Math 340 Solutions to Review Problems for
Exam 1

Marc Conrad
September 28, 2007

1 Problems from the book
Section 1.1: 18

Yes, because a homogeneous system

1121 + a9 + ... + AipnTy = 0
a21%1 + Q2222 + ... + QopTy = 0
A1 1 + Qoo + ... + pnx, = 0

always has the trivial solution z; =29 = ... =, = 0.
Section 1.2: 2

For part (a) the matrix is

— o O = O
— == O
o O O = O
OO O = O
OO O ==



For part (b) the matrix is

01111
10100
11010
1 0100
10000

Section 1.4: 27
To prove property (b), proceed as follows: Let A = (a;;), B = (b;;) and
C=A+B.

Then Cz;- = (aij -+ bij)T = (ajl- -+ bﬂ) = Qj; —+ bji = ag; + sz;

So indeed (A + B)T = AT + BT.

To prove property (d), proceed as follows. Let A = (a;;) and D = rA.

Then dj; = (ra;;)" = ra; = r(aj;).

So indeed (rA)T = r(AT). !

The rest of the solutions for this section can be found in the book.

2 Definitions
1. The equation E[u] = g is linear if it satisfies the following two conditions
(1) Given two unknowns w; and us, we have E[u; + us] = FElui] + Efus].

(2) Given an unknown v and a scalar (i.e. a number) A\, we have that E[\u] =
AEu].

2. A system of linear equations

anxry +aprs + ... tapr, = b
a1 + a9y + ...+ asx, = b
Am1T1 + QmaXo + ... + Gy, = b,



is consistent if it has at least one solution, i.e., if we can find an n-tuple of
numbers (cy, co, ..., ¢,) which satisfies the equation. It is inconsistent if it
has no solution.

3. A system of linear equations

annry +aprs+ ...+ apr, = bl
a91X1 + Q222 + ... + A2p Ty, = b2
Am1T1 + ApmaZ2 + ... + Gpn®Tp = bm
is homogeneous if by = by = ... = b,, = 0. It is inhomogeneous if there is at

least one non-zero b;.

4. A solution (¢, ¢, ..., ¢,) to a homogeneous system of linear equations

111 + a19T9 + ... + a1pTy, 0
(911 + Q999 + ... + Aonly, = 0
Am1®1 + Qoo + ... + appt, = 0

is non-trivial if there is at least one non-zero ¢;.

5. An n x n matrix A is invertible if there is an n x n matrix B so that
AB = BA = I,,, where I, is the n x n identity matrix.

6. The three elementary row operations are
(1) Interchanging two rows.
(2) Mulitplying a row by a non-zero constant. (Don’t forget the “non-zero”!)

(3) Adding a constant multiple of one row to a different row.



3 Additional Problem

We need to do two things here. First, we need to show that the matrix

a 0
4=lo
has the property that AB = BA for all 2 x 2 matrices B. Then we need to

show that if A has the property that AB = BA for all 2 x 2 matrices B, then
it can be written in the above form.

First we will assume that

a 0
=i
Then letting B be an arbitrary 2 x 2 matrix
bir bi2
B =
{521 b22}

we can readily compute that AB and BA are both equal to

ol o]

So A indeed has the property that AB = BA for all 2 x 2 matrices B.

Now we need to do the other direction. That is, we will now assume that the
matrix

A= {an Cl12}

Q21 Q22

has the property that AB = BA for all 2 x 2 matrices B.
If this is the case, then if we let

10
5=y
we must have that AB; = B1 A (if we assume that the equality holds for an

arbitrary 2 x 2 matrix B then it certainly holds for any particular choice of
a 2 X 2 matrix).



We can directly compute that
AB, = {@11 O]
a91 0
On the other hand, we can also compute that
G111 Qi2
BiA = { o }

But these two matrices must be equal by our hypothesis, so comparing the
1,2 entries of AB; and B A gives us a2 = 0, while a comparison of the 2,1
entries yields as; = 0 . Therefore we must have that

_|an 0
=[5

By the same reasoning as above, if we let

11
By
then we must have that ABy = By A. Directly computing gives us
AB, = {an a11:|

A22 A22

(Note that we have used the fact that a;2 = ag; = 0, which we proved above).
On the other hand

ByA — |:a11 &22}

@11 Aa22

Again, since these two matrices must be equal a comparison of either the 1,2
or the 2,1 entries of ABy and By A gives us that a;; = ags, so indeed A must

be of the form
a 0
a=[5 4]

This completes the proof.



