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Abstract. We present a one dimensional semilinear parabolic equation for which the

spatial derivative of solutions becomes unbounded in finite time while the solutions themselves

remain bounded. In our example the derivative blows up in the interior of the space interval

rather than at the boundary, as in earlier examples. In the case of monotone solutions we

show that gradient blow-up occurs at a single point, and we study the shape of the singularity.

Our argument for gradient blow-up also provides a pair of “naive viscosity sub- and super-

solutions” which violate the comparison principle.

1. Introduction
Consider bounded solutions of the following semilinear parabolic PDE

∂u

∂t
= uxx +G(u, ux), (|x| < 1, 0 < t < T ) (1.1)

u(x, 0) = ϕ(x), u(±1, t) = A±. (1.2)

It is well known [LSU] that this initial value problem has a unique classical solution for small
T > 0, provided G ∈ C1(R2), ϕ ∈ C1([−1, 1]) and provided the initial data ϕ is compatible
with the boundary data, ϕ(±1) = A±. It is also well known [LSU], [L] that the derivative of
any bounded solution is also uniformly bounded if

|G(u, p)| ≤ C(u)(1 + p2)h(|p|), h ≥ 1,
∫ ∞

1

dτ
τh(τ)

= ∞. (1.3)

Similar statements are true for quasilinear equations in one and also in more space dimensions.
Examples showing that condition (1.3) is optimal for gradient bounds are known [L],

[FL] (and references in [FL]) but in these examples the derivative always blows up on the
boundary of the interval.

For quasilinear degenerate parabolic equations in one space dimension interior derivative
blow-up is known to occur [B1]–[B3], [G].
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Interior gradient blow-up

In this note we present a class of semilinear equations with bounded solutions whose
derivative blows up in finite time in the interior of the interval (−1, 1). It turns out that
for the equations we consider a naive definition of viscosity solutions does not give a good
theory of generalized solutions: we find that the equations have discontinuous viscosity sub-
and supersolutions that do not obey the maximum principle.

The equations in question are

ut = uxx + f(u)|ux|m−1ux, (1.4)

with f ∈ C1(R), m > 2 a constant, and with the initial-boundary conditions (1.2). Before
considering gradient blow-up we first note that, even for (1.4, 2), blow-up cannot occur just
anywhere.

1.1. Gradient estimate. Let u(x, t) be a classical solution of (1.4) with α ≤ u ≤ β on

Q = QR(x0, t0) = (x0 −R, x0 +R)× (t0 −R2, t0).

If f ∈ C1([α, β]), and if
δ = inf

α≤s≤β
|f(s)| > 0 (1.5)

then there is a constant k > 0 such that

|ux| ≤ k on QR/2. (1.6)

The constant k depends on m, R, β − α, δ, and sup[α,β] |f ′|.

It follows directly from this estimate that solutions of (1.4) can only become singular at
points where f(u) changes sign. More precisely, if x0 ∈ (−1, 1) is a blow-up point, which
means that there are xn → x0 and tn ↑ T for which |ux(xn, tn)| → ∞, then there must also
exist x′n → x0 and t′n ↑ T with f(u(x′n, t

′
n)) → 0.

To simplify matters we shall assume in this paper that f has only one sign change. After
adding a suitable constant to u and possibly passing to v = −u instead of u we may assume

uf(u) > 0, for all u 6= 0. (1.7)

We will also assume
f ′(u) > 0 for 0 < |u| ≤ σ (1.8)

for some small σ > 0. If f ′(0) 6= 0 then (1.8) is clearly satisfied. Under the assumption (1.8)
it turns out that the gradient of a classical solution also cannot blow up in regions where
ux < 0.

1.2. Lower Bound for the Gradient. Assume (1.7) and (1.8). If u is a classical solution
of (1.4, 2) on (−1, 1)× (0, T ) then ux is uniformly bounded on

Ω = {(x, t) ∈ (−1, 1)× (0, T ) | ux(x, t) < 0} .

