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Singularities at ¢ = co in Equivariant Harmonic Map Flow

Sigurd Angenent and Joost Hulshof

1. Introduction

Many nonlinear parabolic equations in Geometry and Applied Mathematics
(mean curvature flow, Ricci flow, harmonic map flow, the Yang-Mills flow, reaction
diffusion equations such as u; = Au + uP) have solutions which become singular
either in finite or infinite time, meaning either that the evolving object (map, metric,
surface, or function) becomes unbounded, or that one of its derivatives becomes
unbounded. The analysis of the asymptotic behaviour of a solution of a nonlinear
parabolic equation just before it becomes singular is known to be a difficult problem.
The main general point of this note is that this analysis is considerably easier in
the case where the singularity occurs in infinite time. The reason for this is that
infinite time singularities are a “stable phenomenon” in the following sense. Given
an initial data whose solution becomes singular at ¢ = oo, a slight modification
of this initial data will generally still produce a solution which becomes singular
at the same time (namely, ¢t = 00). In contrast, if a solution becomes singular
at time ¢t = T < oo, then a small perturbation of the initial data will generally
still produce a solution which becomes singular in finite time, but, usually, at a
different time (e.g. simply replace the solution w(¢) by the solution u(t + €).) This
instability makes that standard tools for constructing solutions to PDEs (such as
the contraction mapping principle or the method of sub and supersolutions) cannot
directly provide precise information about solutions near their singularities. To
make all this more specific we now consider the example of harmonic map flow
from the disc D? C R? to the sphere S? C R3.

A family of maps F, : D? — S? evolves according to the harmonic map flow if

OF,
(1.1) 8—tt = AF, + |VF,|?F,.

Here the right hand side is the component of AF; € R? which is tangential to S2.
We will always assume “Dirichlet-type” boundary conditions, i.e. F; | 9D? is fixed.

As is well known (see [S85],[S90]) a classical solution of (1.1) exists for each C'!
initial data F : D? — S? that satisfies the boundary condition. If {F} |0 <t < T}
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is a maximal classical solution then each F} with ¢ > 0 is C°°. If this solution only
exists for finite time, i.e. if T' < oo then

li VFEi| = co.
PR IVl = o0

There exist examples of solutions which become singular in finite time [CDY],[CG].

If a solution exists for all time ¢ € [0, 00), and if its gradient does not blow up,
ie. if

sup |VF| < oo,
D2x[0,00)

then the maps F; must converge to harmonic maps (in the sense of w-limit sets:
any sequence t; /" oo has a subsequence {¢;, } for which the maps F,, converge in
C* to a harmonic map.) However, even if a solution does not become singular in
finite time its gradient can still become unbounded as ¢t /" co. This will certainly
happen if there is no limiting harmonic map F,, : D?> — S? for the maps F; to
converge to. In this note we consider an example of such a solution and determine
the precise rate at which the gradient grows as t — oo.

1.1. A problem with long time blow-up. If one makes the ansatz

sin 0 sin (7, t)
Fy(r,0) = | cosfsing(r,t)
cos ¢(r, t)

one finds that harmonic map flow is equivalent to the following PDE for ¢:

dp 0  10¢  [f(p)
(12) i I i

where 0 < r < 1, and where f(¢) = 1 sin2¢p.

We consider the equivariant harmonic map flow equation (1.2) with boundary
condition

(1.3) »(0,8) =0 o(1,t) = .
Let ¢(r,t) be a solution of (1.2) whose initial data satisfy
#(-,0) € C([0,1]),
(1.4) 0<p(r,0)<lfor0<r<I1,
»(0,0) =0, »(1,0) =,

Moreover, we will assume that

(1.5) ARy € (0,1) : p(Ro,0) = g
LEMMA 1.1. For eacht > 0 there is a unique R,(t) € (0,1) such that (R, (t),t) =
/2.

(We postpone the short proof until the end of this section.) Under these con-
ditions the initial map Fy : D? — S2 maps the unit disc onto the unit sphere,
collapsing the boundary dD? to one point (the south pole). We define

(1.6) o(r,t) = u(
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THEOREM 1.2. Assume (1.4) and (1.5). Then the solution ¢ exists for all
t > 0. The radius R,(t) converges to zero ast — oo, with

Ry (t) = e~ HoMVE (4 o).
Furthermore, one has
lim u(y,t) = U(y) = 2arctany
t—oo
uniformly on arbitrary but bounded intervals 0 <y <Y.

