar analysis to the case in whitfx) > 0 in some bounded interval
(b1,a2) and F(u) < 0 on (—oo, b1) U (az, c0), then one finds thatl has the homotopy
type of $2 and in particular is simply connected. One finds thiis diffeomorphic with
R x S2.

8. F(u) arbitrary, a < 0

8.1. A very singular perturbation problemin this section we present the example
promised in Theorem 1.5. Consider the Swift-Hohenberg &magian L(u,v,w) =
sw? + 2v? 4+ F(u), a < 0. Rescale time by — \/et, and setx = —1/e. This yields a
more convenient formulation. The Lagrangian now becomes

(EEZ

1
L(u,v,w) = 511)2 - 51)2 + F(u) (11)

in which ¢ is a small positive constant. The variational equationfi@ Lagrangian is

11
2

eu  +u" + F,(u) =0, (12)
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As e\, 0 equation (12) formally reduces to a second order equation
v’ + Fy(u) =0. (13)

We will verify that for small enough solutions of (12) are essentially solutions of the
second order equation (13), with a small rapid oscillatiopesimposed. This will allow
us to construct many periodic orbits on the correspondimg-eeergy manifoldvl and
compute their actions.

We again pass to the Hamiltonian formulation of (12) andoidtice new variables,
andp,,, where now
— aL _ 2
= % = € w.
Thusw is a solution of (12) if and only ifu, v, p,, p,) is @ solution of the Hamiltonian

2

system with Hamiltonian functiof (u, v, pu, py) = 2% + puv + %vQ — F(u). We rewrite
this as

2

pr3+1(+ 2oy
=5t +p 5P u) ¢,

and apply the following coordinate change

U=utps, pr=pu V=vewtp) py="2 (14)
Ve
It follows from py; dU +py dV = p,du+p,dv+d(p,p,) that this is a symplectic coordinate

change.
The Hamiltonian in these new coordinates is
1

1
=5 0+ v - {5

- v+ F(U = Ve |
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The Hamiltonian equations are
U=—pu, pv=F (U= epy),
V=¢'py +VeF'(U—epy), pv=—€'V

We will consider solutions which lie on the zero energy maldifM = H~1(0). In
particular, we will assumeis small and that both sides in the identity

(15)

1 1
% (pt +V?) = 51’% + F(U — Vepv) (16)

which definesM are bounded. The® andpy are of order,/e, and the Hamiltonian
equations are approximately given by two uncoupled twoedisional systems,

U=-puv pv=F() (7)
and
V=clpy py = —e V. (18)
The first of these is the Hamiltonian system correspondirigesecond order ODE (13).
The second is a simple harmonic oscillator with angularfesapye—!. If we assume that
(V,pv) is given by
V = V2lesin(t/e — ¢), py = V2Iecos(t/e — @)

then the zero total energy condition (16) for¢&spy) to be a solution of (17) with

%p?] +FU)=1 (19)

Since v/2I¢ is the amplitude of thgV,py) oscillation we must always havé >
0. Formally one would expect solutions of the Swift-Hohempequation (12) to be
approximated by

u(t) = U(t) —ev2I cos(t/e — ) + o(e) (20)

where(U (t), py (t)) is a solution of (17) with energy > 0, and~y € [0, 2) is some phase
angle.

8.2. Action angle variables We replacgV, py ) by new coordinate§l, ¢) given by

2

and thusV = V2Icos¢, py = V2Ising. One hasld = 3 (Vdpy —pydV) =
—pvdV + £d(Vp,), so that

1
I == (p‘2/+V2), gb:arctanpvv

1
pudU + pydV = pydU — Id¢ + §d(va) (22)

It follows thatdU A dpy + dV A dpy = dU A dpy + dI A d¢, so that(U, py, I, ¢) are
symplectic coordinates. The Hamiltonidhappears in these variables as

Hzé—{%pQU—l—F(U—\/Q_IECOS@}.
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Define 1
0 = {W.00) € B | < o+ FO) < CIU 4+ | < €

for certain0 < ¢ < C,C < oo with ¢ small andC andC' large. We also defin®I, to be
the portion ofM for which (U, py) lies in Q.. After rewriting the equatiodi/ = 0 as

I 1 I
o= Qp%,—i-F(U—e\/Q;cos@

one concludes from the implicit function theorem that fomsirenoughe there is a unique
solution! = Z(U, py, ¢, €) which is smooth ire and whose Taylor series begins with

I(Ua pu, ¢a 6) = 6IO(vapU) + 62[1 (Ua pu, ¢) + 0(63) (22)

wherely = $p% + F(U), I, = —F'(U)\/p} + 2F(U) cos ¢. In particular we see
that for smalle the portionM, of the zero energy manifold is diffeomorphic with the
product spac€, x S*.