To obtain gradient blow-up we will use traveling wave solutions of (1.4). These are
solutions of the form u(x, t) = Ψ(x− ct), where Ψ is any solution of the ODE

Ψ′′ + cΨ′ + f(Ψ)|Ψ′|m−1Ψ′ = 0. (1.9)
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1.3. Singular Traveling Waves. Assume (1.7). For any a ≥ 0 and c ≤ 0 there is exactly
one solution Ψa,c(x) defined for 0 ≤ x <∞ of (1.9) with

Ψa,c(0) = a, Ψ′
a,c(0) = ∞. (1.10)

This solution is monotonically increasing.
Likewise, for any a ≤ 0 and c ≥ 0 there exists a unique traveling wave Ψa,c(x) defined

for all x ∈ (−∞, 0] which satisfies (1.10). This solution is also monotonically increasing.

We postpone the elementary proof to section 3 and proceed with the construction of our
anomalous viscosity sub- and supersolutions.

a

b

A−

A+

1 x

Ψa,−ε

Ψb,ε

−1

u�
Colliding Travelling Waves

Let A− < 0 < A+ be given, and assume that for some ξ ∈ (−1, 1), b < 0 < a and ε > 0
one has

Ψb,ε(−ξ − 1) > A−, Ψa,−ε(−ξ + 1) < A+. (1.11)

If we choose some T > 0, and some B− ≤ A− and define

v(x, t) =
{

Ψa,−ε(x− ξ + ε(t− T )) for x ≥ ξ − ε(t− T ),
B− for x < ξ − ε(t− T ). (1.12)

then v is a viscosity subsolution of (1.4) on [−1, 1]× [0, T ] in the following sense:
(i) v is lower semicontinuous,
(ii) For any (x0, t0) ∈ (−1, 1)× (0, T ], and any smooth (test)function φ(x, t) with φ(x0, t0) =

v(x0, t0) and φ ≥ v on a neighbourhood of (x0, t0), one has

φt ≤ φxx + f(v(x0, t0))|φx|m−1φx, at (x0, t0).

(iii) v(±1, t) ≤ A± for all 0 ≤ t ≤ T .
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Interior gradient blow-up

In particular, v is also a subsolution in the sense that it obeys a comparison principle with
respect to smooth solutions of (1.4): If u(x, t) is any classical solution of (1.4) with boundary
conditions (1.2), and initial condition u(x, 0) ≥ v(x, 0) for all x ∈ [−1, 1], then u(x, t) ≥ v(x, t)
throughout [−1, 1]× [0, T ].

Similarly the function

w(x, t) =
{

Ψb,ε(x− ξ − ε(t− T )) for x ≤ ξ + ε(t− T ),
B+ for x > ξ + ε(t− T ) (1.13)

with B+ ≥ A+ is a viscosity supersolution, and it obeys a comparison principle with respect
to smooth solutions of (1.4).

These sub- and supersolutions violate the comparison principle. At t = 0 they are clearly
ordered, with v(x, 0) < w(x, 0) for all x ∈ [−1, 1], but at t = T they are not, since one has
v(ξ, T ) = a > 0 > b = w(ξ, T ). For t > T we get an even more flagrant violation of the
maximum principle. The definitions (1.12) and (1.13) still define sub- and supersolutions for
(x, t) ∈ [−1, 1] × [0, T ′], as long as T ′ > T satisfies the boundary conditions v(±1, t) ≤ A±,
and w(±1, t) ≥ A± for all t ≤ T ′. For any t ∈ (T, T ′] one then gets a whole interval
(ξ − ε(t− T ), ξ + (t− T )) on which v and w are ordered the wrong way around, i.e. v(x, t) >
w(x, t).

The bad behaviour of the sub- and supersolutions v and w is directly responsible for
gradient blow-up in finite time. While v and w refuse to remain ordered, they do obey the
maximum principle when compared to any smooth solution u of (1.4, 2). Thus if u is a smooth
solution with v(x, 0) ≤ u(x, 0) ≤ w(x, 0) for |x| ≤ 1, then v ≤ u ≤ w must hold everywhere.
This obviously cannot hold for any t ≥ T , so the classical solution u cannot exist beyond
t = T .