The limiting map U(y) = 2arctany corresponds to stereographic projection
from the plane to the sphere. It is to be expected from much more general results
on harmonic map flow (see [S85]) that formation of a singularity should proceed
by the “bubbling oftf” of a sphere in the way described here.

Indeed, if T" were finite, then for some sequence t; ' T and some sequence of
points P, € D? the maps

—1
(1.7) Fy() def Fy, (P + A\gx), with Ap = (sup |VFtk|>
D2

would converge to a harmonic map Fi, : R? — S2. The only way in which this
can happen is for the P}, to converge to the origin, and for the limiting map F.o to
be stereographic projection onto the sphere. In corollary 6.4 we show that this is
impossible.

Thus the general theory in [S85] implies that the solution exists for all ¢ < oo,
and that its gradient remains uniformly bounded on any finite time interval 0 <
t <tp.

The general theory does however not predict at what rate the gradient should
blow up. In [BHK] van den Berg, Hulshof and King gave a formal derivation of
what the blow-up rate for the gradient should be in all imaginable variations of
boundary and initial conditions (for the rotationally symmetric case at least). Our
main observation here is that one can rigorously prove the blow-up in the current
setting by modifying the formal solutions in [BHK] until they become sub- and
supersolutions for (1.2).

Since the convergence of u(y,t) to U(y) follows from more general theory, we
will concentrate here on proving the asymptotic formula for R, (t).

1.2. Proof of lemma 1.1. Both ¢ and ¢(r,t) = 7/2 are solutions of (1.2),
so that their difference satisfies a linear parabolic equation to which we can apply
the Sturmian theorem: the number of zeroes of r — ¢(r,t) — 7/2 does not increase
with time. Since it starts out being 1, and since the boundary conditions in ¢ force
o(r,t) — m/2 to change sign at least once between r = 0 and r = 1, we conclude
that for each ¢ > 0 the function r — ¢(r,t) — 7/2 must vanish exactly once.

2. Constructing Formal Solutions
We consider the function
U(y, t) = go(yR(t), t)'

This function satisfies

f(w)

y2

(2.1) mﬁmmm+%— + RRyyuy,
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Since we expect u(y,t) — U(y) as t / oo, we write
u="U(y) +v(y:1).

Assuming v is small compared with U, at least for y < R(t)~!, one obtains the
following equation for v

v (U; )

(22) Rza = M [’U] + T’Uz + RRtyUy + RRty’Uy
Here M is the differential operator
0 190  f(Uy) 0 10 1 8
2.3 M=()P 4+ - -1 = (o —
(23) (3y) y dy y? (8y) yoy v (1+y?)?

Also, we use the following notation:

1
f(”)(u;v) = /0 (1— 7’)”_1 f(")(u—|— Tv) dT,

so that the Taylor-Maclaurin formula with remainder can be written as

"(w (n—1) U (n) wv
flut o) = f) + £ o+ Lot g o o000,
We set v(y,t) = a(t)y1(y), where 11 (y) is a solution of
of o 2
(24) M = vo(w) E o0 (0) = 5

which satisfies 11(0) = 0, and «(t) is determined by the boundary condition at
r=1,1ie. aty= R~ Namely, we require U(R™!) + a(t)1(R™1) =7, ie.
2 arctan R(t)
2.5 olt) = ———M 2,
29 W= S a/R®)
We will show in section 3 that 11 is uniquely determined upto a multiple of ¥y (y),
and has the following asymptotic behaviour

(2.6) Y1(y) = ylogy + o(ylogy), (y / o0).

Equation (2.5) implies a relation between o and R, which in view of the asymptotic
behaviour of v, implies

(2.7) a=(2+o0(1))

log % '
We will choose
(2.8) a(t) = —R(t)R'(t).
The two relations (2.5) and (2.8) imply a differential equation for R, namely
dR arctan R
2.9 B ) e — e 1
(29) dt Ron/m) -~ o) TR

where we have used arctanz = z + o(x), and (2.6). Integrating this differential
equation we find

R(t) = exp (= (2 +0(1)) V).

