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Abstract

Visual tracking using active contours is usually set in a static framework. The active contour tracks the object
of interest in a given frame of an image sequence. A subsequent prediction step ensures good initial placement
for the next frame. This approach is unnatural; the curve evolution gets decoupled from the actual dynamics of
the objects to be tracked. True dynamical approaches exist, all being marker particle based and thus prone to the
shortcomings of such particle-based implementations. In particular, topological changes are not handled naturaly in
this framework. The now classical level set approach is tailored for evolutions of manifolds of codimension one.
However, dynamic curve evolution is at least a codimension two problem. We propose an efficient, level set based
approach for dynamic curve evolution, which addresses the artificial separation of segmentation and prediction while
retaining all the desirable properties of the level set formulation. It is based on a new energy minimization functional
which, for the first time, puts dynamics into the geodesic active contour framework.

Index Terms

Visual tracking, geodesic active contours, dynamic active contours, level set methods

Marc Niethammer and Allen Tannenbaum® are with the School of Electrical and Computer Engineering, Georgia Institute of Technology,
Atlanta, GA 30332-0250; {marcn,tannenba} @ece.gatech.edu. Sigurd Angenent is with the Department of Mathematics, University of Wisconsin,
Madison, Wisconsin 53706; angenent@math.wisc.edu.

TCorresponding author.

October 20, 2005 DRAFT



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. X, NO. X, NOVEMBER 200X 1

Dynamic Active Contours for Visual Tracking

|. INTRODUCTION

Object tracking can be accomplished in many ways including by mechanical, acoustical, magnetic, inertial, or
optical sensing, and by radio and microwaves, to mention a few. The ideal tracker should be “tiny, self-contained,
complete, accurate, fast, immune to occlusions, robust, tenacious, wireless, and cheap” [1], [2]. As of now such a
tracker does not exist; trade-offs are necessary, and a method should be chosen based on the application in mind.
Optica sensing is unobtrusive and can be simplified by choosing a simple (possibly prespecified) work environment,
or by altering the appearance of the objects to be tracked (e.g., by painting them, or by mounting light sources on
them). The desired objects to be tracked then become much easier to detect. However, in certain instances (e.g., for
an uncooperative object to be followed) this is not possible. Visual tracking is the task of following the positions
of possibly multiple objects based on the inputs of one or many cameras (the optical sensors). In the context of
visual tracking, we can distinguish between the two tasks of locating and following an object (e.g., for surveillance
applications), and influencing objects or our environment (e.g., controlling the movement of a plane, based on visual
input). The latter will most likely encompass the first (possibly resulting in nested control 1oops). Both tasks can be
accomplished by means of feedback mechanisms. In either case we need a good estimate of object position. Once
we have this estimation, we either have fulfilled our task (e.g., for surveillance applications), or use this information
to close a control loop. This brings to mind a broad range of applications. Indeed, be it for medical or military use,
the need for visua tracking is ubiquitous.

Visual feedback control differs significantly from classical control. Sensors are imaging devices (usually cameras)
which deliver an abundance of information of which only a fraction may be needed for a specific control task.
The sensor output needs to be preprocessed to extract the relevant information for the tracking problem, e.g., the
position of an object to be followed. Preprocessing usually encompasses noise-suppression (e.g., image smoothing)
and segmentation to delineate objects from their background and from each other. Segmentation has been an active
field of study in various application areas, most prominently in the medical sciences. Static segmentation problems
are challenging. Segmentation algorithms usually need to be adapted to the problem at hand. There is no omnipotent
segmentation algorithm. Visual tracking is a dynamic segmentation problem, where segmentations change over time.
Here, additional information (e.g., apparent image motion) is available, but further degrees of freedom and thus
difficulties are introduced, for example related to processing speed in real-time applications. Visual tracking poses
various interesting questions to control theoreticians and engineers, among others:

« How can one properly deal with the unusua sensor signd, i.e., image information, projections on the image

plane, correspondences for stereo vision, etc.?

« How should uncertainties be modeled? In most cases only very simple motion and system models are available.

Delays may be significant in case of computationally demanding tracking algorithms.
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« How should robustness or tracking quality be quantified? For example, what is the most suitable metric for
the space of curves?

Humans and animals perform visua tracking tasks with ease every day: following cars in traffic, watching
other people, following the lines of text in a document, etc. These mundane tasks seem simple, but robust reliable
algorithms and their computer implementation have proven to be quite challenging [3]. We rely on ahighly devel oped
brain, assumptions about the world acquired throughout a lifetime, and our eyes as visua sensors. The design of
a gorithms which would make a machine behave and perceive similarly to humansin al situations is a daunting task
which is far from being solved. However, if we are only interested in a specific application, the problem becomes
more tractable. Visual tracking is a relatively well defined problem when dealing with well defined environments ™.

Applications for visua tracking are diverse. Some key areas of research include:

« Vehicle guidance and control: See [4], [5], [6], [7]. [8], [9] for applications to autonomous driving 2. See
Sinopoli et al. [10] and Sharp et al. [11] for visual tracking systems for the navigation and the landing of an
unmanned aerial vehicle, respectively.

« Surveillance and identification: See [12], [13], [14] for applications to target tracking and biometric identifi-
cation.

« Robotics/Manufacturing: See Corke [15] and Hutchinsion et al. [16] for discussions on visua servo control
which requires the visual tracking of objects/object features as a preprocessing stage. Here visua tracking is
used to increase the bandwidth and accuracy of robots. We note that visua grasping falls into this category
of tasks.

o User interfaces. See [17] for real-time fingertip tracking and gesture recognition, and [3] for virtual environ-
ments.

« Video processing: See [18] for automated addition of virtual objects to a movie.

o Medica applications. See [19] for applications to vision guided surgery (surgical instrument tracking) and [20]
for medical image tracking.

A wide variety of algorithms for visual tracking exists: e.g., feature trackers, blob trackers, contour/surface

trackers. See [21], [22], [23], [24], [25], [26] and the references therein. All of these have their own advantages
and disadvantages. The seminal paper of Kass et al. [27] spawned a huge interest in the area of contour/surface

tracking algorithms. This is the class of agorithms on which we will focus in this paper.

Il. PROBLEM STATEMENT, MOTIVATION, AND SCOPE

Typical geometric active contours [28], [29], [30], [31], [32] are static. However, variationa formulations many
times appear to be dynamic because the resulting Euler-Lagrange equations are solved by gradient descent, intro-
ducing an artificial time parameter. This time parameter simply describes the evolution of the gradient descent. It

IThisis an overview of application areas for visual tracking. Due to the challenging nature of the general visual tracking problem, task-specific
agorithms are usually necessary. There is no “silver bullet” [1].

2Exemplary for these research efforts are the European Prometheus and the American PATH programs.
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will usualy not be related to physical time. A two step approach is typically used for visual tracking by static active
contours. First, the curve evolves on a static frame until convergence (or for a fixed number of evolution steps).
Second, the location of the curve in the next frame is predicted. In the simplest case this prediction is the current
location. Better prediction results can be achieved by using optical flow information, for example. In this two step
approach, the curveis not moving intrinsically, but instead is placed in the solution’s vicinity by an external observer
(the prediction algorithm). The curve is completely unaware of its state. In contrast, Terzopoulos and Szeliski [33]
or Peterfreund [34] view curve evolution from a dynamical systems perspective; both methods are marker particle
based and are fast, but they may suffer from numerical problems (e.g. in the case of sharp corners [35], [36], [37]).
In the static case, level set methods are known to handle sharp corners, topological changes, and to be numericaly
robust. In their standard form, they are restricted to codimension one problems, and thus not suitable for dynamic
curve evolution. Extensions of level set methodsto higher codimensions exist and a level set formulation for dynamic
curve evolution is desirable [38], [39]. We will present a straightforward level set based dynamic curve evolution
framework in this paper.