On M. we have

do OH 1 , €
- - _F(U-V2I V] —
o 31 - U €Cos @) i cos ¢
while for small enough one has’ < I/e < C’forany0 < ¢ < ¢ < C < (' < .
Therefore, for smakt one has

d¢ 1

E ——;4—0(1) <07
S0 we may parametrize orbits &fy; by the angle variablé instead of timeg. Orbits are
then determined by specifyin@/, pi) as functions ofp; given the(U, py/) component of
an orbit, one recovers the action frdm= Z(U, py, ¢; €).

On M. orbits satisfy the least action principle, i.e.
5/pUdU + pydV =0, i.e. 5/pUdU —Z(U,py,p,e)ddp =0

where we have used (21). Hen¢E,py) as function of¢ satisfies the Hamiltonian
equations with Hamiltonia@ (U, py, ¢, €). Moreover, (21) shows us that(i/ (¢), pu (¢))
is a2 N7 periodic solution of

v _oT  dp 0T

dp  Opy’ do  OU’
then the corresponding periodic solution of (15) has action

(23)

2N
A:fmw+ww:/ pudU — (U, py, 6, ¢) do.
0

We write (23) out to get

1dU o6 (U,pu, ¢) 2

P + O(€),

1 dpu / onL(U,pu, ¢) 2
p (U)—e¢ i + O(€%)
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Introducing a new time variable = e¢ we get

dU oL(U,py, <

W _ o+ OLOP0 D) o2y,

dr (9pU (24)
dpy o6L(U,pu, %) 9

where theD(e?) terms are smooth functions 6, py, Z) and all terms ar@n-periodic in
T/e = .

Denote the flow determined by these ODESijy Since the perturbation terms in (24)
are uniformly smooth iU, py) the flow @7 is an O(e) perturbation of®” in the C>°
topology.t Here®j] is the flow corresponding to the autonomous equations

au dpu

— = = —F'(U). 2
dr PUs dr () (25)

These are the Hamiltonian equations fé§ = $p? + F(U), and thus periodic orbits
of (25) come in families parametrized by their enefjy= Hy(U,py). On any such
family the periodT’ depends smoothly on the energy We shall call a periodic orbit
nondegenerati at this orbit one ha% # 0.

Assume thatU (1), pu (7)) is aT periodic nondegenerate solution of (25). It traces out
a closed curve in the (U, pyy) plane. This curve consists of fixed points for the ndgp
The nondegeneracy condition implies that for sraatt 0 the map®? will have at least
one fixed point in are neighborhood ofy. In general there will be many fixed points. If
T = 2Nme for someN € N then these fixed points correspond to periodic solutions of
(24) which aree close to(U (7 — 7o), pu (T — 70)) for some phasey. The action of this
solution is

A= / pudU — T(U, pir, 6: €)db
7
= /pUdU — —dr.
€

Now use (24) and (22) to replad®’/dr andZ /e respectively. One obtains

A= /OT {%p@ — (D) +(9(e)}d7
_ /O'T {%ﬁ?] _ F(U)} dr + O(e).

