CURVE SHORTENING AND THE TOPOLOGY OF CLOSED
GEODESICS ON SURFACES

SIGURD B. ANGENENT

ABSTRACT. We study “flat knot types” of geodesics on compact surfaces M?2.
For every flat knot type and any Riemannian metric g we introduce a Conley
index associated with the Curve Shortening flow on the space of immersed
curves on M?2. We conclude existence of closed geodesics with prescribed flat
knot types, provided the associated Conley index is nontrivial.

1. INTRODUCTION

If M is a surface with a Riemannian metric g then closed geodesics on (M, g)
are critical points of the length functional L(y) = [ |y'(z)|dz defined on the space
of unparametrized C? immersed curves with orientation, i.e. we consider closed
geodesics to be elements of the space

Q = Imm(S*, M)/Diff . (S1).

Here Imm(St, M) = {y € C*(S1,M) | v/ (£) # 0 for all £ € S'} and Diff (S!) is
the group of C? orientation preserving diffeomorphisms of S = R/Z. (We will
abuse notation freely, and use the same symbol v to denote both a convenient
parametrization in C?(S'; M), and its corresponding equivalence class in (2.)

The natural gradient flow of the length functional is given by Curve Shortening,
i.e. by the evolution equation

0y 0%y def O
@) o~ o~ V@) ~ 0s

In 1905 Poincaré [33] pointed out that geodesics on surfaces are immersed curves
without selftangencies. Similarly, different geodesics cannot be tangent — all their
intersections must be transverse. This allows one to classify closed geodesics by their
number of selfintersections, or their “flat knot type,” and to ask how many closed
geodesics of a given “type” exist on a given surface (M, g). Our main observation
here is that the Curve Shortening flow (1) is the right tool to deal with this question.

We formalize these notions in the following definitions (which are a special case
of the theory described by Arnol’d in [13].)

Flat knots. A curve v € ) is a flat knot if it has no self tangencies. Two flat
knots o and 3 are equivalent if there is a continuous family of flat knots {v | 0 <
0 <1} with v = @ and v, = 8.

Relative flat knots. For a given finite collection of immersed curves I' =
{7,-.-,7n} C Q we define a flat knot relative to T to be any v € 2 which has no
self tangencies, and which is transverse to all y; € I'. Two flat knots relative to I'

Supported by NSF through grant DMS % % %, and by the KNAW through grant ###.
1



2 SIGURD B. ANGENENT

are equivalent if one can be deformed into the other through a family of flat knots
relative to I'.

Clearly equivalent flat knots have the same number of self intersections since this
number cannot change during a deformation through flat knots. The converse is not
true: Flat knots with the same number of self intersections need not be equivalent.
See figure 1. Similarly, two flat knots relative to I' = {v1,...,yn} have the same

(4p) 005

FiGurE 1. Two flat knots in R? with two selfintersections

number of selfintersections, and the same number of intersections with each ;.

In this terminology any closed geodesic on a surface is a flat knot, and for given
closed geodesics {v1,...,yn} any other closed geodesic is a flat knot relative to
{7, v}

One can now ask the following question: Given a Riemannian metric g on a
surface M, closed geodesics 71, . ..,vyn for this metric, and a flat knot « relative to
T'={v,...,Y8}, how many closed geodesics on (M, g) define flat knots relative to
T" which are equivalent to a? In this paper we will use Curve Shortening to obtain
a lower bound for the number of such closed geodesics which only depends on the
relative flat knot a, and the linearization of the geodesic flow on (T'M, g) along the
given closed geodesics ;.

Our strategy for estimating the number of closed geodesics equivalent to a given
relative flat knot « is to consider the set B, C Q of all flat knots relative to I' which
are equivalent to a. This set turns out to be almost an isolating block in the sense
of Conley [17] for the Curve Shortening flow. We then define a Conley index h(B,)
of B, and use standard variational arguments to conclude that nontriviality of the
Conley index of a relative flat knot implies existence of a critical point for Curve
Shortening in Bg,.

To do all this we have to overcome a few obstacles.

First, the Curve Shortening flow is not a globally defined flow or even semiflow.
Given any initial curve y(0) € © a solution v : [0,T) — Q to Curve Shortening
exists for a short time T' = T'(y0) > 0, but this solution often becomes singular in
finite time. What helps us overcome this problem is that the set of initial curves
~(0) € B, which are close to forming a singularity is attracting. Indeed, the existing
analysis of the singularities of Curve Shortening in [24, 8, 25, 26, 32] shows that such
singularities essentially only form when “a small loop in the curve () contracts as
t /A T(v(0)).” A calculation involving the Gauss-Bonnet theorem shows that once
a curve has a sufficiently small loop the area enclosed by this loop must decrease
under Curve Shortening. This observation allows us to include the set of curves
v € B, with a small loop in the exit set of the Curve Shortening flow. With this
modification we can proceed as if the Curve Shortening flow were defined globally.
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Second, B, is not a closed subset of Q and its boundary may contain closed
geodesics, i.e. critical points of Curve Shortening: such critical points are always
multiple covers of shorter geodesics. To deal with this one must analyze the Curve
Shortening flow near multiple covers of closed geodesics. It turns out that all
relevant information to our problem is contained in Poincaré’s rotation number of
a closed geodesic. In the end our Conley index h(B,) depends not only on the
relative flat knot class B, but also on the rotation numbers of the given closed
geodesics {v1,...,Yn}-

Finally, the space B, on which Curve Shortening is defined is not locally compact
so that Conley’s theory does not apply without modification. It turns out that the
regularizing effect of Curve Shortening provides an adequate substitute for the
absence of local compactness of B,,.

After resolving these issues one merely has to compute the Conley index of any
relative flat knot type to estimate the number of closed geodesics of that type. To
describe the results we get we need to discuss satellites and Poincaré’s rotation
number.

1.1. Satellites. Let a € Q be given, and let o : R/Z — M also denote a constant
speed parametrization of a. Choose a unit normal N along «, and consider the
curve a. : R/Z — M given by

ae(t) = expy(q) (esin(2mpt)N(gt))

where gisa fraction in lowest terms. When € = 0 a. is a g-fold cover of a. For
sufficiently small € # 0 the a. are flat knots relative to a. Any flat knot relative to
a equivalent to a. is by definition a (p, ¢)-satellite of a.

Poincaré [33] observed that a (p, ¢)-satellite of a simple closed curve a has 2p
intersections with a and p(q — 1) selfintersections. See also Lemma 2.1.

1.2. Poincaré’s rotation number. Let 7(s) be an arclength parametrization of
a closed geodesic of length L > 0 on (M, g). Thus y(s+ L) = v(s) and T = +'(s)
satisfies VT = 0. Jacobi fields are solutions of the second order ODE
d?y
) L+ KO)ys) =0,
where K : M — R is the Gaussian curvature of (M, g).
Let y : R = R be any Jacobi field, and label the zeroes of y in increasing order

L8981 <5< <Ss2< ...

with (=1)"y'(s,) > 0. Using the Sturm oscillation theorems one can then show

that the limit
Son

“O0) = B
exists and is independent of the chosen Jacobi field y. We call this number the
Poincaré rotation number of the geodesic . If there is a Jacobi field with only
finitely many zeroes then the oscillation theorems again imply that y(s) has either
one or no zeroes s € R In this case we say the rotation number is infinite.
For an alternative definition we observe that if y(s) is a Jacobi field then y(s)

and y'(s) cannot vanish simultaneously. Thus one can consider

p(y) = lim - arg{y(s) + iy'(s)}.

s—o0 2TS
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Again it turns out that this limit exists and is independent of the particular choice
of Jacobi field y. Moreover one has
p=—
w
We call p the inverse rotation number of 7. See [27] where the much more compli-
cated case of quasi periodic potentials is treated. The inverse rotation number p is

analogous to the “amount of rotation” of a periodic orbit of a twist map introduced
by Mather in [30].

1.3. Allowable metrics for a given relative flat knot and the nonresonance
condition. Let T' = {v1,...,vn} C Q be a collection of curves with no mutual or
self tangencies, and denote by Mr the space of C?*# Riemannian metrics g on M for
which the v; € T are geodesics (thus the metric has continuous derivatives of second
order which are Hélder continuous of some exponent p € (0,1).) When written out
in coordinates one sees that this condition is quadratic in the components g;; and
0igjr of the metric and its derivatives. Thus Mr is a closed subspace of the space
of C%* metrics on M.

If a € Qis a flat knot rel T then it may happen that « is a (p1, ¢1) satellite of, say,
~1. In this case the rotation number of v; will affect the number of closed geodesics
of flat knot type a rel I'. To see this, consider a family of metrics {gx | A € R} C M,
for which the inverse rotation number p(v; g») is less than p; /¢; for negative A and
more than p;/q; for positive A\. Then, as A increases from negative to positive, a
bifurcation takes place in which generically two (p1,q;) satellites of v, are created.
These bifurcations appear as resonances in the Birkhoff normal form of the geodesic
flow on the unit tangent bundle near the lift of v. This is described by Poincaré in
[33, §6, p261]. See also [14, appendix 7D,F].

In studying the closed geodesics of flat knot type a rel I' we will therefore exclude
those metrics for which a bifurcation can take place. To be precise, given a we order
the 7; so that « is a (p;, g;) satellite of 4, if 1 < ¢ < m, but not a satellite of ~; for
m < i < N. We then impose the nonresonance condition
(3) p(7i) # % for i € {1,...,m}.

1
The metrics g € My which satisfy this condition can be separated into 2™ distinct
classes. For any subset I C {1,...,m} we define Mr(a;I) to be the set of all
metrics g € Mr such that the inverse rotation numbers p(v1), ..., p(Vm) satisfy

(4) p(%)<%ifi€[andp(w)>%if¢€].

For each I C {1,...,m} we define in Section 6 a Conley index h’. This is done
by choosing a metric g € Mr(a; I), suitably modifying the set B, C € and its
exit set for the Curve Shortening flow, according to the choice of I C {1,...,m}
and then finally setting h! equal to the homotopy type of the modified B, with its
exit set collapsed to a point. Thus the index we define is the homotopy type of a
topological space with a distinguished point. We show that the resulting index h!
does not depend on the choice of metric g € M(a; I), and also that the index h!
does not change if one replaces o by an equivalent flat knot rel T'.

Using rather standard variational methods we then show in §7:

Theorem 1.1. If g € Mr(o;I) and if the index h' is nontrivial, then then the
metric g has at least one closed geodesic of flat knot type o rel T.



CURVE SHORTENING AND GEODESICS 5

Using more standard variational arguments one could then improve on this and
show that there are at least n — 1 closed geodesics of type « rel T', where n is the
Lyusternik-Schnirelman category of the pointed topological space h!. We do not
use this result here and omit the proof.

Computation of the index h! for an arbitrary flat knot « rel I’ may be difficult. It
is simplified somewhat by the independence of h! from the metric g € Mr(az I). In
addition we have a long exact sequence which relates the homologies of the different
indices one gets by varying I.

Theorem 1.2. Let & C J C I C {1,...,m} with J # I. Then there is a long
exacl sequence

(5) - Hia(h) 25 Hi(A)) — H(h') — Hi(h') 25 Hi_i(A))...
where ) -
St x §°Pr—
Ay = \/ {17} :
kel\J St x {pt}

This immediately implies
Theorem 1.3. If J C I with J # I then h! and h' cannot both be trivial.

One may regard this as a global bifurcation theorem. If for some choice of
rotation numbers I and some choice of metric g € Mr(a;I) there are no closed
geodesics of type a rel T', then the index h? is trivial. By increasing one or more of
the rotation numbers (i.e. increasing I to J), or by decreasing some of the rotation
numbers (i.e. decreasing I to J) the index h! becomes nontrivial, and a closed
geodesic of type a rel I’ must exist for any metric g € Mr(a; J).

When applied to the case where M = S? and T consists of one simple closed
curve « this gives us the following result.

Theorem 1.4. Let g be a C** metric on M with a simple closed geodesic v € Q.
Let p = p(v, g) be the inverse rotation number of .

If p > 1 then for each % € (1,p) there is a closed geodesic v,;, on (M,g) which
is a (p,q) satellite of ~y.

Similarly, if p < 1 then for each % € (p,1) there is a closed geodesic 7,/, on
(M, g) which is a (p,q) satellite of .

In both cases the geodesic 7, ,, intersects the given simple closed geodesic vy ezactly
2p times, and vy, intersects itself exactly p(q — 1) times.
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2. FraTr KNOTS

2.1. The space of immersed curves. The space of immersed curves 2 = Imm(S?,
M)/Diff ;. (S') is locally homeomorphic to C*(R/Z). The homeomorphisms are
given by the following charts. Let v € Q be a given immersed curve. Choose a C?
parametrization v : R/Z — M of this curve and extend it to a C? local diffeomor-
phism ¢ : (R/Z) x (—=r,r) = M for some r > 0. Then for any C! small function
u € C?(R/Z) the curve

(6) Yu(z) = o(z,u(z))

is an immersed C? curve. Let U, = {u € C*(R/Z) : |u(z)| < r}. For sufficiently
small 7 > 0 the map ® : u € U, — 7, €  is a homeomorphism of U, onto a small
neighborhood ®(U,) of 4. The open sets ®(U,.) which one gets by varying the curve
7 cover (2, and hence 2 is a topological Banach manifold with model C?(R/Z).

A natural choice for the local diffeomorphism o would be o (z,u) = exp,(,)(uN(z))
where N is a unit normal vector field for the curve v. We avoid this choice of o
since it uses too many derivatives. For o to be C? one would want the normal to be
C2, so the curve would have to be C3; one would also want the exponential map to
be C2, which requires the Christoffel symbols to have two derivatives, so the metric
g would have to be C3.

