MATH 844: HOMEWORK 1, DUE FEB 2

1. Suppose that (a,b) is a rational point on Reichardt’s curve z% — 17 = 2y2.

(a) Show that a = A/C,b = B/C?, where A, B,C € Z, gcd(A, B) = ged(4,C) =
ged(B,C) = 1.

(b) Rewriting the equation as (542 + 17C?)? — (4B)? = 17(A? + 5C?)?, show
that there are U,V € Z such that

A% +17C? £4B = 1TU%,5A%2 4+ 17C?> 4B =V?, A2+ 5C? = UV

or

A% +17C%? £ 4B = 34U? 542 + 17C%? 7 4B = 2V? A% + 5C? = 2UV

(c) Hence show that (eliminating B) either

10A%2 +34C% = 1TU? + V2, A2+ 5C?* = UV

or

5A% +17C? =17U% + V2, A2 + 5C% =20V

(d) Show that neither possibility has a solution modulo 17, and so deduce that
Reichardt’s equation has no rational solutions.

(e) Show, however, that Reichardt’s equation has a real solution and a solution
modulo p for each prime number p = 3 (mod 4). (It’s possible but harder to show
this for all primes p.)