If one chooses T = (1 + |ξ|)/ε, then the initial values of v and w are v(x, 0) ≡ B−, and
w(x, 0) ≡ B+. Given an arbitrary initial condition u(x, 0), we can choose B− < minx u(x, 0)
and B+ > maxx u(x, 0). Comparison with v and w then shows that the corresponding classical
solution must break down before t = T , say at t = T ′′ < T . By the maximum principle u
remains bounded by B− ≤ u ≤ B+, so the gradient ux must become unbounded as t ↑ T ′′. To
prove that this happens in the interior of the interval −1 ≤ x ≤ 1 and not at the boundary, we
must show that ux remains bounded on the strips [−1,−1+ δ]× [0, T ′′] and [1− δ, 1]× [0, T ′′].
We do this in section 4.

This leads us to the following sufficient condition for interior gradient blow-up.

1.4. Proposition. Let (1.7) hold. Assume A± are such that for some ξ ∈ (−1, 1), some
b < 0 < a and ε > 0 one has (1.11). Then any classical solution u(x, t) of (1.4, 2) with C1

initial data ϕ satisfying ϕ(±1) = A± has interior gradient blow-up before t = T = (1+ |ξ|)/ε.

After taking a closer look at the traveling waves one can replace the hypothesis on A± in
proposition 1.4 by the following more concrete statement: A− < 0 < A+ must be such that∫ A+

A−

{(m− 2)F (y)}
1

m−2 dy > 2 (1.14)

holds, where F (y) =
∫ y
0
f(s)ds. In section 3 we show that (1.14) implies that (1.11) is satisfied

for some ξ ∈ (−1, 1) and sufficiently small b < 0 < a and ε > 0. We also show in section
3 that (1.14) holds exactly when the prescribed boundary values are such that there is no
steady state of (1.4) satisfying them. In view of all this we can restate our sufficient condition
for interior blow up as follows:
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1.5. Interior Gradient Blow-up Theorem. Assume (1.7) . If (1.4, 2) has no steady
states, then the gradient of any classical solution u(x, t) must blow up in finite time, in the
interior of the interval (−1, 1).

This criterion is obviously sharp in the sense that any steady state constitutes a classical
solution whose derivative remains uniformly bounded for all time. However, if (1.4, 2) admits
steady states one still expects that sufficiently “large” initial data will produce solutions that
blow up in finite time.

The plan of the paper is as follows. In section 2 we prove the estimate 1.1. In section 3
we construct the singular traveling waves. In section 4 we show that ux cannot blow up near
the boundary. Proposition 1.2 is proved in section 5. In section 6 we establish the estimate

(Φ(u(x, t)))x ≤ C in [−1, 1]× [0, T ), Φ(u) =
∫ u

0

{(m− 2)F (s)}1/(m−2) ds (1.15)

under an additional hypothesis on f(u) near u = 0. In section 7 it is shown that monotone
solutions are at blow-up time at least as singular as the singular traveling waves. Together
with (1.15) this implies that the singularities are the same and (1.15) is sharp.

2. Proof of the gradient estimate 1.1
We may assume f(u) > 0 in QR otherwise we would consider ũ(x, t) = u(−x, t). We

shall apply the maximum principle to the quantity w = η(x, t)u2
xe
−Ku, for suitably chosen

constant K ∈ R and cut-off function 0 ≤ η ∈ C2(QR).
Let M be the parabolic operator

M[φ] = φt − φxx −m|ux|m−1f(u)φx.

Then
M[u2

x] = 2uxM[ux]− 2 (uxx)
2 = 2f ′(u)|ux|m+1ux − 2 (uxx)

2
,

so that
M[ηu2

x] = ηM[u2
x] + u2

xM[η]− 2ηx
(
u2
x

)
x

≤ ηM[u2
x] + u2

x

(
M[η] +

4η2
x

η

)
+ ηu2

xx

≤ 2ηf ′(u)|ux|m+1ux + u2
x

(
M[η] +

4η2
x

η

)
.