Thus we have proved: near any nondegenéFate 27 Ne periodic orbit(U, prr) of (25)
there is & periodic solution of (24) whose action is withi(e) equal to the Lagrangian
action of (U, py).

t In fact, by the method of single frequency averagigsection 52] the returnmap? with 7 = 2Nwe, N € N,
is anO(e2) perturbation of the return map of the averaged HamiltonBince first order term in (22) has zero
time average®? is O(e?) close to®] in the C° topology.
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8.3. Simple mechanical system&onsider the mechnical system with Lagrangian
L(u,4) = 24* — F(u). The energy of a periodic orbit i€ = 14* + F(u). Using
dt = du /4 one finds that the action of such an orbit is

fé Ldt = 7{ gl Pl 7{ —_2F(u N e

V2(FE — F V2(F — F
For the special case of the harmonic oscnlafor 2 (u? u?) all perlodlc orbits are
of the formu(t) = Asina(t — tp), and by direct substltutlon one finds

27 /a 1
S = / 3 (A%a® cos® a(t — to) — A%a®sin® a(t — to)) dt = 0.
0
In other wordghe action of any orbit of the harmonic oscillator vanishes.

LEMMA 8.1. There exists a potentidl : R — R with F(u) > 0on—L < u < L and
F(u) < 0 whenju| > L such thatii + F,,(u) = 0 has one periodic orbit with positive
Lagrangian action, and one with negative Lagrangian action

Proof. We construct the potential by perturbidgu) = %uQ. Let0 < f € C*(R) be
supported inl < u < 2. Then for small\ the potentialF\(q) = F(u) — Af(u) has a
periodic orbitu, () which oscillates between2 and2, and hence has energy= 2. The
actionS, of this orbit satisfies

2 3 2
dSx :\/ﬁ/ §E—F(u)f(u)du:2/ if(u)du>0.
dX | —2 (E — F(u))*? —o (4 —u2)¥?

For sufficiently small\ > 0 the amplitude2 orbit of the potentialF’, will have positive
action. SinceF, coincides with the quadratic potentiat/2 in the intervallu| < 1, the
potentialFy still has an amplitudé orbit (u(¢) = cost) with zero action. We now perturb
F\to Fy, = F\ + ng(q), whered < g € C*°(R) is supported inu| < 1. Reasoning as
above we find that for sufficiently small > 0 the amplitudel orbit of the potentialy ,
will have negative action. By first choosing> 0 small but fixed, so that the amplitude 2
orbit has positive action and then choospng- 0 small enough we can guarantee that the
amplitude 2 orbit ofF , still has positive action, while the amplitude 1 orbit hagaigve
action.

Since the amplitude 1 and 2 orbits are unaffected by changés potential outside the
interval |u| < 2, we may define"(u) as we like forju| > 2, and in particular we could
make it vanish at. = +3, and also be negative fou| > 3. O

8.4. The example We choosé’(u) as in Lemma 8.1. Then for sufficiently smalt> 0
the zero-energy manifoldl = H~-1(0), H = % + puv + 3v? — F(u) contains two
periodic orbits with actions of opposite signs. Furthereysincef’(u) is negative outside
of the intervallu| < 3, the manifoldM is homeomorphic t&6? x R, i.e. M is simply
connected. By Lemma 3.2] cannot be of contact type.

A different example for a potential of globally the same ghapuld be found via the
methods used ir8], where simple closed periodic orbits are found with estéaan their
actions. This also yields periodic solutions with both rtegeand positive action, but with
an explicit estimate for the range of the parametéor which M,, is not of contact type.
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FIGURED. The potentialF’ (u)

8.5. More examples It is very easy to extend the example§8.4 to other examples.
Namely, one can modify the potentiB«) outside the interval-3 < « < 3 any way one
likes, and the resulting hypersurfakkwill still not be of contact type. Indeed, the né
contains the two periodic orbits with opposite actions, tey are still contractible (since
the contraction takes place in the regidm {|u| < 3}.)

F(u) F(u)

IS
IS

g -
! |

FIGURE 6. Swift-Hohenberg and Modified Swift-Hohenberg potestial

Thus the potential on the right in figure 6 contains our presiexample and hence
yields an energy manifolél which is not of contact type. It can be deformed into the
potential F'(u) = 1(1 — u?)? + E (with —1 < E < 0) of the Swift-Hohenberg equation
without changing the number of zeros of the potet#tjiand without changing the topology
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of the hypersurfac®dl. As we observed in the introduction, we do not knowlifwith the
Swift-Hohenberg potential is of contact type or not.

