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Abstract. We describe methods for explicit computation of Galois groups
of certain tamely ramified p-extensions. In the finite case this yields a
short list of candidates for the Galois group. In the infinite case it pro-
duces a family or few families of likely candidates.

1 Introduction

Throughout this paper K will denote a number field, p a rational prime, and
S a finite set of primes, none of which lies above p. Furthermore, Kun,p will
denote the maximal everywhere unramified p-extension of K. Our aim is to
compute the Galois group G of the maximal p-extension of K unramified outside
S. Whereas much is known about p-extensions ramified at p [16],[23], those
unramified at p are poorly understood. Wingberg [26] calls them among the
most mysterious objects in number theory. They are, however, important test
cases for the Fontaine-Mazur conjecture [13], which here implies that G has no
infinite p-adic analytic quotient. The first author’s work on this conjecture [5],
[6] suggests that in fact G should have nontrivial actions on locally finite, rooted
trees, providing glimpses of a theory of arboreal Galois representations in parallel
to the well-developed theory of p-adic Galois representations.

We will focus on 2-extensions. The sort of information available is the abelian-
ization of low index (usually 1, 2, 4, and 8) subgroups, computed as quotients of
ray class groups thanks to class field theory, and exact values of, or at least
bounds on, the generator and relation ranks of G. In addition, in the cases that
G is infinite, class field theory gives the further information that every subgroup
of finite index has finite abelianization (such a group is called FAb). In certain
cases, such as K = Q, something is known about the form of the relations.

If a finite index subgroup H has cyclic abelianization, then Burnside’s basis
theorem forces H ′ = {1} and so G is finite. Moreover, a finite index subgroup H
with abelianization the Klein 4-group forces G to be finite since by an old result
of Taussky H has a cyclic subgroup of index 2. This allowed Boston and Perry
[8] to find the Galois groups of several 2-extensions of Q. On the other hand, the
method is limited since in most cases these conditions do not hold at low index.
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Boston and Leedham-Green [7] next introduced a new method for computing
G in more general circumstances. The idea is to search for G in O’Brien’s tree
[20], which contains every 2-group H with d generators once (up to isomorphism),
organized in such a way that edges go from H/Pk(H) to its immediate descendant
H/Pk+1(H), where Pk(H) is the kth group in the p-central series of H. The
computer software, Magma [4], provides an implementation that computes all
immediate descendants of a given 2-group.

By imposing filters that passed only those immediate descendants satisfying
certain number-theoretical constraints, this tree was drastically pruned and in
many cases the process terminated in a small collection of groups that could
be G. The number-theoretical constraints included consequences of G having as
many generators as relations (this occurs in the case K = Q), the form of the
relations (for K = Q they all come from local tame relations), and the structure
of the abelianizations of index 1 and 2 subgroups. For many finite sets S of
rational primes, the Galois group of the maximal 2-extension of Q unramified
outside S was computed, up to a small ambiguity. Often more than one group
(usually two) resulted but these groups were so similar that the answer to most
questions regarding them would be the same regardless.

Eick and Koch [12] then proved results on the abelianizations of index 2
subgroups for entire families of S, partially verifying conjectures of Boston and
Leedham-Green on the structure of G. These conjectures suggested that the
order and other properties of G should depend quite simply on the form of
S. It is notable that whereas G cannot be determined uniquely, there are still
apparently few 2-groups that can arise as G for some choice of S (with K = Q).

The next development was the work of Bush [10] on extending the method
of Boston and Leedham-Green to apply to 2-class towers of imaginary quadratic
fields. In particular, Stark had asked whether the 2-class tower (i.e. S = ∅) of
K = Q(

√
−2379) is infinite. If so, then the upper bound on root discriminants

in infinite families of totally complex number fields [15] would be drastically
reduced. Bush showed, however, that this 2-class tower has finite Galois group.
He also explored the Galois groups of similar 2-class towers, finding none that
were infinite, but obtaining ones of derived length 3, answering a question of
Benjamin, Lemmermeyer, and Snyder [1],[2]. It is still an open problem whether
any such Galois group can have finite derived length greater than 3. Steurer
[25] has refined the results of Boston and Leedham-Green and of Bush by closer
analysis of the candidates’ lattice of subgroups. For instance, in the case of
Q(

√
−2379) and S = ∅, she eliminates half the candidates for G.

