
Fermat’s Last Theorem
Math 847 - February 19, 2013

————————————————————

What is an elliptic curve over Q?

It’s rather unsatisfactory to say E : y2 = f(x), f cubic with coefficients in Q and distinct
root in Q. What we can instead say is an elliptic curve over Q is a bunch of groups E(K)
for each field K ⊇ Q, with the additional structure: if we have maps K → L, these yield
group homomorphisms E(K)→ E(L).

————————————————————

Group Scheme

Let R be a commutative ring with 1. Look at R-algebras A, i.e. commutative rings with 1
together with unitary ring homomorphisms R→ A (sending 1 7→ 1). This forms a category.
The morphisms are ring homomorphisms that make the following diagram commute:

A

��

R

>>

  

B

These arise in general quite a lot, for example quotient rings.

Definition: An affine group scheme over R is a representable functor from the category of R-algebras
to the category of groups. So for every R-algebra we have an associated group. Each R-algebra
homomorphism then yields a group homomorphism. F is representable by R-algebra R means F (−) =
HomR−alg(R,−).

Note that if we have a homomorphism A→ B then every homomorphism R→ A gives a
homomorphism R→ B by composition.
Note that the definition of a scheme is the same as above but to the category of sets, not
groups.

Example: Define Ga(A) = A+. This is representable by R = R[T ] since

HomR−alg(R[T ]→ A) = A.

We have some fixed map R → A and T can map to anything in A, so to define a ho-
momorphism we simply need to look at the image of T . We have a bijection, as sets,
(T 7→ a)↔ a.
(Side note: Looking at addition on A gives extra structure on R[T ] giving us a Hopf
algebra).

Example: Let Gm(A) = A∗ (group of units). This is representable by R = R[X,Y ]/(XY − 1) since

HomR−alg(R[X,Y ]/(XY − 1), A) = A∗.
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We are given some map R→ A so a homomorphism is given by where we map X and Y .
So then let

X 7→ a

Y 7→ a−1

We have that the image of Y is chosen to be a−1 due to the relation (XY − 1). This
homomorphism is not defined if a is not invertible.

Example: GLn is an affine group scheme over R represented by

R = R[X11, . . . , Xnn, Y ]/(det((Xij))Y − 1).

Note that there are n2 of theXij indeterminates. ThenHomR−alg(R, A) can mapX11, . . . , Xnn, Y
to elements of A: a11, . . . , ann, a so long as

det

(( a11 · · · a1n
...

. . .
...

an1 · · · ann

))
a = 1.

In particular, the matrix of aij ’s must be invertible and a, the image of Y , is determined
by the choice of aij ’s. Note that GLn(A) = HomR−alg(R, A) since every homomorphism
corresponds to an invertible matrix and we can go back and forth between the two.

Example: Set µn(A) = {x ∈ A | xn = 1}. This is representable by R = R[T ]/(Tn − 1) since

µn(A) = HomR−alg(R[T ]/(Tn − 1), A).

We have that HomR−alg(R[T ]/(Tn − 1), A) is given by what T maps to; in particular T
must map to a root of unit. Note that µn is a subgroup scheme of Gm.

————————————————————

How is this related to Galois representations and elliptic curves?

We will see that elliptic curves are group schemes, but not affine ones. However, the
n-division points are affine.

Definition: Let K be a field with ` 6= char K. Consider µ`n(K) (the `n roots of unity in K).

Then GK (the Galois group) acts on this. We have that µ`n(K) ' Z/`n as groups. This
yields the representation:

χ`n : GK → (Z/`n)∗ = GL1(Z/`n),

called the cyclotomic character. These representations are compatible, meaning the fol-
lowing diagram commutes:

GK
χ`n

//

χ`n−1
&&

GL1(Z/`n)

(mod `n−1)
��

GL1(Z/`n−1)

Putting these together we get a representation GK
χ−→ GL1(Z`). We get a cyclotomic

character to every Z`-algebra A, just use GK → GL1(Z`)→ GL1(A).
The above action is defined as follows: if ζ is an `nth root of 1 then for σ ∈ GK we have
σ(ζ) = ζχ`n (σ).
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Exercise: Let K = Q.

GQp
//

χp

33
GQ

χ
// GL1(Z`)

If p 6= `, then χp is unramified, i.e. χp(G0) = {1}. Note that G0 is the inertia subgroup.

Hint: Consider the action with ζ earlier. Show that if σ(ζ) = ζ in (A/m)∗ then the same
holds in (A/mk)∗ for all k.

In particular, this means χp factors through GQp/G0 ' GFp = 〈Frobenius〉. What is
χp(Frob)? -You are raising to the power of p which translates into χp(Frob) = p.

————————————————————

Base Change

Let R → S be a homomorphism of commutative rings with 1. Let A be an R-algebra.
Consider rings B and ring homomorphisms that make the following commute:

A // B

R

OO

φ
// S

OO

Turning this into a category, the initial object is denoted A⊗R S.

