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Abstract

Multi-antenna systems have been shown to offer tremendapecity increase in
ideal rich scattering conditions. Transmit beamformingd eeteive combining are low
complexity techniques that help in achieving the full dgérgr afforded by the multi-
antenna channel. Even if complete channel knowledge attiedver maybe a realistic
assumption in these systems, the same may not be true aatisenitter side. Thus,
guantized beamforming with limited feedback on a revensle ltias been a topic that
has attracted great attention recently. But almost all®fitbrk to date has focussed on
modeling the channel with independent, identically disttéd (i.i.d.) Rayleigh fading
between antenna pairs. In this report, we first review thiieeavorks which focus on
Grassmannian line packing. We then consider the corretdtadnel case, and show
that Grassmannian line packing is an artificial artifacthadf t.i.d. assumption. We
show that there are dominant peaks in the eigen-domain wireelation is imposed
and the code-book construction should be matched to thelaton in the channel,
which renders the problem in this case easier than for tlte channels.

1 Introduction

Multi-antenna systems have come to the forefront of rebeaith the seminal works of
Telatar [1], and Foschini and Gans [2] who have shown thatreoos capacity increase
is possible under rich scattering conditions. Exploitihg spatial dimensions to achieve
enhanced resilience to fading has been the other extrereetia. The tradeoff between
achieving the full rate and the full diversity in a multi-anha system has been analyzed in
[3].

Diversity in a multi-antenna system is achievable eitheoulgh space-time coding or
using the channel state information (CSI) at the transmittelligently. Low complexity
techniques like transmit beamforming and receive combihewve attracted significant at-
tention of late. This is because of the possibility to feedkbat a lower rate, partial CSI
from the receiver to the transmitter, both in deployed 3-@lgss systems and in ongoing
standardization efforts for 4-G systems [4].

Recent works towards this goal has addressed the problerdeflzook design for
the transmit beamforming vector under the independent @ewtically distributed (i.i.d.)
channel assumption [5], [6]. A natural code-book desigtedon in the i.i.d. case was
shown in [6] to be maximization of minimum distance betweearnforming vectors. Love



et al. [5] showed that this criterion coincides with the @hije of maximizing the average
SNR at the receiver. This objective led to a solution of pagkine-dimensional subspaces,
also well known in algebra as the Grassmannian line packiolglem.

Most realistic channels are far from having i.i.d. Raylef@ging between antenna pairs.
Therefore existing code-book designs have to be modifiedd¢oumt for channel correla-
tion to achieve higher performance gains in realistic clednanditions. But before pursu-
ing the objective of efficient code-book designs for the elated channel case, one needs
to address the fundamental question: When is limited feddfma transmit beamforming
beneficial? This report concerns this important question.

We show that the i.i.d. channel assumption, far from makheg dode-book design
problem easier, masks it due to the isotropic nature of th@wél, i.e. the singular vectors
of the channel are equally probable to point in any directioiine eigen-domain. We first
consider a Kronecker product correlation model, and lateevaen more realistic virtual
representation of channel matrices to show that correlatidhe channel entries renders
the code-book design problem easy. Unlike the i.i.d. chiwhé&h has singular vectors
isotropically distributed, a correlated channel has péakbke eigen-domain correspond-
ing to the eigenvectors of the transmit covariance matrikis observation leads to an
important, albeit previously unnoticed, conclusion: Liead feedback for transmit beam-
forming is beneficial in the i.i.d. channel case, and in theetated channel case provided
the number of transmit and receive antennas are few.

Subsequent work would focus on sub-optimal code-book dsesigthe correlated chan-
nel case. The system model under consideration is desdnlibd next section, while in
Section 3 we introduce the reader to the existing literature.i.d. beamforming design.
New results on design criterion and benefits of beamformnegdeéscussed in Section 4,
while conclusions are drawn in Section 5. Some of the proaf® tbeen relegated to the
appendix.

In this report we use the following notations; to denote the&-th entry of the vector
x, A(i, 5) for thei, j-th entry of the matrixA, C™ to denote then-dimensional complex
spacef?,, to denote the set of unit vectorsd’, Ey [-] for the expectation operator with
respect to the random variadtg, || - ||, to refer to the2-norm of a vector or a matrixX],

T for Hermitian transpose, and regular transpose respéctie also remind the readers

that we mea#%’ < K < oo by the notationf (V) = O(g(N)).

