REDUCING THE FONT AINE-MAZUR
CONJECTURE TO GROUP THEOR Y

Nigel Boston

ABsTRACT. Galois groups of in nite p-extensions of number elds unramied at p
are a complete mystery. We nd by computer a family of pro-p groups that satisfy
everything that such a Galois group must, and give evidence for the conjecture that
these are the only such groups. This suggeststhat these mysterious Galois groups
indeed have a specic form of presentation. There are surprising connections with
knot theory and quantum eld theory. Finally, the Fontaine-Mazur conjecture re-
ducesto a purely group-theoretic conjecture, and evidence for this conjecture and an
extension of it is given.
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0. Intro duction.

Whereas much is now known about Galois groups of p-extensions of number
elds when the extensionis rami ed at the primes above p and these extensions
have been successfullyrelated to the theory of p-adic Galois represenations, not
one Galois group of an in nite p-extension unrami ed at the primes above p has
beenwritten down. Wingberg [20] calls them amongstthe most mysterious objects
in algebraic number theory. Indeed the Fontaine-Mazur conjecture indicates that
the usually useful algebraic geometry can only produce nite quotients of these
groups. In this paper we turn to techniquesfrom group theory.

To begin, we gather together the propertiesthat such a Galois group must satisfy
and usethis to de ne aclassof pro-p groupscalled NT-groups. Certain typesof NT-
groupsare conjecturedto be nite, which shouldleadto new examplesof de ciency
zero p-groups, including oneswith arbitrarily large derived length. The simplest
casefor which in nite  NT-groups exist is explored computationally and yields a
very interesting family of groups. These should be the Galois groups of certain
p-extensionsunrami ed at p, thus demystifying them. They also surprisingly turn
out to berelated to somelLie algebrascoming out of quantum eld theory. If these
Lie algebrashave no analytic quotient, then the Fontaine-Mazur conjecture here
follows.
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2 FONT AINE-MAZUR CONJECTURE

A generalstrategy for proving the unrami ed Fontaine-Mazur conjecture is out-
lined. It consistsof classifyingall NT-groups of a given type and then showing that
their F-Lie algebras(of which there are hopefully only nitely many and onesthat
can be individually identi ed) have no analytic quotients. Both steps are purely
group theory.

1.The Fontaine-Mazur Conjecture and Just-Innite  Pro- p Groups.

Let K beanumber eld and Gk denoteGal(K =K). If V is a smooth, projective
variety over K , then the etale cohomologygroupsH, (V; Q,) are nite-dimensional
Qp-vector spaceson which Gk acts. Any Gk -stable subquotient then yields a
Galois represertation  : Gk ! GL,(Qp).

For ead prime g of O , the ring of integersof K, the decomposition subgroup
Dy Gk is dened up to conjugacy D hasa normal subgroup I, its inertia
subgroup, and D 4=l is procyclic, generatedby the Frobeniuselemen Frobg. Each
represenation coming from the above construction has the property that there
is a nite setS of primes (the \ramied" primes) such that (14) = f1g for every
g 62S. Thus, if we de ne Gk .s to be the quotient of Gk by the closednormal
subgroup of Gk generatedby all 14 (q62S), then factors through Gk s.

We de ne a represenation : Ggx.s ! GL,(Qp) to be geometric if it arises
by the above method, possibly with a Tate twist. The conjecture of Fontaine and
Mazur [10] says that such a is geometricif and only if is potentially semistable.
This is a local condition, depending just on the form of restricted to D4 for g
above p.

The theory now comesin two avors, depending on whether the primes of K
above p arein S or not. The usual case,which has beenstudied in depth, is the
rst case.We focus on the secondcase,about which very little is actually known,
although the Fontaine-Mazur conjecture makes the strong prediction that in this
casethere doesnot exist :Ggk.s! GL,(Qp) with innite image.

De nition. A pro-p group G is called just-in nite if its only in nite quotient
is G=f 1g.

