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THE TOPOLOGICAL ENTROPY AND INVARIANT CIRCLES OF AN AREA
PRESERVING TWISTMAP.

SIGURD ANGENENT

Let A be the annuluss! x [0, 1], and letf : A — A be an area preserving twist
homeomorphism off. The two boundary componentsdf 4; = S* x {;}, are invariant
underf?, and we shall denote the rotation numberfod; by p;.

In this note we wish to point out that the folowing holds:

Theorem A. If the topological entropyuop( f) of f vanishes, theyi must have an invariant
circle of rotation numbew, for anyw € (po, p1).

In fact, we’ll show that if “one of the invariant circles gfis missing,” there must exist
a compact subsét C A which is invariant undef?, for someg > 1, and such thaf?| K
has a Bernoulli shift as a factor.

If the map f is a C'*¢ diffeomorphism, then a theorem of A. Katok implies thfat
must have a “horse shoe” ifiop(f) > 0. Thus our theorem says thaty C''> ¢ twist
diffeomorphism of the annulus either has a transversal homoclinic point, or else it has
invariant circles for any rotation number in its rotation intervigly, p1).

We shall give two proofs of this theorem. The first proof consists of simply combining
two results obtained by Dick Hall and Phil Boyland.

Indeed, in [3] they showed that, if one of the invariant circleg & missing, then for
somep andq with ged(p, ¢) = 1 the map must have a periodic orbit of tyge ¢) which
is not a Birkhoff orbit. On the other hand, Boyland showed in [2] that a twistmap with a
non Birkhoff periodic orbit of typdp, ¢) (ged(p, ¢) = 1 must have positive topological
entropy, which clearly implies the theorem.

Boyland'’s proof of the second result which we just quoted is a fine application of
Thurston’s classification of surface diffeomorphisms: one of the points we wish to make in
this note is that one can give an “elementary” proof of theorem A. Indeed, in [1] we gave
an alternative and self contained proof of Boyland'’s criterion for positive entropy. We’'ll
show that the method of [1] can also be used to prove theorem A.

We begin the proof by recalling some of the conclusions of Birkhoff’s investigations on
twistmaps. Birkhoff showed that any invariant circle is the graph of a Lipschitz continuous
function (i.e. has the form(z, p(z)) : = € S'} ) and that the Lipschitz constant of
 is bounded by a constant which only depends on the fnafp be sure, Birkhoff only
proved this forC'' maps, but as A. Katok observed in [4] the result is also true for twist
homeomorphisms, if one replaces “Lipschitz continuous” by “continuous,” and “Lipschitz
constant” by “modulus of continuity.” The use of this estimate is that it implies that the set
of invariant circles (and hence the set of rotation numbers which can occur) is closed.

If we assume that at least one invariant circle is missing, it follows that there is an entire
interval (p1, p2) such that the map will not have a invariant circle with rotation number
foranyp € (p1, p2). We may assume thgp, , p2) is a maximal interval with this property,
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2 SIGURD ANGENENT

so that there will be invariant circles= ¢ (z) with rotation numberg;, (k = 1, 2), and
none forp; < p < p2. The region

Z=A(z,y) |z €S, pi(z) <y < pax)}

is what Birkhoff called azone of instability This region is homeomorphic to an annulus,
e.g. via the homeomorphisth: A — Z given by

®(z, y) = (z, yp1(z) + (1 — y)p2(x)).

If we conjugate the twistmay with this homeomorphism, then the resylt= &' f®, is
again a twistmap, as the reader can easily verify.

We shall now forget about the original twistmap, and continue withhich, by Birkhoff’s
construction, has no invariant circles at all, except the two boundary components of the an-
nulusA.

To construct special orbits of the new mgp A — A, we’ll consider its generating
functionh(zo, z1) (h was first introduced by Poinoarand its definition and construction
is given in Mather’s paper [6].) But first we observe that we may assumeg fhatefined
on the infinite cylindelS' x R: outside of the annulug we simply define it as

(z,y) = g(x,0) + (y, 0), wheny <0
o g(z,1) + (y, 0), wheny > 1.