The results of the paper relate to dynamic snakes [33] as geodesic or conformal active contours ([30], [29]) relate
to the original snake formulation [27]. Here we are advocating a different philosophy to dynamic curve evolution.
Instead of discretizing evolution eguations upfront (early lumping), we keep the partia differentia equations as
long as possible (late lumping [40]), resulting in a more natural and geometric formulation.

We demonstrate that we can attach information to a contour evolving in alevel set framework. Thisis related to
the approach in [41] and is a crucial step towards more flexible level set based approaches. Most level set based
evolution equations in image processing are static and/or do not possess state information. This can be a major
drawback, e.g., if we want to follow a contour portion over time.

Error injection is a standard method from control theory to construct observers. All snakes using an observer
(e.g., Kalman filter based or particle filter based) use error injection. Observers for marker particle based systems are
finite dimensional. Our proposed approach requires an observer for an infinite dimensional, nonlinear system. The
existing theory for such systems is still in its infancy; system theoretic results are available only in special cases.
We restrict ourselves to error injection resembling a nonlinear, infinite dimensional observer if we are close enough
to the basin of attraction of the object of interest. The incorporation of the optical flow constraint is natural in this
framework. Our formulation restricts the propagation to the direction normal to the object direction; this is exactly
measured by the optical flow, in contrast to previous approaches [33] for dynamic snakes which do not restrict the
direction of movement. Thus even though error injection is classical, it is novel in this level set framework.

We now briefly summarize the contents of the remaining sections of this paper. Section Il gives a brief overview
over existing methods for contour based visual tracking. Section IV introduces the concept of static curve evolution
and positions it in relation to classical image processing. Section V reviews the fundamentals of parametrized
dynamic curve evolution. Section VI introduces geometric dynamic curve evolution and discusses the evolution
equations. The level set formulation for normal geometric dynamic curve evolution is given in Section VII.

Sections VIII and X dea with error injection into the evolution equations and occlusion detection respectively.
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Simulation results obtained on real image sequences are presented in Section XI. Section XII discusses our results
and future work. We also include some appendices with the derivations of the key formulas and some mathematical

remarks.

I11. ALTERNATIVE CONTOUR BASED TRACKING METHODOLOGIES

The literature on tracking is vast. To give a complete overview on tracking methodologies is beyond the scope
of this paper. We limit ourselves to a brief overview of the (what we think) closest approaches, i.e. contour based
tracking methodologies, highlighting their differences®.

A possible classification for contour based trackers is based on:

« the motion model: finite dimensiona (parametric) or infinite dimensional,

« the curve model: finite dimensional, or infinite dimensional,

« the solution method: optimization, or integration in time, and

« the type of curve influence terms (boundary, area, statistics, etc.).

Most visual tracking approaches employ finite dimensional motion models and finite dimensional curve evolution
models. If the curve change over time is only described by the motion model (the motion group), i.e., if thereis
no change of the curve shape and consequently no curve evolution model, curve based trackers can easily be cast
as finite dimensional observation problems. Approaches include all flavors of the Kalman filter (“classical” Kalman
filter, extended Kalman filter, unscented Kalman filter or sigma point filter), probability data association filters, and
particle filters [42]. Finite dimensional motion groups are usually chosen to be trandation, trandation plus rotation,
or the affine transformation group.

Extending these finite dimensiona filtering methods to elastic deformationsis generally not straightforward, since
the evolution equations or observations tend to be nonlinear. One approach is to parameterize the curve shape. This
can for example be done by Fourier modes, principal component analysis, or in the simplest possible case by a
piecewise linear approximation of the boundary (a particle-based method). In the latter dynamic case [33], [34],
[43], the boundary is represented by a prespecified number of points plus their associated velocities. Increasing the
degrees of freedom has the disadvantage of increasing the computational complexity. This is particularly true for
particle filtering approaches, which can only handle a moderate number of states without becoming computationally
intractable. Also, parameterizing a curve shape (independent of the type of parameterization used) introduces a strong
shape bias. i.e., the shape is assumed to lie in a certain (prespecified) class. This may be desired in case of an
object with clearly defined shape, but may be unwanted if objects are allowed to deform completely elastically.

Moving away from finite dimensional to infinite-dimensiona curve representations results in great flexibility,
but comes at the cost of less theoretical insight. Nonlinear infinite-dimensional curve evolution equations require
nonlinear infinite-dimensional observers which are (unlike observers for linear systems) understood only for special

system classes.

3In what follows we refer to contour based visual tracking based methods, even if we only write visual tracking.
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Infinite-dimensional curve descriptions have been used in combination with the trivial motion model [27] (i.e.,
no dynamic motion is assumed, al shape changes are purely static), in combination with finite dimensional motion
models [44], [45], [46], [47], as well as in combination with infinite-dimensional motion models [48], [49]. Since
finite-dimensional motion models cannot account for arbitrary elastic deformations they are frequently combined
with an elastic update step: this is called deformotion in the work by Yezzi and Soatto [45] and employed for
tracking purposes in conjunction with a simple observer structure in Jackson et a. [47] and in a particle-filtering
framework in [44]. Particle-filtering [42] has been very popular in the computer vision community, but is usually
restricted to low-dimensional state spaces to keep the computational cost reasonable. In the original work by Blake
and Isard [42] an affine motion model is used, there is no elastic deformation of the curve. Rathi et a. [44] extend
the particle-filtering approach to include elastic curve deformation in the observer update step. However, the state
space is not truly infinite-dimensional, in particular there is no infinite-dimensional motion model.

Approaches using infinite-dimensional motion models for visual tracking usually employ some form of passive
advection, e.g., the curve gets pushed forward through an external vector field for example established through an
optical flow computation [48] or through a motion segmentation step [49].

In this paper we are interested in adding dynamics to the curve evolution itself, so that it is no longer passively
advected, but possesses an intrinsic velocity associated with every point on the curve. The approach taken is
to construct an infinite-dimensional dynamically evolving curve based on the ideas by Terzopoulos [33]. It is a

dynamical systems viewpoint which does not require static optimization steps as in many other approaches.

IV. STATIC CURVE EVOLUTION

Image processing in the line of traditional signal processing is concerned with low-level vision tasks. eg.,
performing image denoising, edge detection, deconvolutions, etc. In this setting images are treated as multi-
dimensional signals, and there are usualy no high-level assumptions regarding the image content (e.g., looking
specifically to find an object of specific texture, etc.). On the other side of the spectrum is high-level vision (high-
level reasoning) which tries to address the latter problem of what is represented in an image. The image is to be
decomposed into meaningful subparts (the process of segmentation; e.g., foreground, background, uniform regions)
which are subsequently analyzed (e.g., which types of objects do the segmented regions correspond to). Creating
such a high-level vision system is a tremendously hard task, far from being solved. Tasks that are straightforward
for humans turn out to be strikingly difficult in the algorithmic setting of computers, requiring assumptions about
and simplifications of the vision problem to be approached. There is no segmentation algorithm that works for
al cases. A popular simplification is to assume that objects in an image are separated from their background, for
example by intensity edges, variations in image statistics, color, etc. Template matching is a common approach for
image segmentations of known objects. Unfortunately, while robust, template matching is aso inherently inflexible.
If the image represents anything not accounted for in the template (e.g., an additional protrusion in the shape of the
object) the template will not be able to capture it. Solid objects may be described by their interior, or (if only the

shape outline is sufficient) by their boundary curves. Boundary descriptions are the vantage point for segmentations
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by curve evolution. The assumption here is that whatever object we are looking to segment may be described by a
closed curve representing its boundary. Kass et al. [27] introduced what is known as the classical snake model for
curve based segmentation. The basic idea is to minimize an energy functiona depending on image influences (i.e.,
attracting it to edges) and curve shape. Given a parameterized curve in the plane of the form C : S x [0, 6) — R?,
where C(p,0) = [z(p,0),y(p,0)]T € C%1, p € [0,1] is the parameterization, 6 € R, C(0,6) = C(1,0) (i.e., the

curve is closed), and 6 is an artificial time, the energy

1q 1
LCCoCon) = [ Jun G + Gl + 9€) o "
0 =~
elagticity rigidity image influence

is minimized, where w1 (p) and w2 (p) are parameterization dependent design parameters (usually set constant) and
g > 0 is some potential function (with the desired location of C forming a potential well). A common choice for

the potential function is
1

9@ = TG Vi@
where x = [x,y]” denotes image position, I is the image intensity, r is a positive integer, and G is a Gaussian.

