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Abstract

In this paper, we extend to the non-convex caseaffiae invariant geometric
heat equatiorstudied in [30] for convex plane curves. We prove that a smooth
embedded plane curve will converge to a point when evolving according to this
flow. This result extends the analogy between the affine heat equation of [30] and
the well knownEuclidean geometric heat equatistudied in [16].

1 Introduction.

In the past several years, there has been much research devoted to the study of evolu-
tions of plane curves where the velocity of the evolving curve is given by the Euclidean
curvature vector. This evolution appears in a number of different pure and applied ar-
eas such as differential geometry, crystal growth, and computer vision. See for example
[4,5, 6,15, 16,17, 19, 20, 35] and the references therein.

As is well known, this Euclidean curvature evolution is a “Euclidean curve short-
ening” process, precisely because the flow lines in the space of curves are tangent to
the gradient of the length functional. Therefore, the curve perimeter is shrinking as
fast as possible [17]. The behavior of an embedded curve evolving according to this
flow has been well-studied. Gage and Hamilton prove that a convex embedded smooth
initial curve converges to a round point under this evolution [13, 14, 15]. Grayson [16]
has shown that a non-convex embedded curve converges to a convex one, and from
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there to a round point according to the Gage and Hamilton result. Since this evolution
is based on Euclidean invariant concepts (Euclidean curvature vector), the solution is
invariant only under rigid plane motions (i.e., the group of proper Euclidean motions
in R? generated by rotations and translations). This equation has also been called the
geometric heat equation

Recently, theaffineanalogue of the Euclidean curve shortening flow was consid-
ered for convex curves [30]. In this case, the velocity of the evolving curve is given by
the affine normal vector. The investigation of this type of evolution was motivated by
the search for affine invariant flows in computer vision and image processing [32, 31].
Among the results proven in this work is that when a curve is evolving according to
this flow, the area shrinks as fast as possible with respect to a certain affine metric [27].
Since the affine distance is based on area [8], in this sense, this evolutioafitnan
shortening flow(See our discussion in Section 3 as well.) We have also shown that any
convex plane curve converges to an elliptical point (defined relative to the correspond-
ing family of normalized dilated curves) when the deformation is given by this affine
shortening. These results make this evolution the affine analogue of the Euclidean
curve shortening for convex curves. We will also refer to this flow asffiee invari-
ant geometric equatiqrsee our discussion in Section 3 below. Independently, Alvarez
et al [1, 2] have considered an equivalent model from the point of view of viscosity
solutions. We should also note that very recently, Andrews in [3] has generalized the
results of [30] to convex hypersurfaces moving according to their affine normal.

The goal of this work is to extend the affine shortening flow to non-convex curves.
One of the key problems to be overcome is the fact that the basic invariants of affine
differential geometry are not defined for non-convex curves. In particular, we have
to define the evolution velocity vector for inflection points. This extension must keep
the affine invariance property, and must reduce to the original affine flow for convex
curves. In this note, a natural extension is presented for which these conditions hold.
The key step in this extension is the fact that the Euclidean normal component of the
affine normal is given by.'/> " wherer denotes the curvature ard the (ordinary)
Euclidean unitnormal [30], and in fact it turns out that the evolution is defined by taking
the normal velocity vector to be precisely/> . Using techniques based on [4, 5, 16,
30, 32], we show thadny simple closed curve will shrink to a point under Affine Curve
Shortening.Moreover, we prove that the total curvature of any such solution tends to
2m. See Theorem 15.1.

We now summarize the contents of this paper. In Section 2, we discuss some of
the basic facts from affine differential geometry that we will need in the sequel. In
Section 3, we introduce the affine invariant heat equation for convex curves and sketch
the relevant background from [30]. Section 4 is concerned with the extension of this
flow to non-convex curves. In Section 5, we prove short-term existence using a version
of Nash-Moser iteration. In Section 6, we prove uniquenes€foimitial data, and
then in Section 7 establish a version of the weak and strong maximum principles for
Affine Curve Shortening. Section 8 contains bounds on the curvature which we will
need for convergence.

Counting intersections of solutions is a fundamental tool in the study of one-dimensional
diffusion equations. In Section 9 we recall the weak version of the intersection com-
parison theorem due to Matano [21] and note that it applies to the affi ne heat flow. We



also show that the strong maximum principle is not valid for the affine heat equation,
and only a weak maximum principle holds. In Section 10, we develop the technique
of evolving foliated rectangles which allows us to rule out the formation of certain sin-
gularities in Section 11. In Section 11, we give a bound on the number of maximal
convex and concave arcs. Then in Section 12, we give an affine version of the Grayson
é-whisker lemma, which we use in our proof of the main result on the convergence of
a nonconvex initial curve to an elliptical point in Section 13.

2 Sketch of Affine Differential Geometry.

In this section, we summarize some of the basic notions from affine differential ge-
ometry that we will need in the sequel. Our treatment is based on the classical works
[8, 18].

A generalaffinetransformation in the pland() is defined as
1) X = AX + B,

whereX € R?is a vector,A € GL] (R) (the group of invertible rea x 2 matrices
with positive determinant) is the affine matrix, aBde R? is a translation vector. It is
easy to show that transformations of the type (1) form a real algebraic gtpcalled
the group of proper affine motionsr full affine group We will also consider the case
of when we restrictd € SLy(R) (i.e., the determinant ofl is 1), in which case (1)
gives us theyroup of special affine motiors special affine groupA,,.

We now very briefly recall the notion of “invariant” [10, 18]. A quanti€y is
called arelative invariantof a Lie groupg if wheneverQ transforms into) by any
transformationy € G, we obtainQ = ¥Q, where¥ is a function ofg alone. If
¥ = 1forall g € G, Q is called aninvariant [10]. Differential invariants may be
defined in terms of the prolongation of the action of the relevant transformation group
to the appropriate jet space [22, 23]. Affine differential geometry is concerned with the
differential invariants of the special affine grodp,. Thus all theaffine invariantswe
will discuss below are invariant with respectil,,, and relative invariants with respect
to the full affine group.

In the case of Euclidean motiond (n (1) being a rotation matrix), it is well known
that the Euclidean curvature of a given plane curve, is a differential invariant of
the transformation. In the case of general affine transformations, in order to keep the
invariance property, a new definition of curvature is necessary. In what follows, this
affine curvaturawill be defined [8, 9, 18, 34]. See also [8, 9] for extensive treatments
of affine differential geometry.

LetC : S' — R? be an embedded curve with curve paramgt@vhereS! denotes
the unit circle). We assume throughout this section that all of our mappings are suffi-
ciently smooth, so that all the relevant derivatives may be defined. A re-parametrization
of C(p) to a new parametarcan be performed such that

(2) [Csycss] = ]-,



where[ X, Y] stands for the determinant of tBe 2 matrix whose columns are given by
the vectorsY, Y € R2. This relation is invariant under proper affine transformations,
and the parameteris called theaffine arc-lengthSetting

(3 g(p) == [Cpacpp]l/B:
the parametes is explicitly given by

4 = dg.
@ sw) = [ o)

Note that in the above standard definitions, we have assumeg tttz affine met-

ric) is different from zero at each point of the curve, i.e., the curve has no inflection
points. Since we will be considering closed smooth curves for our evolutions, in uti-
lizing this classical affine differential geometry, we must restrict ourselves to strictly
convex curves [8, 9, 18, 30]. In Section 4 we will show how to get around this problem
for the affine evolution of non-convex curves.

It is easy to see that the following relations hold [8, 9, 30]:

(5) ds = gdp,
_dp
©) c=¢, %2,
dp\ > d’p
(7) CSS = Lpp <£> + Cp@

C, is called theaffine tangent vectand(C,, theaffine normal vectar
By differentiating (2) we obtain
(8) [Csa Csss] =0.

Hence, the two vectorS; andC,s are linearly dependent and so there exissuch
that

(9) Csss + /chs = 0
The last equation implies
(10) n= [Css,Csss]a

and . is called theaffine curvature The affine curvature is the simplest non-trivial
differential affine invariant of the curu«&[9]. Note thatu can also be computed as

(11) n = [Cssss:cs]~

For the exact expression pfas a function of the original parametersee [9]. For
proofs on the invariance property of the above defined affine concepts, see [30].

In the Euclidean case, constant Euclidean curvatuseobtained only for circular
arcs and straight lines. Further, the Euclidean osculating figure of a €wave point
x is always the circle with radiuk/k(z) whose center lies on the normahaf34].

In the affine case, the conics (parabola, ellipse, and hyperbola), are the only curves
with constant affine curvatuge (1 = 0, 1 > 0, andu < 0, respectively). Therefore,
the ellipse is the only closed curve with constant affine curvature affime osculating
conic of a curvel at a non-inflection point is a parabola, ellipse, or hyperbola, de-
pending on whether the affine curvatyratz is zero, positive or negative [9, 18, 34].



3 Affine Shortening of Convex Curves.

We present now thaffine curve shortening flowr affine invariant geometric heat
equationfor convex curves as formulated in [30]. We will also summarize its relation
with the classical Euclidean curve shortening flow, and recall its basic properties. For
all the details and proofs, the reader is referred to [30].

