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ABSTRACT 
 

Aside from their theoretical interest, low (star) 
discrepancy sequences are an active area of 
research because of their applicability in 
Quasi-Monte Carlo Methods.  In this paper, 
the feasibility of creating new low (star) 
discrepancy sequences from existing ones is 
examined.  The two methods studied are      
1) concatenation of point sets from different 
generating sequences, and 2) concatenation of 
modularly shifted versions of a mother point 
set.  Promising results are obtained for the 
second method, specifically when a new 
sequence is created by augmenting the mother 
set with one shifted version of itself to create a 
set of twice the length. 

  

 This paper is organized as follows.  In 
Section 2, star discrepancy will be defined and 
its relevance will be explained with respect to 
the estimation of s-dimensional integrals.  The 
experimental procedure is explained in Section 
3.  Results are presented in Section 4.  Finally, 
Section 5 contains conclusions and directions 
for future work. 

 
1. INTRODUCTION 

 
Low (star) discrepancy sequences are an 
active area of research lately, partially because 
of their applicability in the estimation of 
multi-dimensional integrals [1].  For 
applications where deterministic error bounds 
are desired (such as the evaluation of financial 
integrals), low (star) discrepancy sequences, 
henceforth referred to as low discrepancy 
sequences have emerged as the foundation of a 
profitable alternative to standard Monte Carlo 
integration.  Recent research has turned to 
Abstract Algebra, namely the study of curves 
over finite fields, as a means to produce low 
discrepancy sequences. 
 This paper examines whether useful 
new sequences can be created from 
combinations of sequences produced by 
existing methods.  Two composition methods 

are studied.  The first method is concatenation 
of point sets from different generating 
sequences; the second method is the 
augmentation of a given point set with 
modularly shifted versions of itself. 

 
2. BACKGROUND 

 
Suppose SN={x1, x2,…, xN} is a sequence of 
points in s-dimensional unit space; that is each 
of the xi’s are points in R[0,1]

s.  The star 
discrepancy of the sequence SN is given by [2] 
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where J* is the set of all intervals of the form  
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The star (*) in the definition represents the 
fact that each region B is the product of 
intervals whose lower bound is the origin. 
 One way to visualize the star 
discrepancy is as follows:  fix one vertex at the 
origin and allow the diagonal vertex given by 
u=(u1,…,us) to move around in s-dimensional 



space.  For each u, count the number of points 
of the sequence SN that are contained in the s-
dimensional hypercube defined by the 
diagonal vertices and normalize (divide) by 
the total number of points in the sequence (N).  
If the points were distributed uniformly, the 
difference between this value and the volume 
of the hypercube (product of the ui’s) would 
be small.  The maximum difference, in 
absolute value, between the normalized count 
and the volume is the star discrepancy D*

N for 
the sequence SN. 
 As an example, consider the point set 
SN in R[0,1]

2 shown in Figure 1.  The points 
seem well-distributed in space, and we expect 
the metric 
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to closely resemble the volume of all squares 
B having one vertex at the origin. 
 

 
Figure 1: A Well-Distributed Set of Points. 

 
Indeed, Figure 2 shows the relevant 

surface plot of the count metric defined on the 
unit square.  The intensity f(x,y) is defined as 
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Here, dark blue represents zero and dark red 
represents one. 

 
Figure 2: Count Plot for Data Set in Figure 1. 

 
Compare this to the actual area given by 
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shown in Figure 3 below.  The star 
discrepancy D*

N is the maximum absolute 
difference between the values in Figures 2 and 
3.  For completeness, this difference is 
depicted graphically in Figure 4.  Colors scale 
from zero (blue) to 0.0246 (red), the latter 
value being the star discrepancy for this 
sequence. 
 
 

 
Figure 3: Area of the Unit Square. 

 
 



 
Figure 4: Discrepancy as a Function of 

Position.  Notice the nonuniformity  
of the discrepancy. 

 
Figures 1-4 show only a portion of the 

story.  Recall that the star discrepancy is 
defined in terms of N, a parameter indicating 
the sequence length.  A sequence SN of points 
in Rs is called a low discrepancy sequence if 
the following bound holds asymptotically as N 
goes to infinity [3] 
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where s is the dimension in which the points 
of SN lie and C is a constant that depends on s.  
Consider the behavior of D*

N for the sequence 
depicted in Figure 1.  In this case, a reasonable 
estimate of C is about 0.25.  The comparison 
of D*

N with its bound is shown in Figure 5 
below. 
 