Acknowledgements.The third author wishes to thank R.W. Ghrist for the stiminkt
discussions and encouragementon this subject. The sendnllied authors are supported
by NWO-Veni/Vidi grants 639.031.204 and 639.032.202, eetipely. The first author
was supported by NSF on grant DMS-0101124 and a researdimgigirant of NWO
with additional support from the NDNS+ NWO research clusted the Department of
Mathematics of the Vrije Universiteit Amsterdam. We wouldaalike to thank H.Hofer,
V.Ginzburg and the referee for providing us with severatrefices and useful suggestions.

REFERENCES

[1] V.1. Arnol'd, et.al., DrNAMICAL SYSTEMSIV, Encyclopedia of Mathematics, Springer Verlag.

[2] V.I. Arnol'd, M ATHEMATICAL METHODS OF CLASSICAL MECHANICS, SPRINGERVERLAG, GTM60
New York, 1978.

[3] J.B. van den Berg and R.C. VandervorSecond order Lagrangian twist systems: simple closed
characteristics Trans. Amer. Math. So&54, 1393-1420, 2002.

[4] J.B. van den Berg, DNAMICS AND EQUILIBRIA OF FOURTH ORDER DIFFERENTIAL EQUATDNS,
Thesis, University of Leiden, December 2000.

[5] K. Cieliebak,A geometric obstruction to the contact type propekiath. Z.228, 451-487, 1998.

[6] V.L. Ginzburg,An embeddings?"—1 — R2", 2n — 1 > 7, whose Hamiltonian flow has no periodic
trajectories,Internat. Math. Res. Notices 1995, no. 2, 83-97.

[7 V.L. Ginzburg, Hamiltonian dynamical systems without periodic orbitgrthern California Symplectic
Geometry Seminar, 35-48, Amer. Math. Soc. Transl. Ser.@,Afer. Math. Soc., Providence, RI, 1999.

[8] V. Ginzburg, B. Giirel, A C2-smooth counterexample to the hamiltonian Seifert comjectn R4,
A.. Math., 158 (2003), 953-976.

[9] R. W. Ghrist, J. B. Van den Berg and R. C. Vandervokdgrse theory on spaces of braids and Lagrangian
dynamics Invent. Math.152 (2003), no. 2, 369-432

[100 M.R. Herman, Examples of compact hypersurfaces R¥?,2p > 6, with no periiodic orbits.
Hamiltonian systems with three or more degrees of freed8igar, 1995), 126, NATO Adv. Sci. Inst.
Ser. C Math. Phys. Sci., 533, Kluwer Acad. Publ., Dordret8§9.

[11] H. Hofer and E. Zehnder 8APLECTIC INVARIANTS AND HAMILTONIAN DYNAMICS , Birkhauser
Verlag, Basel, 1994.

[12]  H.Hofer and E. ZehndeRseudoholomorphic curves and dynamitise Arnoldfest (Toronto, ON, 1997),
225-239, Fields Inst. Commun., 24, Amer. Math. Soc., Penvig, RI, 1999.

[13]  J.Hulshof, J.B. van den Berg and R.C. Vandervanstyeling waves for fourth order parabolic equations
SIAM J. Math. Anal.32, 1342-1374, 2001.

[14] F. Laudenbach and J.-C. Sikoradamiltonian disjunction and Limits of Lagrangian Submalus,
International Mathematics Research Notice§994) p.161-168.

[15] D. Mc Duff, Applications of convex integration to symplectic and cohteometryAnnales de l'institute
Fourier,37 (1987), p.107-133.

[16] L.A. Peletier and W.C. TroyChaotic spatial patterns described by the extended Fist@mEgorov
equation J. Differential Equation429, 458-508, 1996.

[17]  L.A. Peletier and W.C. Troy, HKSHER ORDER PATTERNS HIGHER ORDER MODELS IN PHYSICS AND
MECHANICS, Birkhauser 2001.

[18]  D. Sullivan,Cycles for the dynamical study of foliated manifolds and glesnmanifolds)nvent. Math.,
36 (1976), p.225-255.

[19] C. Viterbo, A proof of Weinstein's conjecture iR2", Ann. Inst. H. Poincaré Anal. Non Linéair
337-356, 1987.

[20] A. Weinstein, On the hypotheses of Rabinowitz’ periodic orbit theoredn®ifferential Equation83,
353-358, 1979.

Prepared usingetds.cls