2 System Model

2.1 System Setup

We consider a single user communication system employargsinit beamforming and
receive combining, and assume that signaling is done uSingransmit andVy receive
antennas. The input-output relationship of this systenivisrgby

y =z"Hwz + z''n Q)

whereH is the Ny x Ny channel matrix connecting the transmitter and the receavisr
the receive combining vectow is the transmit beamforming vectar,is the transmitted
symbol from a chosen constellation (QPSK, 16-QAM etc.), amslthe independent noise
added at the receiver.

We assume that the receiver knows the channel perfectlyere transmitter knows
the channel statistics. This assumption is quite commomistieg multi-antenna system



designs. The receiver and the transmitter have the knowletlg finite code-bookW, of
transmit beamforming vectors (dependent on the chanrigdtgta) and the receiver feeds
back for every independent channel realization, the optimamforming vector from this
code-book via a low-rate feedback channel (viz. the vecidex in the code-book).

The beamforming and combining vectors are chosen to magithereceived SNR),
which is,

_ B,|z"Hw]?

2
213N, @

whereE, = E|z|? is the symbol energy, anll; is the noise variance. If the transmitter has
CSl, then itis easy to see that the optimal beamforming véstbe dominant right singular
vector of H corresponding to the largest singular vdlueGiven a transmit beamforming
vector, it is also easy to see that the optimal receive coimpiwector ismﬁlﬁ.

The distortionG(W), between the system with complete CSI and the system employ-

ing limited feedback is given by [5]
G(W) = En [\ — [[HQw(H)|[] ©)
where)\, is the largest eigenvalue 81/H, and

— 2
Q. (H) = arg max | [Fw| 3 @)

Here), is the normalized gain achieved by a system that has confp&tend |HO,, (H)||3
is the gain corresponding to limited feedback. The desigaative thus is to select a code-
book based on the channel statistics so as to minimize therilg measure. We will
follow the terminologies of transmit beamforming as in [5].

2.2 Channel Models

In this sub-section we consider various statistical andpatric modeling schemes for the
channelH. The statistics oH depend on antenna geometry, physical scattering environ-
ment, frequency of operation etc. Ideal channel modelisgmags that the entries &f are
i.i.d. Gaussian random variables [1], [2]. Analysis of ami.channel is tractable, but the
i.i.d. channel assumption, however, maybe unrealistisvicgless applications where large
antenna spacings or a rich scattering environment are 13sifge.

Parametrighysical models, on the other hand, explicitly model signal copiemfdif-
ferent directions [7]. Despite being highly accurate intoapg the scattering features,
most of these models suffer from the problem of mathemaittedctability. They do not
offer insights into designing effective signaling straésgor space-time code construction
in the general case. The need for channel modeling scheraesapture most of the sta-
tistical information of the underlying physical environmigand yet stay within the realms
of mathematical tractability is therefore paramount.

Towards this goal, we first study the often-used Kroneckedpct (or separable) cor-
relation model. This channel model is characterized by eksthcovariance matrix that
has a Kronecker product structure. More precisely, the mélamatrixH is of the form

H = Xp"? Hyq Zr'/? (5)

LApplication of Cauchy-Schwartz inequality.



whereX ; andXr correspond to receive and transmit covariance matricegctigely, and
H,, is an i.i.d. random matrix as defined earlierhlf= vec(H) is the vector obtained by
stacking the columns dfi, then it follows that

E [hh"] = 87 ® 3p. (6)

The Kronecker product correlation model, despite its matitecal tractability and sim-
plification of performance analysis of MIMO systems, susféiom deficiencies acquired
by the separability property of channel correlation thatits the number of degrees of
freedom in the model [8], [9]. Measurement campaigns hawesvetthat the Kronecker
product correlation model is accurate in capturing the dgoteg channel statistics under
certain conditions [10], but in general, the model undémestes the measured channel
capacity [8] and other system parameters.