For future reference we observe that if the curve v is C?* then one can also
choose the diffeomorphism o to be C%*,

2.2. Covers. For any v €  and any non-zero integer g we define g - v to be the
g-fold cover of v, i.e. the curve with parametrization

(¢-7)(t) =~(qt), t € R/Z,
where v : R/Z — M is a parametrization of . Thus (—1) - v is the curve v with
its orientation reversed.
A curve y € Q will be called primitive if it is not a multiple cover of some other
curve, i.e. if there are no ¢ > 2 and v € Q with v = ¢ - .

2.3. Flat knots. Let 71, ..., yx be a collection of primitive immersed curves in
M. Define
_ v has a self tangency or a}
(7) A, -5 N) = {7 €0 tangency with one of the ~;
and
(8) A = {y € Q| has a self tangency}

Then A and A(7v,...,7n) are closed subsets of €2, and their complements Q \ A
and Q\ A(v,...,7vn) consist of flat knots, and flat knots relative to (y1,...,vn),
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respectively. Two such flat knots are equivalent if and only if they lie in the same
component of @\ A or Q\ A(y,...,vn).

2.4. Flat knots as knots in the projective tangent bundle. Let PTM be
the projective tangent bundle of M, i.e. PT M is the bundle obtained from the unit
tangent bundle

T (M) = {(p,v) € T(M) | g(v,v) =1}

by identifying all antipodal vectors (x,v) and (x,—v). The projective tangent
bundle is a contact manifold. If we denote the bundle projection by 7 : PTM — M,
then the contact plane L, +,) C T(PTM) at a point (z,+v) € PTM consists of
those vectors & € T(PT'M) for which dn(£) is a multiple of v. Each contact plane
L(4,+v) contains a nonzero vector ¥ with dm(¥) = 0 (9 corresponds to infinitesimal
rotation of the unitvector +v in the tangent space T, M, while keeping the base
point z fixed.)

Any v € Q defines a C' immersed curve 4 in the projective tangent bundle PT M
with parametrization §(s) = (y(s), £v/'(s)), where v(s) is an arclength parametri-
zation of . We call 4 the lift of .

An immersed curve 4 in PT' M is the lift of some v € Q if and only if 4 is every-
where tangent to the contact planes, and nowhere tangent to the special direction
¥ in the contact planes.

Selftangencies of v € €2 correspond to selfintersections of its lift ¥ C PT'M. Thus
an immersed curve v € 2 is a flat knot exactly when its lift 4 is a knot in the three
manifold PT M. If two curves 71,72 € Q define equivalent flat knots then one can
be deformed into the other through flat knots. By lifting the deformation we see
that 41 and 4» are equivalent knots in PT M.

2.5. Intersections. If & € Q\ A(y1, ..., 7») then a is transverse to each of the
v;- Hence the number of intersections in a N +y; is well defined. It only depends on
the flat knot type of a relative to v, ..., Vn-

FI1GURE 2. Equivalent flat knots with 3 selfintersections.

If a € Q\ A then o only has transverse selfintersections, so their number is well
defined by #ana=#{0<z <z’ <1|a(z) = a(z')}. From a drawing of « they
are easily counted. An a € Q\ A can only have double points, triple points, etc.
(see figure 2.) If a only has double points (a generic property) then their number is
the number of selfintersections. Otherwise one must count the number of geometric
selfintersections where a k-tuple point counts for (g) selfintersections. Again this
number only depends on the flat knot type of a € 2\ A.



8 SIGURD B. ANGENENT

2.6. Nontransverse crossings of curves. If v1,7v, € Q are not necessarily trans-
verse then we define the number of crossings of v; and 7, to be

71 € Ur, 13 € Up }
71 M2
where the supremum is taken over all pairs of open neighborhoods U; C Q of ~;.
Thus Cross(7y1,72) is the smallest number of intersections 7, and 7, can have if one
perturbs them slightly to become transverse.
The number of selfcrossings Cross(y,) is defined in a similar way.
Clearly Cross(v1,72) is a lower semicontinuous function on  x Q.

(9) Cross(v1,72) = sup inf {#(vi N7Ys)
v €U

2.7. Satellites. We first describe the local model of a satellite of a primitive flat
knot v € Q\ A and then transplant the local model to primitive flat knots on any
surface.

Let ¢ > 1 be an integer, and let u € C?(R/qZ) be a function for which

(10) all zeroes of u are simple
and
(11) all zeroes of v () def u(z) — u(x — k) are simple

fork=1,2,--- ,q—1.
Consider the curve a,, in the cylinder I' = (R/Z) x R, parametrized by
(12) oy R/IGZ - T, ay(z) = (z,u(z)).

The conditions (10) and (11) imply that «,, is a flat knot relative to ag, where
ag = (R/Z) x {0} is the zero section (i.e., the curve corresponding to u(z) = 0.)
Now consider a primitive flat knot v € O\ A. Denote by v : R/Z — M any
parametrization, and choose a local diffeomorphism ¢ : R/Z x (—r,r) = M with
v(z) = o(x,0). As in §2.1 we then identify any curve +, which is C! close to
with a function v € C?(R/Z) via (6).
If u € C?(R/gZ) then the curve defined by

(13) ae y(z) = o(z,eu(z))

is a flat knot relative to . For given u € C%(R/¢Z) and small enough & > 0 the
0 all define the same relative flat knot.

By definition, a curve a € Q\ A(7) is a satellite of v € Q \ A if for some
u € C*(R/qZ) it is isotopic relative to « to all a., with € > 0 sufficiently small.

To complete this definition we should specify the orientation of the satellite a .
One can give o, as defined in (13) the same orientation as its base curve v, or
the opposite orientation. We will call both curves satellites of v. In general the
satellites a., and —a., can define different flat knots relative to v or they can
belong to the same relative flat knot class.

Example. Let v be the equator on the standard two sphere M = S2?. Then
any other great circle is a satellite of v. Moreover, all these great circles with
either orientation define the same flat knot relative to the equator. E.g., if a is a
great circle in a plane through the z-axis which makes an angle ¢ < 7/2 with the
xy-plane, then one can reverse its orientation by first rotating it through = — 2¢
around the x-axis, and then rotating it through 7 around the z-axis. Throughout
this motion the curve remains transverse to the equator, so that a and —« indeed
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belong to the same component of A\ Q(v). Below we will show that this example
is exceptional.
As defined in the introduction, one obtains (p, ¢) satellites by setting

(14) u(z) = sin(27r§a:).

Let p # 0, and let « be the (p, g) satellite of v given by u(z) = esin(2r2z). Then
we can translate a along the base curve 7, i.e. we can consider the (p, q) satellites
a; given by u;(z) = esin(2rE(z — 7)). By translating from 7 = 0 to 7 = L one
finds an isotopy from a to the curve & given by %(xz) = sin(2r=Fz). Hence one can
turn any (p, ¢) satellite into a (—p, q) satellite, and we may therefore always assume
that p is nonnegative.

We will denote the set of (p, g)-satellites of v € Q by B, 4(7), always assuming
that p > 0 and ¢ > 1.

More precisely we will let Bf () be the set of (p, g)-satellites of v which have
the same orientation as v, and we let B, /() be those (p, ) satellites with opposite

orientation. With this notation we always have

Bp.a(C) = B4 (Q) UB,, (0.

It is not a priori clear that all these classes are disjoint, but by counting the
number of selfintersections of (p,q) satellites one can at least see that there are
infinitely many disjoint B, q’s.

Lemma 2.1. Let v € Q\ A be a flat knot with m self intersections. Then any
a € By 4(v) has ezactly 2p + 2mq intersections with ¢, and p(q — 1) + mg?® selfin-
tersections.

This was already observed by Poincaré in [33]. We include a proof for complete-
ness’ sake.

Proof. Intersections of a and « are of two types. Each zero of u(z) corresponds to
an intersection of @ and 7. At each self intersection of 7y the two intersecting strands
of v are accompanied by 2¢ strands of o which intersect 7 in 2¢ points. Since u(zx)
has 2p zeroes and ~ has m selfintersections we get 2mgq + 2p intersections of a and
5.

To count self intersections one must count the intersections of the graph of u(z) =
sin(2rLz) wrapped up on the cylinder T' = (R/Z) x R, i.e. the intersections of the
graphs of up(z) = u(z—2k) (k=0,1,...,¢—1) with 0 < z < 27. After some work
one finds that these are arranged in ¢ — 1 horizontal rows, each of which contains
p intersections.

At each selfintersection of v two strands of « cross. If £ is small enough then
0., is locally almost parallel to 7, so that any pair of crossing strands of v is
accompanied by a pair of g nearly parallel strands of a which cross each other.
This way we get ¢ extra self-crossings of o and 2q extra crossings of v with o per
self crossing of ~. d

Lemma 2.2. If B, ,(v) N Brs(7) # @ thenp =71 and g = s.
Proof. If o € By, 4 has 2k intersections with -y and I self intersections then

plg—1)+mg®=1, p+mg==rk.
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Substitute p = k — mgq in the first equation to get
l=(k+m)g—k=mqg+ (¢g— 1)k

from which one finds ¢ = % In particular, the numbers k, I and m determine p
and q. O

The proof also shows that most satellites are not (p, ¢)-satellites for any (p, q).
Indeed, given o € By, 4(7y) one can modify it near one of its crossings with v so as
to increase the number %k of intersections with « arbitrarily without changing the
number of self intersections [, or m. Unless both [ = 0 and m = 0, then for large
enough k the fraction % will not be an integer, so the modified curve can no
longer be a (p, q) satellite. If both [ = m = 0 then both v and its satellite o must

be simple curves.

2.8. (p,q) satellites along a simple closed curve on S2. In this section we
consider the case in which M = $? and ¢ € Q is a simple closed curve. We will
show that for all (p,q) except p = ¢ = 1 the classes ”B;,'fq(g) are different.

After applying a diffeomorphism we may assume that M is the unit sphere in
R? and that ( is the equator, given by z = 0.

To study curves in Q \ A(¢) it is useful to recall that one can identify the unit
tangent bundle T (S2) of the 2-sphere with the group SO(3,R). Indeed, by defini-
tion

T'(S%) = {(#,8) e B xR* | [#] = |§] = 1,& L &}
so that any unit tangent vector (&, &) € T"(S?) determines the first two columns of
an orthogonal matrix. The third column of this matricx is the cross product & x 5
The map
(7,6) e TH(S?) = (&,€,7 x §) € SO(3,R)
is a diffeomorphism, and from here on we will simply identify 7' (S?) and SO(3, R).

Let U C T'(S?) be the complement of the set of tangent vectors to ¢ and —(.
One can describe U very conveniently using “Euler Angles.” For the definition of
these angles we refer to figure 3. Any unit tangent vector (&, E) defines an oriented
great circle, parametrized by

X(t) = (cost)@ + (sint)E.

Unless (&, é is a tangent vector of the equator +(, the great circle through (&, é)
intersects the equator in two points. In one of these intersections the great circle
crosses the equator from south to north. Let 6 be the angle from the upward
intersection to x, so that X (—#) is the upward intersection point. We define 1) to
be the angle between the plane through the great circle {X(¢) | t € R} and the
zy-plane (so 0 < ¥ < 7.) Finally we let ¢ be the angle along the equator ¢ from
the z-axis to the upward intersection point X (—6).

If we denote the matrix corresponding to a rotation by an angle a around the
x axis by Ry (a), etc. then the relation between the Euler angles (8, ¢,%) and the
unit tangent vector (x,&) they represent is given by

(15) (&€ % x ) = Ra(9) - Ra(¥) - Ra(6).
The map (%, £) — (8,1, ¢) is a diffeomorphism between U and (R/27Z) x (0,7) x
(R/27Z) = T? x R.

Given this identification we can now define two numerical invariants of flat knots
a relative to the equator {. By lifting a unit speed parametrization, any flat knot
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z-axis

FicURE 3. Euler Angles ¢, ¢ and 6.

a € O\ A(¢) defines a closed curve & : S* — U. The numerical invariants are then
the increments of the Euler angles 6 and ¢ along &, which we will denote by Af(«)
and A¢(a), respectively. Both are integer multiples of 2.

Lemma 2.3. If a is a satellite of ¢ given by (13) then

(16a) LA+ A = 2qm

(16b) Ap = 2pm

where 2p is the number of zeroes of u € C?(R/2qnZ). In the first equation one must

take the “+ sign” if a has the same orientation as (, and the “— sign” otherwise.
Note that the number of zeroes of u € C?(R/27Z) must always be even (assuming
they are all simple zeroes, of course).

Proof. We project the sphere onto the cylinder 22 4+ y? = 1 and write 2z and ¢ for
the usual coordinates on this cylinder. We assume that o projects to the graph
of z = u(¥) on the cylinder, and that u is a 2g7 periodic function with simple
zeroes only, and for which |u(¢)| + |u'(8#)| is uniformly small. Let a have the same

FIGURE 4. A great circle projected onto the cylinder.
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orientation as the equator (from west to east). We compute the Euler angles corre-
sponding to the unit tangent vector to « at the point which projects to (Yo, u (1))
on the cylinder. In figure 4 we have sketched the great circle which passes through
(Y0, u(o)) with slope u'(g) as it appears in (¥, z) coordinates on the cylinder.
Since great circles are intersections of planes through the origin with the sphere,
they project to intersections of such planes with the cylinder, and are therefore
graphs of z = ¥ sin(¥ — ¢).