The simplest exampleis Z,. In fact, Z, satis es a stronger condition:

De nition. A pro-p group is called hereditarily just-in nite if every subgroup
of nite index of it is just-in nite.

The Fontaine-Mazur conjecture (for the secondcase,where the primes above p
are not in S) is equivalert to saying that the just-in nite pro-p quotients of Gk s
are never p-adic analytic, i.e. do not inject into GL,(Q,) for any n. Sowhat are
they? Grigorchuk's dichotomy [14] says:

Theorem. Every just-in nite pro-p group either

(i) has a subgroup of nite index of the form H ::: H with H hereditarily
just-in nite, or

(ii) is branch [14].
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Theselatter groupsare certain subgroupsof the automorphism group of a locally
nite, rooted tree. My extension of the Fontaine-Mazur conjecture proposesthat
the just-in nite pro-p quotients of Gk .s are always branch. Evidence for this is
preserted in [3],[5] and more given below.

2. Mysterious Galois Groups, Root-Discriminan t Problems, and De-
ciency Zero groups.

The extent of our ignoranceis that we do not know one explicit (e.g. with given
generators and relations) in nite quotient of Gkx.s. The theorem of Golod and
Shafarevid [13] makesit very easyto nd K and S sudh that Gk.s (indeed, its
maximal pro-p quotient Py .s) is in nite.

Example.

Let K = Q and p = 2. Shafarevid [11],[18] shaved that if |jSj = d, then Pqg;s
hasd generatorsand d relations. Thus,if d = 1, it isa nite cyclic 2-group, whereas
if d 4, then it is necessarilyin nite by Golod-Shafarevid. If d = 2 or 3, there
are examplesof nite and of in nite Pq.s dependingon S [6],[15].

In the caseP s isin nite, there areimportant applications to the root-discriminant
problem. The root-discriminant of a number eld L isrd, := jDisc(L)j*"L: Q. A
big question is what ¢ := lim inf rd_ is, where the limit is over all totally com-
plex number elds. Under the GeneralizedRiemann Hypothesis, it is known that
C > 447 [16]. An explicit tower of elds found by Hajir and Maire [16] shovs
that c < 822. Thbs upper bound has slowly crept down over the years. Consider,
however, K = Q(" 3135 and S = ;. If Px.s isinnite (as appearslikely), then
we obtain an in nite tower of number elds, all with the sameroot-discriminant
rdg 56, soc < 56. A similar attempt, suggestedby Stark, using a eld of
root-discriminant 48 fails - the tower is nite [9].

In the casePx ;s is nite, it may be of interest, becausefor instance Pq.s hasa
balanced preseriation as a pro-2 group. By the conjecture that all nite p-groups
are ecient [17], it is a de ciency zero nite 2-group. Much work has goneinto
nding sud groups, in particular becauseof fundamenal groups of 3-manifolds.
We can hereby produce new examples.

3. Group-Theoretic  Strategy for Fontaine-Mazur Conjecture.

The proposedstrategy falls into three parts.

(a) More properties of Pk .s are written down.

(b) Using group theory, all pro-p groups with these properties are classi ed.
If they are nite, then we have new examplesperhaps of de ciency zero groups
- if innite, then we have demystied Wingberg's commert and perhaps have a
contribution to the root-discriminant problem.

(c) Using group theory, we investigate the just-in nite quotients of the groups
arising in (b) and in particular discover whether the groupshave any p-adic analytic
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guotients.

De nition.  An NT-group of type [p"*;:::; p'«] is a pro-p group G with
() a preseration of the form G =< xq; ;X jx§t = x}“’ 1;:::;xf(1k =
where ay;:::;ax are elemerns of the free pro-p group on xy; :::; X, and

(i) (FIFA) every subgroup of nite index having nite abelianization.

Mk
_ Xi+p >

Note that by (i) G=G°= Cyi i Cprk.
The reasonfor intro ducing thesegroupsis the result of Shafarevid (see[11], [18]
for elaboration) saying

Theorem. Pq:s is an NT-group.