In this paper we describe two recent developments. First, the work of the
second author systematizing computation of Galois groups of 2-class towers of
imaginary quadratic fields is presented. After Bush’s work the question arose as
to whether other such fields might have infinite 2-class tower but small enough
root discriminant to lower the known upper bound. The next likely candidate
was Q(

√
−3135), but existing methods led to a combinatorial explosion even

in the pruned O’Brien tree. Nover’s improved techniques, however, showed that
this and several other fields have finite 2-class tower. Work by Benjamin, Lem-



mermeyer, and Snyder [3] on imaginary quadratic fields whose class group has
order 8 and exponent 2 had found G explicitly in all but one situation. Nover’s
work tackles many examples of that remaining case.

The second new development is the work of the first author [6] on computing
G in cases where it is known to be infinite. For instance, if K = Q and S = {q, r}
where q and r are odd primes 5 (mod 8) such that q is a 4th power modulo r
but not vice versa, then G is known to be infinite by a refinement of the Golod-
Shafarevich criterion due to Kuhnt [17]. In this case, G has two generators and
two relations, whose general form is known. Relations of this form are chosen
at random and filters employed that save those groups for which, within the
computing range of Magma, the 2-central quotients do not stabilize and the
abelianizations of low index subgroups are finite.

Amazingly, one special family of candidates for G emerges. This echoes the
finite case in that we expect to obtain a short list of very similar groups. The
groups that arise have interesting properties, besides being an apparently new
class of FAb pro-2 groups. In particular their Lie algebras all appear isomorphic
to a Lie algebra arising from quantum field theory [9],[22]. Also, they have torsion
but all have a normal subgroup H of index 4 with Lie algebra isomorphic to
that of F × F , where F is the free pro-2 group on 2 generators. This group H
is conjecturally a mild group. This comes out of the recent surprising work of
Labute [18], who proved that for various S, p the Galois group G of the maximal
p-extension (p odd) of Q unramified outside S is mild. This implies that such a G
is of cohomological dimension 2 and thus torsion-free. It also has implications for
the Fontaine-Mazur conjecture [19]. Schmidt [21] and Bush-Labute [11] provided
refinements of Labute’s work.

We begin with background on the tools that will be employed in our search
for G. There follows a section on Nover’s work establishing new results on finite
Galois groups of 2-class towers. Finally, Boston’s work on the infinite case is
expounded upon, leading to various speculations as to where the future devel-
opment of the subject may lead.

2 Mathematical Background

We make use primarily of two theoretical tools: class field theory and the O’Brien
tree. We review each here. Let K be a field and Clp(K) the p-primary part of its
class field. Then class field theory tells us that there is a correspondence between
unramified abelian p-extensions of K and subgroups of Clp(K), and further that
the maximal unramified abelian p-extension has Clp(K) as its Galois group over
K. Put another way, if G is Gal(Kun,p/K) (that is, S = ∅) and G′ the clo-
sure of its commutator subgroup, then the abelianization of G, G/G′ ∼= Clp(K).
As the Galois correspondence associates closed subgroups of G with unrami-
fied p-extensions of K, we further have that the lattice of subgroups of G with
abelianizations attached corresponds to the lattice of unramified p-extensions of
K with Clp’s attached. This simple observation will be quite powerful.



The second theoretical tool we use is the O’Brien tree. We start with a
definition. The lower p-central series of a p-group G is defined recursively as
P0(G) = G and Pk+1(G) = Pk(G)p[G,Pk(G)].1 The smallest c such that Pc(G) =
{1} is called the p-class of G. It follows easily from our definitions that the
p-class of G/Pk(G) is the smaller of k and the p-class of G. Note that if G
is a pro-p group, then Pk(G) is the closed subgroup defined as above and in
particular P1(G) is the Frattini subgroup of G. For reasons that will shortly
become apparent, we say that a p-group G is a descendant of H, and that H
is an ancestor of G, if G/Pk(G) = H for some k. Further, G is an immediate
descendant of H if additionally the p-class of G is k + 1.