From figure 4 one finds

(17) 0 + ¢ = Yo, u(¥) = ¢ sinb, u'(9) = 1pcosh,
so that
(18) 0 = arg(u'(Yo) + iu(dy)).

From (17) we see that 6 + ¢ increase by 2¢7 along the curve a. To compute A¢ we
use (18) and count the number of times the curve u'(¥y) + iu(g) in the complex
plane crosses the positive real axis. Every such crossing corresponds to a zero of
u with positive derivative, and hence there are 27” = p of them. We conclude that
Al = p x 27, as claimed.

Similar arguments also allow one to find A¢ and A8 if one gives a the orientation
opposite to that of the equator. a

We have observed that BY;(¢) and B;(¢) coincide. If p/q is any fraction in
lowest terms then BY (¢) = B, ,(¢) combined with (16a) implies A§ = 0, and
hence p = ¢. Since ged(p, ¢) = 1 we conclude

Lemma 2.4. If { is a simple closed curve on S*, and B (¢) = B, (¢) then
p=q=1.

3. CURVE SHORTENING

3.1. The gradient flow of the length functional. Let g be a C%* metric on
the surface M. Then for any C! initial immersed curve 7o a maximal classical
solution to Curve Shortening exists on a time interval 0 < ¢t < T'(yp). We denote
this solution by {7 : 0 < ¢t < T'(y)}. The solution depends continuously on the
initial data vy € Q, so that Curve Shortening generates a continuous local semiflow

®:D—Q, (7o) dzef'yt,
D={(7,t) €2 x[0,00) [0t <T(7)}.

One can show that if T'(yg) < co then the geodesic curvature &, of ; “blows-up”

ast / T(y), i-e.

lim sup |k, | = 0.
t T(v0) | ’Ytl

Since the geodesic curvature itself satisfies a parabolic equation
Ok, _ 0%k,
ot 9s?
(K o7 is the Gauss curvature of the surface evaluated along the curve) the maximum

principle implies that one has the following lower estimate for the life time of any
solution. If T'(yo) < 1 then

(20) T(v) >

(19)

+(Ko'y+/~ti)/£7

c
vsup,, ||
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where C' is some constant only depending on sup,, |K| only. See [22] or [7].
The Curve Shortening flow on 2 provides a gradient flow for the length functional
indeed, one has

(21) o) _ JRCAR

where ds represents arclength along 7;. Thus solutions of Curve Shortening do
indeed always become shorter, unless ; is a geodesic, in which case the solution
¢ = 7o is time independent. From the above description of T'(yg) one easily derives
the following (see [23, 24], also [7, 8])

Lemma 3.1. If T'(yo) = oo then
Jim sup || = 0.

Moreover, any sequence t; /* oo has a subsequence t; for which v converges to
some geodesic of (M, g).

In other words, orbits of the Curve Shortening flow ® which exist for all £ > 0
have (compact) omega-limit sets in the sense of dynamical systems. Such w limit
sets,

w(0) & {re € Q| 3t T 00 s = 7}

are of course connected, and if the geodesics of (M, g) are isolated then any orbit
of Curve Shortening either becomes singular or else converges to one geodesic.

The same is true for “ancient orbits,” i.e. orbits {v;} which are defined for all
t < 0 and for which sup,<q L(y:) < oo. For such orbits one can define the « limit
set

a(0) & {r. € Q| 3ty —00 7 = Y},

and this set consists of closed geodesics.

3.2. Parabolic estimates. Since Curve Shortening is a nonlinear heat equation
solutions are generally smoother than their initial data. This provides a com-
pactness property which we will use later to construct the Conley-index. There
are various well known ways of deriving the smoothing property of nonlinear heat
equations. Here we show which estimate one can easily obtain assuming only that
the metric g is C2.

Lemma 3.2. If {y; | 0 <t < o} is a solution of Curve Shortening whose curvature
is bounded by |k| < A at all times, then

(22) / K2ds < ¢
Tt t

where the constant C' only depends on A, to, the length L of v(0) and sup,, | K].

By adding a Nash-Moser iteration to the following arguments one could improve
the estimate (22) to an L™ estimate for ks of the form |ks| < C/+/t. However, (22)
will be good enough for us in this paper.
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Proof. Let v : R/Z x [0,T) — M be a normal parametrization of a solution of
Curve Shortening, i.e. one with 8,y L 9s7y. Then the curvature & satisfies (19), and
using the commutation relation [0;, 8] = k20, one obtains

Ok, O%’ks O 3
(23) 5% — 952 +£((K07)I€+Iﬁ] )
The arclength ds on the curve evolves by %ds = —k2ds. Therefore we have

d
—/ (/cs)2ds:/ (2:"\35/%5,5—/-62,‘"\3§) ds
dt Yt Yt

= / (—2(kss)? + 5K%K2 — 26(K 0 7)Kss) ds
Tt

(24) <C+C | kids— / (kss)2ds
Ve Yt

where the constant C' only depends on A, L and sup,, |K]|.
By expanding k(-,t) in a Fourier series in s one finds that

2
(/ nids) §/ /92ds/ K2 ds,
Tt e Y
1 2
/ K2.ds > — (/ nzds)
Tt c vt

where the constant C only depends on A = sup || and L. Combined with (24) this
leads to a differential inequality for [ k2ds,

i/(n)2d3<C+C /~a2ds—i /I‘é2d8 ’
dt vt ’ N ’ c Tt ° .

Yt

which implies

Integration of this inequality gives (22). d

This lemma implies that for solutions with bounded curvature the curvature
becomes Holder continuous with exponent 1/2, since

Q
(P, ) — 5(Q, 1)] < /P el ds

Q 1/2
< ( / fegds) dist., (P, Q)l/ 2 (Cauchy)

P

L, A K
S C( ) Jtsupl DdiSt%(P, Q)I/Z,

dist,, (P, Q)'/? being the distance from P to @ along the curve ~,.

(25)

3.3. The nature of singularities in Curve Shortening. Consider a solution
{y(t) : 0 <t < T} of Curve Shortening with T' = T'(9) < co. Then, ast & T,
the curve ; converges to a piecewise smooth curve yp which has finitely many
singular points Pj,...,Py; i.e. yr is the union of finitely many immersed arcs
whose endpoints belong to { P, ..., Pn}-

Either 4; shrinks to a point (in which case m = 1, and ~r consists only of
the point P;), or else any neighbourhood U of any of the P; will contain a self
intersecting arc of < for ¢ sufficiently close to T. In other words, v N U is the
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union of a finite number of arcs, at least one of which has a self intersection (a
parametrization ¢ € R/Z — ~;(x) of the curve will enter U and selfintersect before
leaving the neighbourhood.)

This description of the singularities which a solution of Curve Shortening may
develop follows from work of Grayson [23, 24]; see also [7, 8, 32] for a similar
result applicable to more general flows; an alternative proof of the above result can
now be given using the Hamilton-Huisken distinction between “type 1 and type 2”
singularities (see [10] for a short survey), applying a monotonicity formula in the
type 1 case, and either Hamilton’s [25] or Huisken’s isoperimetric ratios [26] in the
type 2 case.

3.4. Intersections and Sturm’s Theorem. We recall Sturm’s Theorem [35]
which states that if u(x,t) is a classical solution of a linear parabolic equation

% = a(z, t)ugs + b(z, t)us + c(z, t)u

on a rectangular domain [zg, z1] X [to,t1], with boundary conditions
u(zo,t) #0, u(z1,t) #0, fortg <t <ty,

then the number of zeroes of u(-,t)

2(uit) E #H{z € w0, 3] | u(a,t) = 0}
is finite for any ¢t > tg, and does not increase as t increases. Moreover, at any
moment ¢, at which u(-,t,) has a multiple zero, z(u,t) drops. This theorem goes
back to Sturm [35] who gave a rigorous proof assuming the solutions and coeffi-
cients are analytic functions, and has been rediscovered and reproved under weaker
hypotheses many times since then. See [31, 29, 12].

In [11] we argue that Sturm’s theorem may be considered as a “degenerate ver-
sion” of the well known principle that the local mapping degree of an analytic
function f : C — C near any of its zeroes is always positive (so that one can count
zeroes of f by computing winding numbers, etc.)

Using Sturm’s theorem we proved the following in [7, 8].

Lemma 3.3. Any smooth solution {v: |0 <t < T} of Curve Shortening which is
not a multiple cover of another solution, always has finitely many self intersections,
all of which are transverse, except at a discrete set of times {t;} C (0,T). At each
time t; the number of self intersections of -y decreases.

A similar statement applies to intersections of two different solutions: If {v} |
0<t<T}and {7} |0 <t< T} are solutions of Curve Shortening then they are
transverse to each other, except at a discrete set of times {¢;} C (0,7), and at each
t; the number of intersections of 7; and 7 decreases.

4. CURVE SHORTENING NEAR A CLOSED GEODESIC

4.1. Eigenfunctions as (p, q) satellites. Let v € {2 be a primitive closed geodesic
of length L for a given C?* metric g. We consider a C' neighborhood U C Q and
parametrize it as in §2.1. Since the metric g is C%#, geodesics of g are C3*,
and the unitnormal to a geodesic will be C?#. We can therefore choose the local
diffeomorphism ¢ : R/LZ x (—d,+6) — M so that z — o(z,0) is a unit speed
parametrization of v and such that ¢, (z,0) is a unit normal to v at o(x,0).
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The pullback of the metric under o is
o*(g9) = E(z,u)(dzx)? + 2F (z,u) dr du + G(z,u)(du)?,

for certain C%* functions E, F, G.
One can map a C! neighbourhood of ¢ - v in Q onto a neighbourhood of the
origin in C%(R/qLZ) via (6)

(26) u € C*(R/qLZ) + ay € Q, ay(z) = oz, u(x)).
In this chart the length functional L : 2 — R is given by

L(ay) = /OQL VE(z,u) + 2F (z,u)u, + G(z,u)u2 dz,

The curve a, will be a geodesic if and only if u satisfies the Euler-Lagrange equa-
tions corresponding to L. Since we assume + is already a geodesic, u(z) = 0 satisfies
the Euler-Lagrange equations. As is well known, the second variation of L at u = 0
is then given by

2 qL
#10)- o0 = 5 = [T e - Ko@) @

where K (y(z)) is the Gauss curvature of (M, g) evaluated at y(z).
Consider the associated Hill’s equation
d2
(27) 2+ Q@) +Np(@) =0, (z€R)
where ) is an eigenvalue parameter, and where Q(z) = K(y(z)) (although in what
follows @@ € C°(R/LZ) could be arbitrary.)

Let ;(x) be the solutions with initial conditions

(28) 9o(0) =1, ¢5(0) =0, ¢1(0)=0, ¢i(1)=1,
and define the solution matrix

) — (z) ¢1(z)
29) wosn = (50 50 )

which belongs to SL(2, R).

If we identify the set of rays {(%?) | ¢ > 0,a® +b? = 1} emanating from the origin
in R? with their intersections with the unit circle, then the linear transformation
defined by M (\;z) also defines a homeomorphism of the unit circle to itself. This
homeomorphism has a rotation number p(A, ), which is determined upto its integer
part (see [18, §17.2]). To fix the integer part of p(A,z), we require that p(\,0) =0
for all A € R and that p(\,z) vary continuously with A\. The inverse rotation
number of the geodesic mentioned in the introduction is precisely p(A = 0,z = L).

Since the coefficient Q(z) is an L periodic function, one has

(30) M(X;qL) = M(X;L)?
and hence
(31) p(A,qL) = gp(X, L).

The rotation number p(A, L) is a continuous nondecreasing function of the eigen-
value parameter A, and thus for each fraction p/q the set of A with p(A,L) = p/q
is a closed interval [A_, ;A1 ]. Indeed, if 2p/q is not an integer, then A, = At |

P/q P/4q P/q
and we just write A

p/q’
p/q-
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The )\;E/q depend on the potential @), and depending on the context we will either

write Ap/q(Q) or Ay/q(7) if @ = K o is the Gauss curvature evaluated along v, as
above.

Both for A = )\;/q, and A = /\;r/q, Hill’s equation (27) has a gL periodic solution

which we denote by cp;t/q(.z'). When A,

periodic, we let cp:/q(:c) be g, 1 respectively.
Let E,;,(Q) be the two dimensional subspace of C?(R/qLZ) defined by

def -
(32) Epo(Q) % { sty (@) + e ¢p,(@) | ex € R
This space is determined by ) € C°(R/LZ), i.e. does not require the geodesic v or
the surface M for its definition. It is the spectral subspace corresponding to the
2
eigenvalues /\;t/q of the unbounded operator —-L; —Q(z) in L?*(R/qLZ) and as such

depends continuously on the potential Q € C°(R/qLZ).

= )\;/q both solutions ;(\;z) are qL

Lemma 4.1. Let o be the satellite of v given by aey(z) = o(z,eu(x)), with
u(x) € Ep/q(K o), u # 0, and € sufficiently small. Then ae, is a (p,q) satellite
of v, i.e. Gy € By (7).

Proof. The space E,/,(Q) C C*(R/qLZ) depends continuously on Q € C°(R/qLZ).
For Q(z) = 0 one has

Ep/q(0) = {Acos2n2% + Bsin2n2% | A, B € R}

Choose a continuous family of pg € E,/, (0K o), pg # 0 with po(x) = cos 2#%%.

We must now show that for sufficiently small £ # 0 the corresponding curves

ae0(x) = o(z,ep9(x))

define flat knots relative to . To prove this we will show (i) that the graph of
¢g(x) has no double zeroes (which implies that ay . is never tangent to ), and (ii)
that the graphs of ¢g(z) and @g(x — kL), (k=1, 2, ..., ¢ — 1) have no tangencies
(which implies that oy . has no selftangencies).