If S = fao;:: 00, then cyclotomic theory implies Pq;s is of type [p"*;::; p¢]
where p'' is the highest power of p dividing g 1. This takes care of part (a) of
the strategy.

As for (b), let us focuson the casek = 2. Then G has presenation of the form
< x;yjx2 = x9;y? = y" >, wherea;barein the free pro-p group on x; y and g;r are
integersone more than a power of p.

Theorem. Every [2;2] NT-group is nite.

Proof. G=G°= C, C, and by Taussky-Todd this implies G has a pro-cyclic
subgroup of index 2, which is nite by (FIFA).

Conjecture 1. (i) Every [2;4] NT-group is nite.
(i) Every [3;3] NT-group is nite.

In [6] and [7], we found [2; 4] NT-groups Pq;s explicitly for many choicesof S.
They always turned out nite. Somewere of very large order, e.g. 244, and derived
length. Finding de ciency zerogroupsof arbitrary derived length hasbeena major
guestion[17]. Somegroupswe found even had 4-generatedcertral sections. In fact,
many of the already known examplesof de ciency zerop-groups such as Mennicke's
are nite NT-groups.

Where does the above conjecture come from? Besidesthe previous evidence,
there is a method using the computer algebra system MAGMA [2]. We illustrate
this by searding for in nite [4;4] NT-groups - Conjecture 1 arisessimilarly since
no groups passthe given lters for thosetypes.

Given a nitely preseried group G, let P,(G) = [P 1(G);G]P, 1(G)?, where
Po(G) = G. We say that G has 2-classc if P.(G) = f1g but P 1(G) 6 f1g. Let
Qn denote the maximal 2-classn 2-group quotient of G, i.e. G=P, (G).

MA GMA allows usto start with an abstract group presenation G =< Xx; yjx? =
x%:y? = y® > wherea;b are randomly chosen(up to a certain length) words of the
free group in x;y, and to chedk and seeif

() jQnj & jQn1j for fairly large n (up to 63, if desired);

(i) jH=HY < 1 for all subgroupsH of index 16 with core of 2-power index
(these subgroupsarise in the pro-2 completion of G).
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This was tried for 15;000 choicesof a; b, producing 92 presenations. The out-
comeof the experimert is that we obtained just one classC of very similar groups.
If we let jQnj = 27 (™), then the sequencgf (n)) was always:

() :2;5;8;11;14; 16, 20; 24; 30; 36; 44; 52, 64; 76,93, 110, 135, 160, 196, 232, 286,

340,419 498 617,736,913 109Q 1357 1634 :::

What is ? Consider the derived sequence f(n) = f(n+ 1) f(n) =
0g2jPn (G)=Py+1(G)j. This is:

3;3,3;3,2,4;,4,6;6;8; 8,12, 12,17, 17, 25; 25; 36; 36; 54; 54; 79; 79; 119, 119 177,177,
267 267

Plugging this sequencdignoring repetitions) into Neal Sloane'sOn-Line Encyclo-
pediaof Integer Sequencesittp://www.researc h.att.com/ njas/sequences/Seis.tml
yields A001461,arising in the paper [8] cgncerning knc,g theory and quantum eld
theory. If so, f(2n 2)= f(@2n 1)= ”mzl(lzm) djm (m=d)(Fgq 1+ Fgy1)-
Each term in the inner sum courts aperiodic binary nedklaceswith no subsequence
00, excluding the nedklace \0". Here is the usual Mebius function and F,, the
nth Fibonaccinumber. Fy 1 + Fqy; is the dth Lucas number.

Note that, for the free prop? group F op k generators,Witt's formula [21] gives
that logsjPn (F)=P,1(F)j = ”mzl(lzm) djm (m=d)k? and sosinceFq |+ Fq.1
is approximately 9 for large d, where isthe goldenratio (1+ 5)=2, this suggests
that G is somethinglike a free pro-2 group on  generators!