Various statistical models have been proposed to incrées@umber of degrees of
freedom in the channel model. When the transmitter andvecantennas form a uniform
linear array (ULA), the virtual channel representation][hds been shown to capture the
channel characteristics quite accurately. The genetalizaf the virtual representation to
the non-ULA case, the canonical statistical model [12]],[1134], has also been studied ex-
tensively of late, both mathematically and via measureroampaigns. We now introduce
the virtual representation and the canonical statisticadeh

The virtual representation exploits the finite dimensiapalf the signal space, afforded
by finite number of antenna elements and finite array aperigevelop a linear channel
representation that uses spatial beams in fixed, virtuattians. The virtual channel rep-
resentation can be expressed as

Ngr Nr

H=) > Hy(mn)ap(Opmal (Or,) = AgHy Al 7)

m=1n=1

Where{eRvm = NﬂR} and {eT,n = NLT} are fixed virtual angles that result in unitaﬁyR

andAT. Here,AR = [aR(GRJ) s aR(GRNR)],AT = [aT(GTJ) s aT(0T7NT)], and
Hy, is the virtual channel matrix.

The virtual representation is linear since the virtual asgire fixed by the spatial res-
olution. The virtual channel coefficients represent theptiog between the transmit and
the receive virtual angles. The most important advantageetirtual representation is
the fact that the virtual entries are approximately undateel and this uncorrelatedness
of channel coefficients gets better as number of antennasase. The number of virtual
channel entries with non-zero variance corresponds touh#er of independent degrees
of freedom afforded by the channel and provides a lower baumthe number of resolv-
able paths captured by the antenna arrays. The readerdemedeto [11] for a detailed
treatment of the virtual channel representation in theavasand case and [15], [16] for
the wideband case.

The generalization of the virtual representation to a nardonfiguration leads to
the canonical statistical channel model [12]. This modslua®es that the auto and cross-
correlation matrices on both transmitter and receiverssige/e the same eigen-basis, and
exploits this redundancy to decompose the channel as

H = Ui'/? Hy,g Up'/? (8)



whereUr and Uy correspond to receive and transmit covariance matricgeectsely,
andH;,4 is a random matrix with independent entries that are zeropmaper complex
Gaussian and varianoéj, which are not necessarily equal.

It can be shown that when ULAs are used at the transmittereseiver ends, the Kro-
necker product model reduces to a special case of the vigpetsentation [17]. Besides,
in the non-ULA setting, the Kronecker product correlationdel is a special case of the
canonical statistical model. The canonical statisticatletamot only incorporates the vir-
tual representation and the Kronecker product model asapsses, but has also been
shown to be quite accurate in predicting performance ngtficneasured channels. Accu-
racy of the canonical statistical model in predicting meadichannel capacity and other
performance metrics is reported in [13], [18].

3 Grassmannian Line Packing Solution to I.I.D. Beam-
forming

In this section, we essentially review some of the knownltesu the case of i.i.d. beam-
forming which amounts to Grassmannian line packing [5].

3.1 Mathematical Preliminaries

Grassmannian line packing is the problem of optimally pagkone-dimensional sub-
spaces. It is similar to the problem of spherical code desigmone big difference: spher-
ical codes are points on the unit sphere while Grassmaniniapackings are lines passing
through the origin in a vector space. Here we present somedseNts that would help us
develop the problem of limited feedback code-book design.

Consider the space of unit-norm transmit beamforming ve€lg,. An equivalence re-
lation is defined on this space wheve = w,, if and only if there exist8 € [0, 27) s.t.w; =
e®w,. In other terms, two vectors are equivalent if they lie onghme line inC™. The
guotient space under this equivalence relation is definbd tbe complex Grassmann man-
ifold G(m, 1), the set of all one-dimensional subspaceStn A standard distance function
is defined org(m, 1) where the distance between the two lines generated fronvectibrs
w1 andws, is the sine of the angle between the two lines, i.e.

d(wi, wy) = \/ 1- ‘Wf[W2|2- 9

The Grassmannian line packing problem is the problem ofrigptie set, or packing,
of N lines inC™ that has maximum minimum distance between any pair of lifdgs
optimal packing is represented by anx N matrix W = [w; wsy---wy], Wherew;
corresponds to théth line in the packing. We consider non-trivial cases wh&re- m,
forif N < m, then any set oV orthogonal directions could be chosen.