The following arguments are inspired by those in [4, §2].

It X, (0K oy) = /\;“/q(GK o), then @y is a solution of Hill’s equation (27) and
cannot have a double zero without vanishing identically.

If /\;/q (K o) # )\:/q (0K o) then

po(@) = c_(0)p, (@) + i O)g), ()

for certain constants c4 (6), at least one of which is nonzero. If one of these constants
vanishes then ¢y is again a solution of Hill’s equation and therefore cannot have a
double zero. If both coefficients ¢+ are nonzero then we consider

- +
ult, ) = - )1 gy, (@) + e (O g (@)

This function is a solution of the heat equation corresponding to Hill’s equation,
ie.

ou O%u

— =— 4+ 60K ovy(x)u

5~ 552 T v(z)u,
and by Sturm’s theorem the number of zeroes of u(t,-) must decrease at any mo-
ment ¢t at which u(t,-) has a double zero. For t — +oo u(t,-) is asymptotic to

ciekitgoff/q(a:), and since both cp;t/q(a:) have 2p zeroes in the interval [0, ¢L) none of
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the intermediate functions u(t,-) can have a double zero. In particular ¢y = u(0, -)
only has simple zeroes.

To prove (ii) one applies exactly the same arguments to the difference pg(x) —
wo(x—kL). The conclusion then is that this difference either only has simple zeroes
(as desired), or else must vanish identically. To exclude the second possibility we
observe that @g(z) = we(x — kL) implies that ¢y is an [L periodic function with
1 <1 < g some divisor of ged(k, ¢). The number of zeroes of ¢y then equals § times
the number of zeroes m of ¢y in its minimal period interval [0,/L). This number
m is even, so the number of zeroes of @y in the interval [0, ¢L) is a multiple of 2¢/I.
However, this number is 2p and so ¢/l must be a common divisor of p and g. This
contradicts the hypothesis ged(p, q) = 1. O

4.2. The linearized flow at a Closed Geodesic. In the chart (26) Curve Short-
ening is equivalent to the following parabolic equation for u(z,t) (see [7] and also
section 8.1)

Ugz + P(z,u) + Q(z,u)uy + R(w,u)(uz)? + S(z,u)(ug)?
E(z,u) + 2F (z,u)u; + G(z,u)(u,)?
The coefficients P, Q, R and S are C! functions of their arguments, and they satisfy
(34) { P(z,0) = Q(z,0) =0,
Py(z,0) = K(o(z,0))

in which K is the Gauss curvature on the surface.

One can apply classical results on parabolic equations to deduce shorttime exis-
tence for Curve Shortening from (33). In this section we shall use the local form of
Curve Shortening to prove

(33) Ut =

Lemma 4.2. If {v; |t > 0} is an orbit of Curve Shortening which converges to a
closed geodesic o € Q, then for t sufficiently large v is a (p,q) satellite of ., i.e.
Yt € Bpq(a) for some p,q. Moreover, one has

(35) A, (@) < 0.

p/q
If {v | t < 0} is an “ancient orbit” of Curve Shortening with lim; , v = a for
some closed geodesic o € ), then for —t sufficiently large v is a (p,q) satellite of
a for some p,q. One has in this case

(36) A+

p/q(a) 2 0.

Proof. We only prove the first statement, the second can be shown in the same way.

If ; converges to a in C'* then we can choose coordinates as above, and for large
t the curves 7 correspond to a solution u(z,t) of (33). This solution is defined for,
say, t > to, and u(-,t) — 0 in C*(R/Z) as t — oco. By parabolic estimates we also
have u(-,t) = 0 in C*(R/Z) as t — oo.

We can write (33) as

ur = a(T, U, Up ) Uzge + (T, Uy Uz Uy + (X, u, Uz )u

where, using (34) and E(z,0) =1,

a(z,u,p) = (E(z,u) + 2F(z,u)p + G(z,u)p*) "
b(2,0,0) =0
¢(,0,0) = K(o(z,0))



CURVE SHORTENING AND GEODESICS 19

Thus (33) can be written as a quasilinear equation
ug = A(u)u

in which A(u) is the linear differential operator
2

Aw) = a(u, ug) 2

d
) + b(z,u, uﬁ)% + ¢z, u, ug)-

For u = 0 this operator reduces to
2

= dz?
whose spectrum we have just discussed.

Since u tends to zero, u asymptotically satisfies the equation u; = A(0)u, and
thus for some j > 0 and some constant C' # 0 one has

(37) lim u(z, ) =Cypj(x)

=00 [lu(-,1)]| L2
where ¢;(z) is an eigenfunction of A(0) with 2j zeroes. See lemmas 8.1 and 8.2.
For large t the curve +; is therefore parametrized by

z - o(z,e(t){Cypj(z) +0(1)}),
where €(t) — 0 as t — oco. This implies that ~; is a satellite of a.
If both eigenvalues At (p/q, K o ) were positive then for large ¢ one would have

%Ilu(-,t)lliz = (u(t), Au(t))u(?)) .-

= (A+(p/a, K o ) + o(1))[u(-, t)I[Z-
>0

A(0) + K(a(z))

which would keep u(-,t) from converging to zero. O

5. Looprs

5.1. Loops, simple loops, and filled loops. Let v € 2\ A be a flat knot, and
choose a parametrization v € C2?(S*, M), also denoted by 7. By definition a loop
for v is a nonempty interval (a,b) C R with v(a) = v(b).

If we identify S! with 0D, where D) is the unit disc in the complex plane, then
v(a) = v(b) implies that any simple loop (a, b) C R for -y defines a map 7 : St — M
via

7y ((52”";%) =~(t), fort € (a,b).
By definition we will say that one can fill in a loop (a,b) if the map 7 : 0D — M
can be extended to a local homeomorphism ¢ : D — M. We will always assume
that a filling is at least C! on D\ {1}, and that ¢ is a local diffeomorphism on
D\ {1}.

If 4 : S — M is contractible, and one-to-one, then by the Jordan Curve theorem
one can fill 4. We call such a loop an embedded loop.

Fillings come in two varieties which are distinguished by the way they approach
the corner at the intersection y(a) = v(b). The arcs v((a — €,a + €)) and ((b —
€,b+¢€)) divide a small convex neighbourhood of this intersection into four pieces
(“quadrants”). The image ¢(D(1,6)) of a small disk will intersect either one or
three of these quadrants. If ¢(D(1,6)) lies in one quadrant we call the corner
convex, otherwise we call the corner concave.
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FI1GURE 5. Convex and Concave corners.

5.2. Continuation of loops and their fillings. Let {ys | 8 € [0,1]} C 2\ A
be a smooth family of flat knots, and let -4 stand for smooth parametrizations of
the corresponding curves. If (ag,bp) C R is a loop for 74, then, since all vy have
transverse selfintersections, the Implicit Function Theorem implies the existence
and uniqueness of smooth functions a(6), b(6) for which (a(8),b(d)) is a loop for
~(0), and such that a(fy) = ap and b(6y) = bg. Thus any loop of a flat knot can be
continued along homotopies of that flat knot.

Now assume that the loop (ag, bp) C R of 7y, has a filling: can one continue this
filling in the same way? In general the answer is no, as the example in 6 shows.
It is also not true that embedded loops must remain embedded under continuation
(see figure 7)

Lemma 5.1. If the filling g : D — M of the loop (ag, bg) has a convex corner, then
there exists a continuous family of fillings @9 : D — M for the loops (a(6),b(6)) for
all 8 €10,1].

Proof. We may assume, by changing the parametrizations if necessary, that a()
and b(#) are constant, so that (a,b) is a loop for each 6 € [0, 1].

FIGURE 6. Inward corners may cut up fillings.

If one has a filling of a loop for some parameter value 8y, then by constructing
a tubular neighbourhood of the arc « : [a,b] = M one can adapt the given filling
o to a filling ¢y of the loops (a,b) for all § in some interval (8g — 9,60 + €0)-
To obtain a continuation from § = 0 all the way to § = 1 we must find a fixed
lower bound for the size of the tubular neighborhoods. Such a lower bound then
implies a lower bound for the length 2¢¢ of the intervals on which one can construct
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local continuations, so that a finite number of such local continuations will take one
from 6 = 0 to § = 1. We will therefore now describe the construction of the tubular
neighborhoods of the vy and the local continuations of the fillings in more detail.

FI1GURE 7. An embedded loop becomes nonembedded.

Choose a suitable smooth metric g on the surface M. Then the Gauss curva-
ture of (M,g) and geodesic curvatures of the 7y are uniformly bounded, say by
some constant K. We can therefore choose a small ¢ > 0 (much smaller than
the injectivity radius of (M, g)) such that the intersection of any disk with radius
o at any point P € M with any of the curves 74 looks like a finite collection of
straight line segments. More precisely, if we define the map ¢p, from the unit disc
Dp C TpM =2 R? to M, by ¢p,(z) = expp(oz), then the preimage (,251;,10(’)’9) is
a finite collection of nearly straight arcs whose curvature is bounded by C(X)o,
which can be made arbitrarily small by decreasing o.

For each 6 € [0,1] we construct a smooth vector field Xy along vy (i-e. Xp :
St — TM satisfies Xq(t) € T,,,1y)(M) for all ¢ € S*), which is nowhere tangent
to vp, in particular Z(Xg(t),vp(t)) > 0 for some constant 6 > 0. This § can be
chosen independently of §. We can also choose the Xy so that their derivatives
are uniformly bounded, i.e. |[V/Xy| < C; with C; independent of 6. (Note that
we do not assume that the Xy vary continuously with 6.) Indeed, once one has
constructed such a vector field for some value 6; of # one can use the same vector
field for all @ in an interval containing 6;. A finite number of these intervals cover
the interval [0, 1], so that we really only need a finite number of vectorfields Xj.

Let some 6y € [0,1] be given, and let ¢ : D — M be a filling for the loop (a, b)
of 7g,. Since g, is the image ¢o(D) of the boundary of the unit disc one can define
an “outward direction” at each vy, (t). We will assume that our vector field X along
vg, is directed inward.

A tubular neighborhood is constructed from the mapping

S(t,s) = XDy, (1) (sX(1)).

This map is smooth from S' x R — M. Tt is a local diffeomorphism on some
neighborhood U = S x [—p, p] of St x {0}, where p > 0 is independent of 6.

If we choose X so that X (a) = X (b), then this map is a local homeomorphism
from the annulus I x [—p, p] to M, where I = [a,b]/{a,b} (i.e. the interval [a,b]
with its endpoints identified so I = S!.)

Now consider the curves I x {s} for 0 < s < p. For sufficiently small s > 0 there
exist closed curves I'y C D for which

S x {s}) = g, (Ts)-
Each T, is parametrized by ¢t — w(t, s), where w is the solution of

S(ta 8) = P, (UJ(t, 3))
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From S(¢,0) = 7, (t) it follows that w = exp (27ri,’§j—2) is a solution for s = 0.
Fix ¢t and let s increase, starting at s = 0, then, since g, : D — M is a local
homeomorphism, one can continue the solution w(t, s) to a solution w = w(t, s) €
int(D) for 0 < s < o(t) < p, where o(t) is a positive L.s.c. function of ¢. In
particular, o(t) is bounded from below by some constant ¢ > 0. If for some ¢t € I
one has o(t) < p, then as s 1 o(t) the solution w(¢,s) must tend to the boundary
OD (otherwise one could continue the solution beyond s = o(t).)

It follows from X (a) = X (b) that w(a,s) = w(b,s), and so t € [a,b] = w(t,s)
parametrizes a closed curve I';.

Proposition 5.2. There exists a o' > 0, independent of 6 such that all T's with
0 < s< o' are disjoint embedded curves in D.

Proof. To begin, there is some ¢ > 0 such that none of the smooth immersed
curves t € R/Z — S(t,s) with |s| < ¢” has a self tangency. This ¢” only depends
on the choice of the vectorfields Xy, and we may thus assume that it is independent
of 6.

The curves I'; are smooth, except at w(a, s) = w(b, s), where they have a corner.
Since the derivatives of the vectorfields Xy are bounded, we can find a ¢ > 0
independent of 8 such that all curves S(I x {s}) with |s| < ¢"" have convex corners
(in the sense that Xy, points “into the corner.”) Hence the I'y also have convex
corners for all 0 < s < ¢ for which they are defined.

Let

o' = min(o, 0", 0").

As s increases from 0 to ¢’ the I'y must remain embedded, for the only way
they can loose their embeddedness is by first forming a selftangency. However, the
smooth parts of the curves I'; are mapped to S(I x {s}) which has no selftangency.
On the other hand the corner of I',; is convex, so it cannot take part in a first
selftangency. Therefore the I'y remain embedded.

The T'; are nested. Indeed, they move with velocity

2 = Dp(w(t,)
which is never tangent to I's. Thus the I'y; always move in the same direction, which
must be inward, since they start at I'q = 0D.

Being nested, the I'y; can never reach the boundary 0D again, and hence they
exist for all s € (0,0”). O
Conclusion of proof of lemma 5.1. By “straightening” the curves 'y the above
construction allows us to modify the filling g so that on the annulus e /?2 <
|lw| <1 it is given by

(38) wo(re??) = S(a + %(b —a),—Inr).

For this ¢ the curves I'y are circles centered at the origin. Then we use this same
expression (38) to extend g to a local homeomorphism @g : D,.r — M.