Let C(p,t) : S' x [0,T) — R? be a family of embedded curves wherga-
rameterizes the family angparameterizes each curve. The clasdiatlidean curve
shortening flowor geometric heat equatias given by [15, 16]

ac(p, _ 9%Cc(pt) _
(12) 2Rt = TRl = k(p, DN,
C(,0) = Col),

where

§=/||cp||dp,

is the Euclidean arclength arcand A are the curvature and unit normal, respectively.

As pointed out in the Introduction, an embedded curve converges to a round point
when evolving according to (12) [15, 16]. If the initial curve is non-convex, it be-
comes convex before it shrinks to a point [16]. Other properties of this Euclidean curve
shortening, and of Euclidean curve evolution in general, can be found for example in
[6, 15, 16, 17, 19, 35].

In [30], we argue that the affine analogue of (12) is given by

M = Css(pa t)’
(19) { et = Gl

Based on this evolution, an affine invariant curve shortening theory is developed in
[30] for a strictly convex initial curvey(-). We now summarize those results which
will be necessary for our discussion in the next section. All the proofs of the following
results may be found in [30].

Lemma 3.1 The solution of the evolution (13) is an absolute invariant of the group
A, of special affine motions, and a relative invariant of the grolipf proper affine
motions.

Theorem 3.2 Notation as above. Thefi(p,t) evolving according to (13) remains
convex.

Theorem 3.3 The solution of (13) exists as long as the area enclosed by the evolving
curve is bounded away from zero.

Theorem 3.4 Any convex smooth embedded curve converges to an elliptical point
when evolving according to (13). This convergence is in the sense that the family
of dilated normalized curves converges in the Hausdorff metric to an ellipse.



We would like now to specify in what sense (13) givesadfine shortening flow
We follow here the treatment of [27] to which the reader is referred to all of the details.
Since affine geometry is defined only for convex curves [8], we will initially have
to restrict ourselves to the (&chet) space of four times differentiable convex closed
curves in the plane, i.e.,

Co :={C:[0,1] — R? : C is convex, closed an@*}.

As above, letls denote the affine arc-length. Then, fof;; := § ds theaffine length
[8], we define orCy

1 Laff
1C llogr= / 1) llo dp = / 1C(s) fla ds,

where
I C(p) lla:= [C(p),Cp(p)]-
Note that the area enclosed 6ys just

1

! e 1
@y A=y [ 1Cw) o dr=; [ .Gl =51Cllurs
0 0

Observe that
” Cs “a: [CSaCss] =1, ” Css ”a: [Css:csss] =p

wherey is the affine curvature as above. This makes the affine fjorff s r consistent
with the properties of the Euclidean norm on curves relative to the Euclidean arc-length
ds. (Here we have thatCs |=1, || Cs; ||= &)

LetC(p,t) be a family of curvesiiCy. A straightforward computation reveals that
the first variation of the area functional

Aw =3 [ el

Lagsy(t)
() = — / (€0, Cy] ds.
0

Therefore the gradient flow which will decrease the area as quickly as possible relative
to || - |losy is exactlyC, = Css, i.€., equation (13). In this sense then, (13) is an affine
curve shortening flow.

4 Extension of Affine Heat Equation to Non-convex Curves.

LetC(p,t) : S* x [0,T) — R? be a family of curves whereparametrizes the family
andp parametrizes each curve.

We now make the standard argument about how to drop the tangential component
of the velocity vector in curve evolution problems such as (13). Accordingly, given
a (parametrized) plane curégp, t), we denote its image by Inf§(p, ¢)]. Therefore,



if the curveC(p,t) is parametrized by a new parameter such thatw = w(p,t),
Ow/dp > 0, we obtain
Img[C(p, t)] = Img[C (w, £)].

The following lemma (whose proof may be found in [12] and also in [31]) refers
to the image of a curve evolving with tangential velocity component.7JLand A\ be
the Euclidean unit tangent and Euclidean unit normal of the curve, respectively. Then
we have:

Lemma 4.1 Let 3 be a geometric quantity for a curve, i.e, a function whose definition
is independent of a particular parametrization. Then a family of curves which evolves
according to

Ct = aT + BN

can be converted into the solution of
Ci=aT + B/\/

for any continuous function, by changing the space parametrization of the original
solution. Sincé’ is a geometric functionj = 8 when the same pointin the (geometric)
curve is taken.

_Inparticular, the lemma shows that Ifdgp, t)] = Img[C (w, )], whereC(p, t) and
C(w,t) are the solutions of
Ct =aT + ﬁ./v

and

respectively.
Now in [30], it is noted that

Css = K'/*N + tangential component

that is, the Euclidean normal component of the affine nodpals equal tox!/3\.
Sincex!/? vanishes at the inflection points, by the above argument we see immediately
that the affine invariant flow given by (13) is geometrically equivalent to

(15) C: = kY3N,
Co(r) = C(-,0).

If C is the solution of (13) and is the solution of (15), then
Img[C] = Img[C].

From the above, In{é] is an affine invariant of the evolution (15). Note that the image
of the curve (i.e., theeometric curveis the affine invariant, not the parametrized
curve. However, this evolution is well-defined foon-convex curvedNe will refer to
(15) as theaffine invariant geometric heat equation.



Hence, in spite of the non-existence of the classical affine differential invariants for
non-convex curves [8, 18], our above analysis makes it possible to extend the affine
evolutionary flow (13) to the non-convex case. This is due to the invariant property of
the inflection points, and the possibility to “ignore” the tangential velocity component
since this does not effect the geometric evolution of the flow. See also [1, 2] for an
equivalent formulation of (15) studied from a viscosity solution framework.

Remark. In [24, 25, 26] we classify invariant flows under a given Lie group action.
Using this classification one may show in particular, that (15) is the simplest nontrivial
special affine planar evolution equation, in the sense of involving the smallest number
of spatial derivatives, and in this sense is unique.

We will devote the remainder of this paper to the study the regularity properties of
(15).

5 Short-Time Existence.

In this section, we verify the short-time existence for the flow (15). Because the con-
ditions of Angenent [4, 5] do not apply to the functie®?, we must go through an
approximation argument. We assume that our initial cd@p(e) is C?.

We first approximate'/? by v = ¢(k) = ¢s(x), where

1/ d

Note that¢'(k) > 0, and¢ € C>°(R). Assume that{C; : 0 < t < T'} evolves by
v = ¢(k) with |g| < M for 0 < t < T. Using Nash-Moser iteration, we will derive an
upper bound for

Recall thats denotes the Eulcidean arc-length.
We begin with the evolution equations feandw. From

ok N
(17) Frie Vs5 + KU
andv = ¢(x) we get that
(18) 00 = & ko + K0 ().
Using the commutation relation
200
ot’ 9z o3’
we get the evolution of:
ow _ 9 (o),
ot~ oas\at) """
(19) = (¢'(k)ws)s + (K*vd' (K))s + Kow.



5.1 Nash-Moser Iteration Applied tow.

Set
X,(t) ::/ |w|Pd3.
Ci

XI(t) = / (plw]P ws — |w|Prv)ds

Ce

= {plw|P1(¢' (k)ws + K*vd (k)5 + prv|w|’ — Kv|w|P}d3.
(o

Integrating by parts, and usiris’w;| < k* + w?, we get

X;(t) = —plp- 1)/C &' (k) {|w]P~2w? 4+ &*|w|P~>ws}d5 + (p — 1)/C kv|w|Pds

IN

_p(pQ_ 1) i ¢’(n)|w|p’2w§d§+p(p2_ I)A /<;4g25'(l<6)|’w|p72d§+

+(p—- 1)/ kv|w|Pds
Ce

I€4¢I(I€)|’w|p_2d§+p/ kv|w|Pds.
Ce

< =20-1/p) | $W(P))ds + /

Ce

We now takep > 2, so thatl — 1/p > 1/2. Letsup || = M andinf ¢'(x) = 4. Then
we can find an approximating(x) such that

K49 (k)| + |Ko(r)| < C,
for some constan® uniformly in the approximating(x). Then we get,

A c
(20) X0 <=5 | (w?’)3d5 + 5 p°Xpa(t) + CpX,(8).
We want to get rid of the first term of (20) by means of an interpolation inequality.