The minimum distance of the packini,W) is defined as

(W) = I]?;gl d(w, wy). (10)

There is a vast amount of literature on algorithms to desapkings for a givemn and N .
The reader is referred to [19], [20], [21] (and the refereniterein) for more information.



An upper bound to the best possible performance is obtaiizetthe Rankin bound, which
states that

(m—1)N

(W) <\ =

(11)

There are refined bounds fofW ) in the line of the well-known Gilbert Varshamov bound
of coding theory.

Another useful property of a packing is its density. &t denote the column-space
spanned by the vector (also known as the line generated by the veestpr The ball of
radiusy in G(m, 1) around the line generated by the vectqris defined as

Bw,(v) ={Py € G(m, 1) s.t. d(v,w;) <~} (12)

We note that

Bwk (/7) N sz('y) = ¢ (13)

for k # [ when~ < 6(W)/2 with ¢ representing the empty set. Metric ballsdfin, 1)
can be viewed as spherical caps{@p. Thus, the balB,,(v) is the set of lines generated
by all vectors on the unit sphere that are within a chordahdise ofy from any point in
QN P,

The normalized Haar measure, the standard measure onyumigdrix space, o2,
introduces a normalized invariant measpren G(m, 1) allowing the computation of the
density of a packing. The density of a packing is defined as

AW) = u(UBW¢(5(W)/2)>

_ Zu (Bw,(6(W)/2))
— Nu(BE(W))2)) (14)

whereB(6(W)/2) is an arbitrarily centered ball of radiu¢W) /2. A result in [5] obtains
the density of line packings as

A(W) = N(§(W)/2)2m=b, (15)

This result states that higher the minimum distance of tlokipg, the higher the density.
Thus finding packings with large minimum distance is digtirety advantageous not only
in terms of separation, but also in terms of the efficiencyhefgacking.

3.2 Code-Book Design

In this section, we apply the ideas of Grassmannian lineipgd construct good code-
books in the case of an i.i.d. chanldl As stated in Section 2, the code-book design
is based on minimizing the distortion in (3). In the case oi.ad. channel, this goal is
simplified because of the fact that an i.i.d. random matrdigenvalues and eigenvectors
that are mutually independent. More so, the eigenvecterequally probable to point in
any direction int2,,, [22].



Using the eigen-decomposition Bf H, we can writeG(W) as

G(W) = Eg

A — i A ]quW(H)}Ql
< Eu [\ -\ fuffQu(H)[7]
= Bu [\ Bu [1 - [udl Qu(H) [ (16)

where)\; andu; are the eigenvalues and the eigenvectod 8, and the last line follows
from the independence of the eigenvalues and eigenvectdhgii.i.d. case. Th&gy [\]

corresponds to the channel contribution to distortion,Eﬁc{l — ]u{’ Qw(H) ]2} , the con-

tribution due to code-book design.
Using the fact thaty, is uniformly distributed and the equivalent definition oéttien-

sity of a packing which isA\(W) = P (1 — |uf 9, M) < 5(‘2’)2), we have an upper
bound forG(W) as

G(W) < En[\] (@A(W)Hl—A(W))
< maon (168 (52) 7T (1)) an

Thus to minimize the upper bound as above, one needs to nmxthe minimum distance
(W), since‘s(—‘z’v) < 1. Thus the code-book design problem has been effectivebyrmaf-
lated to an algebraic problem of maximizing the minimum ahse of a packing ii€™.
The best packings for a given and NV are tabulated in [23] and can be used to obtain the

optimal code-book in the i.i.d. case.

4 Beamforming in the Correlated Channel

4.1 Mathematical Preliminaries

In this sub-section, we introduce the mathematical reshls would be needed in our
code-book design for the correlated channel case. Thedimstnka is the complement to
Fatou’s Lemma for positive random variables [24].

Lemma 1 (Durrett). Let {X;} be a sequence of positive random variables. Then

n—oo n—~oo

limsup EX,, < E [lim sup Xn}

The law of large numbers and the central limit theorem playlaiquitous role in the
analysis of communication systems. The next lemma of theisepertains to the rate
of convergence of the law of large numbers for a sum of indéeen(not necessarily
identically distributed) random variables [25].