Any group has a finite number of immediate descendants, and so given some
starting group we can compute all of its descendants by computing its immediate
descendants, their immediate descendants, and so forth. We may organize this
information as a tree where the root is our starting group, the next level is its
immediate descendants, the level after that their immediate descendants, and
so on, where we put an edge between groups exactly when one is an immediate
descendant of the other. We call this the O’Brien tree for the initial group.
An algorithm described by O’Brien [19] allows us to compute the immediate
descendants of a p-group and correspondingly compute the tree to finite depth.
By Burnside’s basis theorem, given a p-group G with exactly d generators, we
know that G/P1(G) will be elementary abelian of rank d. Thus G will appear
in the O’Brien tree with root the rank d elementary abelian p-group. Further,
infinite pro-p groups with exactly d topological generators correspond to infinite
ends of that tree.

3 Finite Galois Groups

Let G = Gal(Kun,2/K). We want to determine G. Our algorithm can be broken
down into 3 steps.

3.1 Step 1 : Generating Lattice Data

Galois theory tells us that the low index subgroups of G correspond to unramified
low degree extensions of K. Explicit class field theory gives us a method of
producing these extensions. First we compute the 2-class group of K, and use
explicit class field theory to construct the corresponding unramified degree 2
extensions. Then for each of these extensions we compute its 2-class group and
its degree 2 extensions, checking for duplicates as some degree 4 extensions will
have more than 1 intermediate subfield. Then we compute the 2-class groups of
the degree 4 extensions. As described in Sect. 2, by class field theory this tells
us quite a bit of information about G. We now know the lattice of subgroups
with abelianizations for index at most 4.

1 Be aware that some authors define P1(G) = G, and arrive correspondingly at differ-
ent definitions of p-class, etc.



3.2 Step 2 : Pruning the Tree

Now we use the O’Brien tree to get a (hopefully finite) list of candidates for G.
If Cl2(K) has 2-rank d, then we already know that G/P1(G) is an elementary
abelian 2-group of rank d, which is to say that we know the root of an O’Brien
tree which must contain G. We proceed with a recursive algorithm to pick out
a subtree which will contain G. Assume we are working on a group Q of p-class
k − 1 which might have G as a descendant. We first use O’Brien’s algorithm to
generate each immediate descendant P , which will be of p-class k.

Now for each P , we are interested in two questions. The first question is
whether any descendant of P , immediate or not, could be G, that is, could
P ∼= G/Pk(G). We have two necessary conditions on P for this to be possible.
The first condition is to see if P is compatible with the lattice data we collected
earlier. Essentially, we compute the subgroup lattice of P up to index 4 with
abelianizations, and then try to match up the subgroups of P with the extension
fields of the lattice data. For each subgroup H of G, if Pk(G) ≤ H, then the
isomorphism theorems tell us that the lattice of P must contain an entry for H
whose abelianization is a quotient of the abelianization of H. Further, for large
enough k, Pk(G) ≤ H ′ and so the abelianizations must in fact be equal. Given
the index of H and the known size of its abelianization, it is straightforward to
compute the k at which Pk(G) ≤ H,H ′. For example, if H is an index 4 subgroup
of G, then Pk(G) ≤ H if k ≥ 3. We must have equality of abelianizations if
k ≥ 2v([H : H ′])− v([H0 : H ′

0])+3, where H0 is an index 2 subgroup containing
H and v is the 2-adic valuation. We can improve this to 2 and v([H : H ′]) + 2
if H is contained in 3 subgroups (that is, if there are three intermediate fields
between the corresponding field and K), as this implies H is normal.

The second condition is essentially cohomological in nature. Let r(G) and
d(G) be, respectively, the relation and generator ranks of G. We require that
the difference in ranks between the p-multiplicator and the nucleus of P is less
than or equal to d(G)+1. These terms are defined in [20]. This follows from the
following two propositions.