Apply the inequality aθb1−θ ≤ θa+ (1− θ)b ≤ a+ b to the second term, with θ = 2/(m+ 2)
to get

M[ηu2
x] ≤ (2f ′(u) + 1)η|ux|m+1ux +

{
η−2/(m+2)M[η] + η−1−2/(m+2)η2

x

}m+2
m

. (2.1)

By choosing η = ζn, with

ζ(x, t) =

(
1−

(
x− x0

R

)2
)

(t− t0)

and n a large enough integer, one can ensure the last term in (2.1) is bounded, so that we
have

M[ηu2
x] ≤ (2f ′(u) + 1)η|ux|m+1ux + C(R). (2.2)
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For eKu we have the following equation

M[eKu] = KeKuM[u]−K2eKuu2
x

= −K(m− 1)f(u)|ux|m−1uxe
Ku −K2u2

xe
Ku.

The quotient rule for parabolic operators,

M
[
φ

ψ

]
− 2

ψx
ψ

(
φ

ψ

)
x

=
ψM[φ]− φM[ψ]

ψ2
,

when applied to φ = ηu2
x and ψ = eKu gives for w = ηu2

xe
−Ku

M[w]−2Kuxwx ≤
e−Ku

{
C(R) + (2f ′(u) + 1 + (m− 1)Kf(u)) η|ux|m+1ux +K2ηu4

x

}
. (2.3)

Since f(u) is bounded away from zero on QR we can choose K ≤ 0 so that

(m− 1)Kf(u) ≤ −2f ′(u)− 2

on QR. Choosing such a K we get in (2.3)

M[w]− 2Kuxwx ≤ e−Ku
{
C(R) + η(K2u4

x − |ux|m+1ux)
}

(2.4)

if ux > 0. On Q+ = {(x, t) ∈ QR | ux(x, t) > 0} we have K2u4
x − |ux|m+1ux ≤ CK , so

together with boundedness of u, (2.4) implies

M[w]− 2Kuxwx ≤ C = e−Kβ(C(R) + CK),

and hence, by the maximum principle, w = ηu2
xe
−Ku ≤ C(t− t0 +R2). This implies that ux

is bounded from above on QR/2.
To obtain a lower bound for ux one chooses K ≥ 0 so that (m− 1)Kf(u) ≥ −2f ′(u) on

QR and proceeds as before, starting at (2.3).

3. Traveling wave solutions
To solve (1.9) we first assume the solution y = Ψ(x) is monotonically increasing, and

consider the inverse function x = Φ(y). This function is a solution of the ODE

Φ′′(y) = cΦ′(y)2 + f(y)Φ′(y)3−m. (3.1)

Multiplication with Φ′(y)m−3 gives an ODE for Υ(y) = Φ′(y)m−2,

Υ′(y) = (m− 2)
{
cΥ(y)1+

1
m−2 + f(y)

}
. (3.2)

Since m > 2 this ODE has a solution Υa,c with Υa,c(a) = 0 on a small neighbourhood of
y = a. Suppose a ≥ 0 and c ≤ 0. For y > a one will have Υa,c(y) > 0 because f(y) > 0 for
all y > a. Since c ≤ 0, the solution Υa,c can be defined for all y > a. Proposition 1.3 follows
directly by integrating as follows

Φa,c(y) =
∫ y

a

Υa,c(η)
1

m−2 dη,
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and inverting Φa,c we obtain the traveling wave Ψa,c. Similar arguments apply when a ≤ 0,
c ≥ 0.

If the wave speed c vanishes, so that one is dealing with steady states, (3.2) can be
integrated, after which one can integrate Φ′(y) to obtain

Φ(y) =
∫ y

0

{(m− 2)F (η)}
1

m−2 dη, (3.3)

with F (y) =
∫ y
0
f(η)dη.

