
2ND MIDTERM, MATH 541 - NOVEMBER 10, 2011

Nigel Boston

1. Let G and H be groups.
(a) Define homomorphism φ from G to H. Define its image φ(G).
(b) Show that if G is abelian and φ is onto, then H is abelian.

2. Let G be the group of all continuous real-valued functions on the unit interval
[0, 1] (where the operation is defined by (f + g)(x) = f(x) + g(x)).

(a) Let N = {f ∈ G | f(1/π) = 0}. Show that N is a normal subgroup of G.
(b) State the First Homomorphism Theorem of group theory.
(c) Let H be the group of real numbers (where the operation is addition). Show

that G/N ∼= H.

3. (a) Find the order of the permutation (1 2 3 4)(1 4 3).
(b) Define even and odd permutation. Is the permutation in part (a) even, odd,

neither, or both?
(c) Show that at least half the elements in Sn (n > 1) have even order. Give an

example of a finite group in which less than half the elements have even order.

4. (a) Define ring. Explain how if R is a ring, then the set of 2 by 2 matrices
with entries in R is also a ring.

(b) Consider each of the properties (1) is commutative; (2) is a ring with unit;
(3) is finite. Show that there exist rings that satisfy any two of these properties
but not the third (your answer should therefore consist of three examples of rings).

5. (a) Define integral domain. Show that if R is an integral domain with unit 1,
then x2 = 1 has at most 2 solutions in R.

(b) Let R be an integral domain and G = R−{0}. Show that G is closed under
multiplication. Show that if G is a group under multiplication, then it cannot be
isomorphic to the subgroup {1, (12)(34), (13)(24), (14)(23)} of S4.
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