Moreover, in ead case, a change of variables made the preseration G =<
X; yjx& = x%;y* = 1> for someword a in x and y. This extensive evidenceleads
to the conjecture:

Conjecture 2. Let G be an in nite pro-2 group with preseration of the form
< x;yjx® = x5 y? = y5 > sudh that ewvery subgroup of nite index has nite
abelianization. Then G is isomorphicto < x;yjx® = x%y* = 1> fora2 F, a
certain subset of the free pro-2 group on X;y, and log;jG=P.(G)j (c = 1;2;::) is
the sequence.

The shortest elemerts in F have length 6 and there are 48 of them, for instance
y2xyxy;y2xyx 'y l:::. There are 256 elemerts in F of length 7, 960 of length 8,
28800f length 9, 8960 of length 10, and so on.

Group-Theoretic  Consequences of Conjecture 2. If G is asin Conjecture
2, then its three subgroupsof index 2 have abelianization [2; 4;4]. For the 13104
elemerts of F just listed, the abelianizations of its index 4 subgroupsare always
the sameexcept that one subgroup H, normal with cyclic quotient, has H=H? =
[2; 4; 4, 8] for some groups G, [4; 4, 4;4] for others, and [2; 2; 8; 16] for yet others.
These subgroups, which we shall denote critical, always have 4 generators and
4 relations. The collection of abelianizations of the index 8 subgroupscomein 8
a vors, of which 5 correspond to there being a critical subgroupwith abelianization
[4; 4; 4; 4]. Below we usethe \decorated" version of Conjecture 2, stating that these
properties hold for all the groupsin our family.

4. Num ber-Theoretical Evidence and Consequences.
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All the groups G in our class C satisfy G=G° = [4;4] (meaning C, C,). If
this is isomorphic to somePq:s with S = fp;qg, then both p and g are 5(mod 8).
Supposethis is the case.We nd the following possibilities for H=H? for the three
subgroupsof Pq.s of index 2 (from computing ray classgroups):

(i) If pis not a squaremod q, then [2; 8] twice and [4; 4].

Supposep is a squaremod g (so by quadratic reciprocity q is a squaremod p).

(i) If pis not a 4th power mod g and q not a 4th power mod p, then [2; 4; 4]
twice and [2; 2; 8].

(i) If pis a 4th power mod g but g not a 4th power mod p, then [2; 4; 4] three
times.

(iv) If pis a 4th power mod q and q is a 4th power mod p, then [2;4; 4] twice
and [2; 2;2"] for somen 4.

Case (i) forces (by my method with Leedham-Green[6]) Pq;s to be nite. |
believe that cases(ii) and (iv) will lead to the sameconclusion(but the computa-
tions are prohibitiv e - there is combinatorial explosionwith thousandsof candidate
groups produced). Sincethe groupsin C all have abelianizations of index 2 sub-
groups of type (iii), we focuson that case. The examplesof such S with p;q 61
are f13;29g; f29;53g; f 37;53g; f 5; 61g.

Theorem. If p;q 5(mod 8) and p is a 4th power modulo g but not vice versa,
then Pq;s isinnite. Thusin nite [4;4] NT-groups exist.

Proof. By a modied Golod-Shafarevid inequality, due to Thomas Kuhnt
(UIUC Ph.D. thesis, to appear), applied to the quartic sub eld of the cyclotomic
eld Q( q), it follows that Pq;s is in nite.

Corollary to Conjecture 2. If p;g  5(mod 8), then Pq;s =< X;yjx? =
x%;y* > for a2 F if pis a 4th power modulo g but not vice versa,and Pq.s is
nite otherwise.

Proof. In the other cases,if Pq;s werein nite, then the abelianizations of its
index 2 subgroupswould haveto beall [2; 4; 4], but asnoted above the corresponding
ray classgroups are not this.