Proposition 5.1 If f is a function orC; with f € C*, and if there exists a pointy € C;
with f(zo) = 0, then
sgpf2 < NAN2NF -

Proof. We integrate( f2); = 2f f' from the zerar, to any other point: € C; along
two different pathsy; and~y, from z, to «:

fa)? = /y 2ffds= [ 2ffds

1 Y2
= /ff’d§+/ ffds
71 Y2
< |ff'|d3
c.
< fll2- IIf"l2 by Cauchy-Schwarz



which completes the proofl

Apply this to f = w?/?. Sincew = v; andv must attain a maximum, there must
be a point whergf = (v;)?/? = 0. We get

1/2
sup |w]? < ( |w|pd§> < w”/2
Ce

But since
(/ wpds> < sup |w|?/? </ |w|”/2ds>
Ce

we obtain
1/4 1/4
(/ |w|pd§> < </ w”d§> </ (wp/2)§d§> </ |w|p/2d§>
C C C C
1/3 4/3
< ( / <wp/2)§d§> ( |w|”/2d§> :
Ci Ci
and hence,
)(3
(21) —/ (wP/?)2ds < — 2.
C Xp/2
Substituting in (20), we find that
< X3 Oop?
X)(t) < —5X41;’ + Tpo,g +CpX,.
p/2

Next, if we use the inequality
X, o= [ |wP2ds< / (1+ |wP)ds < L+ X,
Ce Ct

(whereL = L(C;) is the Euclidean length @f;) we get that

X3 P +2p CLp?
!
<
(22) X, (t) 6X3/2+C( 5 ) Xp + 5

which holds forp > 2.

The differential inequality (22) allows us to turn bounds 19y,, into bounds for
Xp. We must begin witlp = 2, in which case we have no bound on

X1 :Xp/2:/ |w|d§:/ |vs|ds.
C: c:

But, for p = 2 we have the bound,

”1/2 ”1/2

IN

g

sup [o]/2 - L) /?|Joss 15

[0z ]2 05

IN

10



Sincev = ¢(x) andL(C;) are uniformly bounded, we get that
(23) |wlls < Cy |lwsl|x/?, for Cy constant,

and hence from (20), (22), (23),

Xy < =6 [ (ws)?ds+4CX, +2CL
dt e,
0 s
< —Gr(X)? +4CX, +20L
1
which implies
A
(24) X,(t) < 72 (0<t<T),

for a sufficiently large constant, depending only osup |x| = M, inf ¢’ = 5, sup L(Cy),
andT'.

5.2 The Iteration Step.

Suppose we have for sompe> 2

l[wllp/2 <

t_a:

or equivalently
X, /5 (t) < AP/2¢7Pa/2,

Then (22) implies fotX (t) = X, (¢) the differential inequality

A

dX =9
(25) — < mtml’)ﬁ(t) +C'(p* +2p) X () + C"p*, (0<t<T)
whereC’ := £, andC" := <.

We now try to find a supersolution of the form
X(t) = Brt~P8

for (25), i.e.,X(t) is required to satisfy the reverse inequality. Assume fhat 2.
Substituting, we see that we want (fox ¢ < T)),

—pBBPt17PE > ;—;it%‘p_wa” + C'(p* + 2p) Bt 4+ C"p?,
or equivalently,
. /B\?*
—pﬂ > -5 (Z) tl+2p(a7ﬁ) + C/(pz + 2p)t + C//p2prt1+pﬁ_

Choose

1
ﬂ'_a_'_Q_p:

11



and note that sinc& > 2, we have thatC""p?B~? < C, (C' a constant), and so we
require that

~ B -
—pB > —0()* + C'(0* + 2p)T + CT*/7e,

which holds if we take

B=A <p5+01(p2 +82p) +02Tpa>ﬂ,

where
C,:=C'T, C,:=CT?*".

Recapping, we have shown thafif||,» < At~ for0 < ¢t < T, then|wl|, < Bt=7,
ie.,

ol < A(

0<t<T.

_ _ 1
pB+ Ci(p* +2p) + CQTW> ek
S )

We can now carry out the iteration. Let

pr = 2 k>0,
1 k+2 )
ap = 5+Z2J, k>1,
7j=3
_ 1
Qp = 5

Let Ay be the constant from estimate (24), and define

_ _ 1
i+ C1(p} + pi) + Co TP+ > Pht1
5 )

Apyr = Ap <
Then

3
lim A = Ay <oo, lim o= -,
k—o00 k—o00 4

and so we see that \
|w]loo < Asot™ 2 for 0 <t < T.

Note that the constant., only depends on, T, sup |k| = M, the length of; (L),
and
sup {0 (k)| + K|o(k)|}.

||<M

We now can prove the following result:

Theorem 5.2 Given(Cy(+) € C?, there exists a (classical) solution of (1§§(3,t) :
0 < ¢t < T} with
mcax|/<a| = k(t) T o0

ast 1 T.

12



Proof. As above, we set

v =¢s(k) := % /OE(5+ s2)71/3ds.

We assume that! evolves according to
oc

E = (z)g(li)./\/
Thenasin (17,18,19), we get that

ok B 9
(26) E =V5 + K v,

v / 2
27) 5= d5(K)vss + K vPs(K),
ow / 2.1

(28) i (Ps5(K)ws)s + (K vP5(K))s + Kvw,

where as above := v;.
Now equation (26) implies that

d
(29) = sup || < (sup [5])* s (sup |r]).
Hence if®(¢, A) is the solution of
0P
(7. A) = 65(Ba(r, 4)) s (7, 4)%,

(I)(S(O:A) = A:
then
sup || < ®5(t, sup |x]).
) Cg

t

Using the Nash-Moser iteration argument as above, we get that

c
(30) sgp|w| < e 0<t<T,
t
whereC' depends on
sup sup ||,
0<t<T Ct

butnoton$.

The latter bounds then imply the existence of a solution as losgas:| remains
bounded. We are almost done now. Indeed, we evBjvey v = ¢;(k), with the
resulting family {C{ : 0 < ¢t < T} for someT independent of. Our preceding
estimates imply that we can extract a subsequénge0 on whichv andx converge
uniformly, and still retain the estimate (30). The limit is the required family satisfying
the conclusion of Theorem 5.21

Remark. The bound onv = vz implies that/<;1/3(t) is Lipschitz onC;, and so inflec-
tion points have at lea$ifth order contact with their tangents. Recall that for a generic
C? curve, one only has third order contact at inflection points.

13



6 Uniqueness of Solution withC? Initial Data.

In this section, we give a unigueness result for solutions of the affine heat equation.
Accordingly, we state,

Theorem 6.1 Let Cy be aC? curve. Then there is a unique classical solutidh :
0 <t < T} of (15).

Proof. Set fore,
C5(3) = Co(3) +eNo(3),

where\ () is the unit normal t&(§). Using the above notation, fér> 0 we evolve
C§(3) by v = ¢5(x). We thereby obtain a family of classical solutions

{Ci°:0<t<T}

on some (short) time interval. Denote the normal variation with respecbiph =

he(5,t),i.e.,

oC=9(5,1)
Oe

whereN®9(3,t) is the unit normal t@#% (5, t). The normal variatior evolves by the

same equation as the normal velocity:

R (5,1) = ( ,N(5, 1)),

oh 0%h
(31) T qﬁg(ﬁ)@ + ¢ (k)K> .

By the argument as in Section 5 fer = vz, we get thaﬂ%| is uniformly bounded.
Taking |e| < o for somes, > 0, we can assume thaf;—, = 1. (Note that at = 0,
C§’5 does not depend ah Forh|;—¢ = 1, the curveg’® are basically “Huygens wave
fronts” generated bg®=0.) By the maximum principle applied to (31), it then follows
that

(32) sup sup suph®® < C,
€ 0<t<TCf’5

for some constant'. Hence the curves "’ depend in &' manner ore, uniformly in
d,t. So one can take a subsequedic¢ 0 for which the

6,6 £
C;”" = C;,

where the’; also depend! one.

This construction provides us with two classical solutions of the evolution equation
(15) with velocityx!/?, namely{Cs, C; ¢}, between which any other classical solution
must lie (maximum principle—see the next section). Butsapr|k| estimate (32) shows
that the width of the region betweég andC, © is O(e). Sincee is arbitrary, the result
follows. O

14



7 Maximum Principles.

Let the graph ofy = u(z,t) evolve byv = x!/3. Then it is easy to compute [24, 25]
thatu satisfies théocal affine heat equation

(33) up = (uge)'/.

In this section we consider two solutionsaand of (33) on a rectangl€) = [a, b] X
[to, t1]. As always, the parabolic boundary@fis the union of the bottorfa, b] x {to}
and the two side$a} x [to,t1] and{b} x [to,t1] Of Q.

Lemma 7.1 (Weak and Strong Maximum Principles) Assume; andu are solutions
of (33)on @, and assume that, u,, u.,., u; and the corresponding derivatives for
are continuous ord).

1. Ifu < @ on the parabolic boundary @ thenu < @ on all of Q).

2. If, in addition,u < @ on one of the sides, then< @ in the interior of(Q.

We remark that the stronger statement (2) in this lemma differs from the usual maxi-
mum principle in that we require < @ on an entire side af). The dichotomy “either

u = u or elseu < w in the interior of@” which the usual strong maximum principle
states does not hold for affine invariant heat equation (15). See Subsection 10.1 for
some relevant examples.

Proof. The first part follows from the standard maximum principle argumentsa (€}
bemax {{0}U{u(z,t)—a(z,t) | a < z < b}}. Thenm(t) is continuous and equation
(33) implies that the righthand derivative of(t) is nonnegative. At = ¢, we have
m(to) = 0, so we must have(t) = 0.