With this definition any circles* x {y} with y > 1 ory < 0 is invariant undep.

Choose a liftG : R*> — R? of the mapg, and leth € C'(R?) be the generating
function forG. Thus a sequencer;, : k € Z} is the sequence af - coordinates of an
orbit {(zr,yr) : k € Z} of G if and only if it satisfies

A(zp—1, xp, 2p41) =0 (VEE€Z) (1)

whereA(a, b, ¢) = ha(a, b) + hy (b, ¢), and theh; denote the partial derivatives bf The
twist property of the map guarantees that the functidx(a, b, c) is strictly increasing in
a andc, and the way we defing@ outside of the annulud is such that\ (a, b, ¢) — +oo
if ¢ = 00 0ra — oo (this follows from the fact that? has the “infinite twist property,”
i.e. thatlim,, 4 pri (G(z, y)) = +00.)

In [1] we studied recurrence relations like), and our main observation was that they
may be considered as a discrete analog of a second order elliptic PDE, meaning that one
can use Perron’s method of sub- and super harmonic functions to construct solutions of

(1).

Thus we showed that if one definassubsolutiorfor (1) to be a sequence, with
Azy_y, 2, 244,) > 0forall k € Z, and likewise a super solution to be sequence with
A(Tp_1, T, Try1) < 0 (Vk € Z), then,given any sub solutiom,, and super solution
T, which satisfyz,, < T, (Vk € Z) there exists a solutiom;, of (1) with z,, < z;, < T,

(Vk € Z). The proof of this statement is entirely elementary.

Using this general method for constructing solutions from sub- and super solutions, we
proved the following criterion for positivity of the topological entropy of the ngap

Proposition. If there exist a sub solution, and a super solutiof;, for (1) with

lim sup =£ < wq liminf =& > oy (2"
k—00 k——oco k
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and . .
lim sup Lk < wp lim inf Z& > wy (2"
k——00 k k—oo k
for somewy < wq,thenhyp(g) > 0. In fact, there is a compadt’ C A which is invariant
under some iteratg? of g, such thay?| K has a Bernoulli shift as a factor.

The proof is again elementary, and exploits the fact that the recurrence relBtimn
invariant under th&? action(7,,, ,x)r = xr—m + n ONn the space of biinfinite sequences
R”. Using this invariance one can construct a large number of sub and super solutions by
taking suprema and infima of translatgs , (z) andr,, »(Z) of the given sub and super
solution. The Perron - process then provides one with a lot of solutiofis) dér which
the corresponding orbits of the mgonstitute the sek” of the proposition.

The idea behind our proof of theorem A is the following. Assume the existence of
an orbit{(z,,y,) € S' x [0,1] : n € Z} of g which “connects the lower boundary
Ag of the annulus with its upper bounda#y,” in the sense thafim,,_,., vy, = 1 and
lim, ,_ v, = 0. Corresponding to this orbit we have the sequence otoordinates
{z,, : n € Z} of the lifted orbit{(z,,y,) € R x [0,1] : n € Z} wherez,, mod Z = xz,,.

If we choosevy < w; so that the rotation number gfA, is less thawy, and the rotation
number ofg| 4, is more thanv,, then the sequend&,, : n € Z}is a solution of (1) which
satisfies the inequalities (2”). If one also assumes that there is an{ @ehity!,) : n € Z}
going the other way (i.elim,—, _ y;, = 1 andlim,_,, y;, = 0), then its corresponding
sequence of - coordinategz,, : n € Z}is a solution of (1) which satisfies the inequalities
(2"). By the proposition the mag then must have positive topological entropy.

Unfortunately, it's not clear to me whether any of the two or§its,,, y,,) : n € Z},
{(Tn,yn) : n € Z}, should exist. However, a theorem of Birkhoff’s provides us with finite
orbit segments which have approximately the same behaviour as the orbits whose existence
we just presumed. Below we’ll show that one can extend:thesequences corresponding
to Birkhoff’s finite orbit segments, in such a way that they become sub- and super solutions
satisfying (2), so that we can apply the proposition to complete the proof of theorem A.
The way we extend the,, - sequences follows an idea of Hall and Boyland’s.