(The integration constant can be absorbed in the o(1).) The function u(y,t) =
U(y) + a(t)y1(y) is the formal solution found in [BHK].



SINGULARITIES AT t = oo IN EQUIVARIANT HARMONIC MAP FLOW 5

3. Inverting M

3.1. A formula for M~'. We observe that for each A > 0 the function
Uy) = U(\y) satisfies

d2U> 140> f(U) 0

dy? y dy v

so that we can differentiate this equation and set A = 1. One finds that

2
Yoly) = yU'(y) = 7 +yy2

satisfies
M [1o] = 0.
To solve Mu = v we apply the standard method of “reduction of order.” One puts
u = wiy and computes
1 1 o, 1 U
—M(@ow) = w” + ~w' — q(y)w + 22w + ——Lw + ~Lw
Yo Wow) Yy ®) Yo Y Yo Yo

1 2y Mo 1 24y
_w//+{_+_0}w/+ w:w1/+ _+_O ,w/
y o o y o

so that Mu = v is equivalent to

1 29 v
’LU//—F{——F O}’LU/——.
y o Yo

Multiply with yio(y)? and integrate, to get

yo(y)*w'(y) = A+ / ’ no(n)v(n)dn,

0

and, integrating again,

u(y) = Avo(y) + {B + /Oy . /n n’¢o(n’)v(n’)dn’dn} Yo(y)-

mbo(n)? Jo
Here p
T - Yy

wo(y)_/ yo(y)?

is a solution of the homogeneous equation M)y = 0 which is singular at y = 0.
Since we shall always require solutions of Mu = v to be regular at y = 0, we set
the coefficient A = 0, and choose B so that the solution we find vanishes at y = 1.
This leads to

1

31 uly) = Koly) L) / ’ — / " ol Yol iy

LemMA 3.1. Ifv(y) = (C + o(1))y“for y / oo, then, assuming o # —1,—3,

1+o0(1) ot+2

W G e+

asy / oo. If a = —1, then

Ko(y) = <;C + 0(1)> ylogy
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More generally, if v(y) = (1 4+ o(1))y* (log y)ﬁ, with 8 > —1, then for a # —1, -3,

1+ o(1) 8
Ko(y) = 21
v(y) CESCEEL (logy)”,
while fora = —1, 8 > —1, one has
1+o0(1
Ko(y) = W, (10 )"

(a+3)(B+1)
PROOF. For large y one has vo(y) = (2 + o(1))y~}, so, assuming o # —1, —3,

/ o (m)v(n)dy = / " @+ 0(1)) n* (logn)® dn
0 0

2+4+0(1)
= 2y gy’
and thus
Y 1 n , , , , Un2+0(1)
2 dn'dn = 42T A patl (g 84
/1 nwo(n)2/o 1o (n)o(n')dn'dn /1 Lo 1 ogn)” dn

— L+ 0(1) a+3
= Y (
2(a+ 1) (a+3)
Multiply with o(y) ~ 2/y, and the proposition follows. The case o = —1 follows
by a similar computation. |

logy)” .

3.2. Expansions for derivatives. In general asymptotic expansions f(y) =
o(g(y)) may not always be differentiated, however, the expansions for X do with-
stand differentiation.

LemMA 3.2. Ifv(y) = (C + o(1))y“for y / oo, then, assuming o # —1,—3,

d a+2+o(1) a+2+o(1)
Zx - ST ST e
W = i Dt ) at+s 7

asy / o0o. If a = —1, then

Yyt and d—25Kv(y) =
b dyQ

d 1 d? 10 +0(1)
d—nyv(y) = (50 + 0(1)) logy, and d—nyKv(y) TR

fory / oco.

PrROOF. The expansions for first derivatives follow directly by differentiating
the integrals which represent Xv(y). The expansion for the second order derivatives
are then obtained by using the differential equation Mu = v which u = Kv satisfies.