Proposition 1. If G = Gal(Kun,2/K) for K a totally imaginary number field,

then r(G) − d(G) ≤ [K : Q]/2.

Proof. This follows easily from [23]. �

Proposition 2. Let G be a pro-p group with finite abelianization and let Gi =
G/Pi(G). Then for i ≥ 1 the difference between the ranks of the p-multiplicator

and the nucleus of Gi is at most r(G).

Proof. This is a generalization of a proposition in [12] inspired by a lemma in
[7]. We follow the proof in the former.

Let M(Gi) and N(Gi) be, respectively, the p-multiplicator and nucleus of Gi.
M(Gi) is elementary p-abelian, so it suffices to bound the rank of M(Gi)/N(Gi).
Let G = F/R be a free presentation where R is a normal subgroup of F . For any



subgroup U ≤ F , let U∗ = [U,F ]Up. Let K = Pi(F ). We have that Gi = F/KR,
which implies that M(Gi) = KR/(KR)∗ and N(Gi) = K(KR)∗/(KR)∗. So

M(Gi)/N(Gi) = (KR/(KR)∗)
/

(K(KR)∗/(KR)∗) ∼= KR/K(KR)∗ .

As K and R are normal in F , the latter group is KR/KR∗ ∼= R/(R ∩ KR∗),
which is a quotient of R/R∗, the p-multiplicator of G. This has rank at most r(G)
(by, for example, a group homological argument using the Universal Coefficient
Theorem), as desired. �

If P meets these two conditions it might be an ancestor of G. In that case,
we ask if P might itself be G. There are again two conditions, corresponding
once again to lattice and cohomological data. First, if k is small enough that we
have not already done so, we check that the lattice for P matches our lattice
data exactly, requiring equality of abelianizations. Second, for each subgroup in
P up to some chosen index, we compute the generator and relation ranks by
computing the abelianization and the second homology group. We then check
to see if this is compatible with Proposition 1 above. We say that groups which
pass these two conditions are candidates to be G. Given how quickly the bound
of the proposition grows, we did not find it profitable to check subgroups of
particularly large index. In fact, we did not find any otherwise candidates which
had failing subgroups of index larger than 2, although we check up to index 16
for completeness.

We have now evaluated for each immediate descendant P of Q if it is a
potential ancestor or candidate for G. If it is a candidate, we save it to a list
of candidates. If it might be an ancestor, then we use it for Q, computing its
immediate descendants, checking them, and recursing accordingly. Each of these
calls on potential ancestor P ’s, if they terminate, will return a list of candidates,
which we append to our current list of candidates. When we have tried all the P ’s,
we return the list of candidates we have compiled, which are all the descendants
of Q which might be G. By calling this algorithm on the known G/P1(G), we are
guaranteed that if it terminates, it will return a finite list of candidates for G. In
the event that it does not terminate, we still gain some information about G as
we at least know its possible quotients by the lower p-central series, particularly
if we modify the algorithm to only produce the subtree to some specified depth.

3.3 Step 3 : Narrowing Candidates

If step 2 terminates, we know that G is on the list of candidates and in particular
that it, and so the 2-tower, is finite. The number of candidates for G may still be
somewhat large. We narrow it as follows. All candidates at this point have the
same index 4 lattice, so we compute the index 8 lattices (with abelianizations)
of each candidate group. We then find an index 4 subgroup whose subgroups in
the index 8 lattice differ among the different candidates. We then map this back
to our lattice data and determine which degree 4 extension of K corresponds to
this subgroup. As all we have are the lattice data it is possible several degree 4



extensions might conceivably correspond. For each of them, we use their class
group to compute their degree 2 extensions, and then compute the 2-class groups
of those extensions. This lets us expand our lattice data and eliminate some of
the candidates. After culling the candidates, we repeat the process until all our
candidates have the same index 8 data.