See Figure 1 for an illustration of curve parameterization. In most applications, the rigidity term is disregarded
(i.e, wa(p) = 0). The energy (1) is independent of time. It is a static optimization problem, which may be solved
by means of calculus of variations. The corresponding Euler-Lagrange equation for the candidate minimizer of
L(C,Cp,Cpp) is

0 0?
image influence
elasticity influence rigidity influence

The right hand side of Equation (2) can be interpreted as an infinite-dimensional gradient. Consegquently, moving

into the negative gradient direction results in the gradient descent solution scheme for (1)
0 0?
C0=5p &)~ g

The solution of (1) is a trade-off between the elasticity term (trying to shrink the curve length), the rigidity term

(wngp) - Vg. (3)

(favoring straight curve segments), and the image influence term (trying to attract the curve for example to an
intensity edge). The trade-off implies that sharp corners are usually not represented well (unless they are coded
explicitly into the method). Problematic with the original snake formulation is that it is not geometric, i.e., the
derivatives do not represent clear geometric quantities (e.g., normals and curvature) and the solution depends on the
somewhat arbitrary parameterization p. On the other hand, the geodesic active contour [48], [30], another curve-
based segmentation method, is completely geometric. To understand the mativation behind the geodesic active

contour it is instructive to look at the length minimizing flow firgt, i.e., the curve evolution that minimizes

l 1
L(C,) = / ds = / ICyll dp.
0 0

where s denotes arclength and ! the length of the curve C. The gradient descent scheme that minimizes curve length
is
C9 = '%Na (4)
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where N denotes the unit-inward normal to C and x = C, - AV is the signed curvature. Equation (4) is known as
the geometric heat equation or the Euclidean curve shortening flow. Gage and Hamilton [50] proved that a planar
embedded convex curve converges to a round point when evolving according to (4). (A round point is a point that,
when the curve is normalized in order to enclose an area equal to , it is equal to the unit disk.) Grayson [51]
proved that a planar embedded non-convex curve converges to a convex one, and from there to a round point from
Gage and Hamilton result. Note that in spite of the local character of the evolution, global properties are obtained,
which is a very interesting feature of this evolution. For other results related to the Euclidean shortening flow,
see [52], [53], [50], [51], [54], [55]. The Euclidean curve shortening flow only depends on the curve shape. There
is no image influence term. The idea of geodesic active contoursiis to introduce a conformal factor g(C) (in analogy

to the potential function introduced above) into the energy functional, to minimize the weighted length 4

l 1
£e.c) = [ ateyas= [ gyl ap ©
The gradient flow corresponding to Equation (5) is
Co= (95— (Vg - N)N. (®)

Equation (6) only involves geometric terms, the curvature « and the norma A and is completely independent of
parameterization. The term gx N is the geometric analog to the elasticity term %(wlcp) of Equation (3) and the
gradient term Vg gets replaced by its projection onto A, There is no correspondence to the rigidity term of the
parametric snake, however this term is frequently discarded due to its fourht-order derivative. See [56], [57] for
more details. Many extensions to and variations of the active contour exist (e.g, adding an inflationary term). For
more information see [57] and the references therein.

Neither the snake (3) nor the geodesic active contour (6) are truly dynamic curve evolutions. In both cases only the
steady state solution on a static image is sought. In visual tracking, objects move over time. Consequently tracking
with closed curves implies estimating closed curves moving in space and time. This is not readily described by
the snake or the geodesic active contour. Section V describes a dynamic extension to the parametric snake exists.
However, the objective of this paper is the dynamic extension of the geodesic active contour which will be discussed

in Section VI.

V. PARAMETRIZED DYNAMIC CURVE EVOLUTION

In this section, we review parametrized dynamic curve evolution [33]. We also introduce the mathematical setup
required to derive the geometric dynamic curve evolution equations of Section V1.

We consider the evolution of closed curves of the form C : S x [0,7) — R? in the plane, where C = C(p,t)
and C(0,t) = C(1,t) [51], with ¢ being the time, and p € [0, 1] the curve’'s parametrization (see Figure 1 for an

illustration). The classical formulation for dynamic curve evolution proposed by Terzopoulos and Szeliski [33] is

“4Recently direction dependent conformal factors have been introduced, i.e., g(C,G).
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Fig. 1. Parametrized curve evolution. The parametrization travels with a particle. In general, the parametrization will not stay uniformly spaced.
The black disk and the asterisk indicate particles attached to the curve; their assigned value for p will stay the same throughout the evolution.

derived by means of minimization of the action integral

g/ L(,C,C) dt, @

where the subscripts denote partial derivatives (e.g., C; is the curve's velocity). The Lagrangian, L = T — U, is
the difference between the kinetic and the potential energy. The potential energy of the curve is the energy of the
snake (1)
! 1 2 1 2
U= [ GuilColl + SuallC,l + 9(C) dp.
0
The kinetic energy is

'l
7 [ Sulc? dp,
0

where p corresponds to mass per unit length. The Lagrangian is then
1
1
L= /O Sullc® - —wll\C I = SwallCpll* = 9(C) dp. ©)

Computing the first variation § £ of the action integral (7) and setting it to zero yields the Euler-L agrange equations
for the candidate minimizer [58] in force balance form:

0 02
a_p(wlc ) 8 a2

Equation (9) depends on the parametrization p and is therefore not geometric (see Xu et al. [56] for a discussion

uCtt = (’U)QCpp) Vg (9)

on the relationship between parametric and geometric active contours). Our proposed methodology (see Section V1)

will be completely independent of parametrization. It will be geometric.

V1. GEOMETRIC DYNAMIC CURVE EVOLUTION

In this section, we will present the geometric dynamic curve evolution equations, which are geometric and

evolve according to physically motivated time. It is a geometric formulation of the parametrized dynamic approach
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reviewed in Section V in analogy with the connection between parametrized and geometric curve evolution described

in Section V. Minimizing Equation (7) using the potential energy of the geodesic active contour (5)

1
U= / 4©C | dp

and the kinetic energy .
1
7= [ Sulci?ic dp
0

results in the Lagrangian .
1
= [ (5ue = a) e, av. (19)
0
Computing the first variation L of the action integral (10) yields
1
pCrt = —p(T - Cys)Cr — pu(Cr - Cus)T — (§M||Ct|\2 —9)kN — (Vg - NN, (11)

which isintrinsic and a natural extension of the geodesic active contour approach [29], [30] (see Appendix | for a
derivation). Here A/ is the unit inward normal, 7 = % the unit tangent vector to the curve, k = C,s - N denotes
curvature and s is the arclength parameter [59].

We can consider theterm (gx—Vg-N )N in Equation (11) as aforce exerted by the image potential ¢ on the curve
C. Compare this to the evolution equation for geodesic active contours as given in [57], [60] (C; = (gx—Vg-N)N).
From a controls perspective, this can be interpreted as a control law, based on g and its spatial gradient Vg, which
is designed to move the curve closer to the bottom of the potential well formed by g.