To prove the second part, we consider the differen¢e, t) = u(x,t) — u(x, t).
Assume thatv > 0 on the parabolic boundary, and moreou€r,t) > ¢ for some
constant > 0. The mean value theorem implies thatatisfies

(34) wy = M (2, t)wyy,
except at points where both.,, andi,.,, vanish. In fact,
M(a,1) = (ulw,t)** = u(e, ) u(a, 0"/ + (e, /) ™"

is uniformly bounded from below by some constant, sdy;z,t) > M, > 0.

Letw. (z,t) be the solution ofy; = M, w,, onQ with zero initial dataw. (b, t) =
—ec andwe(a,t) = 0 forty < t < t;. One easily verifies thab. ,, > 0 in the interior
of @, e.g., by using the explicit formula for the solution.

Then we claim thaty > w. throughouty). This is certainly true on the parabolic
boundary where strict inequality even holds. Usitfy > M, and the convexity in
x of w. one checks that. is a strict subsolution of (34), at any point wherg is
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defined. Now let, be the supremum of all < #; for whichw > w. fort < ¢ and
all z € [a, b]. Suppose that, < ;. Then there would be someg € (a,b) at which

(35) { W(Tss 1) = We (T, i), Wa(@s b)) = We o (T, ),

andwt(x*a t*) S ws,t(x*a t*)a
and also
Waz (Tay te) > We go(Th, i) > 0.

This last inequality shows that,, anda,, cannot both vanish dtc,, ¢.) so thati/

is well defined a{z., t.), andw satisfies (34) there. We can then apply the standard
maximum principle argument to conclud e tha{(z.,t.) > w.(x.,t.) and hence
contradict (35).

We have showmw > w. for arbitrarye > 0, and therefore also have > wy on Q.
Sincewy > 0 in the interior of@) this completes the proofl

8 Local Curvature Bounds.

In this section, we derive the following local estimate which will be useful in the sequel.

Theorem 8.1 Letu(z,t) be a classical solution of 33)an< z <b, 0 <t < T,
with
My :==sup{luz|:a <z <b, 0<t<T}<o0.
x,t

Then for anyy > 0 such thaiz + 0 < b — 4, there exists a constait > 0 such that

fora+0 <x<b-9, 0<t<T.Theconstan€ only depends ot and M.

Proof. The proof follows that of [5], Theorem 3.1. By comparing the graph with
shrinking ellipses one finds that the bound [fey| implies anL> bound foru on any
smallerintervab + 6 < z < b—-90, 0 <t < T.Indeed,|u,| < M; implies that
lu(z,0)| < M, for somelM, < co. Now letzq € (a,b) be given and set

0 = min(zg — a,b — x).

The ellipsoid with center aftzo, My + h), horizontal axisy, and vertical axis:, will
evolve byv = £'/3 to its center in time = 3/4(hd)?/3. As it shrinks to its center, it
must remain disjoint from the graph= u(z, t), and thus we get an upper bound for
attimet

3
4\ 2 1
U(Jf,t) S M0+h: M0+ <§t> g

The same bound of course also applies-ig(z, t).
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Now, using the notation of [5], instead of*¢(z, ), we use the explicit (parabola)
solutions of the local affine heat equation (33)

1 /x—-¢ 2 t
(37) w(l“,t)——§< . ) SR
and count intersections. (These are the affine “grim reapers.” See [16].) The solutions
(37) allow a slight simplification of the proof in [5]. We will sketch the argument for
completeness, only giving the details where there is a modification in the original proof
of Theorem 3.1.

Fix (zo,to). Then in order to estimate, . (xo, to), ChOOSEL, €, SO that

U(.Z’g,tg) = IU(f,éS,CK;I'(),to),
uz(2o,t0) = wa(§,€,;20,10).
The latter equations give one the freedom to chaoas small as one likes (and then
¢, adepend o).

Accordingly, we choose > 0 so small such that @t= 0,
|w1’(§7 g, 5T, 0)| > Ml,

whenever
|IU(f,8, a; T, 0)| S Ml,

i.e., we take a very narrow parabola. We also require that
w(,e,a;2,0) < —M; forx <a, x>0

These conditions then imply thaf-, 0) —w(+, 0) has exactly two simple zeros ¢ b],
and that

u(a,t) —w(a,t) >0, andu(b,t) — w(b,t) >0
hold for0 < ¢ < ¢o. Thus the function(-,0) — w(-,0) has two sign changes, and
u(z,t) — w(z,t) does not change sign da, b} ast increases.

We would like to apply the Sturmian theorem from [7] at this point. Indeed, if it
were applicable, it would imply thai(-,ty) — w(-,tp) has< 2 zeroes. Due to the
degeneracy of the equation (33), we cannot apply the Sturmian theorem. However,
Matano’s elegant argument [21] can be applied since it only uses the weak maximum
principle. (See our discussion in Section 10 below.) ¢ From this, we can conclude that
u(+,to) — w(:, to) has at most two sign changes.

The proof now goes exactly as in [5]. Indeed, the assumptionuthdtzo, to) <
W (x0,to) leads to a contradiction, so we find

Um(fﬂo,to) > wmc(antO) =— %

An upper bound is found in the same way by applying the above argument: to
instead ofu. Thus we have a pointwise estimate fay,.,. |, which upon computing the
propere, turns out to be the stated estimate. Indeed, the exp@idrnn (36) follows
from scaling. For ifu; = (ug,)'/3, then

a(z,t) = %u(/\:c,/\‘l/:it)

also satisfies; = (i,,)"/* with the same derivative bound.
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9 Convex and Concave Arcs.

In this section, we study the behavior of convex and concave arcs of a given curve
under the affine evolution (15).

Let X : St x[0,7) — R? be a normal parametrization of a solutif} : 0 < ¢ <
T} of v = k'/3. A convex (concave) ar8 C C; is the image of a maximal interval
[a,b] C R on whichk(-,t) > 0 (or x < 0, respectively). (Note that we can regard
X (-,t) as a periodic function defined d in the usual way for each fixede [0,7).)

Onthe sef(p, t) : k(p,t) # 0} we know thats is a solution of
Kt = O(K)ss + K O(r),

whered(r) = x'/3. Hence we can apply Matano’s arguments [21] and conclude that
the number of sign changes ©f-, t) does not increase with time. Our main result in
this section is an estimate for the number of such sign changes.

Theorem 9.1 Notation as above. If the total curvatul€ = [ |x|d3 of the initial
curve(y is finite, then the number of (maximal) convex arcs at time- 0 does not

exceed o
L?* 2
(38) K - max (tiT, ;)

For comparison we remark that solutions of Euclidean curve shortening are real an-
alytic, and hence always have a finite number of convex and concave arcs. Nonetheless
noa priori estimate like (38) is known.

Throughoutthis section we will 1€} be a solution of affine curve shortening whose
initial curveCy is smooth and has only a finite number of inflection points. We will es-
tablish the estimate (38) for such curves with the congtamtiependent of the solution
C:. Approximation by analytic curves and passage to the limit then proves the general
case.

9.1 Strong maximum principles for x and 6

The equations fok andf are degenerate so the strong maximum principle does not
apply immediately.

Proposition 9.2 If k(p,to) > 0fora < p < band ifk(a,to) > 0, k(b,tp) > 0then
for somed > 0 one has:(p,t) > 0 onJa,b] x (to,to + J).

Proposition 9.3 If O(p, tg) > 6, fora < p < band iff(a,ty) > 6y, k(b,ty) > 0 then
for somed > 0 one had)(p,t) > 6y on|a,b] x (to,to + ).

Proof. Instead of considering the curv@sdirectly, we letC? be the solution of,C¢! =
o5 ()N, with ¢5 as in (16), which at timeé = ¢, coincides withC;,. The velocity
v) = ¢s(k) of Cf satisfies

(39) v) = @5(k)vds + K25 (k).
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Sincek is bounded, uniformly i > 0, we have
P5(k) >n >0, 0<rK*@5(k) < M,

for certain constant8 < n < M. As§ — 0 the constant) also decreases to 0. We
will assume below thal < n < 1.

By continuityv? (a, tp) > 0 implies that for some > 0 one has/’(a,t) > 0 for
to <t < to +e. Similarly, v°(b,t5) > 0 will hold for t, < t < to + . The strong
maximum principle forces®(p, ) > 0 on the re ctangl® = [a, b] x (to,to + €). By
letting ¢ drop to 0 we only get that(p, ¢) > 0 on the rectangl®, i.e. we get the weak
maximum principle. To conclude > 0 for § = 0, we must get an estimate fof on
‘R. We do this with a subsolution for (39).

Let o°(p, t) denote the arclength aloidj from a to p. Then2Z = 1, and by the
commutation relatiofd;, 9;] = kvdz we find that
0;(0ro) = 04(1) — kvO50 = —Kw,
which is uniformly bounded. Together with? (a,¢) = 0 this implies thatd;s° and
hences® are bounded (uniformly i).
Consider

(40) w’ (p,t) = al (0 (p,1) + 7(t — to) + 1, n(t — to))
whereq, v are constants and

D(z,7) = %exp{%},

is the fundamental solution of the heat equafign= T',,. If z > 0 thenT'(z, 1) is
decreasingl{,, < 0), and ifz > 2,/7 thenT'(z, ) is convex [, > 0) as a function
of z.