Since all y[,,5) with 6 close to g are transverse to the vector field X, the preimage
under @g of a nearby loop 7y |[a,b] appears as a graph r = r(¢) in polar coordinates.
One easily adapts the filling ¢q to a filling of g |[a,b] by first mapping the unit disk
D to the region enclosed by the polar graph r = 7(¢), and then composing with @g.
The length of the interval of §’s for which one can do this is bounded from below
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by some § > 0 which is independent of 8, and hence a finite number of these local
continuations will allow one to fill 7y |[a,b] for all 8 € [0,1]. a

5.3. Loops and singularities in Curve Shortening. In §3.3 we considered a
solution {7; | 0 < t < T'} of Curve Shortening which becomes singular at time t = T'
without shrinking to a point. In the notation of §3.3 we recalled that Grayson’s
work implies that for every neighbourhood U of a singular point P; there is a time
Ty € (0,T) such that for Ty < ¢t < T the curve 7 has a loop (a’,b') C [0,1)
with v ([a, ']) contained in U. Such a loop need not be simple, but one can easily
extract a subloop (a,b) C (a',b") which is simple. Since 7|(a,b) is simple it is also
a fillable loop. Still, the loop could have a nonconvex corner, but if this is the
case, and if the neighbourhood U is homeomorphic to a disc, then we claim one can
find another loop, which is contained in U, which is simple, and whose filling has a
convex corner.

Indeed, let R C M be the region enclosed by the loop, and let A be the (noncon-
vex) corner point of R. Since A is a nonconvex corner point the two arcs of v\ OR
enter into the region R (See figure 8.) There are now two possibilities:

Case 1. If one of these arcs exits R again (say, at B € 9R) without first forming
a selfintersection, then the arc AB divides R into two pieces, the boundary of one
of which is a simple loop with a convex corner B.

Case 2. If both arcs starting at A selfintersect before leaving R, then each of
these arcs contains a simple loop whose area is strictly smaller than that of R. If
this smaller loop still does not have a convex corner then we repeat the argument,
thereby obtaining a nested sequence of smaller simple loops. Since 7 only has
finitely many loops this sequence must terminate either with a simple loop with a
convex corner, or with a loop as in case 1.

Case 1 Case 2

FIGURE 8. Finding a fillable loop with a convex corner.

Thus we can refine the description of singularities in §3.3 to the following:

Lemma 5.3. If {v, | 0 <t < T} is a solution of Curve Shortening which becomes
singular at t = T, then for any € > 0 there ezists a t. € (0,T) such that ¢, has a
convexly fillable loop with area no more than .

5.4. Decrease of area of small loops. Let {v; | o < t < #;} be a solution of
Curve Shortening with v € @\ A for all ¢ € (¢o,%1). Assume +;, has a fillable loop
with a convex corner. Then one can continue this loop for all values of t € (tg,t1).
Let ¢, : D? — M be a filling of these loops. Since ¢y is a local diffeomorphism away
from 1 € D?, we can pull the metric back from M to D? and define the area form
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dS; and Gauss curvature Ky of ¢} (g), as well as the geodesic curvature k; and arc
length ds; of the boundary OD?. The Gauss-Bonnet formula states that

/ ntdst + // thSt + Hext = 2m.
oD D

Here fex is the exterior angle at the corner of the filling. See figure 9. Using this

K/
0

ext
FIGURE 9. Definition of Geyx

we find that the area A(t) of the filling ¢, satisfies

dA()  d )
77-5[@%W$
:—/ Kkds
one
:—27r+0ext+//KdS

Since 0 < Oyt < 7 this implies

dA(t
dA®) < —m + (sup K)A(t)
dt M
Define
m
9) = Tap K

if sup,, K > 0 and (g) = oo otherwise. We may then conclude:

Lemma 5.4. Let vo € Q\ A have a convexly filled loop with area at most £(g), and
consider the corresponding solution {v; | 0 <t < T} of Curve Shortening. As long
as the solution stays in Q\ A one can continue the loop, and its area satisfies

(39) A'(t) < 35, and A(t) < e(g) - 5t.

In particular the solution must either become singular or cross A before t, =

2(0)

6. DEFINITION OF THE CONLEY INDEX OF A FLAT KNOT

6.1. The boundary of a relative flat knot type. Let B C Q \ A(T) be a
relative flat knot type, for some T = {y1,...,yn} C Q. Throughout we will make
the following assumption concerning multiple covers

(40) Ifa=m-6€Q, m>2, 6 €0, is tranverse to all v; then a ¢ B

We mention some examples.
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6.1.1. (p,q) satellites. If M is the sphere and ( is the equator, then consider B =
Bp,q(¢). Let U be the subset of the unit tangent bundle which consists of all vectors
not tangent to (. We have seen in section ?7 that U has the homotopy type of
T2. Any a € Q which is transverse to ¢ lifts to a curve & in U, and hence defines
a homotopy class [@] in 7 (T?) = Z2. The homotopy class [@] does not depend
on o € B, and hence on o € B. Since ged(p,q) = 1 this homotopy class is not
a multiple of any other element of 7 (T?), and therefore a cannot be a multiple
of another curve. We conclude that the relative flat knot types B, ,(¢) satisfy
condition (40).

This example is easily generalized to any relative flat knot type B C 2\ A(T).
Define U to be the unit tangent bundle of M with the tangent vectors to the ++;
removed, and assume that the homotopy class [d] € 71 (U) is not a multiple of any
other element of m;(U). Then B cannot contain multiple covers transverse to the
v; €T

6.1.2. Simple closed curves. Let § be the set of simple closed curves on M = S2.
If « = mp is a multiple cover, then any o' € ) near a must have at least one
selfintersection. Hence 8 satisfies condition (40). However in this case U is the
entire unittangent bundle T1S? = RP? whose fundamental group is Zs, in which
2-1=0and 3-1=1, i.e. in which all elements are nontrivial multiples. So just
like B, 4(¢) the flat knot type 8 satisfies (40), but it does so for different reasons.

6.1.3. Free satellites. Let ¢ € 2 be a simple closed curve, and let a be a (p,q)
satellite of (. Then consider the flat knot type B of . Since any two simple closed
curves can be deformed into each other by isotopy of S2, this flat knot type consists
of all (p, q) satellites of any simple closed curve. It follows that for any simple closed
curve ( the ¢ fold cover g - ( lies on the boundary 0B. Since there are no +; in this
example, this flat knot type does not satisfy the condition (40).

We consider the closure B of B in Q and define
B=B\{tm-v |m>2i=1,... N}
0B =BNoB

Lemma 6.1. Let g € Mr. For any a € OB a to > 0 ezists such that ®0t=) () C
BU(Q\ B).

Proof. Since a: € B the curve a has only finitely many crossings with any of the ;.
Hence for some t; > 0 all ®'(a) with 0 < ¢ < t; are transverse to all v;. If a is not
primitive, then condition (40) implies that ®¢(a) € Q\B. If a is primitive, then we
may assume that the ®¢(a) with 0 < ¢ < ¢; also have transverse selfintersections.
Hence ®'(a) € @\ A CBU (?\ B). a

The following lemma, states that orbit segments cannot touch the boundary of a
flat knot type B “from the inside.”

Lemma 6.2. Let g € Mp. If ®%d(a) ¢ B and t > 0 then () € B for all
s € (0,1).

Proof. Suppose for some s € (0,t) one has ®*(a) € 8B. Then ®°(a) cannot be a
multiple cover by condition (40). By the Sturmian theorem ®% (a) is a flat knot
rel T for all s’ # s close to s, and either the number of self intersections or the



26 SIGURD B. ANGENENT

number of intersections of &' () with some ~; € T must drop as s’ crosses s. This
contradicts ®%4(a) C B. a

We define the ezit set of B to be the set ‘B‘Aconsisting of those a € 8B for which
®(0t) (@) C @\ B. The complement B+ = 9B \ B~ is called the entry set.

Lemma 6.3. The sets BT do not depend on the metric g € My chosen in their
definition.

Lemma 6.4. B~ is a closed subset of B.
We prove these Lemmas in reverse order.

6.1.4. Proof of Lemma 6./. We first show that B+ is open in 9B. Let a € B+
be given. Then ®©t«) C B and in particular ®*=/?(a) € B. By continuity of
the local semiflow ® there is an open neighborhood N C 2 containing a such
that ®%=/2(N) C B. Suppose some o' € N belongs to B~. Then there is a small
' € (0,t4/2) such that &' (o/) € ©\ B. By continuity of & again, there is an
o € NN B with &' (a”) € @\ B. But then o/ € B, & (a") € Q\ B, and
®t«/2(a) € B. This contradicts the Sturmian theorem.

6.1.5. Proof of Lemma 6.3. We classify the possible curves a € 8B as follows.
(1) « is primitive and transverse to all 7;, but « has a selftangency.
(2) « is primitive and tangent to some 7; (but @ # £v; by condition (40))
B)a=m-B(m>2 B € Q)is a multiple cover. In this case a must be
tangent to at least one of the 7;, by condition (40).

The curves in case 3 all belong to B, for under the Curve Shortening flow they
remain multiple covers, while they instantaneously become transverse to the ;, so
that condition (40) forces them to leave B.

The following proposition shows that we have in case 1,

a € B~ & Cross(a, a) < mg,
while in case 2 we have
a € B~ & Fi: Cross(a, ;) < my.
Thus we have a description of the exit set which is independent of the chosen metric
g.

Proposition 6.5. Let a € B be primitive with o # +; for anyi. If Cross(a, a) =
mo(B) and Cross(a,y;) = my(B) fori =1,...,N, then for some € > 0 one has
®(0) (o) C B.

Proof. Since ®©<l(a) C Q\A(v1,...,vn) we either have ®(©<l(a) C B or (*<l(a) C
2\ B. We must show the latter cannot hold. Suppose it does hold. Then let a,, € B
be a sequence with @, — a. Since ®(a) € Q\ B one also has ®(a,,) € O\ B
for large enough n € N. Thus the orbit ®!(a,) crosses A(y1,...,vn) for some
t € [0,¢]. By the Sturmian theorem one then has

#(®°(an) N ®°(an)) < mg or Fi : #(B°(an) Ny;) < m;.

On the other hand ®°(a) € @\ A(m,...,7vn) so that for sufficiently large n € N
one has

#(2° (an)N®° (an)) = #(P°()ND° () < mo or Fi : # (B (an) V) = #(2°(@)N;) < M.
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If we now let € | 0 then we get
Cross(a, a) < mg or 3i : Cross(a,y;) < m;.
Thus we have a contradiction, and the proposition is proved. O

Given a metric g we now define

a has a filled loop with
(41) B(g,e) = {a €B } ,

a convex corner, and area < ¢

(42) @Z(g,a) = the closure of B¢(g,¢) in Q\ {#¢vi | ¢ € N,1 <i < N},

1= /g um |

the Conley-index of the component B. Here for any closed subset A of a topological
space X, [X/A] stands for the homotopy type of the pointed quotient space X/A.
See [17].

and we call

Lemma 6.6. The set B~ U 'IASZ(g,E) is positively invariant relative to B.

Proof. Let ®1%%(a) c B with t > 0 and & € B~ U BY(g, ) be given.

By Lemma 6.2 we have ®*(a) € B for 0 < s < t.

Fix an s € (0,t) and choose a sequence a,, — « with a, € Bf(g,¢). Since
®%(a) € B continuity of the semiflow implies ®°(a,) € B for large enough n.
Foward invariance of B¢(g,¢) in B then implies ®*(c,) € B(g,¢). Taking the limit
n — oo one finds ®*(a) € B(g,e) for any s € (0,t). Taking another limit s — ¢
one finds that ®¢(a) € B¢(g,¢).

O

Lemma 6.7. The Conley index h(B) does not depend on the metric g € Mr or
the choice of € > 0, as long as € < £(g).

This lemma justifies the absence of g and € in our notation “h(B)” for the index.

The proof of this Lemma is essentially to be found in [17]. Our observation here
is that although we do not have the desired local compactness! we are only trying
to prove that the index is independent of the “index pair” for a small class of index
pairs.

We split the proof of Lemma 6.7 into two pieces. It will be convenient to write

B
g{(gaE): /B_U@Z(g,s)

so that we have defined the Conley index of B to be the homotopy type of the
quotient H(g, e), and we must now show that this homotopy type does not depend
on g € Mr or ¢ € (0,(g)).

1K.Ryba.kowski has developed a version of Conley’s theory for local semiflows on complete
metric spaces, but we were unable to verify his “admissibility condition,” mainly because B can
contain arbitrarily long curves, and possibly geodesics of arbitrary length.
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6.1.6. h(B) does not depend on e. Let 0 < &1 < €2 < &(g) be given. Then trivially
we have the inclusion B¢(g,e1) C B¢(g,e2) which leads to a natural mapping

H(g,e1) > H(g,e2).
(Whenever A; C Ay C X are closed subsets there is a natural mapping X/4; —
X/A5.) X
We will show that this mapping is a homotopy equivalence. For every v € B we
define

(43) T.(y) = inf{t > 0| &,(7) € B~ U B (g,1)}

with the understanding that Ti(y) = oo if ®;(y) never reaches the exit set or
ﬁZ(g7z‘:1)'

Proposition 6.8. The function T, : B — [0, 00] is continuous.

Proof. We check that both conditions Ty (v) < M and T.(y) > M define open
subsets of B.

If T, (v) < M for some 0 < M < oo, then ®7=(V) () belongs to B~ or Bt(g,e1).
In the first case the orbit immediately leaves B, so there exists a tg € (T«(7y), M)
with ®%(y) € Q \ B. By continuity of the semiflow ® the same is then true for all
~' near «, so that Tx(v") < to < M holds on a neighbourhood of ~.