Note that the quartic sub eld usedis the xed eld of the critical subgroup.
Next, we look at subgroupsof index 4 of Pq.s of type (ii). We nd that their
abelianizations match those of groups in C exactly, which is strong evidence for
Conjecture 2, since one set of abelianizations is computed by number theory, the
other by group theory, by completely di erent algorithms. Sincethe quartic sub eld
of Q( ¢) always has 2-part of its pg-ray classgroup isomorphic to [4;4; 4;4], we
thereby exclude somegroupsin C.

Looking further at ray classgroups of degree8 elds, we nd exact matching of
abelianizations again, yielding further strong evidencefor Conjecture 2. The Galois
group Pq.s with S = f13;29g has such subgroupswith abelianization [2; 4; 4; 16],
corresponding to the root eld of x®+ 10446+ 27370X%* 9839%?2+ 142129,which
matchesone of the v e avors. Again, this excludessomegroupsin C.
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5. Fontaine-Mazur by Group Theory .

Proof of the Fontaine-Mazur conjecture and related conjectures now amounts
to proving purely group-theoretical properties of groupsin C. Let G be such a
groupand :G! GLj(Q2) acortinuous represenation. Since (X) is conjugate
to (x)°, its eigervaluesare a permutation of their 5th powers. In the semisimple
case,where all theseeigervaluesare distinct, this implies that (x) has nite order
and now Fontaine-Mazur follows from the conjecturethat if a 2 F, then < x; yjx2 =
x%;y*xX > is nite for every 2-power K.

A lot more, however, appears to be true. Namely, 200,000 times | added a
random relation s of length 16 to the relations of various G in C and ead time
either the quotient producedwas G or a nite group. This suggests:

Conjecture 3. Each group in Cis just-in nite.
Corollary to Conjecture 3. Each group in Cis a branch just-in nite group.

Proof This follows from Grigorchuk's dichotomy, together with the obsenation
that the groups G in C have a subgroup H of index 4 with 4 generatorsand 4
relations. SinceH thereby fails the Golod-Shafarevidt test, it is not just-in nite,
and so G is not hereditarily just-in nite. A modi cation of this argument shows
that G canhave no opensubgroupthat is a direct product of herditarily just-in nite
groups.

In particular, this con rms my extensionof the Fontaine-Mazur conjecture[3],[5].
It should be possibleto construct G in Cexplicitly asa branch group, but note that
G cannot be oneof the specialgroupsG, constructedin section8 of [14], sincethose
groups are generated by torsion elemerns (rooted and directed automorphisms),
whereas(seebelow) our groups are not. This is therefore a new construction. If
Conjecture 3 holds, then we have found some nitely preseried branch groups,
which is unusual. If G can be constructed as a branch group, then [14] shows that
the FIFA property implies that G is just-in nite.

Let T, bethe rooted tree with 4 verticesabove ead vertex, sohaving 4" vertices
at level n. Let W, be the iterated wreath product given by W; = C4,;W, =
W, ; 0C4. Then W, acts on the subtree of T, consisting of vertices up to and
including level n and their inverselimit W actson Ty, i.e. W Aut(Ty). Wy =
C, 0C, = G=H° where G is a typical group in Cand H its critical subgroup. W5
is of order 22 and | have found subgroupsK of it generatedby elemeris x;y sud
that X is conjugateto x> andy hasorder 4 and suc that the abelianizations of their
index 2 subgroupsare all [2;4;4]. The abelianizations of their index 4 subgroups
do not always match the data for groupsin C. In particular, many of them have
non-normal subgroupsof index 4 with abelianization [2; 8; 8], too large for K to be
a quotient of a group in C. If, howewer, we take certain x of order 64 such that
K =< x;y > hasorder 2'%, then the abelianizations of index 4 subgroupsare small
enough.

For certain groups in C, the critical subgroup of index 4 can be nicely de-
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scribed. For instance, supposea = y2xyxy. Then H =< x; u;v;wjx"¥ = x5, u"" =
us; VW = v5:w¥ = w5 > and it embedsin G by having u= x¥;v= x¥";w= x¥’,
Note that then vu = a and the relations are obtained by conjugating the rst re-
lation by the powers of y. G is the semidirect product of H by < y >. On the
number-theoretic side, H is generatedby the inertia groups at p, four conjugate
onessince p splits completely in the critical quartic eld.