Equation (11) describes a curve evolution that is only influenced by inertia terms and information on the curve
itself. To increase robustness the potential energy U can include region-based terms (see for example [61], [62],

[63]). This would change the evolution Equation (11), but such changes pose no problem to our proposed level set

approach.
The state-space form of Equation (11) is
x?)(sat)
, T
zs. - | 0] (12)
fi(z)
fa(x)

where &7 = [z, 9, 23, 24]7, 21 = 2(s,1), 2 = y(s,1), 3 = 24(5,1), x4 = y¢(s,1), and f; are scalar functions

in = and its derivatives. The evolution describes the movement of a curve in R4, where the geometrical shape can

I(x) = zi(s,1) .
x2(s,t)

be recovered by the simple projection
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A. Interpretation of the evolution terms for the geometric dynamic curve evolution
To get an understanding of Equation (11) it is fruitful to look at the effect of its individual terms. The term
—(Vg-N)N

accelerates the curve C towards the potential well formed by g. Note that —V¢g points towards the potential well.

The term
1
—a(g,C)kN = — (§,u||Ct|2 - g) kN
accelerates the curve C based on its smoothness properties and
—p (T - Cis) C (13)

represents a smoothing term for the tangential velocity. We can decompose the velocity change C ;s a every point

on the curve C into its tangential and normal components as
Cts - (Cts N)N+ (Cts . T)T

We assume that the tangential and the normal components change approximately linearly close to the point of

interest. A Taylor series expansion (at arclength sg) yields

(Cts N)(S) = (Cts N)(So) + a(CtgisM (8 — 80) + 0(82) =ng+ N1 (S — So) + 0(82),
(Cts - T)(s) = (Cis-T)(80)+ % | (s — s0) + O(s?) = to + t1(s — s0) + O(s%).

In order to appreciate the effect of the term (13), it is sufficient to consider the two fundamental cases depicted
in Figures 2 and 3. The norma component (depicted in Figure 2) isirrelevant for the evolution, since 7 -C ;s = 0 in
this case. The tangential component (depicted in Figure 3) will counteract tangentia gradients of C ;5. The two cases
correspond to a linearly and a parabolically increasing velocity C, in the tangential direction. In both cases, the term
—u (7T - Cis) Cy will counteract this tendency of tangentially diverging particles on the curve, ideally smoothing out
the tangential velocities over the curve C.

The term

—p(Ce-Cis) T

governs the transport of particles along the tangential direction. To understand what is occurring locally, we assume

we are looking at a locally linear piece of the curve and decompose the velocity into

It is instructive to look at a triangular velocity shape C; in the normal direction (as shown in Figure 4(a)) and in
the tangentia direction (as shown in Figure 4(b)). The triangular velocity shape in the normal direction induces
a tangential movement of particles on the curve. This can be interpreted as a rubberband effect. Assume that the
rubberband gets pulled at one point. This will elongate the rubberband. Since the point at which it is pulled stays

fixed (no movement except for the displacement due to the pulling) particles next to it flow away from it. The
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Fig. 2. Normal direction, C;s constant and linearly increasing.

Cl,s

—— > = > —»  —»

Fig. 3. Tangentia direction, C:s constant and linearly increasing.

triangular velocity shape in the tangential direction also induces tangential motion of the particles. However, this
motion will counteract the initial tangential direction and will thus also lead to a smoothing effect on the change

of tangentia velocity vector over arclength.

B. Normal Geometric Dynamic Curve Evolution

To get a quantitative interpretation of the behavior of the curve evolution Equation (11), it is instructive to derive
the corresponding evolution equations for the tangential and normal velocity components of the curve.

We can write
Ct = Oé(p,t)T—Fﬁ(p,t)N, (14)

where the parametrization p is independent of time and travels with its particle (i.e., every particle corresponds to a

specific value p for al times), and o and  correspond to the tangential and the normal speed functions respectively.

October 20, 2005 DRAFT



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. X, NO. X, NOVEMBER 200X 12

(a) Normal (b) Tangentia

Fig. 4. Behavior of theterm —pu (C; - Ces) 7.

By substituting Equation (14) into Equation (11) and using results from [64] (see Appendix 1) we obtain the two
coupled partial differential equations:

ap = —(a®)s +2raf, (15
B 1, 3, 1 (I
B = —(af)s+ (55 —504)4';9 /‘6—; g-N.

Here, —(a?)s and —(af3); are the transport terms for the tangential and the normal velocity along the contour, and

gk — Vg - N is the well known geodesic active contour image influence term [30], [29]. In contrast to the static
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geodesic active contour, this term influences the curve’'s normal velocity rather than directly the curve's position. It
can be interpreted as a force. Findly, the terms 2xka8 and (% 82 — %oﬂ)n incorporate the dynamic elasticity effects
of the curve. If we envision a rotating circle, we can interpret the term ( %52 — %oﬂ)m as a rubberband (i.e. if we
rotate the circle faster it will try to expand, but at the same time it will try to contract due to its then increasing
normal velocity; oscillations can occur). If we restrict the movement of the curve to its normal direction (i.e. if we

set o = 0) we obtain

2

This is a much simpler evolution equation. In our case it is identical to the full evolution egquation (15) if the initial

1 1 1
By = =F*k+ —gk — —Vg-N. (16)
o

tangential velocity is zero. The image term ¢ only influences the normal velocity evolution 3. It does not create
any additional tangentia velocity. Thus, if « = 0 Vs, then o = 0 Vs, ¢; the flow with o = 0 is contained in (11) as
an invariant subsystem. The restriction to curve movement in the normal direction is a design choice to simplify
the approach. See Section VI-C for an illustration of the influence of a tangential velocity component.

If there is an initial tangential velocity, and/or if the image influence ¢g contributes to the normal velocity 8 and
to the tangential velocity «, the normal evolution equation will not necessarily be equivalent to the full evolution
equation (15). We can always parametrize a curve such that the tangential velocity term vanishes. Specificaly, if

we consider a reparameterization

Clg,t) = C(o(g 1), 1),

where ¢ : R x [0,T) — R, p = ¢(q, 1), ¢4 > 0 then
ac_oc oo
ot ot  Op ot

The time evolution for C' can then be decomposed into

Co = aT + BN = (a(6(g, 1), ) + [Cpl6g, ), Dllén)T + BN,

where
a = alp(gt),t) +[ICold(g,t),)||p
B = Belg.t).1).
If we choose ¢ as
b(q 1) = — 0@, 0)

we obtain
ét = BNa
which is a curve evolution equation without a tangential component. For all times, ¢, the curve C will move along its

normal direction. However, the tangential velocity is still present in the update equation for 3. After some algebraic

manipulations, we arrive at
1
w(Bpdr + Bi) = (§u62 + g) k—Vg-N, 17
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which depends on the time derivative of the reparameterization function ¢, which in turn depends on the tangential
component «.. The left hand side of Equation (17) represents a transport term aong the curve, the speed of which

depends on the time derivative of the reparameterization function ¢.

C. Secial Solutions

To illustrate the behavior of Equations (15) and (16), we study a smple circular example. Assume g = p = 1.

Then Vg = 0. Furthermore, we assume that we evolve a circle with radius R and constant initial velocities
Oé(S,O) = Qg ﬁ(S,O) :ﬁ0~

Then the normal evolution reduces to

1, 1
= (= 1= —
B = G+ Dp b
Rt = —ﬁ (18)
and the full evolution becomes
(673 = (0% R YalX
_ |(Lgp_3 2 1
b= (5 50) 1] g -
R, = -0, (29
where we made use of the facts that
as = f[Bs=0 Vit (given our constant initial conditions for the circle)
1
K = =
R’

and added an artificial friction term, with v, and g being the friction coefficients for the tangential and the normal
velocity, respectively. Since we are dealing with a circle with constant initial velocity conditions, evolving on a
uniform potentia field g, we know that the solution will be rotationally invariant (with respect to the origin of the
circle). Thus we can evolve R in Equation (19) by using only its normal velocity.

Figures 5(a) to 7(c) show the evolution of the radius, R, the tangential velocity « (if applicable), the normal
velocity 8 for a small initial value of «, alarger initia value of «, and with added friction, respectively.