Consider the second case, in which ®7+(")(v) € Bt(g, ;). If Tu(7) = 0 then it is
possible that v = ®7+(¥) () lies on BT. When this happens ®* () must immediately
enter B and henceB!(g, 1), by forward invariance of B¢(g,¢) relaitve to B. If on
the other hand T (y) > 0 then ®7+(")(y) cannot lie on B*. By assumption it does
not lie on B~ either, and thus it lies in B¢(g,&1). It follows from Lemma 5.4 that
at t = T.(y) the orbit ®!(vy) develops a convexly filled loop with area < &1, and
that for t > T.(7) the loop has area < e; — 5 (t — Ti(7y)) which is strictly less than
€1. Invoking continuity of the semiflow we conclude again that this condition also
holds for +' near .

Conversely, if T.(y) > M, then the (compact) orbit segment {v, | 0 <t < M}
is contained in B \ BY(g,e1) which is open relative to B. Once more continuity of
the semiflow guarantees that this is also the case for v’ close to 7. |

It follows from Lemma 5.4 that for all v € B(g,e2) one has T.(7y) < Z(e2 —€1).
By continuity this also holds for all y € B¢ (g9,€2)- Now define

o) = min (2(e2 =2, 7.(0))

and consider the following homotopy (0 < A <1)
Gr:B UB-B UB, v &0)(y).

Then

e Gy is the identity map on B~ U @,

e G, maps B~ UB!(g,¢) to itself for every e € (0,(g)) (by forward invariance

of B~ U B¢, Lemma 6.6)

e G maps B~ U B¢(g,&,) into B~ U BY(g,ez)

and it is easily verified from these facts that G is a homotopy inverse of f.
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6.1.7. h(B) does not depend on the metric. Let g1,ga € Mr be two given metrics.
Then, since the surface M is compact there exists a constant A > 0 such that one
has g1 < Ag, and g5 < Ag; pointwise on M. In particular the area form of either
metric is bounded by A2 times the area form of the other. We therefore have the
following inclusions

B~ U B (g1,e) C B~ UB (g, A%) C B~ UB (g1, A%e) C B~ U B(gs, A%)
and corresponding natural maps

H(gr,e) -1 H(ga, A%) <> H(gr, A'e) L H(go, A%).

Now it follows from the previous section that for sufficiently small € > 0 the com-
positions g o f and h o g are homotopy equivalences, so that g has a left and right
homotopy inverse. Hence g is a homotopy equivalence. O

6.2. Virtual Satellites and the modified Conley index of a relative flat
knot. Let B C Q\ A(T") be a relative flat knot for some I' = {v1,...,yn} C Q.
Define Mr as in §1.3, and, as in §1.3, let us order the v; so that for i = 1,...,m
there exists p;/q; with

(44) givi € 0B and B C By, 4, (14)

while no such p;/g; exist fori = m+1,...,n. By Lemma 2.2 the p;/q; are uniquely
determined.

We impose the non-resonance condition (3) and for any I C {1,...,m} we define
M(o;I) for @ € B as in §1.3. Since M(a;I) does not depend on o € B we will
write M(B;I) for M(a;I). Our discussion of the rotation number in §4.1 shows
that condition (4) is equivalent with

(45) AF

(i) <Ofori€l and X () >0 forielf,

where I° = {1,...,m}\I.

For the moment write ¢ = ¢; and v = ;. Let U C ‘B be a closed neighborhood
in @Aof gy which is small enough for ¢y to be the only geodesic in U, and for
U N Bt(g,e) to be empty (for some £ € (0,£(g)) which we keep fixed throughout
this section.)

Define
(46) Ugransient = {@ € UNB | Tt > 0: ®(a) € B\ U}
(47) U# = U\ (Usransiens U {g7})

The conditions a € B and ®!(a) € B imply that &t C B, since orbits cannot
leave and then enter B again. Thus U# consists of those a € U which do not leave
U before leaving B.
Clearly Ugransient is open, so U# is closed in B and U# U {gv} is closed in B.
By construction U# is positively invariant relative to B; U \ {q -7} is positively
invariant relative to B if and only if U = U# U {q - v}, or, equivalently,

U#* = U\ {g- 7}

Lemma 6.9. U# U {q7} is a neighborhood in B of q - .
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Proof. If U# U {gv} is not a neighborhood of ¢y then a sequence a;,, € B\ U#
with lim,,_,. @, = ¢y must exist. Since U is assumed to be a neighborhood we
may assume that all a,, € U, and thus &, € Ugransient- Then ¢, > 0 exist with
&t (ay) € B\ U. Choose t, to be the largest ¢ € (0,¢) with ®%](a,) Cc U. In
particular &% (a,,) € OU.

Since ¢ is a fixed point for Curve Shortening, we have lim, ,. t, = co0. By
parabolic estimates 3.2 we can extract a convergent subsequence of the sequence
of solutions {B,(t) ' ®t+t(ay,) | —t, < t < 0}. The limit is an “ancient orbit”
{B(t) | —o0 < t < 0} which remains in U, and which reaches OU at t = 0. The
a-limit of such an orbit must be ¢y (being the only closed geodesic in U) but this
contradicts /\;/q(v) < 0 and Lemma 4.2. a

For any neighborhood U C B of ¢y and T > 0 we define
U#T = {87 () | 21T @) c U#}.

As T increases the set U#7 shrinks. In general U#7 is not a neighbourhood of ¢-,
in fact, due to the regularizing effect of the heat flow, U#7 will have empty interior.

Lemma 6.10. Let U,V C B be neighborhoods of qy. Then for sufficiently large
T > 0 one has U#*T C V# and V#T C U#.

Proof. We need only prove the first inclusion, and we may of course assume that
the neighborhoods U = U# U {gv}, V = V# U {¢} are positively invariant relative
to B.

Arguing by contradiction we assume that there exists a sequence aj € U with
®l%*(ay) € U\ V. Parabolic estimates yield an a priori bound for % on the
curves ! (ay), and thus we can extract a convergent subsequence from the solutions
Bi(t) = ®**1(ay) of Curve Shortening. The limit would then be an orbit of Curve
Shortening which stays in U \ 'V, in particular its w-limit would be a closed geodesic
other than ¢v in U, which by assumption does not exist. a

Let I C {1,...,m} and g € Mp(B;I) be given. For each ¢ € I we choose a

sufficiently small neighbourhood U; of ¢;y; and we set
def
w = Juf.

i€l

We will assume that the U; \ {gi7y;} are forward invariant relative to B, i.e. U; = U¥.

Definition 6.11. The modified Conley index of the relative flat knot type B is

W' (B) = [@ /fB— U Bt(g,¢) UUI]

Our previously deined Conley index h(B) is contained in this definition as the
special case in which I C {1,...,m} is empty.

Lemma 6.12. For sufficiently small U; and & > 0 the index h* (B) does not depend
on either €, the metric g € Mr(B;I) or the neighbourhoods U;.

Proof. We may assume that U D 'V for otherwise we choose a smaller neighborhood
W C UNV and compare the indices h?(B) obtained by using U and V with the
index obtained by using 'W.
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Choose a sufficiently large T > 0 so that U#*T C V and as before in (43) we
define
T.(a) = inf{t > 0 | ®(a) € B~ U B*}).
We showed in Proposition 6.8 that the exit time Ty (a) is a continuous function
with values in [0, 00]. The family of maps

Fy(a) def 46 min(T.(a),T) (@)

with 6 € [0, 1] is therefore a continuous homotopy Fy : id = F; of maps of the pairs
(B, B~ UBLUU) and (B, B~ UBLUU). From U#T C V we conclude that F; maps
the quotient B/(B~ UBf UU) to B/(B~ UBLUYV), and is a homotopy inverse for
the inclusion induced map from B/(B~ U B¢ U V) to B/(B~ UBLU). a

6.3. The Conley index of a virtual satellite.

Lemma 6.13. The homotopy type of U¥ /(U¥ N B~) is that of ST x §2Pi=1/S' x
{pt}.
Consequently the homotopy type of U /(UT N‘B~) is given by
VIS x 8271 /S x {pt}].

i=1

We will call the homotopy type of U¥ /(U# NB~) the Conley index of the virtual
satellite of g;v; in B.

In the following proof we omit the subscript ¢ and write U instead of U;, etc.

The same arguments as in corollary 6.12 show that U# /(U#NB~) is independent
of both the metric g, provided + is a geodesic with /\;/q('y) < 0, and the neighbor-
hood U, provided it is sufficiently small, meaning that it should not contain any
other closed geodesics besides ¢y and be disjoint from BL. Thus we may choose our
metric so that a neighborhood of 7 in the surface M is isometric to a part of the
surface of revolution whose metric is given by

(ds)? = eV"/2{(dzx)? + (dy)?}, (2,y) € (R/Z) X R,

where the “waist” y = 0 corresponds to 7. Curves a € Q which are C! close to
gy are then given by graphs of functions u € C?(R/qZ), a(z) = (z,u(zx)) (such
a graph wraps itself ¢ times around the waist {y = 0}). In this section we will
identify a small neighborhood of ¢ -y € £ with an open neighborhood of © = 0 in
C?(R/qZ) without explicitely mentioning the identification again.

Curve shortening for such graphs is equivalent to the pde

(48) % - 1?2; T

We choose

(49) U=N,NB

where

(50) Ny = {u € C*(R/4Z) | sup|u(a)| < osup |u'(z)]| < o,

and o is sufficiently small.
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Lemma 6.14. N, is invariant for the Curve Shortening flow, so that U contains
no transient part, i.e. W = U* U {qv}.

Proof. The maximum principle implies that any solution of (48) with |u(z,0)| < o
satisfies |u(x,t)| < oe™t, since £oe ! are sub- and supersolution for (48).
By differentiating (48) one finds that v = u, satisfies

Vg 2u,
v = — Vg —
T 14wz Q4w2)?
so that the maximum principle again implies that sup, [v(z,0)] < o leads to
sup, |[v(z,t)| < get. a
We will identify A C Q with those u € C?(R/gZ) which correspond to a curve
Qa, € A.

Lemma 6.15. Both B~ and A are cones in C?(R/qZ).

Proof. A function u € C%(R/gZ) belongs to A if it either has a multiple zero or if
for some k =1, ..., ¢ — 1 the function u(z) — u(z — k) has a multiple zero. This
clearly holds for w iff it holds for Au, for any A # 0. Thus A is a cone.

Near ¢y the set B~ consists of those u € A which have less selfintersections, or
less intersections with 4 = 0 than a general u € B has. This condition also holds
for both u and Au or for neither. O

Any u € C?(R/qZ) has a Fourier series of the form

(51) u(z) = i Re (uke2k7riz/q)
k=0

with ug € R and uy € C for k > 2. The embedding C? — W22 implies that

o

(52) / [u(@)? + 3" ()Y = Y1+ K urf? < oo,

k=0
We now define

8 = {u € C2 (R/qZ)

Z 1+ EY|ug|? = }

i.e. 8¢ is the intersection with C?(R/gZ) of the sphere of radius ¢ in W>2(R/qZ)
with norm given by (52).

Since W22 < C! one has 8. C N, for small enough & > 0.

Lemma, 6.15 implies that (8. NB,8.NB~) is a deformation retract of (U#,U# N
B~), the deformation going along rays through the origin in C?(R/gZ). We there-
fore have a homotopy equivalence

U# /(U NB~) = (8. NU#) /(8. nU¥ N'B™)

For small enough & > 0 one has 8. C N, so that S, NU# = 8. NB, and $. NU# N
B~ = 8. N B~. Hence we have a further homotopy equivalence

U#/(UFNB™) = (8. NB)/(S. N'B™).
The linear heat equation induces a continuous semiflow on §.: for any u € 8. let

(53) u(t,z) = Z Re (uke2k”iw/q_4k2"2/qzt)
k=0
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be the solution of u; = ug, starting from u, and define ¥!(u) to be the radial
projection of u(t,-) onto S, so

(Thu) (z) = EM.
llu(t, ) llw=2
We will refer to ¥* as the projected heat flow.
The essential insight which allows us to determine the homotopy type of (8; N
B)/(8: NB~) and hence of U# /(U# NB~) is that (8. NB,S8. NB~) turns out to be
an index pair for the projected heat flow ¥?: 8§, — 8. which isolates the invariant

set
def 2ripz/ €
C= %e(ue“mq)‘u €C |uy| = — 7 -
{ P P 7| P| m
This invariant set is a normally hyperbolic circle whose unstable manifold is 2p
dimensional, so one expects its Conley index to be [S' x $?P~1/S! x pt]. Since
we do not have the required compactness hypothesis of [17], we must prove these
statements by hand, essentially verifying that Conley’s arguments still go through
in our setting.
For u € 8. we define the quantities

wy (u) = e~ ? Z (1 + &) Jue|?

E>p
wow) = 3 (14 k) fuf
0<k<p
wy(u) =&? (1 +p4) Jupl®.
By definition we have
w—(u) + wp(u) + wy(u) =1
for all u € §..

Lemma 6.16. Along any orbit ¥t(u) of the projected heat flow one has

(54) %}?’t“) < —Cuy(l—wy) <0
(55) %}?’t“) > _Cw_(1—w_)>0.