O

4. Construction of a sub and super solution.

4.1. Specification of ¢;. In (2.4) we defined 1) as a solution to M[y1] = 1o,
where ¥g(y) = yU’'(y). We imposed one boundary condition, ;(0) = 0, but
otherwise left 11 unspecified. Thus v is determined upto a multiple of ¢y (which
satisfies M[tpg] = 0). Since 1)y is bounded (in fact, ¥ (y) ~ 2/y for y /" oo) any
choice of 11 will satisfy the same asymptotic condition (2.6) at co.

We now make a specific choice of 1. First, let 1; = K[t)o]. Then, in view
of the asymptotic behaviour of ¥ as y — oo, as well as the fact that ¢, is C' at
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y = 0, there will be a K > 0 such that ¢, (y) > —K(y) for all y > 0. We choose
such a K and henceforth define

U1(y) = ¥1(y) + Keo(y)-
It follows that there is a constant ¢ > 0 such that i1 (y) > cy for all y > 0.

4.2. The Ansatz. Let

v f"(U;v)

§l) = R — M[v] — RRuyU, — Tzﬂ — RRyyvy,

P 2
so that (2.2) can be written as F[v] = 0. We now let
v=1v1 +v2 = —RR1(y) +v2(t,y)

and compute

dvs (U3 v)
lot +va] = =R (RRy), ¥ + R* 5= = Mvs] - sz
+ (RR,)” yi(y) — RRyyuva,y
: v f"(U;0)
3 2 V2 ; 2
= —R Rtt’(ﬁl"‘R E —M[UQ] — T’U
+ (RR.)? (y1 (y) — $1(y)) — RRyyvay
i.e.
0
(4.1) Flvr +v2] = =M [wa] + RQ% — RRyyvay +T1 + 15 + T3
where
Ty = —R*Ryih
Ty = (RR)” (¥} (y) — v1(y))
1 f"(U;v)
T3 = —5 T ’U2

4.3. Estimation of the remainder terms. Assuming that R satisfies (2.9),
ie.
dR det 2arctan R R
— = —a(R), wh R)= ——-——=(2 1) —=%
i = ), where () £ 2L = 2.40(1))

we now estimate the terms 7}, beginning with the time derivatives of R.

(4.2)

LEMMA 4.1. If R satisfies (4.2) then for large t one has

—R, = (2+0(1)) m

Rtt = —G/(R)Rt = (4 + 0(1))

(log R)®
2

(RR.); = (8 + o<1>>(10§—R)2

ProoF. This follows immediately from (4.2) and the fact that dzgf) =2+
o(1))(—log R)~! as R\, 0. O
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It will be convenient to use

1 <1
L()d—Efl—i-longy v=
I+logy y=>1

Then for all y > 0 we have
cyL(y) < ¥1(y) < CyL(y) and [ (y)| < CL(y)
for certain constants 0 < ¢ < C < oo.

PROPOSITION 4.2. Fort — oo one has

R
ITh| + |T2| < C@Z/L(y)

Proor. From T, = —R3>Ru1) we have
ITy| < CR*(log R)*¢1(y) < CR*(log R)*yL(y).
For T5 we have

4
Tl = (R[04 (5) = 2 (0)| < oz (o)

PROPOSITION 4.3. If |va| < vy for all sufficiently large t, then one has

CR*
T3] < myL(y)'

PrOOF. The hypothesis |va| < wiimplies that 0 < v < 2v;. Since v; =
—RR;1(y) we find that v(y,t) is bounded by

2
(00| < C[RR yLo) < [ v

Using f"(u;v) = f"(u) + %vf(‘g)(u; v) we split T3 into two terms,
LI'U®W) 2 1FP(Us0) o

Since f”(U(y)) = 4y(1 — y?)/(1 + y?)?, we have
f” U, > 2 ]y* — 1] (yL(y))”
Ty < (RR 4
Tyl < 7( ) (1+y2)2 Y2
R4 Y
—7  L(y)?
(log R)*> 1+ 2 )
4
<C L(y).
<O’ ()

To estimate Ts we note that f&) (U;v) = fG)(U +6v) = 4 cos(U + 6v) by the Mean
Value Theorem, and hence

13U, )3

2
5] = ‘ )2 < 3 (RE) yL(y)®.
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Using Lemma 4.1 we then get

CRS CRS 4
IT5| < (logT)?,yL(y)g < myL(y) < Cm?ﬂ/(?ﬂ
O

4.4. Choice of vy. We let 95 be a solution of M[y2] = yL(y), e.g. we could
choose 3 = K[yL(y)]. According to Proposition 3.1 we have

(13) Yaly) = (5 + o(1)y logy as y /.
We set
R4
V2 = kaQ(y)v

where k € R is a constant to be specified below. The function v = U(y) +v1(y,t) +
va(y,t) will be a subsolution if

0
5 [’U1 + 1)2] =-M [Uz] + Rz% — RRyyvgy +T1 + T + T3 < 0.