On the rectanglék we haves(p,t) > 0 and0 < ¢ — t; < € and hencer =
a(p,t) —v(t —to) + 1 andr = n(t — to) satisfy
22> (1—ye)? > 2 > 2me > 271

provideds is chosen small enough (remember that 1.)

How smalle should be chosen depends-nf we now choose/ > — inf o, then
we get

wf = nal'; + a(y + af)l‘m

= naly, +aly + o)),
nwis + a(y + o),
¢f5(’$)wg§

P5(R)wls + K2 (r)w’.

Hencew?’ (p, t) is a subsolution ofR for all smalls > 0. At t = t, we havew’ (p,t) =
0. If we choosen > 0 sufficiently small then we will have)’ < v° on the vertical

ININ
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sides ofR for all § > 0. The maximum principle then implie€ > w’ onR. In the
limit § — 0 we find thatv(p,t) > w°(p,t) > 0 on'R. This completes the proof of
Proposition 9.2.

The proof of Proposition 9.3 is very similar. One notes that the affgje t) of the
approximating evolutions evolve according to

0 ov ., 0%

(41) E—@— 5(5)@.

Thus for any constamt, the functionw = 6°—6, evolves according te; = 5 (K)wss.
One can then use the same subsolution (40) to froved, onR. O.

9.2 History of a convex arc.

In what follows below, we will just consider convex arcs. The treatment for concave
arcs is of course identical.

Let s = {X(p,t.) : p— < p < p;} be agiven convex arc.

Sincex(+, t.) only has a finite number of sign changes, there is an intépal-
g,p—) onwhichk(p, t.) < 0. LetO_ be the connected component of the gt t) €
R x [0,t.] : &(p,t) < 0} which contains the segmefi_ —,p_) x {t.}. Similarly
we define(, to be the component dfx < 0} which meets the segmeft;,p+ +
€) X {t«}.
Since the curvature satisfies the weak maximum principle (see Lemma7.1), Matano’s
arguments in [21] can be applied to prove:

Lemma 9.4 (Matano) For any (po,t0) € R x (0,t.) with k(po,t0) # 0 there is a
continuousP : [0, to] — R with P(ty) = po andk(P(t),t) # 0forall 0 <t < tp.

Hence there exists somewith (p,t) € O_ for everyt € [0, t.], and we may define

p-(t) = sup{p:(p,t) € O_},
p+(t) = inf{p:(p,t) € O4}.

For0 <t < t., we let3; be the image undeX (-, t) of [p_(t), p+(¢)]. By definition,
p—(t«) = p— andpy(t«) = py, 06, = . We call{; : 0 < t < t,} thehistory of
the arcp, .

Proposition 9.5 Disjoint arcs3;, 2 C C; have disjoint histories.

Proof. Let
def def

Bi = X([p1,—,p1,4],t), B = X([p2,—,p2,4]: 1),
and assume that _— < p; + < p2,— < p2,+. Then by the maximality of;, ¢ = 1,2
thereis ag € (p1,+,p2,—) With k(g,t.) < 0. By Matano’s lemma 9.4, there must be
a continuoug : [0,t.] — R with k(q(t),t) < 0 andq(t.) = q. But thenp, 4 (t) <
q(t) <ps_(t)for0 <t <t,.O
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9.3 Range of the tangent angle.

Set
Y= {0(p,t) : p_(t) <p < py(B)},

wheref(-,t) denotes the standard angle parametes,on
Lemma 9.6 If 0 <t <ty <t,,thenX; DX,

In the proof of this proposition it will be convenient to define
g-(t) = inf{p > p_(t) : 6(p,t) > 0},  q1(t) =sup{p < p4(t) : &(p,t) > O}.

Proposition 9.7 x(p,t) = 0forp_(t) < p < q_(t).

Proof. Sincex(-,t) only has finitely many sign changes$p, t) must be positive for
all p in some small intervalg_(t), ¢—(t) + €). In the intervalp_(¢), ¢— (t)] one must
havex(p,t) < 0, by virtue of the definition of;_(¢). To see thak actually vanishes
on this interval we assume the contrary, i.e. th@i, ty) < 0 for somet, andp, €
(p—(to0),q—(to)). For somes > 0 one hasi(p,ty) < 0forp_(t9) —e < p < p_(to)-
By proposition 9.2 we then would have < 0 on some rectangl® = (p_(to) —
€,po) X (to, to+¢). One could then conne@o, to) to (p—(to) —&, to) Within {x < 0},
so that(pg, to) € O_. This contradicts the definition @f_ (o).

Proposition 9.8 p_(t) is a lower semicontinuous functiop;. (¢) is upper semicontin-
uous. Furthermore, we have

lim sup p— (t) < g—(to),

t—to

liminf p.. () 2 ¢+ (o).

Proof. Lower semicontinuity ofp_(¢) follows from openness of)_: givent, and
smalle > 0, one hagp_(t9), %) € O_ and hence for smadl > 0 one hagp_(to),t) €
O_forallt € (to—0,t_0+0). Hencep_(t) > p_(to) —d for |t — tp| < 6. Openness
of O, similarly implies upper semicontinuity @f, ().

For smalle > 0 one will havex(q_(to) + €,%9) > 0. By continuity ofx one also
hask(q_(to)+¢,t) > 0for|t—to| < 4, if  is small enough. Matano’s lemma provides
a continuousP : [0,tp — 6] = R with k(P(t),t) > 0 andP(to — ) = q_(to) + €.
LetI be the segmer{ly_(to) + €} x [to — 6, %0 + 4.

Suppose that_(t1) > q_(to) + ¢ for somet; € (tg — d,t0 + ). Then(py, 1) €
O_ for somep; € (¢_(to) + €,p—(t1)), which means one can conndgi,?;) to
(p—(t.) — e, t.) with some grapp = P{M (1),

t1 <t <t.in O_. By Matano’s lemma one can also find a continuous function
p=r? (t),0 <t < t; whose graph lies id_ and goes througfp:, t1).

Let P, : [0,t.] — R be the function obtained by combinid®j") and P*). Then
the graph ofP. lies in O_, and sinces > 0 on the segmerit, the graph ofP, must
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be disjoint fromI’, and so one haB,(t) > q_(to) + € for |t — to| < 4. In particular
P(ty) > p—(to), which contradicts the definition @f_(¢y). O

To complete the proof of Lemma 9.6 we now show that

is a nonincreasing function of To begin we note that
0—(t) = 0(p,t) forall p € [p_(t),q-(1)],
sincex(p, t) = 0 on thatinterval. It then follows from continuity 6f: Rx[0,¢.] = R

and proposition 9.8 thakt_(¢) is a continuous function.

At any givent, there will be are > 0 such thak(-,tp) < 0on[p_(to)—e,p—(to))
andk(-, to) > 00on(q_(to), q—(to) +¢]. Thush(p,to) > 6_(to) on the closed interval
[p—(to) —&,q-(to) + €l

, With strict inequality at the endpoints of this interval. By proposition 9.3 we then
getéd(p,t) > 0_(to) on some rectanglp_(to) — £, q—(to) + €] % (to,to + J). Since
p—(t) lies betweemp_(tp) —c a

nd g_(to) + € for t close toty, we see thaf_(t) > 6_(to) fortg < ¢t < to + 9.
Hencef_(t) is an increasing function, as claimed.

The same arguments show tiat(¢) def 01 (p+(t),t) is a decreasing function.

Lemma 9.6 now follows fronk(t) = [6_(t), 0+ (t)].

9.4 Total curvature of the history.
Now define
AG(t) := sup{|0(p1,t) — O(p2, )| : p-(t) < p1,p2 < pi(t)}-

Set
L:= L(Co),

the length of the initial curvé,.
We will now prove the following:

Proposition 9.9 Notation as above. Lef;, C C;, attimet, > 0 be a (maximal)

convex arc. Then ,
A#(0) > min b7
- cr?’ 2’

for some constant'.

Since convex and concave arcs alternate, we get the same estimate for concave arcs.
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9.5 Proof of Proposition 9.9 and Theorem 9.1.
Assume that\g(0) < 7, and let

s, C [ A6(0) AQ(O)} ‘

2 72

On any convex part off;, we can use the angle paramefierand then the normal
velocity as a function of, ¢ satisfies

0 1
Y —vt(vgg + v).