We now want to relate group schemes over R and S.

Let F be a functor on R-algebras. Any S-algebra is an R-algebra: if given S → B, we can

get R
φ−→ S → B. The collection of S-algebras is a subset of R-algebras. So we can restrict

the functor F to S-algebras. From here we can ask the question: If F is representable on
R-algebras is it also representable on S-algebras?

Adjoint associativity:
HomR−alg(R, A) ' HomS−alg(R⊗R S,A)

Here A is an S-algebra. If F is representable by R, then F restricted to S-algebras is
represented by R⊗R S. (Base change).

Morphisms between affine group schemes G,H:

We are interested in natural maps between G and H, such that for each R-algebra A, if
we have a map A→ B it induces maps so that the following diagram commutes:

G(A) //

��

H(A)

��

G(B) // H(B)
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Example: det : GLn → GL1.

The kernel of this map is SLn. One can show that this is a group scheme too. In general,
the kernel of a morphism between group schemes is also a group scheme. One can also
show that F (A) = ker(G(A)→ H(A)) is an affine group scheme over R.

————————————————————

Elliptic Curves

For an elliptic curve y2 = f(x) for f ∈ Q[x] cubic with distinct roots, we can naively
attempt to find R. If we try R = Q[x, y]/(y2 − f(x)) then we see we have the following
bijection:

HomQ−alg(R, A)↔ E(A)− {∞}

Because of this missing point at infinity the elliptic curve, while a group scheme, is not
affine.

Definition: An R-algebra A is called finite if it is finitely generated as an R-module. An affine group
scheme is finite if its representing algebra is a finite algebra.

Example: R[T ]/(Tn − 1) is finite as it is generated by 1, T, T 2, . . . , Tn−1. However, R[T ] is not, it is
finitely generated as an R-algebra but not as an R-module. This shows us that µn is finite but Ga is
not finite.

Fact: Every finite group scheme is affine.

Example: Let y2 = f(x) denote an elliptic curve over Q. Let ` be a prime such that f(x) (mod `)
has distinct roots (note that most primes satisfy this). Then E[n] is a finite (rank n2) affine group
scheme over Q`.

See Conrad’s article in [1] for details relating to this proof. In addition, an explicit de-
scription of E[n] can be found in [2].

————————————————————

We now want to be able to relate all of this to Galois representations.

Definition: Let G be a finite group scheme over a field K. We call G étale if its representing algebra
is étale. An étale K-algebra R is defined as one that satisfies R⊗K K ' K × · · · ×K.

Example: Consider µ` for ` prime. Then recall R = K[T ]/(T ` − 1). We have that

R⊗K K = K[T ]/(T ` − 1).

If char K = ` then
R⊗K K ' K[T ]/(T − 1)`

has nilpotents, and is thus not étale.
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If char K 6= ` then

R⊗K K '
`−1∏
i=0

K[T ]/(T − ζi) ' K × · · · ×K.

So in this case it is étale.

Theorem: The category of étale group schemes over K is equivalent to the category of finite groups
with continuous GK-action (Galois action).

Sketch of Proof: Given an étale group scheme G over K, represented by R, an étale K-
algebra, consider G(K) = HomK−alg(R,K). From the definition of étale this is a finite

group of order dimK R. Let σ ∈ GK . Given a homomorphism R
φ−→ K we can form the

composition

R
φ−→ K

σ−→ K

to get another element of G(K). The action is composition of maps.
We need to check that the action is continuous. This follows since the K-algebra R is
generated by finitely many elements which lie in finite Galois extensions of K.
Conversely, given a finite group H with continuous GK-action, we consider two cases:

1. Transitive action: (i.e. H = GKh). By continuity, the GK action factors through
some Gal(L/K), for L over K finite. Let S be the subgroup fixed by h and R ⊆ L
its fixed field.

Claim: We get a GK-isomorphism: H → HomK−alg(R,K) defined by h 7→
one of these homomorphisms, call it θ. By Galois theory the rest of the
homomorphisms are all conjugates. So σ(h) 7→ the σ conjugate of θ.

2. Intransitive action: Each orbit of the action gives some algebra R. We then take the
product of these algebras.

Definition: An R-algebra A is flat if tensoring with A is exact, so a short exact sequence of R-modules

0→ L→M → N → 0

yields an exact sequence

0→ L⊗R A→M ⊗R A→ N ⊗R A→ 0

A group scheme is flat if its representing R-algebra is flat.

Example: Let R = Z`. Then an algebra A is flat if and only if A is free of finite rank over R.

We are interested in the maps: ρ : GQ → GLn(Z/`m).

We want to be able to say what “nice” means for corresponding local representations:

ρ` : GQ`
→ GLn(Z/`m)

It turns out that unramified is too restrictive a condition. Note that by the last theorem,
ρ` is associated to an étale group scheme G over Q`. We will call ρ good at ` if G is the
base change of a finite flat group scheme over Z`.
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