The opposite inequality will generate a supersolution.
LEMMA 4.4. For any k € R there is a ty, such that |ve| < %vl fort > ty.

PRrROOF. We have

4

R
|U2(?J7 t)| < C%WZISL(?J)-

Since —RR; ~ R?/|log R| and yL(y) < Ci1(y), we get

R? Ck Ck

lva(y, )| < CkWyL(y) < (=RR)n1(y) < oz R|v1(y,t)~

Since R(t) — 0 as t / oo, we get |va| < vy for large enough ¢. O
Proposition 4.3 therefore applies. Together with proposition 4.2 we find that

0
(4.4) Flvr +va] = =M [vs] + RPZ2 RRyyvoy +Th + 15 + T3

ot
R4 2 81)2 R4
< p 72 0
4

where

0
Ts = R2% and T7 = —RRyva .



10 SIGURD ANGENENT AND JOOST HULSHOF

4.5. Estimation of T; and T;. For Tg we compute

23112 I p2 9 R
75 = 75 (e )
5

_ (44 0((log R)1)) (iggg'z o))
RS

< Cmy L(y)
R4

< Cliog R)?,yL(y)

Next, we deal with T%. We have |y4(y)| < Cy®L(y), which implies
T7| < |=RRiyuva |
CR? R*

< 5L
= Tlog 7] (log R)2¥ )
CR*
< ——yL(y).
< Tiog REY (y)
In combination with (4.4) we therefore find that
C R

This finally leads to the following result.
THEOREM 4.5. Ifk > 0 is large enough, and if R(t) satisfies — Ry = —2%%,
then a to exists such that

uy(y,t) = U(y) — RRy1(y) + kR—4w2 (y)

(log F)?
is a subsolution for (2.1) fort > to, while
R4
_(y,t) = - —k—
u—(y,t) =U(y) — RRe1(y) Tog R)sz(y)

will be a supersolution for (2.1) fort > to.

Unfortunately the sub and super solution provided by this theorem are ordered
in the wrong way: the subsolution lies above the supersolution and it is impossible
to conclude that there is a solution between them.

5. The sub and supersolutions in the r variable

5.1. The functions ¢1. We choose sufficiently large k, and define uy (y,t) as
above in Theorem 4.5. As always, R(t) will be a solution of (2.9), or, equivalently,
(4.2). To fix our choice of R we prescribe the initial condition

(5.1) R(0) = p,

for some fixed p € (0,1). We define

r

(P:I:(TJ t) = ui(%7t)'
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While these functions are sub and supersolutions for ¢ > ¢y, for some t5 < oo,
they do not satisfy the boundary condition ¢ = 7 at r = 1. Indeed we have ob-
tained the differential equation (2.9) by imposing this boundary condition on the
first two terms U(y) + v1(y, t) which make up uy. We will now use the invariance
of the Harmonic Map Flow equation under the parabolic similarity transforma-
tion @(r,t) — @(0r,02t) to turn ¢ into sub and super soutions which satisfy the
boundary conditions.