Lemma 2 (Tuyéh, 1991) Let { X;} be a sequence of independent zero-mean random vari-
ables and lef{a,} be a double array of real numbers. Uet,|s = (>, |ank|ﬁ)1/ﬁ.



Suppose there exist real numbers- 0, 5 > 1 such thad < ||a,||min(s,2) < oo forall n,
a,|lg — 0, and there exist8 < 7,5 < oo such thatf,(t) = E [etX+] < U’ for all &,

|lanlls 8

and all realt such thatt| < T,4. If 3 > 1, then

P ( i anka

k=1
whereT = <

>e| < 2exp (—M + « [min (Taﬁ,T)]f’) (18)
|lan]ls
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Note that the theorem is stated for real random varialiles the paper, and its exten-
sion to the complex case is straightforward.

The last lemma of this section concerns the eigenvectoremififbed matrices. The
classical Gershgorin theorem [26] states that the eigaaval a matrix perturbed by an
error matrix differs from the eigenvalue of the unperturlpeatrix by the (spectral)-norm
of the perturbation. However the connection between thensigctors of perturbed and
unperturbed matrices is more subtle. The famous Davis-Kail&/) theorem [26] states
that the sine of the angle between eigenspaces of matriaearéh close to one another is
related to the norm of the difference between the matricqesjged the eigenvalues of the
two matrices are well separated. In our setting, the follgneasier lemma [27] suffices.

Lemma 3 ( Mathias, 1994) Let A = diag();) be a positive definite diagonal matrix with
distinct eigenvalues. LeX be a Hermitian matrix and considgfe) = A + ¢X. Then for
sufficiently smalle, we have);(e) = X;(S(e)) distinct and one can choosge) to be an
eigenvector of5(¢) such that

i(e); = 1+0(&)
| X

pRsmw +O(?), i#3].
4 J

a(e)i] < e

We note that in the above lemma, only the largest eigenvdluerneeds to be distinct
to ensure that the eigenvector corresponding to the lamgetvalue ofA + ¢X has a
perturbation ofe over the eigenvector ok. This is an important point that we would
exploit in the sequel.

4.2 Code-Book Design
4.2.1 Distortion Measure

Here, we propose a mathematically tractable upper bounth&distortion measure in
(3) for a general correlated chanriél We remind the readers that this goal is simplified
in the case of an i.i.d. channel, since the eigenvalues ameitfenvectors ofF1”’H are
independent. However, this independence is no longer trtigel case of a correlatdd.
However, we have the following upper bound for the distortimeasure.

Proposition 1. The distortion measuré; (W) is upper bounded by where

U=1/1—En(A) [EH(Al) v 2VarH()\1)] (19)

where )\, is the largest eigenvalue #17H, u, is the corresponding eigenvector, and
denotesnax,,cw|ul/wl?.



Proof. See Appendix A. O

The first part ofU, which is /1 — Eg(A) represents the effect of code-book design

on the distortion, andEg(\,) + y/2Varg(A;)| corresponds to the channel contribution
to distortion. Our focus here will be on minimizing the avggdractional loss in SNR,

1 — Eg(A), so as to reduce distortion. We also note that the upper bouRdoposi-
tion 1 complements the upper bound on distortion in the.iglthnnel case, (16). An-
other useful upper bound to (19) is obtained by employing foeni and this results in

/Minyew Ex [1 — [0/ w]] [EH(AI) + 2VarH()\1)].

4.2.2 Conditions Under Which Limited Feedback is Beneficial

In this section, we explore the conditions under which lediteedback for transmit beam-
forming produces substantial benefits. To be precise, wsidenthe case when there is
no feedback from the receiver to the transmitter and showtligaaverage fractional loss
in SNR diminishes with increasing receiver dimensionss kasy to see that when there
is no feedback between the receiver and the transmittertiaal beamforming vector is
the eigenvector corresponding to the largest eigenvaltdd’tfl. We would then like to
guantify the average loss in SNR given that our codebook hsane code vector, the
eigenvector o1 H corresponding to the largest eigenvalue. Under this assomhe
part of the upper bound in Proposition 1 due to the code-b@skga can be written as
En [1 — [uf'w|?]. Our main conclusion stems from the following theorem.