3.4 An Example

The algorithm has been entirely implemented in a collection of Magma programs
controlled by BASH scripts. As an example, we report the results of the algo-
rithm on K = Q(

√
−3135). We chose this group since, by [3], among imaginary

quadratic fields with 2-class group (2, 2, 2) (by which we mean C2×C2×C2) and
derived length at least 3 it has the smallest discriminant. If this group had infi-
nite 2-tower, it would provide a much reduced upper bound of 56.0 on the root
discriminant problem, as the current best bound, found in [15], is 82.2. Unfortu-
nately, this is not the case. The algorithm narrows G down to one of 84 possible
groups, each of derived length 3. In particular, each of these groups is finite,
which shows that Q(

√
−3135) has finite 2-class tower, a previously unknown

result. Assuming GRH, we are further able to narrow G to one of 4 groups. We
have also used the algorithm to show the finiteness of the 2-class tower for over
a dozen other fields with 2-class group (2, 2, 2) where this was unknown, such as
Q(

√
−966), Q(

√
−969), Q(

√
−1554), and Q(

√
−16296).

First we compute the lattice data. The 2-class group of K is (2, 2, 2) and so
we know that, for G = Gal(Kun,2/K), G/P1(G) is (2, 2, 2). Continuing, we find
that there are 7 degree 2 extensions. Three have 2-class field (2, 2, 2), two have
(2, 8), and there is one each of (2, 2, 2, 2) and (2, 16). Taking further degree 2
extensions and eliminating duplicates, we find 31 degree 4 fields and compute
their class groups.

Next we run our modified O’Brien algorithm to produce the subtree of the
O’Brien tree with root (2, 2, 2). Although (2, 2, 2) has 67 descendants, 4 of them
fail the cohomological condition, another 44 have too large an abelianization,
and another 18 have subgroups which will not fit with our lattice up to index 2.
This leaves 1 descendant group, which must be an ancestor of G. This group, of
2-class 2 and order 32, has 186 descendants. 82 of these fail the cohomological
condition and another 88 have lattices which cannot be quotient lattices in the
appropriate sense at index 4. This leaves 16 descendant groups, each of order
256, to explore. At this point the width of our subtree broadens considerably
and so we cease our description of this stage of the algorithm. After examining
several thousand groups we are left with a finite subtree in which 240 groups
pass the lattice conditions for candidacy.

For implementation reasons we leave the test on relation ranks of subgroups
until after the tree portion of the algorithm is completed. Applying that test
leaves us with 84 candidates with 24 unique index 8 lattices. At this point,
without GRH, we are stuck, as we cannot unconditionally compute the class
groups of the extensions of degree 4 extensions of K due to memory limitations.
However, Magma allows a more efficient computation of the class group whose



correctness is conditional on GRH, and so we use that from here on. Computing
the 7 extensions with 2-class groups of a particular degree 4 extension of K
leaves only 30 compatible candidates with 8 different index 8 lattices. Computing
another set of extensions for a particular field yields 8 candidates with 2 different
lattices. We then compute extensions of another 4 fields which leaves us with
4 groups, all sharing the same index 8 lattice. These 4 groups are similar in
many other ways as well. They are all of order 8192, derived length 3, and 2-
class 7. They also all have G/G3 isomorphic to the group 32.033 (Hall-Senior
notation), consistent with the results in [3], where G3 = [G,G′]. In fact, they
are all immediate descendants of the same group, and so their quotients by the
non-trivial terms in the lower p-central series are all isomorphic, and this is also
true for the lower central series.

4 Infinite Galois Groups

If L/K is an infinite p-extension unramified at finitely many primes, none above
p, then the structure of Gal(L/K) is mysterious, although the conjecture of
Fontaine-Mazur [13] says that it should not be p-adic analytic. In fact, no explicit
presentation of such a group is known.

One might try to shed some light on the structure of such a Galois group
(and simultaneously put the Fontaine-Mazur conjecture to test) by the methods
of the previous section, since finitely generated pro-p groups arise as the ends of
O’Brien trees. This, however, is fruitless, since typically there will be combina-
torial explosion in the pruned tree. As we shall see, this illustrates the fact that
there are too many candidate groups to organize this way. On the other hand,
the results in the finite case suggest that we should expect the possible groups
to have some restricted form and to occur in families.

