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Abstract. In this paper we develop a model of intracellular transport of cell organelles
and vesicles along the axon of a nerve cell. These particles are moving alternately by pro-
cessive motion along a microtubule with the aid of motor proteins, and by diffusion. The
model involves a degenerate system of diffusion equations. We prove a maximum principle
and establish existence and behavior of a unique solution. Numerical results show how the
transportation of mass depends on the relevant parameters of the model.

1. Description of the model

In this paper we consider a model for intracellular transport of cell organelles and
vesicles along the axon. Following the terminology of [17] we shall refer to the cell
organelles and vesicles as particles. According to experimental studies in [20,21]
(see also [1], pp. 812—815) particles bind to motor proteins, which in turn bind to
microtubules, and move along them. The motor proteins “walk” along the microtu-
bules, in a processive motion, step-by-step, each step mediated by a mechanochem-
ical ATPase. Typically, a particle is transported along a microtubule for an average
distance of about 10 um, with an average speed of about 1 pm/s, after which the
motor protein detaches from the microtubule (see [17]), until it encounters another
nearby microtubule, or the same one, and is again transported along it, and so on.

The average length of a microtubule can be 500 um [19], while the average
diameter of the microtubule is 0.025 pm. Therefore the average length of a micro-
tubule is typically 20000 times larger than its diameter.

Since there are dozens of particles in the vicinity of a microtubule [19], we
may replace, to a first approximation, the individual particles by a density function.
Instead of tracking down the motion of the individual particles we then have to study
the time evolution of the density. Indeed, this point of view was taken recently by
Smith and Simmons [17]. They divided the particles into two populations: those
that are attached to a microtubule and those that are detached from it. The attached
particles were still divided into outward going particles (i.e., in anterograde motion,
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from the cell nucleus toward the synaptic end) driven by kinesin motor proteins,
and inward going particles driven in retrograde motion by dynein motors. The law
of conservation of mass was used to determine the movement of particles attached
to the microtubule. The detached particles were assumed to undergo diffusion.

An earlier and quite different model of this transport problem was developed by
Blum and Reed [3,4, 14], and Blum, Carr and Reed [2]. They introduced concentra-
tions P, E, T, Q of free particles, free kinesin molecules, free binding sites along
the microtubules, and moving particles along the microtubules. Using mass reac-
tion laws and conservation of mass, they derived a system of hyperbolic equations
and studied (mostly numerically) the particle concentration profile along the axon.
Other models of transport are discussed in [11,15,18,23]. In particular, the model
of Takenaka and Gotoh [18] introduces three diffusion equations for materials in
fast anterograde, slow anterograde, and retrograde motion, in the entire axon, with
linear interactions among the three phases. After we describe our model, we shall
explain in more detail the differences between our model and the models in [2—4,
14] (Remark 1.2) and [11,15,18,23] (Remark 1.3).

In this paper we introduce a model of transport of particles which may be viewed
as a further refinement of the model of Smith and Simmons [17]. The underlying
assumptions of our model are the following:

(1) For simplicity, we consider in this paper only outward motion, e.g. the motion
induced by kinesin, which transports the particles from the soma into the
synaptic end along the axon. Our results however can be extended to include
inward transport, as will be explained in item (A) of the Conclusions section.

(2) We assume as in Smith and Simmons [17] that the number of free kinesin
molecules is not rate limiting; this is in contrast with the earlier models in
[2-4,14].

(3) As is [17], we assume that the number of binding sites where motor pro-
teins can attach onto microtubules is not rate limiting, i.e., there is no “traffic
congestion” over microtubules.

(4) The number of binding sites of a particle for motor proteins might exceed 1;
for definiteness (and simplicity) we take it to be 2. This assumption is actually
believed to be true [17], although it was assumed in [17] that only one binding
site is available.

(5) Itis known that motor proteins will not attach to microtubules unless they are
already bound to a particle. It is believed that the binding of motor proteins
to particles is much stronger than the binding of motor proteins to microtu-
bules. To simplify the model we shall assume that the motor proteins bind
irreversibly to the particles.