Let [00, 01] be the rotation interval of the mapon the annulust, and chooseational
numbersuy, w; € (o9, o1) With wy < w;. Without loss of generality we may assume that
oo > 0, and hence that all rotation numbers involved are positive. It follows from the work
of J. N. Mather and S. Aubry that there exist Birkhoff orbits with rotation numbgsnd
w respectively. If we denote the corresponding sequences obordinates by, andz;,
(k € Z),then the fact that these sequences come from Birkhoff orbits implies that they are
monotone, i.e.

2 < Zg41 Zk < Zk+1,

and that they are periodic in the sense that

Zhtqo = 21 + Do, Zhtqn =2k + D1
for all k € Z (wherew; = p;/q; andged(pj, g;) = 1).

Consider any orbi{(z,,0) : n € Z} of the mapG restricted to the lower boundary of
the annulus. Sinc€| A4, is a circle homeomorphism, the sequemgemust be monotone:
T, < z,11 (Yn € Z). Then there exists an integey (independent of the orbit under
consideration), such that for sorhec {0, ... ,no — 1} and somé € Z, one has

21 S < Tpir < Zp4q-
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Indeed, if this were not true, then any intervyaj, z;, ;) would contain at most one;,
which contradicts the fact that the rotation numbgrof G| A4, is less than the rotation
numberw, of the Birkhoff orbit corresponding to the,’s.

By continuity there is @ > 0 such that the same holds for any orbit segment of the map
G with lengthng, which stays in the (narrow) strifl (6) = R x (0, 9).

After increasingng, if necessary, the same arguments show that we may assume that
for any orbit segmen(z;,y;) : 0 < i < ng} of the mapG which is contained in the strip
S1(6) =R x (1 —46,1) there exist) < k < ng andl € Z with

T <Z1 < Zi41 < Thpa-

Birkhoff showed that in a zone of instability for an area preserving twist map there
exist orbits which stay arbitrarily long near one of the boundary components, then wander
around in the annulus (in some unspecified way), and finally stay arbitrarily long near
the other boundary component. More percisely, he showed that there is an orbit segment
{(zn,yn) : =N < n < N} for the mapG, such thatz,,,y,) € So(d) for —N < n <
—N + ng, and(x,,yn) € S1(6) for N —ng <n < N.

We had chosen the neighbourhodsigd) and S;(§) so small and the numbery so
large that there exist_ € {—N,... ,—N +no — 1} andn; € {N —ng,... ,N — 1}
and alsdk.. € Z such that

Zp. S xp_. <Tp_41 < Zp_ 4 (3)
and

xn+ S Ek+ < Ek++1 S xn++1~ (4)
Now we can define our super solution:

gk_-l,—j_n_ If ] S n_,
T; =S ifn_ <j<ng,
Zhij—ny whenj > n.

Forallj ¢ {n_,n_+1,n,,n+1}the sequence; certainly satisfied (z;_1,%;,Zj4+1) =
0, sincez; andz;+; coincide with ther - coordinates of an orbit aff. Forj = n_ we
havez; | =z, ,%; =2, andT;;; =, 41 < 2 41, DY (3). So, sincé(a, b, c)
is a monotone increasing function @fwe find that

A@j-1,75,Tj+1) < Alzg__1,25_>25_41) = 0.

Similar arguments show that for the remaining three valugs(af + 1, n, andn + 1)
one also had\(z;_1,%;,T;4+1) < 0, so thatr;, is indeed a super solution for (1).

For large values of the sequence coincides with eithgror zj, so that it is clear that
7; satisfies the inequalitieg().

We could repeat the whole procedure to produce a sub soltioh(1) which satisfies
the inequalitiesX’): together the sub and super solutiopandz; allow us to apply the
proposition and conclude that theorem A is true.
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