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Abstract

The aim of this report is to illustrate the issues in finding a trans-
formation such that geodesic distance between each pair of points on
the surface is maintained. There are at least three solutions for this
problem. I will explain the simplest one since the others are based
on the same idea. Then, the implementation results will show how it
performs on synthesized data.

1 Introduction

In the past several decades, people are interested in recognizing objects in
images. The basic idea is to to treat imaging process as a projection from
3-dimensional space to image plane. Then, use invariants of projection to
recognize objects. The most famous example is probably affine invariants.
People use affine transformation as the approximation of projection. Hence
invariants of affine transformation can be used in recognizing 3D objects in
image. In this type of methods, objects of interest are assumed to be rigid.
In other words, objects won’t change their shape all the time.

In many situations, objects are not only under projection but also subject
to deformation. For example, face expression will change from time to time.
Hence, invariants of non-rigid transformation have great importance in these
situations.

In this report, I will focus on isometric transformation which is subset
of the whole non-rigid transformation family. The reminder of this report is
organized as follows. Section 2 presents a simple method for finding isometric
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invariants. Then, results of software implementation are shown in section 3.
Section 4 conclude this report with some comments.

2 Invariants of Isometrical Transformation

Isometric transformation ia a length preserving transformation. In other
words, there is no shearing and stretching on the surface of object during
deformation. In some situations, deformation of objects can be approxi-
mated by isometric transformation. For example, varying of face expression
is approximately isometric.

Zigelman et al. [6] use a surface flattening procedure to find an ap-
proximated isometric invariant. Let’s consider a surface S ∈ R3 and points
{p1, p2, ..., pn} on this surface. We define a n by 3 vector X

X = [p1p2 . . . pn]T (1)

and n by n matrix G with entries

gij = squared geodesic distance from pi to pj

We want to find points {q1, q2, ..., qn} such that the Euclidean distance from

qi to qj equal to the geodesic distance from pi to pj. Let

Y = [q1q2 . . . qn]T

Let matrix E denote the squared Euclidean distances between each pair of
points in Y, that is

Eij = squared Euclidean distance from qi to qj

Then, E can be written as

E = c1T + 1cT − 2YYT (2)

where
c = [c1c2 . . . cn]T with ci = ‖qi‖2

1 is n by 1 vector with all entries equal to 1
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Consider the centering matrix

J = I− 1

n
11T (3)

It simply translate a set of points such that the origin to be the geometrical
center of points. Now, watch the following equation carefully,

−1

2
JEJ = −1

2
J(c1T + 1cT − 2YYT )J

= JYYTJ

= (JY)(JY)T

because J1 = 1TJ = 0. We can build isometric transformation from this
equation.

Let’s compute −1
2
JMJ and its eigen decomposition

−1

2
JMJ = QΛQT (4)

then let
Y = [q1q2 . . . qn]T = QΛ

1
2

In summary, we find points {q1, q2, ..., qn} with the Euclidean distance from
qi to qj equal to the geodesic distance from pi to pj. Or, we can say the
set of points {q1, q2, ..., qn}, lying on a hypersurface in Rn, is invariant under
isometric transformation.

We can consider a special case where you can visualize the situation. If
the rank of Y is 2, the points {q1, q2, ..., qn} will be on the surface in Euclidean
plane. Under this situation, we said the original surface S is developable. You
can think original surface S as a piece of paper. No matter how you twist
this paper, as long as it’s still isometrical transformation, you can always
flatten it. The flattened surface is a isometric invariant.

Now, the only problem is that most surfaces are not developable. For
example, face surface is obviously not developable. In this case, one trivial
solution is to approximate the flattened surface by using two largest positive
eigenvalues and their corresponding eigenvectors. Let Λ̂ denote the 2 × 2
diagonal matrix of first two largest eigenvalues and Q̂ be the n × 2 matrix
of their corresponding eigenvectors. Then, approximated isometric invariant
Ŷ can be calculated by

Ŷ = Q̂Λ̂
1
2
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3 Software Implementation

In this section, I use Matlabr to implement the algorithm in previous section.
First, I generate a parameterized surface and compute geodesic distance be-
tween pair of points on the surface. Computing geodesic distance on a surface
is a classic problem in differential geometry. One can find fast and accurate
numerical algorithm in [5]. Since computing geodesic distance is not main
topic in this report, I will skip this part even though it is a critical step in
real applications. I simply generate part of a sphere. The geodesic distance
on a sphere is very easy to compute. This surface is shown in Figure 1.

The surface flattening procedure is very easy to program in Matlabr.
Given the squared geodesic distances matrix M, the steps described in pre-
vious section is given by

J = eye(n)− ones(n, 1)ones(n, 1)′/n;

B = −0.5 ∗ JMJ;

Q,L = eigs(B, 2, ’LM’);

newx = sqrt(L(1, 1)) ∗Q(:, 1);

newy = sqrt(L(2, 2)) ∗Q(:, 2);

The flattened surface is shown in figure 2. The result is visually reasonable.
The points near north pole are closer and the points near equator are far
away.

4 Discussion and Conclusion

In [3], the authors also mention two other ways of finding isometric invariants.
One is called Least Squares MDS. It is based on solving the minimization of
cost function defined by

C(Y) = ‖M− E‖
where matrix norm is Frobenius norm. The details can be found in [1]. The
other one is a computationally efficient algorithm proposed by Faloutsos and
Lin [4].

In Israel, Bronstein brothers and Kimmel [2] build an 3D face recog-
nition system based on isometric invariants discussed in this paper. Their
experiment results demonstrate that isometric invariant is robust to facial
expression.
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Figure 1: Part of a sphere : θ ∈ [π
8
, 7π

8
] and φ ∈ [0, 4π
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],

From my point of view, isometric invariants is really an interesting re-
search area. It’s relatively new compared with projective invariant. The
related literatures I found are from the same research group. The most im-
portant of all, it shows promising potential in the problem of recognizing
non-rigid objects. I strongly believe there will be more and more people
working in this area.
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Figure 2: The surface after applying flattening procedure.
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