(6) For some neuronal types the microtubules are tightly packed together, see [6].
For other neuronal types the microtubules are relatively sparse (see [19] for
an image of an axonal section in this case). As in [17], we shall consider here
the latter case.

(7) The motor proteins bind reversibly to microtubules [17]. In view of the previ-
ous assumption, we can deal with just one microtubule, since most particles
that detach from one microtubule reattach to the same microtubule.
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(8) The model used in [17] was one-dimensional, that is, it was assumed that
all densities are functions of a variable x, which measures the length along
the microtubule. In particular, the diffusion of free particles was assumed
to take place along the x-axis. In the present model include a 3-dimensional
diffusion, which takes place in a cylindrical neighborhood of the microtubule.
Furthermore, we assume that the translational diffusion coefficient (that is, in
the direction parallel to the microtubule axis) may be larger than the diffu-
sion coefficient in the orthogonal cross-section. As in [17], the translational
diffusion is taken to be 25% of that of water, a fact validated in a number of
experiments [12,16].

(9) We shall also assume that the rate of attachment of a particle to a microtubule
is smaller the further away the particle is from the microtubule.

We denote by u;; the concentration of particles that have i motors attached to
them, j of which are attached to the microtubule. We denote by A1 the rate at which
a motor protein will get attached to a particle, by A, the rate at which a motor
protein which is attached to a particle but undergoing diffusion will get attached
to the microtubule. Consider particles that have two motors attached to them, and
just one of the motors attached to the microtubule, and denote by A} the rate at
which the second motor will attach to the microtubule. On one hand, because a par-
ticle in this class is already connected to the microtubule, it might be easy for the
second motor to get connected to the microtubule. On the other hand, the rigidity
constraints of being already attached to the microtubule by one motor might make
it hard for the second particle-bound motor to attach to the microtubule. Thus, it
is not clear whether 1} is larger or smaller than A,. We shall therefore not make
any assumptions on the sign of A, — 1} Finally, we denote by & the rate at which
a motor protein that is bound to the microtubule will get detached from it.

Note that the rate at which ugg particles become u ¢ particles is twice as large
as the rate at which u( particles become u»( particles, since uqg particles have two
free binding sites where motor proteins can attach, while for u1¢ particles one such
binding site is already occupied. Similarly, the rate at which u»; particles become
uy) particles is twice as large as the rate at which u 1 particles become u g particles,
since for u»; particles one or the other of the two bound motor proteins could detach
from the microtubule. Finally, the rate at which uyq particles become u; particles
is twice as large as the rate at which u g particles become u1; particles. Thus we
have the following flow chart:

Uoo

N

A2
Ui <_5 U
k

[

29 =
U0 <_’ Uz <_’ Uz
k
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Remark 1.1. Since the vertical arrows in this flow chart are all pointing downward,
one expects that as ¢ increases most of the particles will be u»q, u21, or uz>. Nev-
ertheless, it is important to include the particles ugg, #19, #11 in the model. The
reason is that one expects most of the particles leaving the soma to have no motor
proteins, so that the boundary conditions on the proximal end of the axon is, say,
ugo = 1 and all other u;; = 0. We can envision experiments which measure the
time-dependent profile of the particles concentration near the soma (cf. [9]) which
could then be compared with results of our model.

For clarity, we shall first deal with the case where the diffusion is the same in all
directions, and the rate of attachment of particles to the microtubule is independent
of their distance to the microtubule; in section 8 we shall consider the more general
case, whereby the translational diffusion is larger than the diffusion in the direction
orthogonal to the axis of the microtubule, and the rate of attachment of particles to
the microtubule decreases with their distance to the microtubule.

Smith and Simmons ([17], p.64) express the opinion that the observed fluctu-
ations in the speed of particles bound to the microtubule by motor proteins could
be explained by fluctuations in the number of motor protein molecules bound to
the particles and attached to the microtubule. This led us in this paper to work with
a model where the velocity v’ of particles bound to the microtubule by two motor
proteins can be larger than the velocity v of particles bound by one motor protein.
It is reasonable to assume that v < v’ < 2v, although our mathematical results do
not require this assumption.