Proof. Let u(t,z) be the solution to the linear heat equation starting at u € 8,
given by (53), 50 u(t,z) = 350 Re(ug (£)e2™*7/7) with uy,(t) = =47 ¥/0 by, (0),
then one has

dw, (u(t, -))

dt = (14 k*) Re(2uf, (t)uk (1))
k>p
S _&F(€172+Dw+(u(ta ))
and
d’w_(;lt(t; )) Z _871' (I;Z_ 1) w_(u(t, ))
dﬂ)p(zllt(t; )) — _87;217 U)p(u(ta ))
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Using
. we (u(t, )
(W) = ) + wp(alh, ) T w (a6 )
one then arrives at (54) and (55) with C = 872(2p + 1)/¢%. a

Consider the sets
V, ={u€8.NB|wy(u) < p}
V, ={ueV,|w (u) > p}.
The differential inequalities (54), (55) imply that (V,,V;) is an index pair. It
isolates the same invariant set € as (U*,U# N B~), so one expects V,/V, and

U# /(U#NB~) to have the same homotopy type. To prove this we exhibit homotopy
equivalences obtained by “flowing along” with ¥*

(56) u#/(U#*NB_) —V,/(V,NB7),
and
(57) Vo/(VpNBT) — YV, [V,

6.3.1. Construction of the homotopy equivalence (56). We define
to(u) = inf{t > 0 [ wy (¥ (u)) < p}.

Proposition 6.17. The function t. is continuous and finite on 8. N B.

Proof. We first observe that one has wy(u) < 1 for every v € U#. Indeed, if
wy (u) =1 then w_(u) = wp(u) = 0 so the Fourier series (51) only contains terms
with k > p+ 1. Then u has at least 2(p + 1) signchanges and cannot belong to B
or U# C B.

The differential inequality (54) implies that w, (¥*(u)) will decrease to p in finite
time so ¢, is finite. Moreover £w, < 0 implies that the time at which w, (¥¢(u))
becomes equal to p depends contiuously on wu. |

The family of maps Gg(u) = ¥+ (y) is a continuous homotopy Gy : id = G.
The final map Gy sends U# /(U#¥ NB~) to V,/(V,NB~) and is a homotopy inverse
for the inclusion induced map V,/(V, N B~) — U# /(U# N B7).

6.3.2. Construction of the homotopy equivalence (57). To construct a map from
left to right in (57) we observe

Proposition 6.18. If p > 0 is small enough then V,NB~ C V.

Proof. We consider the sets

(58) W, ={u €8 [wy(u) <pw (u) <p}

(59) W, = {ueS. |ws(u) < p,w_(u) = p}.

By definition W, is a W?? neighborhood of I' which can be made as small in 22
as desired by decreasing p. Since I is compact, and since A is closed in C* and thus

also in W22, we conclude that for sufficiently small p > 0 W, and A are disjoint.
Since V, \'V, C W, and B~ C A the Proposition follows. O



CURVE SHORTENING AND GEODESICS 35

For small enough p the Proposition guarantees that we have an inclusion induced
map V,/(V,NB~) — V,/V,. A homotopy inverse for this map can again be found
by following the flow. Define an “exit time”

to(u) Einf{t > 0| U(u) € B~}
If we allow t.(u) = oo in case the orbit ¥!(u) never hits B~ then t,(u) depends
continuously on u € U, again because orbits cross B~ in a topologically transverse
way (this is the same argument as in Proposition 6.8.)

Proposition 6.19. If w_(u) > 0 then t.(u) < co.

Proof. Let ko be the smallest integer with ug, 7 0. Then ¥t(u) = 5% with
u(t,z) given by (53). For large ¢ the dominant term in (53) is the term with k = ko,

so that
lim ¥(u) = Const - Re (uko 62”“‘0‘”/‘1> :
t—o0

Since w_(u) > 0 we have ko < p, and hence for large ¢+ ¥*(u) has less than 2p sign

changes so that ¥f(u) cannot lie in B anymore. The only way ¥(u) can leave B is

by crossing B~ first. a
We can now define the following family of maps,

Go(u) = POn(w-(u))t.(u) (u)

in which  : R —» R is a continuous nondecreasing function with n(w) = 0 for
w < p/2 and n(w) = 1 for w > p. Thus n(w_(u)) vanishes in the region w_ (u) <
p/2 while t.(u) is continuous for w_(u) > 0 so that the product n(w_ (u))t.(u) is
continuous everywhere.

The Gy are maps of the pairs (V,,V,) and (V,,V, N B~) respectively, and the
final map Gy sends (V,,V,) to (V,,V, N B~). It therefore provides a homotopy
inverse for the inclusion induced map V,/(V,NB~) = V,/V,.

6.3.3. Computation of the homotopy type of V,,/V;. Define W, and W, as above
in (58), (59).

Proposition 6.20. For small enough p > 0 one has
W, =V,\V,, W, =W,nVv,.
Consequently, for small p > 0 one has [V,/V,] = [W,/W,].

Proof. This follows directly from the proof of Proposition 6.18. |

Proposition 6.21. The pair (W,, W,') contains (2,,2,) with

2, d:Ef{ueWpleF(U):O}a z; ‘Efzan;

as a deformation retract.

Proof. One can write v € W, as v = u~ + «? + v and can homotope it to
Go(u) = p(@)u™ + v(0)uP + Out, where u(@), v(6) € Rt are chosen so as to keep
Gy(u) on 8. O

Proposition 6.22. Z,/Z, is homeomorphic with S* x S*~' /(S' x pt).



36 SIGURD B. ANGENENT

Proof. We can write any u € Z, as

(60) u(z) = Re 3o, upe’™*e/4,
with

(61) Phep(L+ Y |upl* = €.
The condition w_(u) < p is equivalent to

(62 a1+ k) g2 < pe?
so that

L +pYup|* > (1= p)e.
In particular, u, # 0 if p < 1, and we can write

o [ Seep L+ Bl
1+ pt

(63) up =e

with 6 = argu,. We have defined a map f from Z, to C x R x C*=2 given by
Frue (€% ug,ur,y .. up_1).

(recall that ug is real, while the other coefficients are complex.)

This map is one-to-one and hence a homeomorphism onto its image. The image
is clearly S' x B2~ where S! is the unit circle in C and B?P~! is the convex ball
in R x CP~! given by (62).

The subspace 2, consists of those u € Z, for which one has equality in (62),
and therefore f maps Z; onto S* x dB**~'. We conclude that Z,/Z, is home-
omorphic with (S x B#~1)/(S! x 8B?~1) which in turn is homeomorphic with
(St x §2P71)/(S* x {pt}).

O

6.4. A long exact sequence relating the h!(B). Let ) c J C I C {1,...,m}
with J # I be given, and set K =1\ J.

Choose a metric g € Mp(B;J). This metric can be modified to a new metric
g € Mp(B;1) so that g and § coincide on an open neighborhood of the geodesics
74, for all j € J.

We can then construct punctured neighborhoods U; C B of qi7v; which isolate
the ¢;v; for all ¢ € I, and which are so small that Curve Shortening for g and for g
coincide on a neighborhood of ¢;y; in Q for all ¢ € J.

The indices h’(B) and h’(B) are then defined to be the homotopy types of the
pointed spaces
w2 e

Uf U B~ UBL(g,¢) UJ U B~ U B g,¢)

H'(B)

and since U7 C U we have a natural map H”(B) — H!(B) which collapses the set

I B— @E
(64) Al def u' u u : (g,¢€)
UJ U B~ U Bt(g,¢)
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to the base point in H'(B). Since U/ = U7 LUUX is a disjoint union, the space A%
in (64) is homeomorphic to
WUB-UBlg,e) U UUKUB~ UBg,e)
U7 UB- UB(g,e) U7 U B~ UB(g,e)
uK
CUKn (uJ UB- U@f(g,e))
uK
T UK N B-
Ska 1
=V { ST x {pt} }

keEK

Proposition 6.23. The subset A% of H7(B) is collared.

Proof. We should have started with neighborhoods V;, and then chosen U; C int'V;.
The Curve Shortening flow then retracts the V; into the U;. O
This proposition implies an isomorphism
H,(37(B), A) = Hi(H (B)/A}) = Hi(3 (B))
of relative singular homology groups.
The long exact sequence on homology for the pair (H7(B), A}) then gives us
the long exact sequence
(65)
O O
Hi (W(B)) = Hi(A) — Hi(h(B)) — Hi(W'(B)) — Hi_1(A})...
from Theorem 1.2.

6.5. Proof of Theorem 1.3. We know that not all homology groups of Al are
trivial, so, if hf(B) is the homotopy type of a point, then the exact sequence implies
that A’ and h’(B) have the same homology groups. Similarly, if h’(B) happens
to be trivial, then H;(A%) = H;11(h!(B)) for all I, so that h!(B) cannot be trivial.

7. EXISTENCE THEOREMS FOR CLOSED GEODESICS

7.1. Proof of Theorem 1.1. Fix I' = {,...,yn} C £, a relative flat knot type

BCO\A[),an I C {1,...,m}, and a metric g € Mr(B;I). Assuming that there

are no closed geodesics in B for the metric g we will show that h!(B) is trivial.
Define T, : B — [0, 0] by

T,(a) = inf{t > 0| ®*(e) € B~ UB(g,e)}.
It was shown in Proposition 6.8 that 7T is continuous. Thus the set
W ={aeB|T.(a) = 0}

is closed in B.
Choose neighbourhoods U; 3 ¢;v; with U; = Uf, as in §6.2. Let U = U;esU;-
For each a € W there is a t, € [0 o0) such that ®t=(a) € int U, where int U
is the interior of U with respect to B. Indeed, if @ € W then the entire orbit
®10:%)(q) is contained in B. This orbit must converge to some closed geodesic, and
by assumption such a geodesic must lie on dB. Le. the orbit must converge to one
of the ¢;y; with 4 € 1.
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Continuity of the semiflow implies that some neighborhood O, 5 «a also gets
mapped into int U under ®*=. Choose a sequence a;, so that the O, = O, form
a locally finite covering of W. Next let O = U,0,, and construct a continuous
function ¢ : O — [0,00) with to(8) > tq, for all 8 € O,,. We may assume that
lim, 90 to(y) = oo (add dist(y, d0)~" to to(7y) if necessary.)

One has ®*(8)(3) € int U for all B € O. Moreover,

Ty (a) = min(to(a), Tu(ax))
defines a continuous everywhere finite function on B which satisfies
3T#() (a) € B~ UB(g,) UL

The family of maps
F(a) = 87T#(%)(a)

with 0 < @ < 1 defines a deformation retraction of (B, B~ U B¢ U U) into (B~ U
BUU, B~ UB*UU). Thus the index h!(B) is trivial.

7.2. Proof of Theorem 1.4. Let v be simple closed geodesic on the sphere S2.
After applying a diffeomorphism we may assume that + is the equator. We consider
p, q satellites of the equator. Thus in the notation we have used so far, we have
I'={m,...,yv} ={¢}, N = 1. The unique curve ¢ € I' belongs to the boundary
of B, 4(¢), and thus m = 1. There are two modified Conley indices to be considered,
namely h?(B) and h{l}(B).

To compute the Conley indices h!(B,, ,(¢)) for arbitrary p/q # 1 we use the fact
that the indices do not depend on the metric, and consider the standard metric
on the usual unit sphere S? C R3. For this metric the equator is indeed a closed
geodesic, while all geodesics are great circles. In particular, no closed geodesic on
the standard sphere is a p, g satellite of the equator. Moreover, the rotation number
of the equator is exactly p(¢) = 1.

For p/q > 1 we therefore conclude that

h{l}(Bp,q(O) = [point]
while for p/q < 1 we get

h?(By,4(C)) = [point].
By the long exact sequence from Theorem 1.3 we then find that for p/q > 1 the index
h?(B, ,(¢)) is nontrivial, while for p/q < 1 the index hi'}(B,, ,(¢)) is nontrivial.

If one now has another metric g for which the simple closed curve ( is a geodesic

with rotation number p((,g) > p/q > 1, then the nontriviality of h®(B, ,(¢))
implies existence of at least one closed geodesic of g which is a (p,q) satellite fo

¢. Similarly, if one has 1 > p/q > p(, g), then nontriviality of A{*}(B, ,(¢)) again
leads to the same conclusion.

8. APPENDICES

8.1. Curve Shortening in local coordinates. Assume g is an h** metric on
M and let v €  be an h®# curve of length L. Then there exists an h%* local
diffeomorphism o : T x (—r,r) - M with T = R/LZ such that z — o(z,0) is an
arclength parametrization of v. If 7 is a ¢ fold cover, then we may assume that
o(z+L/q,y) = o(z,y).
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In the local coordinates {z,y} the metric g is given by
(66) 0*g = E(z,y)(dz)* + 2F (z,y) dz dy + G (z,y)(dy)

where E, F, G are h** functions on T x (—r,r).

We now compute the geodesic curvature of the graph of y = u(z) and determine
the PDE which is equivalent to Curve Shortening in the coordinates {z,y}.

The unit tangent to the graph {(z,u(z)) | z € T} is

Op +us0y

1
= 7|6w 0.0, = X((?z + ug0y)

where A = /E + 2F u, + G u2
If we write X AY for Q,(X,Y) where Q, = (EG — F?)dz A dy is the area form
of the metric g, then the geodesic curvature is k =T A Vr(T), i.e.

k= A"2(0p AOy) [uze + P(z,u) + Q(z,u)us + R(z,u)ul + S(z,u)u’]

where
p— Oz NV, (0z) 0= 20, A Vay (0z) + 6@/ AV, (0z)
T 0. N0, a O N Oy
Oz ANV, (0y) +20, AV, (0z) Oy ANV, (0y)
R= : 2, § =t
3. N O, 3x N O,

If we now consider a moving family of graphs y = u(z,t), then the normal velocity
of this family of curves is given by

V=TA\ (ut8y) = )\_1(&3 A By)ut
so that Curve Shortening, i.e. V = k is equivalent to

(67) w = Yz + P(z,u) + Q(z,u)u, + R(z,u)u2 + S(z,u)ud
£ E(z,u) + 2F(z,u) uy + G(z,u) u2

8.2. Interpretation of the coefficients P, (), R, S. The coefficient S(x,u) is
the geodesic curvature of the vertical lines y = constant. If the diffeomorphism o
were obtained by exponentiating normal vectors to the z-axis, as in (13) §2.7, then
S would vanish. (However, (13) contains the unit normal vector N which is only
hl:#, so the resulting map o is also only h'# instead of h2*.)