Figures 5(a), 5(b), and 5(c) show the results for a9 = 0.1, 8y = 0, Rp = 100, 7o = 0, 73 = 0. We see that
while in the normal evolution case the circle accelerates rapidly and disappears in finite time, this is not the case
when we do not neglect the tangential velocity: then the circle oscillates. It rotates faster if it becomes smaller and
slower if it becomes larger. Due to the small initial tangential velocity the radius evolution is initialy similar in
both cases. The oscillation effect is more drastic with increased initial tangential velocity («g = 1). This can be
seen in Figures 6(a) and 6(b). Figures 7(a) to 7(c) show the results with added friction (v, = s = 0.1). Both
circles disappear in finite time. The evolutions of the radius look similar in both cases. Due to the large friction

coefficients a large amount of energy gets dissipated; oscillations no longer occur.
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Equations (18) and (19) do not exhibit the same behavior. Depending on the initial value for «, they will have
fundamentally different solutions. For o = + % and By = 0 in Equation (19), the solution is (geometrically)
stationary, and the circle will keep its shape and rotate with velocity « for al times. Also if ag = 0, in this example

case, both evolutions will be identical.

VIl. LEVEL SET FORMULATION

There are different ways to implement the derived curve evolution equations (see for example [38]); many
numerical schemes exist. In this paper we will restrict ourselves to level set based curve representations. In contrast
to the classical level set approach [65], where the curve evolution speed is usually based on geometric properties
of the curve or induced by some external process, the level set approach developed in this paper attaches a velocity
field to the curve and evolves it dynamicaly. We distinguish between full and partial level set implementations.
In the full case, curves evolve in a space consistent with the dimensionality of the problem. Geometric dynamic
curve evolution would thus be performed in R* in the simplest case (since we are looking at planar curves). The
codimensionality will increase if additional information is to be attached to the curve. Norma geometric dynamic
curve evolution would be at least a problem in R3. If n is the dimensionality of the problem the curve can for
example be implicitly described by the zero level set of an n-dimensional vector distance function or the intersection
of n—1 hypersurfaces[66]. Full level set approaches of this form are computationally expensive, since the evolutions
are performed in high dimensional spaces. Furthermore, it is not obvious how to devise a methodology comparable
to a narrow band scheme [67] in the case of a representation based on intersecting hypersurfaces.

A partial level set approach uses a level set formulation for the propagation of an implicit description of the
curve itself (thus alowing for topological changes), but explicitly propagates the velocity information associated
with every point on the contour by means of possibly multiple transport equations. This method has the advantage
of computational efficiency (a narrow band implementation is possible in this case, and the evolution is performed
in alow dimensional space) but sacrifices object separation: tracked objects that collide will be merged.

In what follows we will restrict ourselves to a partial level set implementation of the normal geometric dynamic
curve evolution (i.e, a = 0 Vs,t). We will investigate the full level set implementation, including tangential

velocities, in our future work.

Partial Level Set Approach for the Normal Geometric Curve Evolution

The curve C is represented as the zero level set of the function
®(x(t),t) : R x RT — R,

where z(t) = (z(t),y(t))* is a point in the image plane. We choose ® to be a signed distance function, i.e,
IV®| =1, a.e., such that & > 0 outside the curve C and ® < 0 inside the curve C. Since the evolution of the
curve's shape is independent of the tangential velocity, we can write the level set evolution equation for an arbitrary
velocity x; as

o, — [|[VO|N -z, =0, (20)
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where
__ Ve
Vel
In our case x; = AN, where
Bz, t) = B(p,t) (21)

is the spatial normal velocity at the point . This simplifies Equation (20) to
— B||ve| =o. (22)

Substituting Equation (21) into Equation (16) and using the relation
Vo
(%)
Vel

= (3 52+ig) +1

yields
Vo
|\V<I>|| Vel

The left hand side of Equation (23) is the material derivative for the normal velocity. If we use extension velocities,

B — V=t (23)

Equation (23) simplifies to
Vo
Ve’

Since the extensions are normal to the contours, normal propagatlon of the level set function will guarantee a

b= (3 + 2o+ Vg

constant velocity value along the propagation direction (up to numerical errors). Specifically V 3LV ® in this case
and thus
Vo -V3=0.

For an alternative derivation®, we change our Lagrangian, and extend it over a range of level sets. For each time ¢,
and0<r<1let
C(t) = {(z,y) € R?: &(z,y,t) =7}

o[ ()
e [ [ [ (0) e

1,7 1
L = / / / (zuB* —g) ds dt dr
0o Jo Jeww 2
T 1 1 -
/ / / (§M52 —g) dH' ey dr | dt
0 0 Jc(t)

T
[ [Gus = g)Ive| dz dy a, (24)
0 Q

Using the Lagrangian

we obtain the action integral

which is

5This will yield directly the normal evolution equation, without the detour of deriving Equation (15).
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where 1! is the one-dimensional Hausdorff measure and we applied the coarea formula [68]. This casts the
minimization problem into minimization over an interval of level setsin afixed coordinate frame (x and y are time
independent coordinates in the image plane). Using Equation (22) we express 3 as

- D
b= rsar (25)

Substituting (25) into Equation (24) yields

T @fQ
el = [ [ Gugretgr sV do dy .

which is the new ®-dependent action integral to be minimized. Then, §£ = 0 if and only if

7 (i) =7 (5 war) ean)
e ) =V (L4 =5 ) == )
ot \ [[Ve| po Ve Ive|

The curve evolution is thus governed by the equation system:

= Vo g 1~
t waltu T2 9
(I)t - ﬁ”V(I)H
Expanding Equation (26) yields again
~ 1~ 1 1 Vo ~-_ - Vo
B = (32 + —g)+ ~Vg. 4+ FVF.
b= GO ORIV g Ve

The equation system (26) constitutes a conservation law for the normal velocity 3. The propagation of the level set
function @ is described (as usual) by a Hamilton-Jacobi equation.

VIlI. ERROR INJECTION

A system governed by a time-independent Lagrangian (i.e. L, = 0) will preserve energy [58], but this is not
necessarily desirable. Indeed, envision a curve evolving on a static image with an initial condition of zero normal
velocity everywhere and with an initial position of nonminimal potential energy. The curve will oscillate in its
potential well indefinitely. One solution to this problem is to dissipate energy [33], which can be accomplished by
simply adding a friction term to Equation (26). However, to increase robustness it is desirable to be able to dissipate
and to add energy to the system in a directed way. A principled way to do this would be to use an observer to drive
the system state of the evolving curve to the object(s) to be tracked. In our case this is not straightforward, since
we are dealing with an infinite dimensional nonlinear system. In order for the curve to approximate the dynamic
behavior of the tracked objects we use error injection. This guarantees convergence of the curve to the desired
object(s) if the curve is initialy in the appropriate basin of attraction.

To perform error injection, we need an estimated position and velocity vector for every point on the curve C.

Define the line through the point «(s) on the current curve as

I(s,p) = a(s) —pN
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d>0
S1

t(s1)

t(s2)

Fig. 8. The feature search is performed in the normal direction to the curve. The search region is only alowed to intersect the curve at its
origin of search (i.e, so, s1, s2, ...).

and the set of points in an interval (a, b) on the line as
L(a,b,s) :={l(s,p),a < p < b)}.

Define

f(s) == inf{p:p<0,®(z) <0Vee L(p0,s)},

t(s) = sup{p:p>0,P(x) >0 Ve ec L(0,p,s)}.
Our set of estimated contour point candidates Z is the set of potential edge pointsin L(f,t,s)
Z(L(f,t,5)) :={w: @ e L(f,1,5),3e > 0: [[V(G = I(z))|| > V(G + I(y))|[Vy € L(f,t,5) N Be(x),y # x},
where G is a Gaussian, B(x) is the disk around « with radius ¢, and I is the current image intensity. Given some
problem specific likelihood function m(z) the selected contour point is the likelihood maximum

x.(s) = arg max m(z),
z€Z(L(f,t,s))

at position
Pe = d(x7 S) = (SC(S) - xc(s))TN

It is sufficient to estimate normal velocity, since the curve evolution equation does not take tangential velocity
components into account. The estimation then can be performed (assuming we have brightness constancy from
image frame to image frame for a moving image point) by means of the optical flow constraint without the need for
regularization. Note that we compute this estimate only on a few chosen points in Z. The optical flow constraint
is given as

Iy +uly +vl, =0,
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where v = z; and v = y; are the velocities in the = and the y direction respectively. We restrict the velocities to

) _ v
o) =TI

the normal direction by setting

This yields
I
v
and thus the desired velocity estimate
u VI
&)__ﬁﬁﬂ5
We define
= Vi Vo
g o= —’YW ) W7
® = —|x.— x|sign (Cﬁ(wc)) .