 
Figure 5: Star Discrepancy and a Bound. 

 
 Suppose we want to evaluate an 
integral over the s-dimensional unit 
hypercube.  Rather than evaluate the integral 
exactly, we may choose to estimate it using 
the following formula 
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where the xi are points in s-dimensional space.  
Standard Monte Carlo methods choose the xi 
using a (pseudo-)random number generating 
method, for which the error bound is given by 
[4] 
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However, because of the random choice of the 
points xi, the bound holds with probability 1-δ 
for some small positive δ.  This implies that 
for some collections of sample points 
{x1,…,xN} , the estimate of the integral could 
be arbitrarily far from the actual value with 
some (small) positive probability δ! 
 In many applications, most notably 
the estimation of the value of tranches of 
mortgages, uncertainty in the error, however 
small, is not acceptable.  For deterministically 
chosen point sets and functions f with bounded 
variation V(f), the Koksma-Hlawka inequality 
states [3] 
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where D*

N(SN) is the star discrepancy of the 
point set.  This bound is deterministic; 
minimizing the star discrepancy minimizes the 
approximation error of the integral for a given 
function f with bounded variation. 
 

3. EXPERIMENTAL PROCEDURE 
 
Several methods of creating new sequences 
from old were investigated.  Experiments were 
performed in one and two dimensions only. 



 The sequences studied in this paper 
are the Niederreiter and the Faure 
quasirandom sequences [5].  The code 
obtained for each sequence generates the next 
element of the sequence based on the current 
value of a parameter called the ‘seed’.  If the 
initial seed has value one, the kth element will 
be seeded by the value k. 

Let Rk and Sk be the kth elements of 
low discrepancy sequences R (Niederreiter) 
and S (Faure).  The first compositions studied 
were of the form {R1,S1,…,RN/2,SN/2} and 
{R1,S2,…,RN-1,SN}.  In other words, sequences 
of length N were formed either by using the 
first N/2 elements of each of two different 
sequences or by using the first N/2 points each 
of Rk and Sn such that k is odd and n is even. 
 The results of the first combinational 
method inspired the second compositions, 
described here.  Let {R1,…,RN} be points in s-
dimensional space given as the first m points 
of a low discrepancy sequence.  The point set 
{R1,…,RN,R1+δ,…,RN+δ,…,R1+kδ,…,RN+kδ} 
of length N(k+1) is created by adding 
multiples of a constant vector δ to each point 
R1,…,RN.  Since points must lie in the unit 
hypercube, the addition is performed mod 1 in 
each dimension. 
 The experiments compared the 
discrepancies of the new sequences to those of 
the original sequences having the same length. 
 

4. RESULTS 
 
The first results presented here compare the 
compositions of Niederreiter and Faure 
sequences in one dimension as described in 
Section 3.  For the purposes of labeling, the 
composition method that uses R1,S1,…etc. will 
be called “First”, signifying that the first N/2 
points are chosen from each sequence, while 
the second composition described will be 
called “Alternating”, alluding to the setup of 
picking alternating points from each of the two 
sequences. 
 Figure 6 shows the comparison of the 
star discrepancies of these sequences.  We see 
that the “Alternating” series performs very 
poorly, and in fact the discrepancy does not 
decay as the number of points increases.   

 
Figure 6: Comparison of Composed 

Sequences and Given Sequences for N=1000 
Points in 1-D. 

 
Further analysis showed that this is a flawed 
construction technique for these sequences and 
tends to concentrate points on the interval 
[0.5,1] by a ratio of about 2:1.  This is a 
fundamental flaw given the sequences used, so 
this construction technique is excluded from 
further investigation.  The “First” sequence 
also behaves like a low discrepancy sequence 
in this plot, but the discrepancy is worse than 
either of the two test sequences. 
 Figure 7 shows the three relevant 
sequences (Niederreiter, Faure, and First) for 
N=2000.  Again we see that the “First” 
sequence performs on par with the other two, 
but does not consistently outperform either 
over the sequence length shown. 
 

 
Figure 7: Comparison of Composed Sequence 
and Given Sequences, N=2000 Points in 1-D. 