(42) ot 3

A computation shows that

(43) 5(0,t) = A(t) cos <2 :00(0)>

will be a supersolution of (42), if we choose

(44) Alt) = {A(0>4 + } ,

for ¢ a suitably small constant.
Now by the maximum principle we get the following inequalitiesdofFirst choos-
ing A(0) = oo, we see that

c(A6(0))""

(45) o0, 0] < 4200

Second, if one taked (0) = (%)1/4 supg, |v|, then we find

—1/4
ct
(46) v(0,t) < |15+ supv4 sup |v|.
| ( )| (AG)Q Bo Bo | |

A word of explanation is in order about our use of the maximum principle here
since the equation far (42) is degenerate at= 0, and the domain of is not fixed.
In fact, for one value o8, v(6,t) may have several values if there are several con-
vex/concave arcs i, with tangent in the direction of. Nevertheless, it is easy to
justify the use of the maximum principle in this context. Indeed, atiagy (0, t.),
B is the union of a finite number of convex/concave arcs. On each of these arcs, the
angled is a single-valued coordinate which takes values in some interval contained
in [-£A6(t), $A6(t)]. This interval changes in time, but at its endpointganishes,
while our supersolutiom is bounded from below of-3A6(t), 1 Ad(t)]. Thus the
maximum principle does indeed apply and gives v on convex arcs, andv < 7 on
concave arcs. Hence we have

[vo(p, )| < 0(0(p, 1),1), onp;.
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Next the estimate (46) implies that at

(A6)°

47 t =T/5(sup|v],Al) := —————  Af = AH(0
( ) 1/2( 3o | | ) C(SUPBO |’U|)4 ( )
one has )
(48) sup |v| < 5 sup|vl.

Ty /2 2 Bo

By the same arguments, we get

1
(49) sup |v] < 5 sup|o],

ﬁt+T1/2 Bt
for Ty = Ty /2 (supg, |v], Af) as givenin (47), with
AO = AQ(t) = sup{|0(p1,t) — O(p2, )| : p—(t) < p1,p2 < pi(t)}.
We now inductively define a sequenige< t; < t» < ---, with
1
sup |v| < 5 8up v,
tit1 tj
by putting

ti+1 — t; = T ja(sup|v], AG(;)).-

tj

SettingL = L(Co), we may (crudely) estimatad(t;) by

AB(t;) < / Ik]d5 < (sup [v])°L,
B(t;

t; t;

so that
L? 9
Ti j2(sup [v], AB(t;)) < —(sup [v])".
Bt]- c t]-
From .
sup |v| <277 sup |v],
tJ- 8]
we find
L2 —27 2
tit1 —t; < —27"(sup |v])",
c Btg
so that

too := lim t; <t + CL*(sup |v])?,
J]—0o0 ﬁio

whereC is a constant. We can estima‘uapﬁt0 |v| using (45), which gives

CL2AH(0)

to/?

too < tg +
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The best estimate is obtained for
to = (2CL*A(0))%/3,

which gives
too < (CL*A0(0))*/3.

Since our maximal ar@;, is not flat, we must have,, > t,, that s,

t2/3
>
AB(0) > oL
providedA#(0) < m/2 (a condition which we assumed above). This proves Proposi-
tion 9.9.

For the proof of Theorem 9.1, we note that since disjoint maximal convex arcs
Bt, C Cy, have disjoint histories, there cannot be more than

KCI? 2K
max tiT,?

convex arcs iy, , whereK denotes the total curvature &f. O

9.6 Arcs with large curvature.

Lemma 9.10 For any solution{C; | 0 < ¢t < T'} of Affine Curve Shortening (15) there
is a constanfs such that the total curvature/ kds| of any convex or concave arc with
sup |«| > K exceedsr.

This lemma was proved by Grayson [16, lemma 3.5] for Euclidean Curve Shortening.
The two ingredients in his proof are (1) finiteness of the number of convex and concave
arcs, and (2) the steady (super) solutigé) = A sin(6 —«) for the curvature equation.

We have just shown that solutions of Affine Curve Shortening also break up into a finite
number of convex and concave arcs, and instead of using the curvature equation we can
use equation (42) for the velocity(#) = Asin(f — «) is also a super solution for this
equation. With these remarks we may simply repeat Grayson’s arguments to prove
lemma 9.10.

10 Intersection of Solutions.

LetC;,Cy C R? be embedde@’ curves. Suppose thét andC, intersect tranversally,

i.e., the unit tangents at a given point of intersection are independent. In this case, we
define#t(C1NC2), thenumber of crossings @f andC, to be the number of intersection
points ofC; andCs.

If C; andC> do not intersect tranversally, we choose a tubular neighborbooél
C1, and then decomposk N N into pieces which are graphs M. If we identify C;
with the zero section aN, we can count the number of sign changes of each of those
pieces. The resulting sum is by definitigf(C; N C»), thenumber of crossings @
and(,. (This definition is the same as in [5].)
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Theorem 10.1 (Weak Sturmian Theorem)LetC, (-, t), Ca(-,t) evolve by = x!/3.
Then

#(Cl('vt) mCZ('vt)) < #(Cl(vo) N 02(,0))

Proof. This weaker version of the results in [5, 7] may be proved using Matano’s
method [21] which only uses the weak maximum principle (see also Lemma™.4.)

Itis important to note that the weak Sturmian theorem does not claim4da-, £)N
C»(-,t)) is always finite, or that non-transverse intersectiongdf,¢) andCa(-,t)
causeft(Ci (-, t) NCa(+, t)) to decrease (see [5, 7]). In this regard, we have the follow-
ing illuminating examples:

10.1 Some special solutions of Affine Curve Shortening.

Let
u(z,t) = (T — t)*®(z).
Then
U — (Uge)? = a(T — )21 ®(x) — (T — t)*/3(3" (x))'/°.
Thusu will be a solution of the local affine heat equation (33)it= 3/2 and

3
(50) ¥ (2) = (59 ()"
The latter ODE has oscillatory solutions which can be written in terms of elliptic func-
tions. These special solutions intersect thaxis only finitely often on any bounded
interval fort < T, but coalesce with the-axis att = T. Consequently, the strong

maximum principle and backward uniqueness fail for the affine heat equation (33).
We now look for examples of solutions of (33) of the form

u(z,t) = ®(zt™ ).

We compute that witl§ def Tt %,

w = (e P = () 2@ ()

—a e
= —E(g) — (e (g)' .
Takea = 3/2, and solve the resulting equation
3
(@"()'° +5¢2'(¢) =0.

It is then easy to see that

¥ = V()]
27 27
(@)% = ngz(rﬁf4)'
d'(&) = i1 for some constant
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from which we derive the step function solution

(51) ds.

4 > 1
(&) = 3\/§/g VA + st

Thus we get a solution of the affine heat equation (33) of the form

T

ua(z,t) = ‘I’A(m)a

whered 4 () is given by (51). This solution is the affine analogue of the error function

solution of the classical linear heat equatign= u.
The initial value is

where

4 o0 1 QA4 oo 1
3v3 J_oo VA + st 3v3 Jooco V1 + st

(I)A(—OO

A study of the inflection point: = 0 of uu(z,t) for givent > 0, shows that it
indeed has fifth order contact with its tangent, as predicted by the theory.

11 Evolving Foliated Rectangles.

In this section, we will use the technique of foliated rectangles in order to prevent
singularity formation in the equation (15). We begin with:

Definition. A foliated rectangleF is a family of C* functions
{u® € C'([xo,71]) 1 a0 < a < ay},
for which

(1) u(z),us(x) are continuous ifa, x).

(2) If a < o, thenu®(z) < u® (z) forzy < z < ;.

Definition. An evolving foliated rectangle
{Fi:0<t<T}
is a family of foliated rectangle; given byu®(z,t), where each*(z,t) is a clas-

sical solution of the affine heat equatiop = (u,,)"/® with u®(zo,t) andu®(z,,t)
constant.
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Lemma 11.1 Every “initial” foliated rectangle F, defines a unique evolving foliated
rectangle{F; : 0 < t < oo}.

Proof. Let 7 be defined by{u® : ag < a < a1}, u® € C([wo,z1]). Without loss of
generality, we may assume that=0, z; = 1, ag = 0, a; = 1. We may extend the

u® by reflection, so that? is an odd and periodic function of peri@d We first prove
Lemma 11.1 under the assumption that#iereC?. In this case, the same arguments
leading to the short-term existence theorem (Theorem 5.2) imply the existence on a
short-term time interval of a classical solutiefi : R x (0,7') — R with the given

initial data.

Now intersection with steep straight lines shows that

< |3u“|
Rp Ox
does not increase. From Theorem 8.1 we get that
c
(52) lugs| < B

for some constanf’ and0 < t < oco. Hence the curvature of the* cannot blow up
in finite time, so theu® are defined for alt > 0. Moreover, the decay estimate (52)
suggests that
u(z,t) = u(0)(1 —z) + u®(1)z, ast — oo.

In fact, by comparing with the solution of Example 1 (showing the strong maximum
does not hold for the affine heat equation), from equation (50), one can show that the
graphs of theu® become straight lines in finite tim¢This follows from the fact that
u(z,t) = \(T — t)*/2®(\z) + pz + v is a solution of (33), ifb satisfies (50).)

To prove that thqu®(-,¢) : 0 < a < 1} form a foliated rectangle, we observe that
fora,a’ € [0, 1], the maximum principle implies,

(53) sup |u®(z,t) — u® (z,t)] < sup [u®(z,0) — u® (z,0)],

andifa > d', then
(54) inf(u®(z,t) — u® (z,t)) > inf(u®(z, 0) — u® (z,0)).