It follows that the computation should be organized differently. In [6], Boston
introduced the method of picking relations at random (of the permitted form)
and then examining the pro-2 groups so presented. Magma allows us to filter out
groups H such that H/Pn(H) is no larger than H/Pn−1(G) for n up to about 63.
This first filter eliminates many pro-2 groups that are actually finite. Secondly
we filter out groups H having a subgroup of index 1, 2, 4, 8, or 16 with infinite
abelianization, since such a group cannot satisfy FAb. “Drilling” into the group
by computing successive index 2 subgroups and checking their abelianizations
allows random tests of subgroups of index up to 2048 to see if FAb is violated.

In particular, let K = Q and S = {q, r} where q and r are distinct odd primes.
The Galois group of the maximal 2-extension of Q unramified outside S, G, is
the finitely presented pro-2 group with presentation < x, y|xa = xq, yb = yr >
for some a, b in the free pro-2 group on x, y [16]. The simplest situation in which
we can ensure that G is infinite arises by requiring that q, r ≡ 5 (mod 8), so
that the abelianization is (4, 4), and additionally requiring that q is a 4th power
modulo r but not vice versa (for example, {61, 5}). In this case a refinement
of Golod-Shafarevich due to Kuhnt [17] shows that G is infinite. The filtering
process described above works well, leaving one family of groups.



Conjecture 1. There exists a subset F of the free pro-2 group on x, y such that
the Galois groups G above have presentations < x, y|xc = x5, y4 = 1 > with
c ∈ F .

The shortest elements in F have length 6. There are 48 of them of this length,
for instance y2xyxy, y2xyx−1y−1, .... Moreover, the sequence log2(|G/Pn(G)|) is
always the same, namely

2, 5, 8, 11, 14, 16, 20, 24, 30, 36, 44, 52, 64, 76, 93, 110, 135, 160, 196, 232, 286, 340, 419,
498, 617, 736, 913, 1090, 1357, 1634, . . .
∆n := log2|Pn(G)/Pn+1(G)| is identified by inputting it in Sloane’s On-Line

Encyclopedia of Integer Sequences [24]. It arises in [9], namely as, for n ≥ 4,
∆2n−2 = ∆2n−1 =

∑n

m=1
(1/m)

∑

d|m µ(m/d)(Fd−1+Fd+1), where µ is the usual

Möbius function and Fn the nth Fibonacci number (so that in fact Fd−1 + Fd+1

is the dth Lucas number). Letting L(G) = ⊕Pn(G)/Pn+1(G), the Fp-Lie algebra
of G, its graded pieces have the same dimensions as (i) the free Lie algebra
generated by one generator in degree 1 and one in degree 2 (arising in work on
multi-zeta values and quantum field theory [9]) and (ii) Cameron’s permutation
group algebra of C2 oA, where A is the group of all order-preserving permutations
of the rationals. This suggests the following amazing possibility.

Conjecture 2. If G is in the family of groups above, then L(G) is the Fp-Lie
algebra in (i) or (ii) above.

The groups G just found appear always to have a normal subgroup H satis-
fying G/H ∼= C4 and having generator and relation ranks both equal to 4. We
call this the critical subgroup of G. It confirms the suggestion of Boston that
these Galois groups should always have a subgroup of finite index that violates
the Golod-Shafarevich criterion. Moreover, the growth of H/Pn(H) is consistent
with the conjecture that H is a mild pro-2 group in the sense of Labute [18],
which would then imply that G has virtual cohomological dimension 2.

This method has been tried in other, similar circumstances. For example, it
appears that the only infinite pro-3 group satisfying FAb and having presen-
tation of the form < x, y|xa = x4, yb = y4 > is the Sylow pro-3 subgroup S
of PSL2(Z3). To improve this process, we are now investigating the degree to
which a candidate’s presentation can be “deformed” to yield another candidate
- S would be rigid to this sort of deformation.
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