If we assume that (1.14) holds for some A±, then Φ(A+) − Φ(A−) > 2. We can then
choose ξ ∈ (−1, 1) so that Φ(A+)+ξ > 1, and Φ(A−)+ξ < −1 (e.g. ξ = (Φ(A+) + Φ(A−)) /2).
Since the traveling waves depend continuously on a and the velocity c, we will still have

Φa,−ε(A+) + ξ > 1, and Φb,ε(A−) + ξ < −1 (3.4)

for sufficiently small b < 0 < a and ε > 0. The conditions (3.4) are precisely those of (1.11).

4. Interior blow-up
The arguments in the introduction show that a classical solution cannot exist forever,

which implies that ux must blow up in finite time. In this section we show that this cannot
happen near the boundary.

4.1. Proposition. Assume (1.7). Let u(x, t) be a classical solution on QT = (−1, 1)×(0, T )
of (1.4,2). Then there are C, δ > 0 such that |ux(x, t)| ≤ C for 1− δ < |x| ≤ 1, 0 < t < T .

Proof. Let ψ(x) be the solution of

ψ′′(x) + f(ψ(x))|ψ′(x)|m−1ψ′(x) = 0, ψ(1) = A+, ψ
′(1) = L > 0.

The solution can again be found by integration, and one finds

ψ′(x)−(m−2) = L−(m−2) − (m− 2)
∫ A+

ψ(x)

f(η)dη.

¿From this one can deduce that if L is large, ψ is a concave increasing function defined on an
interval [x1, 1], with ψ′(x1) = ∞. The value of ψ(x1) is determined by

L−(m−2) = (m− 2)
∫ A+

ψ(x1)

f(η)dη,

so that A+−ψ(x1) = O(L−(m−2)) = o(1). Concavity implies 1−x1 ≤ (A+−ψ(x1))/L = o(1).
If the constant L > 0 is chosen large enough, then ψ(x) will lie below the initial value

ϕ(x) for x1 ≤ x ≤ 1. Since ψ is a steady state, and since ψ′(x1) = +∞, the maximum
principle implies that u(x, t) ≥ ψ(x) for all x1 ≤ x ≤ 1, 0 ≤ t < T . Hence u is bounded from
below for x1 ≤ x ≤ 1, and

ux(1, t) ≤ ψ′(1) = L, for 0 ≤ t < T. (4.1)

To obtain a lower bound for ux(1, t) we observe that by the maximum principle

u(x, t) ≤ µ(1− x) +A+, µ = max {0,− inf ϕ′} , (4.2)
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hence ux(1, t) ≥ −µ.
To show that ux must remain bounded on [x2, 1]×[0, T ), x2 = 1+x1

2 , we slightly modify the

argument from section 2. We apply the maximum principle to w = ηu2
xe
−Ku, η(x) =

(
x−x1
1−x1

)n
,

where n andK are chosen as in section 2. Instead of QR(x0, t0) we now consider (x1, 1)×(0, T )
and we obtain a bound that depends also on sup[x1,1] |ϕ

′| and sup[0,T ) |ux(1, t)|.

5. Proof of proposition 1.2
The quantity v = ux satisfies

vt − vxx −mf(u)|ux|m−1vx = f ′(u)|v|m+1. (5.1)

If we assume that f ′(u) ≥ c > 0 for all u and

Ω = {(x, t) | 0 < t < T, a(t) ≤ x ≤ b(t), ux(a(t), t) ≡ ux(b(t), t) ≡ 0} ,

then the maximum principle immediately gives the estimate

ux ≥ − (mct)−1/m
, (5.2)

which is independent of the initial condition.
Proposition 1.2 states that a weaker version of this estimate (5.2) holds for general Ω if

one only assumes that f ′(u) > 0 for sufficiently small u 6= 0. For the proof we consider the
quantity v = g′(u)ux = g(u)x, where g is an as yet unspecified function with g′(u) ≥ 0. A
computation shows that v satisfies

L[v] = A(u)|v|m+1 +B(u)v3, (5.3)

with

L[φ] = φt − φxx −
{
mf(u)|ux|m−1 − 2

g′′(u)
g′(u)

ux

}
φx, (5.4)

A(u) =
g′(u)f ′(u)− (m− 1)g′′(u)f(u)

g′(u)m+1

=
1

g′(u)
d
du

(
f(u)

g′(u)m−1

)
, (5.5)

B(u) =
1

g′(u)
d2

du2

(
1

g′(u)

)
. (5.6)

We shall now choose g(u) so that A(u) > 0 for u 6= 0, and so that B(u)/A(u) is bounded. To
do this we put

g′(u) =
{

1 for |u| ≤ σ/2,
exp

(
−K(|u| − σ/2)2

)
for |u| ≥ σ/2.