Inequality (53) implies that for a sequeneg — a, theu®~(-,t) converge uniformly
to u?(-,t), and because of the derivative bounds given above alét ({0, 1]). Then
inequality (54) implies that® > u® for a > a’. Thus the proof of the lemma is
complete if the initialF, is C2.

For C! initial foliated rectangles, we can approximate by smooth foliated rectan-
gles. The derivative bounds only depend on

sup [ug,

a,r

SO we can extract convergent subsequences. Uniqueness of the regulfoilpws
from (53).0

We now prove a result which prevents the formation of singularities of the flow (15)
using the technique of evolving foliated rectangles.
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Theorem11.2Let{F; : 0 < t < T} be an evolving foliated rectangle. Léf; :
0 < t < T'} be a classical solution of (15) which never hits the edgeg,pfind such
thatC, is transverse to each leaf ¢fy and intersects it once. The&h does not form a
singularity in the interior ofFr.

Proof. The main ideas are based on [5]; see the proof of Theorem 7.F; et given

by
y=u(z,t), 0<a<1.

¢ From the affine invariance of (33), it is easy verified that the functions
ub*P (z,t) = u®(z,t) + ax + 6,

are solutions of (33). By compactness, there ig@n> 0 such thatC, is transverse
to the graph of any®*% with 0 < a < 1, |al,|8| < &9, andC; is disjoint from the
endpoints of thet»*? (0 < t < T). (Note that since&, is a closed curve, it will
always intersect each leaf &%.)

Let P = (x9,u"(xo,t0)), Wwhere0 < to < T. Then if Cy, passes througR, it will
have at most one crossing with the graph of

y =u(z,t) + a(z — xo) = u»* T (x, 1),

for anya with ||, |azo| < €,. This implies that the&, are uniformly locally Lipschitz
in F;. HenceC; cannot have a singularity iiy. O

Remark. The point of the above proof is that th& -? define a cone-field orf; to
which(, is transverse. This forcé&s to be uniformly locally Lipschitz.

12 The2n—Theorem.

In this section, we prove one of the key results needed to guarantee the convergence of
a given curve under the affine flow (15) to an elliptical point.

We first note that as in the curve shortening (Euclidean) flow [16], for the affine
flow (15), the total curvature af; does not increase (see also [31]).

Let ¢ be a convexC? function. Then
%/w(n)dg = /yﬂ(m + K20) — vktp(k)d3
= [0 s + s () = )01,

Note that—1" () < 0. If we take for givery > 0,

(k) = V3 + 2,

thenky)' (k) — (k) < 0, S0

%/\/5+/§2d§§0.
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Lettingd | 0, we get that

d
5 [wids <o,
as claimed.
As in [4, 5], one can now show that for any classical solu6p: 0 < ¢ < T'},
a limit curveCr exists, and thafr has finitely many singular pointg;, ..., Py at

which some of the total curvaturg|x|ds must concentrate. Starting at every singular
point P; one has two branches of the curve, which we shall refer to amthend
outgoing branch. Since these are limits far 1+ 7' of disjoint arcs inC; the strong
maximum principle implies that the in and outgoing branches are disjoint unless they
coincide, in which case they are part of a line segment enditiy. &iVe refer to this
latter situation by saying th&tr has a needlat P;.

The following key result holds:

Theorem 12.1 gr-Theorem) LetC; have a singularity at = T', and P € R?2, and
suppose the in and out-going brancheggfat P do not coincide. Then for argy> 0
there is at. < T such that eacld; N B.(P) witht. < ¢t < T has a connected subarc
B C (Cy N B:(P)) on which

|//<;d§|227r—5.
B

Proof. The proof is the same as in [5], Theorem 7.1, with only one modification. Since
the strong form of the Sturmian Theorem is not available, we must be careful when we
use the foliated rectanglE. But Theorem 11.2 solves this problem. More precisely,
assume to the contrary that

|/ kd3| < 2m —¢€

B

for all subarcs3 C (C; N B:(P)), we construct a foliated rectangle exactly as in [5]
(proof of Theorem 7.1). We can then verify tltatavoids the edges of, and passes
transversely throught, once. By Theorem 11.Z;; cannot form a singularity icFr.
But P € Fr, a contradiction which proves the theorem.

Thus the arguments of [5] carry through without much modification provided the
limiting curveCr has no needles. The following theorem guarantees that this is always
the case.

Theorem 12.2 (No Needles TheoremNotation as in theorem 12.1. The in and out-
going branches at any singular poif are disjoint.

We present the proof in the next section.
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13 Proof of the no-needles theorem.

Points onC; with tangent parallel to the-axis will be called horizontal points. A
horizontal spotis either a horizontal point or else a maximal interval on which the
tangent is horizontal (equivalently, a horizontal spot is a connected co mponent of the
intersection of’; with a horizontal line).

Lemma 13.1 For eacht > 0 the number of horizontal spots dh is finite. This
number is nonincreasing.

Proof. Between two consecutive horizontal spots one either has an inflection point, or
else the curvature changes tyr. Since the total curvature is finite and singehas
finitely many inflection points, the number of horizontal spots is bounded.

The number of horizontal spots is the sum over all integed the number of
signchanges d(-,t) — kr. For eacht this number is nonincreasing sinéesatisfies
(41). Hence the number of horizontal spots cannot inc rease.

After a certain time the number of horizontal spots, being a nonnegative nonin-
creasing integer, will remain constant. By Lemma 9.3 the tangent angle at any inflec-
tion point is monotonically increasing, so we may assume thafferd <t < T

none of the inflection points are horizontal. Thus all horizontal points are located
on convex or concave arcs@f. Near them the equation (15) is nondegeneraté; £o
a real analytic curve near each horizontal spot. We can ther efore enumerate and trace
the horizontal spot§) (), . . ., @~ (t) throughout the time intervdll’ — 6, T).

Lemma 13.2 The limitslim;+7 Q; () = Q,;(T) exist.

Proof. Let Q;(¢) = (z;(t),y;(t)). SinceQ;(t) is horizontal we have just argued that
Q;(t) is never an inflection point, and hence that the curvat(€g (¢), t) has constant
sign. Hencey’; (1) = {/x(Q;(t),t) has constant sign angd(¢) converges as 7.

To prove convergence af;(t) we use the Chen-Matano [11] device of comparing
C, with its reflection in a vertical line. Suppose

liminfz;(t) = a < B = limsup z;(¢).
tTT T

Choosey € («, ) and letC; be the reflection of; in the vertical linex = ~. Both

C, andC, are solutions of Affine Curve Shortening, so the number of intersections
#(C: N C;) cannot increase. Aist T z;(t) = v must occur infinitely often. Each time
this happen€; andC; are tangent af; (t), and the number of intersectiogC; NC;)
drops. If one choosegappropriately#(C; N C;) will be finite for somet € (T — 4, T)

(C; only has a finite number of vertical spots), so we have a contradiction.

We now turn to the “no-needles theorem.” Assume that the in and outgoing branches
of a singular point?; € Cr coincide. Without losing generality we may assume that
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out branch

8*

1
< theneedle »' X

Figure 1: A singular curve with a needle.

P; is the origin, and that the in and gutgoing branches both contain an inferya]
on thez-axis nearP;.

In view of Lemma 13.2, we can findl > 0 for any0 < &; < g such that the
strip s &' {(z,y) | e1 < x < &>} contains no horizontal points or vertical points for
T -6 <t < T.Hencel, NS consists of a finite number of grapps= u*) (z, t) each
of which satisfyu; = (u,,)'/?. By assumption the(*) (z, ) tend to zero as 1 T'.

Lemma 13.3 For eachk and allt € (T — 4,T), one has

_ c
(55) (T—t) 3/2 "U,(k)(x’t)‘ < m, g1 <z <egg.

Proof. On the interval(e;,e) the functionu® (-,¢) is monotone — let's assume
W > 000 u® (z9,t9) > 0, thenu® (z,ty) > u® (zg,t) for z € (zg,e2)
and hence the graph of*) is disjoint from the ellipse inscribed in the rectangle
[z0,e2] x [0,u®) (x0,%)]. Allowing both the curve cC; and the ellipse to evolve
by Affine Curve Shortening (15), they must remain disjoint. Sinteé(z,t) — 0 as

t 1+ T the ellipse must vanish befote= 7. This implies that its area is less than

C(T — t0)3/2 which |mp||es thatu(’“) (170, t()) < C(T — t0)3/2/(62 — 170).

If we had started with the assumption that) (-, ) were decreasing rather than
increasing we would have arrived at*) (zy,t0) < C(T — t5)*/?/(xo — 1). The
estimate (55) allows for both possibilities.

Lemma 13.4 For eachk the limit

im u® — gk
(56) lim o™ (2, £) = &7 (z)

exists. Moreove(¥) (z) is a solution of (50).