 
 
 



The same compositions can be made 
for two-dimensional sequences.  The resulting 
star discrepancies are shown in Figure 8 for 
N=2000.  Again, the composed sequence 
“First” does not outperform either of the 
original sequences.  To try to gain an 
understanding of this, consider scatter plots of 
the first 1000 elements from both the 
Niederreiter and Faure sequences in 2-D, 
shown in Figures 9 and 10 respectively.  The 
sequences look very similar.  Composition of 
the two in the manner used to create the 
“First” sequence creates a great deal of 
“overlap” – additional points are placed in the 
vicinity of existing points. 
  

 
Figure 8: Comparison of Composed Sequence 
and Given Sequences, N=2000 Points in 2-D. 

 
The resulting sequence has high star 
discrepancy because the points tend to cluster 
together. 
 Examining Figures 9 and 10, one 
might propose the second composition method 
described in Section 3.  The key observation is 
that if either of the sequences shown 
(Niederreiter or Faure) is composed with a 
copy of itself shifted (mod 1) by an offset δ, 
the resulting sequence might be well-
distributed for certain values of δ (to be 
determined). 
 In that spirit, suppose we start with a 
mother point set {R1,…,RN}.  Create 
sequences of length 2m, 3m, etc. by 
augmenting the mother point set with 
{R1+δ,…,RN+δ}, {R1+2δ,…,RN+2δ}, etc.  For 
which vectors δ do the resulting sequences 
perform the best?  
   

 
Figure 9: 1000 Points from Niederreiter 

Sequence. 

 
Figure 10: 1000 Points from Faure Sequence. 

 
Let the mother point set (arbitrarily) 

be the first 40 points of the Niederreiter 
sequence in one dimension.  For each value of 
δ, the star discrepancies of the augmented 
sequences of length 80 and 120 are compared 
with the star discrepancy obtained by using the 
original Niederreiter sequences of the same 
lengths.  Results are shown in Figures 11 and 
12. 
 The data in Figure 11 show much 
promise!  We see that there are several values 
of δ for which the augmented sequence has 
lower star discrepancy than the original 
sequence of length 80.  Figure 12 is less 
exciting – none of the augmented sequences 
outperform the original sequence, though 
several shifts give discrepancies close to that 
of the original sequence. 
 



 How does the augmented sequence 
perform as a function of N for a given shift?  
Suppose the mother set is the first 600 points 
of the Niederreiter sequence in one dimension.  
Figure 13 shows the plot of star discrepancy 
vs. number of points for augmented sequences 
(with shift 0.93, chosen as the shift giving the 
minimum star discrepancy in Figure 11) of 
length 1200, 1800, 2400, 3000, and 3600. 
 
 

 
Figure 11: Comparison of Star Discrepancy 

Between Augmented and Original Sequences 
(N=80 – One Shifted Copy). 

 

 
Figure 12: Comparison of Star Discrepancy 

Between Augmented and Original Sequences 
(N=120 – Two Shifted Copies). 

 
The interpolating dotted line in Figure 

13 is shown for illustrative purposes only.  
Discrepancy values are only defined for the 
augmented sequence at multiples of the size of 
the mother point set.  We see that the 
augmented sets do not consistently outperform 
the original set.  The best results seem to be 
for the set of size 2N where N is the size of the 
mother set. 

 

 
Figure 13: Comparison of Original Sequence 
and Augmented Sequence (N=3600 – Up to 

Five Shifted Copies with Shift 0.93). 
 
 Suppose that we extend the definition 
of an augmented set a bit by generating a set 
{R1,R1+δ,…R1+kδ,…,RN,…,RN+kδ} in that 
order.  Now we can define the star discrepancy 
of this set (for a fixed k) for each point in the 
set.  Figure 14 compares this new set with the 
original set of length N(k+1) for N=600 and 
k=1.  Figures 15 and 16 show the same setup 
with k=2 and k=3 respectively. 
 

 
Figure 14: Comparison of Discrepancy 

Between Original Sequence  
and Augmented Sequence 

{R1,R1+δ,…R1+kδ,…,RN,…,RN+kδ}  
with N=600, k=1, δ=0.93. 

 



 
Figure 15: Comparison of Discrepancy 

Between Original Sequence  
and Augmented Sequence 

{R1,R1+δ,…R1+kδ,…,RN,…,RN+kδ}  
with N=600, k=2, δ=0.93. 

 
 

 
Figure 16: Comparison of Discrepancy 

Between Original Sequence  
and Augmented Sequence 

{R1,R1+δ,…R1+kδ,…,RN,…,RN+kδ}  
with N=600, k=3, δ=0.93. 