Theorem 1. Let the channeH be modeled via the Kronecker product correlation form.
Also assume that the largest eigenvaluepthas an algebraic multiplicity 1. Then the

average fractional loss of SNR in the case of no feedba&(é"gjﬁ#) :
R

Proof. See Appendix B. O

The theorem shows that the average fractional loss in SNihdhihes to zero as the re-
ceiver dimensions increase. Intuitively, the independasfachannel entries leads to chan-
nel hardening [28], which in turn results in the concentratf the dominant right singular
vector ofH in the direction corresponding to the largest eigenvedttmetransmit covari-
ance matrix. The separability assumption of the largestraiglue o1 H makes intuitive
sense since the presence of a dominant eigen-directioresrtpbat when the transmitter has
only statistical information about the channel, beamfoigralong that dominant direction
would be optimal. It appears that this multiplicity assuimptabout the largest eigenvalue
is superfluous, for if the eigenspace corresponding to ttgeesh eigenvalue had a higher
dimensionality thari, beamforming along any vector in this space would be optimal

Also the convergence rate proven in Theorem 1 is criticalgehdent on the conver-
gence rate of Lemma 2. Better bounding techniques in thee¢heand faster convergence
rates for the lemma would help in increasing the rate of det#lye average fractional loss
of SNR to0 with antenna dimensions. We have the following generatinadf Theorem
1 to the case wheH is modeled via the virtual representation or the canonitdissical
model.

Theorem 2. Assume that the channél is expressed via a virtual representation or the
canonical statistical model. Assume that the largest valtiee ensemble given by
{(Dr)ii >, (Dy)kioi; } is well separated from the rest, whebe and Dy, are the diagonal



matrices in the eigenvalue decomposition of the transndtraceive covariance matrix.
Then the average fractional loss of SNR in the case of no fesdis© <1"g§%) :

R
Proof. The proof is exactly similar to the proof of Theorem 1. Theuasgtion of well-
separability is used to show that with a very high probabihie largest eigenvalue df (as
in Theorem 1) is distinct. 0J

The theorems 1 and 2 show that in a correlated channel, gatasned by limited
feedback diminish as the receiver dimensions increase. i liowever not the case in the
case of ani.i.d. channel, where there are no dominant @ingecttors due to the isotropicity
of the channel matrix. In the case of correlated channetsetts a dominant peak in the
eigen-domain and this peak precisely corresponds to thedmrtrright singular vector of
H. The limited feedback (code-book design) problem beloongs ¢ategory of problems
where the solution is easier when the channel is correlagdif it is i.i.d. unlike capacity
analysis, space-time code design etc. Thus substantied gei limited feedback could be
hoped for only in the small antenna dimensions.

The code-book design in the correlated channel case is marplcated than the i.i.d.
design since not much is known about the probability diatrdn of the eigenvectors of
a random non-isotropic matrix. This knowledge is cruciatamstructing optimal code-
books with constraints on feedback rate. However as showrh@orem 1, the largest
singular vector oH tends to converge in some sense to the largest eigenvedter wans-
mit covariance matrix. Exploiting this knowledge, one @bobnstruct sub-optimal designs
for the correlated channel. Subsequent studies will foauhis aspect of correlated beam-
forming.

5 Conclusions

In this report, we have studied the problem of limited feetbbeamformer design for
the multi-antenna channel. Limited feedback is an impanaoblem which has secured
immense attention in the wireless community of late. We fagtewed some of the known
results for i.i.d. beamformer design which corresponds pmeking problem in then-
dimensional complex space. Minimum distance of a packirgytbde increased for the
code-book to be optimal. The vast amount of literature ingpplied mathematics and
algebra literature helps us in leveraging our understanainransmit beamforming.

In this work, we considered the beamformer design problethercorrelated channel
situation, and contrasting the i.i.d. case, we have shohagtdhe loss in performance when
no feedback is done vanishes as the number of receiver astencrease. This result
of ours shows that limited feedback offers substantial besn@ two scenarios: the i.i.d.
channel case that has been already considered in thediteraind in the correlated case
provided the antenna dimensions are few. As antenna diowenaicrease, the singular
vectors of the channel tend to get peaked around the larggstvector of the transmit
covariance matrix in some sense and this renders the desiglem trivial.