Proof. Consider

v(zx, ) o (T - t)73/2u(k) (x,t), t=T—e€ ".
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Affine Curve Shortening for the graph af*) is equivalent to the following PDE for
v(z,T)

ov 1/3 3
7 — = (Uga —v.
(57) 5 = (va) '/ + So
Moreover we have just shown in (55) that

c

lv(z,T)] < , Whene; <z <o, 7> log .

(e0 —x)(z — 1)
Regularity for (57) implies that,, v,, and ((v,.)'/*)_ are uniformly bounded for
T 1 oo on any compact intervat’,ey] C (e1,€0). (To avoid proving regularity for
(57) observe that for any solutianof (57)

u(z,t) = (1 —t)*2v(x, 70 — log[2(1 — t)))
satisfiesu; = (u,,)'/?; use the results of section 8 to obtain regularityddor 0 <
t < 3/4 and then transfer to to obtain regularity fory —log2 < 7 < 19 + log 2.)

These estimates imply that any sequence oo has a subsequence along which
v(z, T;, +T) converges to some eternal solutioi{z, 7) (i.e. defined foe; < z < &
and allT € R) of (57). To complete our proof we will now show by “intersection
comparison”that* is in fact time independent, and hence a solution of (50) as claimed.

Consider the curves
C={ (2T -t)7"y) | wy) e}
whereT' —t = e~". The graph ob(:, 7;, ) is a part of(fTJ.K :

Proposition 13.5 Letry € R. Let®. be any solution of (50). Then one can approxi-
mate®,. by other solution®; — &, of (50) which interseat,, only finitely often.

Since the®; are steady states for (57) the number of intersectiords; afith éT does
not increase with-, and it follows in particular that the limit*(-, ) only intersect;
finitely often.

Proof. For solutionsp of (50) the quantityfy := (®')% — %1}4 is constant.

LetC’ denote(fT0 with the vertical points deleted. The curgéis a finite union of
graphsy = v(z). We consider the functiofl = (v,)? — 2Lv*. Sincev, — +oo at
the vertical pointsE : ¢’ — R is aC'® and proper function. By Sard’s theorem the

regular values off form an open and dense subset of the real line.

If the “energy” Es, of the given solutiond., is not a regular value, then one can
approximateFE, with regular valuest; — FE,, and select corresponding solutions
®,; — P, of (50).

At a tangency of®; andC’ one hasEl = E;. SinceFE; is a regular value off :
C' — R, there are only finitely many such tangencies. All other intersectionds; of
andC' must be transverse. Hence there only finitely many such intersections.

We return to the proof of Lemma 13.4. Assume that for s¢mer,) one has

(58) U*(.’L’O,To) ;é 0, and’l):.(l’g,’ro) ;é 0.
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Let ® be the solution of (50) wit®(z¢) = v*(zo,70) and®'(z) = vi(zo, 7). By
(58) we then haved' (zy) # 0, and®"(xo) # vk, (x0,70). It follows that ®(-) —
v*(-,7) looses exactly two zeroes at time= 7. In fact for® close tod and for any
0 with 0, 9, and ., uniformly close tov*, v¥ andv},, respectively, the difference
& — @ will also loose at least two ze ros ne@r, o). In particular we could take
o(z,T) = v*(z,T + 15, ) With k large and we could choosedanear® for which C.
only intersectsb finitely often. Then the number of zeroesf(-, 7) — ®(-) would

drop infinitely often, which is impossible.

Thus the assumption (58) is incorrect, and we find tti&t, 7) = ®(x) for some
solution® of (50). O

We now conclude the proof of the “no needles theorem.”1;;et co be such that
v(z, T + ;) converges uniformly for boundedand on compact intervals; ,eo9] C
(0, &) to some solutiord of (50).

Let ¥ be the union of thg axis and the curvé(z, ®(z)) | > 0}.

As j — oo the part of the curveg, in the strip{(z,y) | —e. < & < &.}
converge tat. This force<; to have a sharp corner near the point where the graph of
® intersects thg-axis. ButC evolves by

v=r?

3

= 0
+ 2ycos ,
and one easily deduces regularity results for this equation from similar resuits=for
x'/3. In particularC, must have uniformly bounded curvature in bounded regions of
thexy-plane. It is therefore impossible f6r to converge td.. O

14 The Affine 5-Whisker Lemma.

In this section, we recall Graysoniswhisker lemma [16] and point out that it is also
valid for the affine shortening flow (15). Thewhisker lemma prevents a curve from
getting too close to itself along subarcs which turn through at keaSince the proof

in this affine case is very similar to that of [16], we will only sketch the relevant details.

14.1 a-points.

Let {C; | 0 < t < T} be a maximal solution of Affine Curve Shortening (15), and
chooseély < T so that the (finite) number of convex and concave arcs remains constant
forTo <t<T.

Fora € R we define am-point onC; to be a pointwheré(p,t) = o (mod 2x).
An «a-spotis, by definition, a connected component of the set-gibints. By applying
Lemma 13.1 in a suitably rotated coordinate system we conclude that at any given
instantt € (0,7) there at most a finite number efspots, and that this number is
nonincreasing in time.

Proposition 14.1 LetTy < ¢, < T. If A; € Cy, is ana point, but not an inflection
point, then there exists a smooth farfily; | To <t < t; } of a points withA,, = A;.
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< r={y-axigU{y=o(x)}

Figure 2:% and the curve, converging tax.
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Proof. Since A; is not an inflection point the evolution is smooth nédn, ;) in
space-time. At a non-inflection point one gs= k # 0 so the Implicit Function
Theorem provides a smooth family of poims with 8(A;,¢) = «. This family may
only be defined fot close tot;: let (¢2,t1] be the largest interval on which such a
smooth family can be defined. Thefy will accumulate at inflection spots @}, as
one letst decrease to.

By Proposition 9.3 the only way an inflection spot can becomer-apot is for
two a points with nonzero curvature to meet and annihilate each other. Thus a small
neighborhood of an inflection spot at timewhich is also an

a-spot will not contain anyy-points fort slightly abovet;. Consequently, if one
traces a smooth family af-points A; back in time it can never run into an inflection
spot witht, > Ty. Hence we can continue our smooth familycepoints all the way
back toT,. O

14.2 «-arcs.

Following Grayson [16, page 295] we define an &re- C;, to be ana-arc! if the
inward pointing unit tangent vectors to the arc are both give(fty").

SIn‘a
Thus the endpoints of am-arc arex or « + w-points. As we have seen, these can
be traced back in time as long &% T,. The resulting family okx-arcs{B; | Ty, <
t < to} will be calledthe history of3, .

Theorem 14.2 §-Whiskers) There exists & > 0 such that for any poinf on an
a-arc By, C Cy, withty € [Ty, T'), the line segment

sin «r

lps.a def {P+rv,|0<r<d}, vo= <cosa>’
is disjoint fromCy;, \ By, .

To prove this one traces the history Bf, back to timet = T,. Ford > 0 and
Ty < t < to we then defing3¢ to beB; translated byl - v,,. We also define(t) to be
the largest! > 0 such that3{ is disjoint fromc; \ B; forall 0 < d’ < d.

At t = T, a compactness argument provide$ iadependent of the arc such that
one can translat8z, by an amound in the direction of the vector,, without bumping
intoCr, \ Br,, i.e. such that

d(Ty) > 0.

Grayson then shows, using maximum principle arguments,dftatis a nonin-
creasing function. The ardﬁf(t) andC; \ B; must have a tangency. If the tangency
is interior then it will dissapear instantaneously by the strong maximum principle (see
Lemma 7.1). If the tangency occurs at an endpoinﬁt‘ﬁf) then the curvatures oﬁ‘f(t)
andC; \ B; must be different (for otherwis@; \ B; would intersect thel(t)-whisker
Cp,q(1),o WhereP is the cor responding endpoint 5p.) Hence the tangency disappears
in this case as well, and(#) is indeed nondecreasing.

1Grayson calls these arcs “nice.”
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15 Convergence to a point.

Our main result is:

Theorem 15.1Let{C; | 0 < t < T} be a maximal classical solution of Affine Curve
Shortening (15). Then

1. C; shrinks to a pointag 1 7', and

2. The total curvaturd’ |x|ds of C; tends to2r ast 1 T

To prove this we argue by contradiction: assume the limit cdgvis not a single point,
and letP be one of the singular points on this curve. By theTheorem 12.1 there
existt,, 1 T such thatC; N B(P,2~") contains an args,, with turning angle

/ kd§
B,

This puts us in Grayson’s “case |” (see [16, page 300].) In [16, theorem 4.1] he shows
that this case cannot occur, and the two ingredients of his proobandiskers” and

our lemma 9.10 which states that arcs with turning angle less#thaave uniformly
bounded curvatu

> —m.

3
2

re. As we have verified these statements for Affine Curve Shortening, Grayson’s
arguments lead us to a contradiction. The curve therefore must shrink to a point.

The second statement of the theorem is Grayson’s Lemma 3.9, whose proof also
is based on Lemma 9.10 ahdvhiskers. The same arguments therefore apply in our
setting.
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