Then for |u| ≤ σ/2 we have

A(u) = f ′(u) ≥ 0, B(u) ≡ 0.
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For σ/2 ≤ |u| ≤ σ we get g′′/g′ = −2K(|u| −σ/2)sign(u) so that f(u)g′′(u)/g′(u) ≤ 0. Hence

A(u) = g′(u)−m
{
f ′(u)− (m− 1)

g′′(u)
g′(u)

f(u)
}

≥ g′(u)−mf ′(u)

> 0.

Let M = sup[−1,1]×[0,T ) |u(x, t)|. For σ ≤ |u| ≤ M we still have g′′/g′ = −2K(|u| −
σ/2)sign(u), and therefore

A(u) ≥ g′(u)−m {f ′(u) + 2K (|u| − σ/2) |f(u)|}
≥ g′(u)−m {f ′(u) + 2Kσ|f(u)|} .

If we choose K = supσ≤|u|≤M |f ′(u)/σf(u)| then A(u) will also be bounded from below for
σ ≤ |u| ≤M .

The lower estimates for A(u) and the boundedness of B(u) together imply that |B(u)| ≤
C0A(u) for some constant C0 <∞.

We now apply the maximum principle to v on the domain

Ω = {(x, t) ∈ (−1, 1)× (0, T ) | ux(x, t) < 0} .

On the part of the parabolic boundary of Ω where 0 < t < T one either has ux = 0 and hence
v = 0, or one has |x| = 1. From (4.2) it follows that v(1, t) ≥ inf ϕ′ and if t = 0 then v is also
bounded by inf ϕ′. In Ω v satisfies

L[v] ≥ A(u)
(
|v|m+1 − C0|v|3

)
so that the maximum principle implies

v ≥ min
(
−C1/(m−2)

0 , inf ϕ′
)
.

Since ux = v/g′(u) ≥ v/g′(M) we get the desired lower bound for ux.

6. Estimate (1.15)

6.1. Proposition. Assume that f satisfies (1.7), and that for some small σ > 0 one has

d
du

(
f(u)

F (u)m−1

)
< 0 for 0 < |u| ≤ σ. (6.1)

Then there is a constant C > 0 such that (1.15) holds.

The assumption (6.1) is satisfied for all u 6= 0 if f(u) = |u|q−1u, q ≥ 1.
Proof. To obtain an upper bound for Φ(u)x we again consider v = g(u)x = g′(u)ux and

choose g appropriately. Thus we will obtain an estimate for Φ(u)x on the region

Σ = {(x, t) | u(x, t) > 0} .
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By applying the same arguments to û(x, t) = −u(−x, t), which satisfies

ût = ûxx − f(−û)|ûx|m−1ûx

one obtains an estimate for Φ(u)x in the region where u < 0.
We first present the proof under the assumption that (6.1) holds for all u 6= 0, i.e. for

σ = ∞, and then indicate how to modify the proof to deal with the more general case σ <∞.
In the previous section we saw that v satisfies (5.3), with L, A(u) and B(u) as in (5.4–6).