We propose using the following observer-like dynamical system

& = (m(@)Ke(@ - &)+ 5+ r) [VE|

Vo
By

m(ze)Ks(B — B) + (%BQ + %) K+ %Vg Vel + 6fss, 27)

to dynamically blend the current curve C into the desired curve C (see Figure 9). Here, K¢ and K g are the error
injection gains for & and ﬁ respectively. Any terms related to image features are computed at the current location
x of the contour. The error injection gains are weighted by the likelihood m(x .) of the correspondence points
as a measure of prediction quality. The additional terms x+ and & 3, with tunable weighting factors v and § are

introduced to alow for curve and velocity regularization if necessary, where we can compute that
d
= (V_)
Vel

Bss = -/\/’T Bily _Aﬁxy N + HVB -N.
_Bzcy ﬁxx

In case no correspondence point for a point on the zero level set of @ is found, the evolution equation system (27)

and

is replaced by

=
I

B+y)IVE|,
ﬁt = 5Bss (28)

for this point.
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IX. COMPUTATIONAL COMPLEXITY OF THE ALGORITHM

Level set methods increase the computational complexity of curve evolution approaches. In the planar case, a
one-dimensional curve is represented as the zero level set of afunction defined on the two-dimensional image plane,
Q. Level set methods are of interest numerically (e.g., there is no fixed number of particles to represent a curve and
topological changes are handled naturally), however, the evolution of the level set function far away from the zero
level set isin genera irrelevant and increases the computational complexity without providing additional benefits.
Thus, instead of updating a level set evolution equation over all of  (which incurs an update cost of O(n 2), if
Q is represented on a square domain with n? discrete gridpoints) the computational domain Q.. is chosen to be a
band surrounding the zero level set up to a certain distance. This is the idea of the narrowband method [69]. If
the narrowband consists of N points, the computational complexity consequently reduces from O(n 2) to O(N).
Frequently, the speed function 3 is only defined or sensible on or very close to the zero level set and needs to
be extended to the whole computational domain. This may be accomplished for example by the fast marching
method [70], [65], [71] with a computational complexity of O(N log N) or with a fast sweeping method [72]
with a computational complexity of O(N). The latter is extremely efficient for many “simple” flow fields (i.e.,
flow fields that are spatially regular and do not change direction frequently) that are encountered in practice (e.g.,
normal extensions as employed in this paper), but may require a relatively large number of iterations for flow fields
that (for an individual particle stream line) fluctuate in direction.

For a narrowband implementation (with N points) of the tracking agorithm proposed in Section VIII the

computational complexity is thus O(N) for every evolution step of
b, = (m(ze) Ka(@ - )+ 3 +7x) VD],

which includes the search for the feature points to determine &. Reinitialization of & (which has to be performed
relatively infrequently if extension velocities for 3 are used) is of O(N) or O(N log N) (for afast sweeping scheme
and fast marching respectively). The evolution of
Be = m(ae) Kp(B — ) + (%BQ + %) K+ ng : % + 605

is again of complexity O(NN) for every evolution step, O(N) or O(N log N) for the velocity extension, and O(N)
to find the feature points 3. The computational complexity to find the values for afeature point ® and /3 is constant,
scales with the length of the line segment the search is performed over, but gets multiplied by the number of points
in the narrowband N. The overall computational complexity of the algorithm is thus O(N) when using a fast
sweeping method or O(N log N) for the fast marching method. Only the redistancing and the computation of
the extension velocities cannot be easily paralelized. The proposed algorithm is in principle of the same order of
computational complexity as the standard geodesic active contour (though admittedly with a larger computational
cost per point, especialy if the feature point search is not parallelized) for which real time implementations at

standard camera frame rates exist.
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Fig. 9. Correspondence point ., inside correspondence point @;, and outside correspondence point @, of the curve C. C represents the
contour of the object to be tracked.

X. OCCLUSION DETECTION

An occlusion in the context of this paper is any image change that renders the object to be tracked partialy
(partial occlusion) or completely (full occlusion) unobservable, e.g., when an object moves in between the camera
and the object to be tracked and thus covers up parts or al of the latter. Tracking algorithms need to utilize shape
information and/or (at least for short-time partial occlusions) make use of the time history of the object being
tracked (i.e., its dynamics) to be able to tolerate occlusions. Static segmentation methods that do not use shape
information will in general not be able to handle occlusions.

This Section introduces a simple occlusion detection agorithm® based on ideas in [73] to be used in conjunction
with the dynamic tracking algorithm proposed in Section VIl to handle short-time partial occlusions.

The inside and the outside correspondence points are defined as (see Figure 9)

x;(s) = arg max m(z), To(s) = arg max m(z).
2€Z(L(f,pe;s)) z2€Z(L(pc;t;s))

The occlusion detection strategy is split into the following six subcases for every point on the contour
(0) There is no correspondence point.

(1) Only the correspondence point is present.

(2) The point is moving outward, the correspondence point is present, but not its outside correspondence point.
(3 The point is moving inward, the correspondence point is present, but not its inside correspondence point.

(4) The point is moving outward, both the correspondence point and its outside correspondence point are present.

(5) The point is moving inward, both the correspondence point and its inside correspondence point are present.

6More sophisticated, and less parametric, occlusion detection algorithms are conceivable; however, this is not the main focus of our work, and
the one proposed is sufficient to show that the dynamic geodesic active contour can handle occlusions when combined with a suitable occlusion
detection algorithm.
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We define the following Gaussian conditional probabilities

) _ (tocc—zm)z 1 _ (u,,,—,;,,,)?
Pr(tyec|oce) = e 29 Pr(vgloce) = e 20
( OCC| ) \/ﬂO’t ( a| ) \/ﬂO’v v
) _ (toc; *2ﬂf>2 1 _ (Ua,—};ﬁ)z
Pr(t,ccloce) = e 7% Pr(v,|oce) = e 2o
( 0CC| ) \/%U{ ( (l| ) \/%UE ’

where t,.. is the estimated time to occlusion, v, is the velocity of the point ahead, overlined symbols denote

negated values (i.e. occ means not occluded), Pr(t,.c|occ), Pr(vs|occ) are the probabilities of ¢,.. and v, given an

occlusion, and Pr(t,..|occ) and Pr(v,|occ) given there is no occlusion respectively. The corresponding standard

devidtions are oy, o, oy, and oy; the means are p, iy, pg, pw. To compute the values of ¢,.. and v, we make

use of the currently detected correspondence point x ., and its interior x; and exterior x, correspondence points.
The probability for an occlusion is given by Bayes' formula as

B Pr(vg, tocc|oce) Pr(occ)
~ Pr(va, toce|oce) Pr(oce) + Pr(vg, toec|occ) Pr(oce)”
We initialize Pr(occ) = 0 and Pr(occ) = 1 everywhere. The priors at time step n + 1 are the smoothed posteriors

Pr(occ|vg, toce)

of time step n. In case (0) Pr(occ|vg, toce) = Pr(oce) (i.e. the probability is left unchanged), in al other cases
Prt .. Pr(occ)

occ

~ Pri__Pr(oce) + Pri_Pr(occ)’

occ

Pr(occ|va, toce)

where

Pricc Pr(v, = vc|oce),

Pr% Pr(v, = v.|oce),

Pr(v, = veloce) if . outside of C,

Prgcc -
0 otherwise,
5 Pr(v, = vc|oee) if . outside of C,
Pre. =
0 otherwise,
5 Pr(v, = vcloce) if x. inside of C,
PTOCC =
0 otherwise,
5 Pr(v, = vc|oce) if x. inside of C,
Pro =
0 otherwise,
Pri = Pr(ve = volocc)Pr(toce = t°,.|occ),
P7"37 = Pr(vg = vo|ocC)Pr(tocc = to..|0CC),
Pro.. = Pr(ve=vilocc) Pr(toe. =t .|occ),
Pri_ = Pr(v, = vi[oce) Pr(toe. =t .|occ),
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and
Ve = B(wc) Vo = B(wo)
Vi = B(%) v = B(w)
iz —ai o _ llz—m
occ |U—Ui| occ |U—1)O| .