Appendix

5.1 Proof of Proposition 1

Proof. Itis not difficult to see thaty(W) can be upper bounded B [\ (1 — [uf’ Q. (H)[*)]
(see (18)in[5]). An easily tractable upper bound to the fartsEx [\ (1 — maxwew/|ul’w|?)].
Let A denote the random variabieax,cw|ul’w|?. We now employ the definition of the
correlation coefficient between two random variables t@aiobt

Eu(\M)Eq[1 - \/ En(A2?) — [Eg(A)]*/Varg(\) (21)
< Eu(\)[1 —Eu(A4)] + \/VarH()\l)\/l — [Eu(A)])? (22)
= V/1-En(4) [\/1 — Ex(A)Eu(\) + /1 + EH(A)\/VarH()\l)]

1~ Enu(A) [EH(Al) + 2VarH()\1)] (23)

IN

IN

where in (21) we have used the fact thas real andp| < 1, in (22) we have used a trivial
upper bound of 1 foEx(A?), and in (23) we have used the fact tiiag(A) < 1. Thus we
are done. ]

5.2 Proof of Theorem 1

Proof. Let Uz D7 U andUxzDrU% denote the eigen-decompositionsSef andX p, re-
spectively. We first note that exploiting the isotropicitpperty of an i.i.d. random matrix,

HH can be written abl’H = N (NLRHHH> = NgUyr DX (ﬁHﬁDRHiid> pY*ul
=Y + AY, whereY = NyU;Dy/*DDY*UH D = diag [(NLRHﬁDRHﬁd) ] ,AY =

NrUrDY?ODY*UH 0 = L ~HE DpHye — D. That is, we decomposd’H into a
part constituted by the domlnant diagonal terldsand the off-diagonal componentsn
which vanish in the limit of largéVi due to the law of large numbers, placing us within
the realm of Lemma 3.

Using the hypothesis that the largest eigenvaIuEpfs well separated from the other
eigenvalues, and Lemma 2 (with= 2, f(t) = [29] Tos = 1

(1- t(D 2maxy(DR)kk’

llanlls = ﬁvz anda sufficiently large), we have that the Iargest eigenvaluPgD is dis-

tinct with probability greater thap, = 1 —2 exp (—ﬂ) Further analysis is done

8 maxy (DR)kk

modulo this high probability set. We useto denoteD; D, andX = —1——DY?0D,/>.

max;; |Oj]
ThusH”H = NpUr7 [A + max;; |O,;|X] U, Applying Lemma 3, we have the following
conclusion:

(1) = lde¢, lel=0()
a(i) = e;, le| <eK+O(2),i#j (24)

>

with probabilityp = P(max;; |O;;| < €), whereu is the eigenvector af + max;; |O;;| X,
and K is a positive constant.

Note that the fractional loss in SNR corresponds to the sglealue of the sine of
the angle between the eigenvectors of the perturbed andturiped matrices. Elementary



algebra using the orthogonality of columns@f- shows that the fractional loss in SNR
random variable i€ (e?) with probability p. Thus the average fractional loss in SNR is
upper bounded by, = 1 + (K¢ — 1)(p + po — 1) where K is a positive constant.
Note thatg = 1 —p < 3, P (|0;| > ¢) < 2B2=UP(|O;;| > ¢). We observe that a
product of zero-mean Gaussian random variables (of vaggamt and o2, respectively)
has a Bessel-function of the zeroth order like probabilgpsity function and its Moment

1/2
Generating Function is given %/ﬁ) [29]. Using Lemma 2 to estimate the right
0193

hand side of the above expression, with= 2, 7,5 = m, l|anlls = ﬁ

a = 2v/Npmaxy, (Dg) g, we obtainl; < Kiepy+ (1 — K1€%)g+ (1 —po) < K162+ (1—
K1€?) (Np(Ng — 1) 4+ 2) exp (—M> Choosinge to minimize the above upper

8 maxy, (DR)kk

bound, we find that/, = O (lggfvvif;fvﬂ) O

R
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