@ Subsolution o, "

I
|
I .
! Supersolution
I

S

Y

ro(t) 1 r(t) r

FIGURE 5.1. An unfortunate ordering of a sub and supersolution

5.2. ro(t) and r_(t). The functions uy(y,t) are defined for all y > 0, and we
know they provide sub or super solutions when 0 < y < 2R(t)~*. Thus the ¢4 (r,t)
are sub and super solutions for 0 < r < 2. We now consider ¢4 (1,t) for large t.
From

R4

(5.2) ut(y,t) = U(y) — RRyh1(y) £ kw%(y)

and 15 (y) = (1 + o(1))y®logy for y /" oo, we conclude

R4

0i(1,t) = ux(R(t)",t) = 2arctan R(t) ™' — RRy1 (R™Y) + kaQ(R_l)

—pap 1 R
=7 Wﬂ/z( )
ot (k)8 4 0(1) T R310g R
N (log R)? &

so that

R
(5.3) o+ (1,t) :7r:|:(k/8+0(1))m for t / co.
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Next, we consider 9,4+ for < r < 2 and for large t. Again using (5.2) we find that
87'90i (T7 t) = R(t)ilayui (yv t)

(5.4) = R1 {U/(y) — RR(y) £ k TTog ) P (y )}
2R 3k R r
= W_Rt(l"'o( ))1Og§ (§+0(1))(10gR)27‘210gE.

If <7 < 2 then logr = o(log R) so that log % = (1+ o(1))log1/R, and hence,
using (4.2) once again,

Orpi(r,t) = (2 + 0(1))7’52 + (2 +0(1)) ﬁ log1/R+ (% + dl))ﬁrz
= (2+0(1))R (%2 1 %)
whence
(5.5) Orpua(r,t) = (2+0(1) (1+77%) R

1
for 5 <r <2, and for t / oco.

LEMMA 5.1. For large enough t there ewist unique 7+ (t) € (3,2) such that
o1 (re(t),t) =m. One has

) =T F R

PRrROOF. This follows immediately from (5.3) and (5.5). Indeed, these equa-
tions imply that O.¢1 > (24 o(1))R for 1 < r < 2, while ¢ — 7 = +(k +
o(1))R/(log 1/R), so that ¢4 — wmust vanish at some ry = 1+ 0(1). But (5.5) im-
plies O,p+ = (240(1))R for r = 14 0(1), which then leads to the stated asymptotic
expression for r4 (). O

6. Proof of Theorem 1.2

6.1. Every solution becomes singular. We consider a solution ¢(r,t) of
(1.2) whose initial data satisfy (1.4) and (1.5). We will assume in addition that

(6.1) 0r¢(0,0) > 0, and hence ¢(r,0) > dr

for all » € [0,1] and some small enough § > 0. We may do this without loss of
generality, since the strong maximum principle will force any solution ¢(r,t) of
(1.2) which satisfies (1.4) to satisfy (6.1) immediately for ¢ > 0. So if our chosen
initial function ¢(r, 0) does not satisfy (6.1), then we replace it with ¢(r,t) for any
small ¢ > 0.

Choose t; > 0 so large that ro (t) > 1/2 for ¢t > t;.

LEMMA 6.1. There is an € € (0,3) such that o(r,0) > ¢ (er,ty) for all r €
[0,1]. Moreover, for all t > 0 one has

(6.2) o(r,t) > oy (er ty +£%).
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PrOOF. This follows immediately from (6.1) and the fact that for all £ > 0 one
can find a constant C(t) < oo such that ¢, (r,t) < C(¢)r holds for all r € [0, 1].

We observe that @(r,t) = ¢ (er,t; + €%t) is a subsolution of (1.2). Also, it
follows from 7 (t) > 1 > ¢ for all ¢ > tythat ¢(1,t) = (g, t1 4+ €%t) < 1. Hence
the Maximum Principle implies ¢ > ¢ for all r € [0,1] and ¢ > 0, as claimed. O

We improve the previous lemma by showing that one can take ¢ arbitrarily
close to € = 1, possibly at the expense of increasing ¢1. Let 6 € (0, 1) be given, and
choose t3 > 0 such that r, (¢t) > 6 for all t > to.

LEMMA 6.2. For large enough t3 > tyone has pi(er,ts) > @4 (0r,ta) for all
r € [0,1]. Furthermore

o(r,ty +1) > @y (Or,ty + 6%t)
for all t > 0, where ty = (t3 —t1)/e2.

PROOF. Since 74 (t2) > 6 we have ¢ (0r,t3) < ¢4 (0,t2) < 7. On the other
hand, for any r > 0 one has lim; ro @ (er,t) = 7 with uniform convergence on
any interval § < r < 1. Thus for any § > 0 there will be a ¢t = t(§) > 0 such
that ¢y (er,t) > @4 (0r,t2) holds for r € [§,1]. On the short interval [0, 6] one has
04 (0r,t2) < Cr for some fixed C' < co. Hence, if ¢ is chosen large enough one will
also have @y (er,t) > @y (0r,t2) for r € [0, 4].