To estimate the current rigid body motion, the following system

(ur vr)T/nlN ds = —/nlﬁ ds,
c c

(uy vr)T/nQN ds —/nQB ds,
c c

is solved, where N = (n!,n?)T. We set yz = —(u, , v.)TN and p,, = 0.

The evolution eguation is changed to

b = (Pr(ew) (m@)Ke(® - &)+ f+n) [VE]

B = Pr(occ) (m(wc)Kg(B - B)+ <%BQ - %) n) + Pr(m)ngn + 0B

This is an interpolation between the systems (27) and (28) based on the occlusion probability.

XI1. SIMULATION RESULTS

The proposed tracking algorithm is tested on two real video sequences. Figure (11) shows three frames of a fish
sequence and Figure 12 shows three frames of a car sequence. In both cases occlusions occur. For the fish sequence
no occlusion detection is performed, to demonstrate the behavior of the normal geometric curve evolution agorithm

alone, on an image sequence with a short-time partial occlusion. Define’

( ) R ; — (0) + i

q\r) = 1 + e_(p1+x)7 ri=q q(0)2p27
q(d(z)) if d(xz) <0
q(0) + £ d(x if 0<d(x)<p

wi@) i | 1O @) () < p2
r— g (d(@) —p2) if p2 < d(@) < po
0 otherwise.

The used likelihood function for the fish sequence is

(9(2)—pg)? +<1<z>—w>2

m(z) = e_< 207 >w(z).

The function depends on the image intensity 1, the potential function g, and the distance d to the contour.

"This is simply a monotonic function which increases like a sigmoid up to = = p, linearly increases for = € (p1, p2], linearly decreases to
zero for z € (p2, p3] and is zero everywhere else. See Figure 10 for an illustration.
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Fig. 10. lllustration of the shape of the weighting function w() for the fish sequence.

(@) Frame O (b) Frame 80 (c) Frame 90

Fig. 11. Three frames of a fish sequence. This is a color image.

For the car sequence we define

a\x = arccos M
SO (nwa*nn N)
an(@) = min(a(@)),7 — |a(@)).

This is a measure of angle difference between edge orientation at correspondence points and the normal of the

curve. ldeally both should be aligned. The likelihood for a contour point candidate z € Z is then computed as

(d(z)|—pg)? i <g<z>—2ug>2 " (an(z)—zua)Q )

m(z) _ ei( 202 202 252 ’

and the occlusion detection of Section X is performed.

In both cases occlusions are handled. For the fish sequence the occlusion is dealt with implicitly. The occluding
fish moves over the tracked fish quickly, so that the inertia effects keep the fish at a reasonable location. For
comparison Figure 13 shows the tracking of the fish in six frames of the same fish sequence by means of a
geodesic active contour. Here, the motion model is static (i.e., the converged to location at frame n is the initia
condition for the curve evolution at frame n + 1) and the tracking result at every frame represents the steady

state of the geodesic active contour evolution equation (6). While the fish is tracked initialy, the tracking contour
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(@) Frame O (b) Frame 14 (c) Frame 55

Fig. 12. Three frames of a car sequence. This is a color image.

subsequently adheres to a second fish and finally looses track completely.

For the car examplethe occlusion (the lamp post) is treated explicitly by means of the proposed occlusion detection
algorithm. In both cases the likelihood functions do not incorporate any type of prior movement information. Doing
so would increase robustness, but limit flexibility. Finally, since this active contour model is edge-based, the dynamic
active contour captures the sharp edge of the shadow in the car sequence. Presumably this could be handled by

including more global area-based terms or shape information in the model.

XI11. CONCLUSIONS AND FUTURE WORK

In this paper we proposed a new approach for visual tracking based on dynamic geodesic active contours. This
methodology incorporates state information (here, normal velocity, but any other kind of state information can be
treated in a similar way) with every particle on a contour described by means of a level set function. It has the
potential to deal with partial occlusions.

Edge-based approaches trade off robustness for versatility. If strong, clear edge information exists they are a very
useful class of agorithms; however, in many cases more robust techniques are required. Methods that incorporate
area-based influence terms have proven to be very efficient for certain applications. To add more robustness to our
methodology, we are currently working on a dynamic area based approach based on elasticity theory.

Our proposed agorithm searches for image features (i.e., likelihood maxima) along normal lines of an evolving
contour. Thus, the algorithm lies between purely edge-based and purely area-based approaches. This ties in very
well with the proposed occlusion detection algorithm, but it places much importance in finding the “correct”
correspondence points. The main disadvantage of the occlusion detection algorithm is the large number of tunable
parameters it requires. Devising a less parametric occlusion algorithm would be beneficial.

We also do not claim that our algorithm is optimal for the specific image sequences presented. Indeed, whenever
possible, additional information should be introduced. If we know we want to track a car, we should make use of

the shape information we have. Not all deformations will make sense in this case. Our main contribution lies in
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(@) Frame O

(c) Frame 45

(d) Frame 60 (e) Frame 75 (f) Frame 90

Fig. 13. Six frames of a fish sequence. Tracking using the geodesic active contour.

putting dynamic curve evolution into a geometric framework and in demonstrating that we can transport any kind
of information along with a curve (e.g., marker particles, enabling us to follow the movement of specific curve parts
over time). This gives us increased flexibility and enables fundamentally different curve behaviors than in the static
(non-informed) case often used in the computer vision community. Furthermore, applications for dynamic geodesic
active contours need not be restricted to tracking; e.g., applications in computer graphics are conceivable (where
the curve movement would then be physically motivated), not necessarily involving an underlying real image (e.g.,
we could design artificial potential fields enforcing a desired type of movement).

As geodesic active contours extend to geodesic active surfaces, dynamic geodesic active contours can be extended
to dynamic geodesic surfaces. Our main focus for future research will be an extension towards area based dynamic

evolutions.
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APPENDIX |

GEOMETRIC DYNAMIC CURVE EVOLUTION
We derive Equation (11) as follows: assume the curve C gets perturbed by €V yielding the curve
CP =C+eV.
The action integra (7) then becomes
ceran= [ / _ (GHICs + WP = alC + ) ) 1, + eVl dp .

We compute the Gateaux variation by taking the derivative with respect to e for e = 0:

oL /tl /1 (1C, - Vs — Vg V)|IC |+(1 Ici? ) Lo v, dp .
—le=0 = plt - Vi — VG- M -9 1%
007 sy Jpo T P 2h ICI P

Assuming p to be constant we perform integration by parts and obtain the following

seev= [ [ -2 (el -) ) vigiel-
T ety oo \N2TET T Al

— Vg - VIC| -

SL(C;V) =

0
57 ColIuC:) -Vl dp dt. (29)

ol
The boundary terms occurring from the integrations by parts drop out since we are looking at closed curves. We
then get (since (29) has to be fulfilled for any V)

0 1
5= ((Guled® = o) 7) + g+ 3 (icylucy

where we made use of the fact that

1

ICpll

0, (30)

o_ 190
9s [ICyll Op°

To simplify Equation (30) we use the following correspondences

Ci = Cy

Bl = i = 1 Gy =C G =T G
%T kN

Slel? = s (160 = 126Gy = 260+ Co
%9 Vg -T
9¢ - cu
Specifically we see that

g(lu” G -9) = G-y
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Plugging everything in (30) we get

1 0 1
iCo+ <5u|ct|2 —g> N+ <§u|5t|2 —g) T4 (T C)Co+ Vg = 0, 31

which is Equation (11).