Choose g so that g′(0) = 0, B(u) = −A(u), and require that A(u) < 0 for all u. If we do this,
then v will satisfy

L[v] = A(u)
(
|v|m+1 − v3

)
,

in which the left hand side is negative whenever v > 1. On the part of the parabolic boundary
of Σ where 0 < t < T we either have v = 0, or we have x = 1 and then v(1, t) ≤ g′(A+)L, L
is from (4.1). Since v(x, 0) ≤ sup|x|≤1 |(g(ϕ(x)))′|, the maximum principle implies that v is
uniformly bounded by

v ≤ max

{
1, g′(A+)L, sup

|x|≤1

|(g(ϕ(x)))′|

}
,

as claimed.
To complete the proof in the case σ = ∞ we must show that we can choose g so that

B = −A > 0 holds. The relation B +A = 0 implies the following ODE for g′(u):

d
du

(
1

g′(u)

)
+

f(u)
g′(u)m−1

+ c = 0,

for some constant c ∈ R. This equation can be rewritten as

g′′(u) = cg′(u)2 + f(u)g′(u)3−m,

which is exactly the “inverse of a traveling wave” equation (3.1). We may therefore choose
g(u) = Φ0,c(u), with c ≥ 0, provided the resulting B will be positive. If one chooses c = 0,
then Φ(u) = g(u) is explicitly given in terms of f by (3.3). Substitution of (3.3) in our
expression for A then shows that A(u) < 0 is equivalent with (6.1). This completes the proof
if one assumes (6.1) holds with σ = ∞.

We now turn to the situation where σ is finite. We choose g(u) so that g(u) = Φ(u) for
small values of u. For arbitrary u > 0 we let g(u) be determined by the requirement that

g′′(u)
g′(u)

=
Φ′′(u)
Φ′(u)

+ ηε(u− σ/2)
(
K − Φ′′(u)

Φ′(u)

)
holds for u > 0. Here ηε is a smooth nondecreasing function with ηε(s) ≡ 0 for s ≤ ε and
ηε(s) ≡ 1 for s ≥ 2ε. We choose ε < σ/2, and K is any constant satisfying

K > sup
{

Φ′′(u)
Φ′(u)

| |u− σ/2| ≤ ε

}
and

K > sup
{

f ′(u)
(m− 1)f(u)

| σ ≤ u ≤M

}
,

where M = sup {u(x, t) | 0 < t < T, |x| < 1}.
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For 0 < u ≤ σ we then have g′′/g′ ≥ Φ′′/Φ′, so that

A(u) < g′(u)
{
f ′(u)− (m− 1)

Φ′′(u)
Φ′(u)

f(u)
}
< 0.

For σ ≤ u ≤M we get

A(u) < g′(u) {f ′(u)− (m− 1)Kf(u)} < 0.

For 0 < u < σ/2− ε we also have A(u) +B(u) = 0, and since B(u) is bounded, there is some
C1 < ∞ such that |B(u)| ≤ −C1A(u) for all 0 < u ≤ M . We can now apply the maximum
principle to v on Σ. From

L[v] ≤ A(u)
(
|v|m+1 − C1|v|3

)
on Σ

we see that v is bounded by the larger of C1/(m−2)
1 and sup v(x, 0) = supx Φ(u)x(x, 0). This

implies a similar bound for Φ(u)x since Φ(u) = Φ ◦ g−1(v), and Φ ◦ g−1 is C1 by construction.

7. Limiting profile
We assume in this section that the initial data ϕ is monotone, i.e. ϕ′(x) > 0 for |x| ≤ 1,

and that ux blows up at the time t = T .

7.1. Proposition. The solution u(x, t) must be monotone for all 0 ≤ t < T , and ux is
bounded away from zero on QT = (−1, 1)× (0, T ).

Proof. Differentiate (1.4), and you find that p = ux satisfies

pt = pxx +m|ux|m−1f(u)px + f ′(u)|ux|m−1uxp (7.1)

on QT = (−1, 1)× (0, T ). From A− ≤ u ≤ A+ we get that p ≥ 0 on the parabolic boundary
of QT , so the maximum principle implies that p > 0 on QT .

To bound p = ux(1, t) away from zero one considers the solution ψ(x, δ) of

ψ′′ + f(ψ)|ψ′|m−1ψ′ = 0, ψ(1) = A+, ψ
′(1) = δ.

For δ = 0 the solution is ψ(x) ≡ A+. For small δ > 0 the solution ψ will still be defined
on the interval [−1, 1], and it will be close to the constant solution ψ ≡ A+. Hence it will
dominate the initial condition, and since ψ(x, δ) is a steady state, it must dominate u(x, t)
at all times t < T . This implies ux(1, t) ≥ ψ′(1) = δ. A similar argument provides a uniform
lower bound for ux(−1, t). The maximum principle applied to p again yields a lower bound
for p on QT .