Recalling that u;( particles are diffusing, and using the law of mass conservation
we derive from the above flow chart the following system of PDEs:

ou
% = DAugo — 2 1ug0,
ot
duio
o7 = DAuio + 2xh1upo — Ao — Aauio + kuyy,
ouy,
8t0 = DAuyy + Auio — 2h2u20 + kuai,
Uy auqy A2 b
T = —v — upordr — Aquq — kupq,
()Bt 8x+3110 1111 11
duoy duyy 2h2 fb )
= —v + Auip + — urordr — Asuny + 2kuzy — kusy,
” o 1+ : 20 HU2L 2 21
oun , 00U ,
= —v + Auop — 2ku
5 i 2U2L 2

where D is the diffusion coefficient. The transport system (7') is to be considered
in a 3-dimensional region

Qr={x,r); 0<x <L, 1<r<b} (r=+y*+7%

where r = 1 is the radius of the microtubule and L is its length, b is O(1) (e.g.
b=5),and B = flb rdr is the cross section area.
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Note that we regard u11, u21, 42> as functions of only x and #, since they repre-
sent concentrations of particles moving along the microtubule, while uqo, © 19, 120
are functions of x, t and r, since they represent concentrations of particles diffusing
inside the axon, off the microtubule.

The unit of length in 2 is 0.0125um, since the diameter of the microtubule is
about 0.025m. The values of D, k and v used in [17] are D=0.1m?/s, k = 1 and
0.1pum/s < v <1pm/s. The parameters A, A and )‘/2 depend on the biochemical
properties of the particles, motor proteins, and microtubules. As mentioned earlier,
L is a large number (typically 40000 units). It is therefore natural to consider the
system (7)) not only in €27, but also in

Qoo ={(x,7); 0 <x <00, 1 <r <b} (r= y2+12)

In this paper we establish the mathematical foundation for the system (7'), i.e., we
prove that this system has a unique solution. We shall also give some numerical
results which show, in particular, how the transported mass depends on the param-
eters. In a future work we intend to compare simulations based on our model with
a variety of experimental results on transport of organelles, vesicles, and possibly
also neurofilaments.

For clarity of exposition we shall first consider the system (7') in the stationary
case; this is done in sections 2—8. The time-dependent system can be dealt with in
a similar way, so we shall consider it, only briefly, in section 9. A basic tool for
proving existence and uniqueness is a maximum principle (see [13]).

In section 2 we introduce a general system of PDEs which we shall study in
sections 3—7. We shall then, in section 8, apply the results in order to establish exis-
tence and uniqueness of the stationary solution of (7") in 27 and in Q4.; we shall
also consider in section 8§ the case where the translational diffusion is larger than the
diffusion in the orthogonal directions, and the rate of attachment of particles with
motor proteins to the microtubule decreases with increased distance to the microtu-
bule. As mentioned above, in section 9 we shall briefly discuss the extension of all
the previous results to the time dependent transport system. In section 10 we shall
give numerical results which illustrate how the mass transport of particles varies
with some of the parameters. Finally, in the concluding section 11 we discuss the
extension of our model and state some open problems.

Remark 1.2. The basic differences between our model and the models developed
in [2—4, 14] are the following:

(i) In our model we assume that the number of motor proteins and the number
of binding sites on the microtubules are not rate limiting, whereas in [2—4,
14] these numbers may be rate limiting. Which one of these assumptions is
correct may depend on the type of neuron.

(ii) In our model the fast transport takes place only as long as the the motor-
bound particles are attached to a microtubule. Our model is 3-dimensional:
it includes diffusion of detached particles within a cylindrical region about
a microtubule. The model in [2—4,14] is 1-dimensional: it assumes uniform
concentrations of particles, motors and microtubule binding sites at any cross
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section along the axon, and does not elaborate on the attachment/detachment
feature of the transport process.

