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Suppose that we have a counterexample to (FLT)p of the form ap + bp = cp. Con-
sider the associated Frey curve E : y2 = x(x − ap)(x + bp) and the associated Galois
representations ρE,n : GQ → GL2(Z/n).

Conjecture (Taniyama 1955, Shimura). Given an elliptic curve E, there exists a mod-
ular form f such that ρE,n = ρf,n for all n.

The strategy uses the following picture.
?
=

{ modular Galois representations } ⊆ {“nice” Galois representations }

?
⊆ ⊆

{elliptic Galois representations }

That is, we have two sets, the set of modular Galois representations and the set of
elliptic Galois representations. We wish to show that the latter is a subset of the former
in order to prove the Taniyama Shimura conjecture. To do this, we introduce a third
set, the set of “nice” Galois representations (to be defined precisely later). We then show
that both elliptic and modular Galois representations are subsets of the “nice” Galois
representations. The last step is to demonstrate that “nice” Galois representations are
actually the same as modular Galois representations.

Conjecture (Fontaine-Mazur (seminar 1987-1988 IHES)). “nice” Galois representations
are the same as modular Galois representations.

That is, FM =⇒ TS =⇒ FLT.

1 Deformation Theory of Galois Representations

This theory is due to Mazur in 1987.
The main idea is to break sets of representations into chunks.
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Fix a representation ρ : GQ → GL2(Z/l) for some integer l. We then focus on lifts of
ρ, i.e. the collection of ρ such that the following diagram commutes:

GQ
ρ
//

ρ
%%

GL2(Z/ln)

π

��

GL2(Z/l)

The map π in the above diagram is the natural map from GL2(Z/ln) → GL2(Z/l)
that reads the entries of a matrix in GL2(Z/ln) modulo l.

If ρ is absolutely irreducible, then there is a universal lift ξ : GQ → GL2(R) such that
we have a bijection between

Homlocal(R,Z/ln)←→ {equivalence classes of lifts of ρ to Z/ln}

via φ 7→ φ ◦ ξ.
We can adapt the picture from before, so that we have

{modular lifts of ρ} ⊆ {“nice” lifts of ρ}.

There is a local ring R parametrizing {“nice” lifts}, and a ring T parametrizing
{modular lifts}. The inclusion {modular lifts of ρ} ⊆ {nice lifts of ρ} holds if and only if
we have a surjective homomorphism R� T. The latter surjection implies that we have
an inclusion Hom(T,Z/ln) ⊆ Hom(R,Z/ln).

Wiles was focused on the case where l = 3. In the case l = 3, we have that GL2(Z/3) is
solvable, which is not the case for larger values of l. It is the solvability of GL2(Z/3) that
makes it possible to show that the representation ρ is in fact a modular representation.

Wiles developed some commutative algebra in order to obtain a criterion for the
surjection from R� T to be an isomorphism.

Criterion: Show that a certain invariant of T ≥ another invariant of R.
The invariant of R is the size of a certain Galois cohomology group. The invariant of

T is a special value of L-function of Sym2. This is related to the Bloch-Kato conjecture.

2 Announcing the Result

Unfortunately in 1991 Flach came out with a paper on geometric Euler systems, some-
times called Flach systems. Using the results of Flach, Wiles thought he has a proof
of FLT in the case where ρ is absolutely irreducible in May of 1993. Wiles planned to
announce the result that he had at a conference at the Newton Institute at Cambridge,
UK at the end of June. While relaxing after writing things up, Wiles read a paper from
the 19th century that lead him to the technique of the 3-5 switch, which would allow him
to finish the result all together. Wiles then completed his proof, and presented it over
three talks at the conference. However, a major mistake in his proof was announced in
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November of 1993 involving the Flach systems. Finally, Wiles and Taylor strengthened
the commutative algebra significantly in order to avoid using Flach systems entirely,
completing the proof in 1994.

3 Topics of the course

We are now ready to begin to mathematical content for the course. Here is an outline of
the main topics we will need to cover.

a. Profinite groups (e.g. GQ,GL2(R)) and profinite rings (e.g. R, T).

b. Galois representations and their properties.

c. Elliptic curves and modular forms.

d. Deformation Theory.

e. Commutative algebra.

f. Galois Cohomology and special values of L-functions.

g. Null case.

h. The 3-5 switch.

4 Profinite groups and complete local rings

Definition. A directed set I is a partially ordered set such that for all i, j ∈ I there is a
k ∈ I such that k ≥ i and k ≥ j.

Example.
If G is any group, we can index the normal subgroups of G of finite index by I, where

i ≥ j if and only if Ni ⊆ Nj. Given i, j, set Nk = Ni ∩Nj.
We could similarly fix a field K and index its finite Galois extensions. By taking the

compositum of two Galois extensions, we see that this process also leads to a directed
set. However, this example is essentially the same due to the Galois correspondence.

Definition. An inverse system of groups is a collection of groups (Gi) indexed by a
directed set I, together with group homomorphisms πij : Gi → Gj whenever i ≥ j, and
such that πii = id and πjk ◦ πij = πik.

Example.
We continue with our running example. Here, our collection of groups (Gi) are the

quotient groups Gi := G/Ni. Then for i ≥ j we have the natural quotient map G/Ni →
G/Nj.
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Continuing with our example, notice that we have the following additional property,
demonstrated below. For i ≥ j, we have a commutative triangle:

G
πi

||

πj

""

G/Ni πij
// G/Nj

5 New Category

Definition. Given an inverse system of groups (Gi), define objects (H, (φi)i∈I) where

H is a group, φi : H → Gi are homomorphisms such that

H
φi

||

φj

""

G/Ni πij
// G/Nj

commutes when i ≥ j.

Example.
(G, (πi)) above is an object of the new category for our running example.

Definition. A morphism (H, (φi))→ (J, (ψi)) consists of a group homomorphism H → J

such that

H //

φi   

J

ψi��

Gi

commutes.

Definition. lim←−
i∈I

Gi is the terminal object in the new category, written (X, (χi)).

Example. For our running example, there is a unique homomorphism mapping G→ Ĝ.
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