Denote the level curves of u(x, t) by X(η, t), thus

u(X(η, t), t) ≡ η. (7.2)

By the implicit function theorem X(η, t) is a C1 function for A− ≤ η ≤ A+, 0 ≤ t < T .

11



Interior gradient blow-up

7.2. Proposition. If the initial data ϕ are C2, then Xη and Xt are uniformly bounded, and
hence limt↑T X(η, t) exists uniformly in η ∈ [A−, A+].

Proof. Since Xη = u−1
x the lower bound on ux implies an upper bound on Xη.

The quantity q(x, t) = ut satisfies the same equation (7.1) as p, and vanishes at the
endpoints x = ±1. Let

c = sup
x∈[−1,1]

|q(x, 0)|
p(x, 0)

= sup
x∈[−1,1]

∣∣∣∣ϕ′′(x)ϕ′(x)
+ f(ϕ(x))(ϕ′(x))m−1

∣∣∣∣ . (7.3)

Then the maximum principle implies that |q(x, t)| ≤ cp(x, t) on QT .
In view of Xt = −ut/ux we have shown that |Xt| ≤ c.

A second proof of boundedness of Xt can be given by observing that X(η, t) satisfies the
quasilinear equation

Xt =
Xuu

X2
u

− f(u)X1−m
u . (7.4)

Differentiation in the time direction then yields

Xtt =
Xtuu

X2
u

+
{

(m− 1)f(u)X−m
u − 2Xuu

X3
u

}
Xtu.

As Xt(A±, t) ≡ 0 the maximum principle shows that Xt is bounded by its initial values.

7.3. Corollary. Assume (1.7). Let ξ = limt↑T X(0, t). Then ux(x, t) is uniformly bounded
as t ↑ T outside any small interval (ξ − δ, ξ + δ); and u(x, t) converges uniformly outside any
such interval. Moreover, the limit u(x, T ) is continuous provided (6.1) holds.

Proof. The previous proposition implies f(u(x, t)) is uniformly bounded away from zero
on [ξ+ δ, 1]× [T − τ, T ) for any δ > 0 and sufficiently small τ > 0. Since ux(1, t) is uniformly
bounded by proposition 4.1, the interior gradient bounds of section 2 imply ux is indeed
bounded on [ξ + δ, 1]× [T − τ, T ).

Proposition (6.1) together with boundedness of Xt yield uniform continuity of u(x, t) on
[−1, 1]× [0, T ).

The following proposition shows that estimate (1.15) is optimal.

7.4. Proposition. Assume (1.7). If ϕ ∈ C2 and c is as in (7.3), then

u(x, T ) ≥ Ψ0,c(x− ξ) for x > ξ.

Proof. ¿From |Xt| ≤ c and (7.4) we obtain

Xm−3
u Xuu ≤ f(u) + cXm−1

u ,

which implies that Y = Xm−2
u satisfies

Yu ≤ (m− 2)
{
f(u) + cY 1+1/(m−2)

}
. (7.5)
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Observe that (7.5) is the same as (3.2) with inequality instead of equality. Let xn → ξ and
tn ↑ T be such that ux(xn, tn) →∞. Let Yn be the solution of (3.2) with Yn(ηn) = Y (ηn, tn),
ηn = u(xn, tn). Then Y (η, tn) ≤ Yn(η) for 0 < η < A+. After integrating this we get

X(η, tn) ≤ X(0, tn) +
∫ η

0

Yn(ρ)1/(m−2)dρ. (7.6)

As n → ∞ one has Yn(η) → Υ0,c(η), so (7.6) implies X(η, T ) ≤ ξ + Φ0,c(η) and thus
u(x, T ) ≥ Ψ0,c(x− ξ), as claimed.

References

[B1] Ph. Blanc, Sur une classe d’équations paraboliques dégénérées à une dimension
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