It follows from (6.2), i.e. p(r,t) > 4 (er,t1 +&%t) and @y (er, t3) > oo (0r ta)
that, with ¢4 = (t3 — t1)/?, one has

o(r,ty) > @y (Or,t3) for r € [0, 1].

Since @(r,t) = o4 (Or, ta+60%t) is a subsolution for (1.2) which satisfies ¢(1,t) =
04 (0,ta+0%t) < m (because 6 < 1, (ta +6%t)) for all t > 0, the Maximum Principle
implies @(r,t) < @(r,tqy +1) for all r € [0,1], £ > 0. O

Inspection of the subsolution ¢ reveals that for large enough ¢ there is a
unique R(t) = (1 + o(1))R(t) such that ¢ (R(t),t) = /2. Since R(t) and R(t)
differ by o(R(t)), the asymptotic expansion for R(t) also applies to R(t), i.e. R(t) =

exp (=2t + o(V/1)).

Lemma 6.2 with r = R, (t4 + t) asserts that
T

5= O(Ry(ta +1),ts +1) > 0 (OR,(ts + 1), t2 + 0%t),

whence
OR,(t4 +t) < R(ty + 0%t) = e~ oVttt _ =Q0F+o)VE (3 20,

Division by 6 and replacement of t4 + ¢ by ¢ leads to additional terms all of which
can be absorbed in the o(1) in the exponential. We therefore find that R, (t) <
e~ (20+o()Vt for all § < 1, and thus

(6.3) R, (t) < e~ oVt

It remains to prove the opposite asymptotic inequality.
Let 8 > 1 be given, and choose a t5 > 0 so that r_(t) < @ for all ¢t > 5.

LEMMA 6.3. For sufficiently large tg > t5 one has
@(r,0) <g_(Or,tg) (0<r<1),
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and hence
p(r,t) < o (0r,ts + 6%t)
forallt>0,0<r<1.

As we pointed out in the introduction, this implies global existence of our
solution.

COROLLARY 6.4. Any solution ¢(r,t) of (1.2) whose initial data satisfies (1.4),
(1.5) exists for all t > 0.

Indeed, on any finite time interval [0,7] we have ¢(r,t) < ¢_(0r,ts + 6%t), so
that on some small interval 0 < r < § one has o(r,t) < Cr for some C' < co. Thus
the maps F}, defined in (1.7) cannot converge to the stereographic projection.

PROOF OF LEMMA 6.3. Again, ¢_(0r,t) converges uniformly to = on any in-
terval [6,1] with 6 > 0, in fact, the convergence is in C*([4,1]). It follows from
r_(t) < 6 that ¢_(6,t) > m. On the other hand we may assume w.l.o.g. that
©(1,0) = 7, and that ¢(r,0) < 7 — §(1 — r) for some small 6 > 0. (As before,
even if the initial o fails to satisfy this condition, ¢(-,t) will do so for any small
t > 0.) So, for any given 6 > 0 we can find a ¢t > 0 such that ¢(r,0) < p_(0r,t)
holds for § < r < 1. On the short interval [0, 4] the initial data are bounded by
o(r,0) < Cr for some C < co. Clearly, for sufficiently large ¢ > 0 one will have
o(r,0) < p_(0r,t) for r € [0, J].

Let tg be such a large t. Then, since @(r,t) = ¢_ (0r,ts + 0°t) is a subsolution,
and since p(1,t) = ¢_(0,ts + 0t) > o _(r_(ts + 0°t),tc + 6°t) = 7, it follows from
the Maximum Principle that ¢(r,t) > ¢(r,t) for all 7 € [0,1], ¢ > 0, as claimed. O

This implies that
R,(t) > Rl(ts + 0%t) = e~ 0oVt (+ 7 ).

Once again, this holds for all § > 1, so that we have R, (t) > exp(—(2 + o(1))/t)
for t /" co. combined with (6.3) we get R, (t) = exp(—(2 + o(1))/%).
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