
HOMEWORK 6, DUE OCT 26.

Be sure to include explanations. You will not get full credit if you give only the
final answer.

Consider a discrete memoryless channel for which the input alphabet X and the
output alphabet Y are both the set of binary n-tuples for some fixed integer n ≥ 2.
Except for the two cases (xn, yn) = (0n, 0n) and (xn, yn) = (1n, 1n), where 0n and
1n denote the all-zero and all-one n-tuples respectively, whenever xn is sent over
the channel, one of two binary n-tuples is received, namely either xn or the n-tuple
obtained by doing a single right cyclic shift of xn. The probability of each is 1− p
and p respectively, for some fixed p.

(a) Write down a formula for the channel’s conditional distribution P (Y n =
yn|Xn = xn). Call this Q(yn|xn).

(b) Write down the channel transition matrix explicitly for the cases n = 2 and
n = 3.

(c) For n = 3, is the channel symmetric, weakly symmetric, or neither?
(d) Show we can subdivide the channel for n = 2 into two parallel channels with

inputs S, T and outputs U, V , where S,U ∈ {00, 11} and T, V ∈ {01, 10}. Letting
a1 = P (X2 = 00) + P (X2 = 11) and a2 = P (X2 = 01) + P (X2 = 10), show that

I(X2;Y 2) = a1I(S;U) + a2I(T ;V )− a1 log2(a1)− a2 log2(a2)
(e) Determine the channel capacity for n = 2 when p = 1/2.
(f) Likewise, subdivide the channel for n = 3 into three parallel channels with in-

puts S, T,W and outputs U, V, Z, where S,U ∈ {000, 111}, T, V ∈ {001, 100, 010},W,Z ∈
{011, 101, 110}, and give a formula for I(X3;Y 3) analogous to that in (d).
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