APPENDIX |1

CoOUPLED NORMAL AND TANGENTIAL EVOLUTION

The general version of our geometric dynamic curve evolution equation is given in Equation (??) where N is

the unit inward normal and
T, = &N,

= —k7.

@
\

We can aways write
Ct = a(p,t)T + B(p, )N

We choose the parameterization p such that it is independent of time. The parameterization thus travels with its
particle.

Let us derive the general (without prespecified special reparameterization ¢) evolution equations for « and 3
(see [64] for details on some of the equations used). Using an arbitrary curve parameterization p (with C(p,0) =
C(p,1), C =C(p,t), and p € [0, 1]) we define

G(p,t) == |G| = (22 + y2)*.

Arclength is then given by
P
sr.t)i= [ Gl de
0

Then
o 0 1 0 o 0
995~ G\ 5t asar
We can also compute
Gt =0Qp —5I€G

From the expressions above we can obtain
N;‘/ = _(ﬁs + Oé,‘i)T,

and
7; - (ﬁs + OZH)N.

October 20, 2005 DRAFT



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. X, NO. X, NOVEMBER 200X 30

From this we get
Cie = (Co)e=(aT + BN ),
= a7 +a(Bs + ar)N + BN — B(Bs + ar)T
= (= BB — afr)T + (afs + K + BN,
and
Cis = (aT +BN)s
= a,T +arN + N — BT
= (as = Br)T + (ar + B5)N.
After some simple agebra we obtain

p | (o — 208k + 205)T + (gHOzQ — %/@62 + a0+ afs + ﬁt)./\/} =gkN — (Vg - N)N
from Equation (?7?), which can be written as
p (o + 20a5)T + (asfB + afs + B)N| = 2a6uT + (%ﬁQ - gOéQ)MN-F gN)k — (Vg - N)N.

We know that

Thus

asB+aBs+ B —ap —20a,
I N =
ay + 200 B+ afs + B

1232 3.2 1 1
507 — 5a%) + = -2 Vg -N 0
" (387 —507) + g af N7V N, @)
20 (38° —3a%) + 49 0 1vg- N

We know that this must be true for al N. Equation (32) reduces to the following two coupled partial differential
equations:;

ar = —(a?), + 2kaf,

_ g 3oy L0, 1
B = —aB)t |(56° - 300 + o] k- Vg N, @)
APPENDIX |11

MATHEMATICAL PROPERTIES

In this Section, we establish some of the key mathematical properties of the evolution egquations. Subsection I11-
A looks at the evolution of graphs, and the evolution type for the level set implementation is investigated in
Subsection 111-B.
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A. Evolution of Graphs

Let I'; be the graph of a function y = h(z,t), and g(z,y,t) > 0 a potential function. Then using

hy )

the action integral becomes

e T R
S:/o /{?‘g}d“”:/o /{§1+th2_g(xvh($7t),t)}mdmdt.

x

The Lagrangian is

1 h?
L(l’,t, hvhmvht) = §ﬁ - g(fE, h,t)\/ 1+ h%

Computing the first variation yields the Euler-Lagrange equation,
d (DL, d (0L _oL
dt \ Ohy dr \Oh, )  Oh’

d hy d [ $hi+g(1+h2) dg
@ S I RN A S LTI M Ry e S
dt (’/1"‘]%%) dx < (14_;@)3/2 + xc?y(x )

After some algebraic manipulations this yields

We obtain

1
hur (1+ h2)? = 2hihg (1 + h2) hyg+ (g(hi +1)+hi(5 - hi)) oo+ (9o+gyha)ha(1402)* =g, (1+02)%. (34)
———— N— — 2

a —2b

—cC
Since
1
ac—b* = —(1+4 h2)? <g(1 + hZ) + §hf> ,
Equation (34) is hyperbolic as long as g and h; are not both zero at a given point. Local existence and uniqueness

of Equation (34) can be established. For details see the discussion on Cauchy’s problem for quasi-linear systems
on page 476 of Courant and Hilbert [74] or the book by Racke [75].

B. Evolution Equation Type

As we have seen in Section I11-A the graph evolution Equation (34) is hyperbolic. Here, we will investigate the
level set evolution equation. We can write the equation as
L) =Ty +2 Y a'®y— Y  a*"Oy+---=0, (35)

ie{z,y} i,ke{z,y}

which in turn can be written as

1 0 0 Oy 2a'  —all! —q!? D,y 202 —a?! —q*2 P,y
0 a't a2 O |+ ] —alt 0 0 Do | | —a?! 0 0 Py | =0, (36)
0 a*' a*? Dy —al? 0 0 Dy, —a*? 0 0 Dyy

A0 Al A2
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since ¢,; = ®;, and ®,, = ®,,. For Equation (36) to be symmetric hyperbolic, one of the matrices A? oralinear

combination )
>ea
i=0

has to be definite [74]. In this discussion, we assume that ||V ®|| # 0 everywhere. Then with

Al = 152+g 2 LR - 2
2 Vol IR
b, P 3 =

12— LaPy [0

Rt “’)’

2l = 2
1-~ o2 ., B2

22 _ (1 oy ) gy

‘ (57 +9) <||v<1>|2 ) Vv

we obtain the eigenvalues of A°
A0 = {1,335 40}

with the corresponding eigenvectors

1 0 0

M=1-=lof, =-5—o,|, )\3:%BQ+Q—> -,

0 P, o,
The eigenvectors point into the ¢ direction and into the normal and tangential directions to the curve respectively.
None of the matrices A? and none of the linear combinations are definite, since two of the eigenvalues are positive
(or zero) and one is negative (or zero). Thus the equation is not hyperbolic symmetric. In particular, it is not

hyperbolic in the normal direction to the curve. The equation can be written in the form of Equation (35) as
) o,
Dy — 2= Prp — 270
V| ||V<I>H
If 3 =0 at apoint x, the level set function ® does not change at = and the evolution equation becomes
‘I’Z‘bm —29,9,P,, + P20,
Vel

®yy — a0y, — 2012®,, — a*?P,, — |[VO|? =0

Oy =Vg-Vd+yg =Vg- -V +g||VD|x.

C. Energy Bounds

Consider the energy functional

1 &2 1 -
E:/ {—u—t+g z,y,t)||[VP } dx dyz/ {—u52+g x,y,t} V| dx dy.
[ ey o nIvel REZay L

It changes with time according to

dE

= | (s a} 1ol + (05 +0) g
Q

[Ivell

5 ~ Ve 1 - vVo -
= ®| dx d BV -4 ( zpup? — —p3? —_ ®||) dx d
[adveasay+ [ 19a1e-{ (5 + o) Zor b+ (305 +a) rogr -7 (B9 ao ay
:/gtHW)H dx dy+/V~ <B(1B2+9)V@) dx dy
Q Q H

dt Ve

=/gtIIV<I’H dx dy.
Q
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Note that
(V@) = V(24),

since z and y are independent of ¢. Energy is only introduced into the system by means of the potential function

g changing over time.

D. Evolution of Nearly Straight Curves

It is instructive, to investigate special cases of our evolution equations. So assume g(z,y,t) ~ G + %(y — at)?
and h(x,t) = at + ek(x,t) + O(g?), then Equation (34) reduces to

1
eky = {§a2 + g} ekye — K (h — at) + O(e?),
and hence, after dropping the O(s?) terms,
1
ki = 2kyr — Kk where ¢, = §a2 +g.

This is a telegraph equation [76].
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