The coefficient P is proportional to the geodesic curvature of the curves u =
constant. In particular P(z,0) is proportional to the geodesic curvature of the
z-axis. The z-axis is a geodesic only if P(z,0) = 0.

If the x axis is a geodesic then we can assume after an h?* change of coordinates
that 2 — (z,0) is a unit speed parametrization of the z-axis, and that on the z-axis
the vector 9y is a unit normal to the z-axis. In other words, we assume that

E(z,0)=1,F(z,0) =0,G(z,0) =1

for all . (Use a Whitney type exension theorem, as in [34, §VI.2.3, Theorem 4].)
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The derivative Py(z,0) is then given by

0 az- A v@ (@:))
Py(z,0) = — (7”
v Ay Oy N\ Oy y=0
=(9m/\VayVam(6z) use Vp, 0y :0,8m/\6y =1lfory=0
=08, N{Vs,Vs,(0:) + R(Dy, 05)0 } definition of the Riemann tensor
= K(z,u)

where K is the Gauss curvature. (This last calculation is the standard derivation
of the equation for Jacobi fields.)

On the z-axis we have Vg, (9,) = Va,(9,) = 0 since §, is a unit normal to a
geodesic. We also have Vp, (9;) = 0 since the x axis is a geodesic. Thus

Q(z,0) = 0.
Both R and S are h* functions of their arguments.
Thus the linearization of (67) at u = 0 is

K(z) = K o y(z) being the Gauss curvature along the z-axis.

8.3. Short time existence and the C! local semiflow property. Equation
(67) is of the form

(69) Uy = F(.’L’,U, Uz, uww)
where F is a C1# function of its arguments with
F
/\71 S (1 +p2)6 ("L':aZ;paQ) S A

for some constant . It is well known (perhaps under higher differentiablity as-
sumptions on F') that solutions with initial data u(-,0) € C*#(T) exist on a short
time interval. We now show that (69) generates a C' local semiflow on an open
subset of h%#(T).

We may assume in our setting that F(x,u,p,q) is defined for all (z,u,p,q) €
T x R® with |u| < r for some r > 0. Let V C C*(T) be defined by

V ={ue CHT) | |u| <r}.

We write VX for V N RBA(T).

The PDE (69) is actually quasilinear, i.e. F' has the form F(x,u,p,q) = a(z,u, p)g+
b(z,u,p) where a and b are C1* in r and v and analytic in p € R. This implies
that the substitution operator u — F(&,u, Uz, Uz,) is continuously Fréchet differ-
entiable from V2%# to hO#(T). Since the Fréchet derivative of F' is the generator of
an analytic semigroup in h%”(T) for any v € (0, u), we can apply [6, Corollary 2.9]
and conclude that (69) generates a C! local semiflow on V2V for every v € (0, p).
This, by definition, means the following.

Continuous local semiflow. The map ® which maps the initial data ug and
time ¢ to the solution u(t) at time ¢ is defined on an open subset D C V2" x [0, 00)
containing V¥ x {0} and satisfies

(1) F is continuous,
(2) F(ug,0) = ug for all ug € V>¥,
(3) If (ug,t) € D then {ug} x [0,t] C D
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(4) If (uo,t) € D and (F(ug,t),s) € D then (ug,t+ s) € D and F(ug,t + s) =
F(F(UOat)as)'

Differentiable local semifiow.? For each t > 0 define D; = {u € V> | (u,t) € D}
and write ®;(u) = ®(u,t). Then the map u — ®;(u) is continuously differen-
tiable from D; to V*¥. Moreover, the Fréchet derivative d®;(u) is a strongly
continuous function of both variables (u,t) € D, i.e. for any vy € h?”(T) the
map (u,t) — d®;(u)vy is continuous from D to h%¥(T). One obtains d®;(u)vy by
formally linearizing (69), i.e. v(t) = d®(u)vg is the solution of

v = Fy(2, U, Uy, Upg)Vpa + Fp(Z, Uy Ug, Ugg) Vg + Fou(Z, U, Uy, Ugg )V
U(-,O) = UO(')

8.4. Linearization at a closed geodesic. If the curve 7 (the z-axis) is a geodesic
so that u = 0 is a solution to (67), then u = 0 is a fixed point of the local semiflow
®; on V2. The semigroup property ®; o ®; = ®;,, and the chain-rule imply that
the linear operators {d®;(0) | ¢ > 0} form a (Cy) semigroup on h?¥(T). Since the
linearized equation (70) coincides with (68) the semigroup {d®:(0)} is generated
by A= (L ) — K ov(z) (A is an unbounded operator on h” with domain h%" and
hence generates a semigroup on h”, h>¥ and any of their interpolation spaces.)
Let the spectrum of A be

A >AL 2> A > > Ao 2 Ay >

with corresponding eigenfunctions {¢y }. For j € N we write E; for span{¢o, ..., ¥2;}
and ES for the closure in h*¥(T) of the span of {¢2;+1,%2j+2,..-}. Then E; and

E$ are spectral subspaces of the operator A with h?¥(T) = E; @ Ef. We let m;

denote the projection of h**(T) onto E; along Ef.

(70)

Lemma 8.1. Let {u(t) |t > 0} C V¥ be an orbit of ®; with lim;_, - u(t) =0 in
the h?*(T) norm. Then for any j € N one has

(71) lim limju @)l ( I =0orl.

Here all norms are h*"(T) norms.
The same statement is true for “ancient orbits” {u(t) | —oo < t < 0} provided
all limits are taken for t - —oo.

Proof. Once one gets away from the PDE and considers {u(n) |n =1,2,---} as an
orbit of the time-one map ®; the proof is completely standard.

The map ®; : D; — V¥ is C!, and its Fréchet derivative is given by d®,(0) =
, a compact operator with spectrum e, i € Ny. One can find equivalent norms
[[|-]l]] on E; and Ef so that

eh

llle®oll] > e*=|ljo]ll, Vv e E;
llle?oll] < e2illolll, Vo€ Ej.
Suppose now that
s Mm@ o
n—oo |[[u(n)]ll

2We repeat these definitions here because there does not seem to be a consensus on what a
differentiable local semiflow should be. In particular Amann [1, 2] does not include or prove strong
continuity of d®; at t = 0.
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Then for some € > 0 and any r > 0 there exists a large n, such that w >e€

and |||u(n)||| < r for all n > n,.
We can now write @ (u) = M(u)u where

1
M(u) = / 4 (6u)do.
0
Since ®; is C* we have |||M(u) — e?||| < o(|||u]||) where o(r) N\, 0 as r N\, 0.

If one splits u = v ® v° € E; @ Ef, as well as & = M(u)u = ¢ ® 0, and if one
assumes |||u|| < r, then

B = [l M(w) (v @ )]
> [[[mje’ (v @ o)l — o ()] ull]
> e |[[o]|| = o (r)|lull|

> (e — o (r) llloll] = o (r)lllve]]]-
Similarly one finds

Nzl < (e*2+2 + o (r)) [[[0°]]| + o (r)|||v]]]
If one also assumes that |||v||| > €]||v¢||| then
lloll o (¥ — o) e —a(r)
[[[oe]]] = er2itt 4 o(r) +eo(r)

Since e*?i > e*?+1 one can choose 1 < ¥ < e*? ~*2i+1, For sufficently small 7 > 0
one concludes from (72) that
v
el .

el =

Inductive application of this estimate shows that for u(k) = v(k) @ v°(k) one has

[[[v(re + D) N
e > g(n. + 1) =P
[[lve(n« + )l
aslong as 1 +e(n, +1) < zjﬁ
Thus if lim sup,,_, o [|mju(n)||/||u(n)]| > 0, then liminf, , ||7jv(n)|/||v¢(n)|| >
0/20(r), with r > 0 arbitrarily small. Hence ||mju(n)||/|Ju(n)|] = 1 as n — oo.
Having established the alternative (71) along a sequence n * 0o we now assume
that

(72)

liir;sup [[mju@l/[lu®)] > & > 0.

Then for any r > 0 there is a to > 0 such that ||u(t)|| < r for t > ¢ and
llmju(to)ll/lluto)ll > €.

The previous arguments imply that lim,, oo ||7ju(tn)||/||w(tn)|| = 1, where t,, =
to + n.

Splitting u(t) = v(t) ®v°(t) as before we have ||v(t,)|| = o(||ve(¢,)]]) for n 7 oo.
To estimate v(t) and v¢(t) for t € (t,,tpy1) We write

u(tn +0) = d®g(u(tn)) = Mg(u(tn))u(tn),

where My(u) = fol d®y(su)ds.
Since @ is a differentiable semiflow the map (8, u) — My(u) is strongly continu-
ous. Hence, for small enough r > 0 the operators {My(u) | 0 < 8 < 1,||ul| < r} are
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uniformly bounded. Since E; is finite dimensional, the map (6, u) — Mg (u)|g,; is
normcontinuous. In particular, there is a 7(r) > 0 with 7(r) \, 0 for r N\ 0, such
that

||M9(u)|E2j - 60A|E2j ||L(E2j,h2’”) < T('I“)

if ||ul| < r and 6 € [0,1].
We have the following estimates

l[o(tn +O)| 2 [lm; Mo (ultn))o(En)ll — [l Mo (u(tn))v® ()l
> [|mje’ o ta)l| — llmj (Mo (u(tn)) — ™ Yoltn)ll = llm; Mo (u(tn))v (t)
> e ||o(tn)l| = 7(r)[lv(ta)l| = o(1) v (ta)

(use [[v¢(ta)|| = o([[v(En)]])-) Also

l[0°(tn + O)| < (175 Mg (u(tn))o(En)ll — [l75Mp (u(tn))v® ()]
< 7(r)loE)ll + o(Dlo(En)ll
=0(1) - [lv(tn)]l

which together imply [|v°(t, + 0)|| = o(||v(t, + 0)||) as n 7 oo, uniformly in 6 €
[0,1]. O

Lemma 8.2. Notation as in lemma 8.1. For any solution {u(t) | t > 0} of Curve
Shortening which converges to u = 0 there exists a j € N such that

o @l _

t=oo [fu(t)]|

In particular one has ||u(t)|| > Ce=St for some ¢ < co.

Proof. If the limit were 0 for all j then the solution u(#) would approach u = 0
faster than any exponential, so we must prove the lower bound [Ju(t)|| > Ce™¢t.

There is a standard approach for proving exponential lower bounds on decay
in heat equations due to Agmon (see [19, §2.18, p.181]) which is used to prove
backward uniqueness results. This approach would work here, but it would require
us to differentiate the functions a(z,u,p) in the PDE twice, therby forcing us to
consider metrics g on M with at least three derivatives. In order not to use more
than just g € h** we follow the less standard approach from the appendix in [3]
which applies to semilinear equations.

To rewrite Curve Shortening as a semilinear equation we study the evolution of
the curvature as a function of renormalized arclength. Let «y : R/Z X [0,t.) = M
be a normal parametrization (i.e. 9yy L 9;7) of a solution of Curve Shortening.
Write L(t) for length at time ¢, let P; be the point (0, t) (so P, moves with velocity
perpendicular to the curve always) and define the normalized arclength coordinate
¢ of any point Q = y(z,t) on v by

1

1 [° Q
(73) @0 = 75 /0 R

We also introduce a new time variable related to ¢ via

T / L?tt)f
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Proposition 8.3. The curvature k as a function of T and < satisfies
(74) Kr = kiee + L(7)? {J[K]k¢ + (K 0o y)k + £}

where )
<
J[K] :/ I-’-?QdC—C/ K2 ds.
0 0

Proof. A straightforward calculation. One begins with differentiating (73) with

respect to t to get
2 : ‘
EAT. c/ K2ds — / k%do.

(5), o (5) i
6t r=const at ¢=const 3§ 6t

after some simplification leads to (74). |
Since the limiting geodesic 4 = 0 has positive length the new and old time
variables t and 7 are roughly proportional, so it suffices to establish an exponential
lower bound for the solution in the 7 variable.
The equation (74) is semilinear, and can be written as

kr = Ak + R(T)k

where A = (8,)% — L3Ky(z), with Ko(z) = K(o(z,0)) is the Gauss curvature on
the z axis, and Ly is the length of the z-axis. The “remainder” operator R(7) is

Then the chain rule

R(1) = L(T)2J[K,(T)]§g + K2+ (K ov; — Ko 'yoo).

This operator is bounded from the Sobolev space W12(R/Z) to L?(R/Z). If we
assume that ||m;u(t)||/||u(?)]| — 0 for all j then the coefficients in R decay faster
than any exponential e™¢” and thus the operator norm of R(7) from W:2(R/Z) to
L?(R/Z) also tends to zero.

The eigenvalues of the self adjoint operator A on L? grow like n?, so the n'®
gap in the spectrum of A has length proportional to n. This is exactly enough
for the argument in [3, appendix] and we can conclude that no solution of Curve
Shortening can approach a geodesic at a faster than exponential rate. |
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