. . P
Apparently, the sequencéogsjPn(H)=Py+1(H)j = 2 ”mzl(lzm) dim (m=d)2¢,

soby Witt's formula [21] grows like that of F  F, whereF is the free pro-2 group
on 2 generators.

As for Fontaine-Mazur holding for open subgroupsof G, rather than just G itself,
the following might be true:

Question. If H is an opensubgroupof a group in C, then is the closedsubgroup
T(H) generatedby all its torsion elemers also open?

This hasbeencheded for various groupsin Cand their subgroups. For instance,
T(G) is always of index 4 in G. SinceT(G) 6 G, we obtain that G is not itself
torsion-generated. A positive answer to the question implies that G is torsion-
riddled, asproposedin [4], but is stronger. Note, howewer, that it is still unknown
asto whether the critical subgroupshave torsion, animportant casefor the question
and the conjecture of [4]. We have:

Corollary to Positiv e Answ er to Question. If G is in C, then no open
subgroup of G has a 2-adic represenation with in nite image, i.e. the Fontaine-
Mazur conjecture.

Proof The point isthat if H is an opensubgroupwith suc arepreseration, then
it has an open subgroup with an in nite torsion-free quotient, which is forbidden
by an armativ e answer to the question.

6. Lie Algebras.

The F,-Lie algebraof a pro-p group G isde ned to beL(G) :=  1_,Pn(G)=Py,1(G)
[19]. MAGMA calculations suggestthat the groupsin C all have the sameF,-Lie
algebra. What isit? There are algebrasarising in other areasof mathematics whose
graded pieceshave the samedimensions,namely (i) the free Lie algebra generated
by one generator in degreel and one in degree?2 (arising in work on multi-zeta
valuesand quantum eld theory [8]) and (i) Cameron'spermutation group algebra
[12] of C; OA, where A is the group of all order-preserving permutations of the
rationals. This suggeststhe following amazing possibility.

Conjecture 4. |If G isin the family C, then L(G) is the Fy-Lie algebrain (i)
or (ii) above.
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Many propertiesof G canbereado L(G). For instance,if L (G) is just-in nite,
then sois G. If L(G) has no analytic quotient, then G has no in nite analytic
quotient. Thus, in studying the Fontaine-Mazur conjecture, the Fy-Lie algebra
is the natural object to focus on. Note that L(H) appearsto be isomorphic to
L(F F) if H is a critical subgroup of G in C, sothat H might be regarded as
somekind of \t wist" of F  F, a strange one sinceH satis es FIFA.

7. Speculation.

A bold speculation is that for ead type there are only nitely many Fy-Lie
algebrasof NT-groups of that type and that ead of theseF ,-Lie algebrashas no
analytic quotient. This would nicely take care of the Fontaine-Mazur conjecture,
but computational (or other) evidencefor this is lacking.

In an attempt to reintroduce techniques of algebraic geometry; let Pq.s be of
type (i), with S = fp;qg. Let T = f2;p;qg9. Consider Pq.r acting on 4, the
algebraic fundamertal pro-2 group of P! minus three points 0;p;q in the usual
way. ;1 is isomorphic to the free pro-2 group F on 2 generators. The normal
gubgroup N generatedby inertia at 2 acts wildly on the F,-Lie algebraL (F) =

Pn(F)=Py+1(F), but the suggestionis that the subgroup xed by N is large
enoughto provide the indicated action of Pq.s on a nedlace algebra, namely that
provided by Conjecture 2.

More generally, note that the groupsPq.s areinterrelated - if T = S[ fpg, then
there is a natural surjection Pq.t ! Pq:s. The kernel of this map can be studied.
For instance, for our situation, with S = fqg; T = fp;qg, the kernel is the critical
subgroup.
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