 
 Figures 14, 15, and 16 show results 
that are consistent with those shown in Figure 
13.  Specifically, for augmented sets, lower 
discrepancy occurs when only one copy of the 
mother set is used, creating a sequence of 
length 2N where N is the length of the mother 
set. 
 We now turn our attention to the two-
dimensional case.  The shift vector δ is now 
(δx,δy).  For which values of δx and δy does the 
augmented sequence 
{R1,R1+δ,…R1+kδ,…,RN,…,RN+kδ} have the 
lowest discrepancy?  Only the k=1 case is 

investigated, motivated by the results in 
Figures 13-16 for the one-dimensional case.  
Let the mother set (arbitrarily) be the first 200 
points of the Niederreiter sequence. 
 

 
Figure 16: Discrepancy vs. Shift Vectors 

(δx,δy). 
 

Figure 17 shows a contour plot of the (log of 
the) star discrepancy as a function of δx and δy.  
We see that there are many disjoint regions of 
high and low discrepancies.  The actual (log of 
the) discrepancy for the 400 point sequence is 
-4.34.  Again, as in Figure 11, we see that the 
augmented sequence can outperform the 
original sequence when k=1 (one shifted copy 
of the original sequence is composed with 
itself). 
 

5. CONCLUSIONS 
 
 While the procedure for creating 
augmented sequences is clear, the choices of 
the mother set and the shifts δ are not.  In the 
experiments, these choices were made 
arbitrarily or conveniently.  Surprisingly, the 
same result seems to hold for different choices 
of the mother set!   

Figures 11 and 17 suggest that we can 
find a shift δ for which the augmented set of 
size 2N has a lower discrepancy than the 
original sequence of length 2N, while Figure 
14 illustrates that an arbitrary augmented set 
may not outperform the original.  The contrast 
between Figures 11 and 14 also suggests that 
the best shift δ depends not only on the 
sequence type, but also on the mother set size 
N. 



Motivated by some empirical 
successes, the following questions now beg 
answers.  What is the best choice of mother set 
for a given set size N?  What is the best choice 
of shift for the given mother set?  Can we 
design a mother set and a shift vector so that 
we can augment the set with more than one 
shifted copy of itself (that is, can we use k>1)?  
The investigation of these questions is left for 
future work, but some reasons to suspect 
success are given here. 
 If P is a point in [0,1) and δ is an 
irrational number in (0,1), then the set    
S={P,P+δ mod 1,P+2δ mod 1,P+3δ mod 1,…} 
consists of infinitely many distinct points.  
Suppose not, then P+kδ=P+rδ mod 1 for some 
nonequal integers k and r.  But that implies 
that (k-r)δ=n for some integer n, which 
implies that δ is a rational number – a 
contradiction.   

Further, S is dense in the interval 
[0,1).  For any ε>0, there exist integers 
m,n>1/ε with n>m, such that |nδ-mδ mod 1| = 
|Nδ mod 1| < ε where N=n-m.  The orbit of 
{P,P+Nδ mod 1,P+2Nδ mod 1,…} consists of 
points separated by distance less than ε.  
Therefore, points on this orbit are within ε of 
any point Q in [0,1), completing the proof. 

The fact that this progression forms an 
infinite, dense set is a motivation for using this 
as a framework for quasi-random number 
generation.  What remains to be seen is 
whether certain values of δ make the sequence 
uniformly dense, that is, whether certain 
values of δ produce a low discrepancy 
sequence.  The analysis of this point is left to 
future work. 

One final point deserves mention.  
Discrepancy analysis was done using Matlab; 
as such, sequence points were quantized to a 
grid (in one or two dimensions).  Quantization 
will inevitably introduce some uncertainty 
about the data points themselves, which will 
propagate to the evaluation of the discrepancy.  
The resolution of the grids used was 
(empirically) balanced against the execution 
time of the various routines. 

A more robust analysis of the results 
presented here could be achieved in several 
ways.  First, methods exist for computing the 

discrepancy of point sets to within a specified 
tolerance without artificially quantizing to a 
grid.  One such method is presented in [6].  
The second approach would be to attempt to 
quantify the error introduced by quantization, 
which would introduce some uncertainty about 
the empirical results obtained herein.  This 
would provide a rigorous way to determine the 
grid sizes necessary for comparisons made to 
be relevant outside of the margin of error. 
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