(7i7) In our model we assume sparsely distributed microtubules. This assumption
is true for some neuronal types [19], but not true for others [6]. In [2—4, 14] the
question of distribution of microtubules does not arise, since only the concen-
tration of free binding sites is introduced, and this concentration is a function
of just one variable, the coordinate point on the axis along the neuron. In the
conclusions section of this paper we shall comment on how our model might
be extended to include compactly distributed microtubules.

Remark 1.3. As we mentioned above, the 1984 model of Takenaha and Gotoh [18]
assumes both fast and slow transport. In contrast, our model is based on more
recently acquired evidence regarding transport of particles, namely, transport occurs
only when a motor-bound particle is attached to a microtubule, and these motors
get detached from the microtubule from time to time. The models discussed in [11,
15,23] precede [18], and do not get into the quantitative nature of the transport.

2. The basic mathematical problem

Consider the following system of PDEs for functions u(x, r), v(x), w(x) in Qr:

—Au+ ynu — ynv = filx,r), .1
b

vt 210 =y — 21 / u(e, ryrdr = f>(x), (2.2)
1

wy + O0ynw — Oy3v = f3(x) (2.3)

with boundary conditions

u@,r) =uog(r) (1 <r <b), v(0) =vy, w) = wy, 2.4
B, ) =2xb)=00<x<0L), 25
u(l,r)y=u;(r) (1 <r <b), ’
where y;; are positive constants, 1/2 < 0 < 1, and
1
Y2 + =y < ¥o1. (2.6)

0

The motivation for the no flux boundary conditions in (2.5) will be given in section
8, where we deal with the full system (7).
We shall prove that if

0<fi<Ce™ (u>0), up >0, v9 >0, wop>0, u; >0, 2.7
then there exists a unique solution of (2.1)—(2.5) such that

u>0,v>0 w=>0.
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Furthermore, under an additional condition on the y;;, as L — oo the solution
converges to a solution in Q4 of (2.1)—~(2.7), with (2.5) replaced by

0 0
)= b)=0(0 < x < 00), ueL®Qu). 2.8)
ar ar

This solution is unique, and it satisfies the asymptotic behavior

lu(x, r) — cyiayanl + v(x) — cyiaynl + lwx) —cyriynl < Ce™™ (2.9)

for some positive constants C, v and nonnegative constant c.

In section 3 we establish a maximum principle for the system (2.1)—(2.6). This
is used in section 4 to prove existence and uniqueness of a solution to (2.1)—(2.7).
In section 6 we establish a bound on the solution, which is independent of the
parameter L, and this allows us to obtain a solution in Q4 (by taking L — 00),
and to establish the asymptotic behavior (2.9). The derivation of the bound is based
on a construction of a supersolution, given in section 5. The results obtained in
sections 3—6 for the system (2.1)—(2.3) are extended in section 7 to another system
of two differential equations. In section 8 we use the results derived for the system
(2.1)—~(2.7) in 2, (or the corresponding system in 24, with (2.5) replaced by (2.8))
and the results of section 7 to prove existence, uniqueness, and asymptotic behavior
for the stationary solutions of the transport system (7).

3. A maximum principle
Theorem 3.1. Let (u, v, w) satisfy the differential inequalities
—Au + yriu —ypv <0in 2, 3.1
b
vx—i—)/zlv—ygzw—%/ u(x,ryrdr <0for 0 <x <L, (3.2)
1
wy +0ynw —0ynv <0for0 <x <L 3.3)
and
u©,r) <0, u(L,r) <00 <r <b),v0) <0, wO) <0, (3.4)
ou ou
—x,)=—(x,p)=0(0 < x < L). 3.5)
ar ar

Then u cannot take a positive maximum in Q.
Proof. We assume to the contrary that

M = maxu = u(xgp, r9) >0 (3.6)
QL

for some (xg, rg) € Qr. Then 0 < xo < L. From (3.2) we have
X
v0) < P [ werds
0

AT Y LA
+? A d& : e u, ryrdr. 3.7
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Since u(§,r) < M we get

X
v < e (o — any 4 Dl yzz/ ey (E)dE (3.8)
Y21 Y21 0

Recalling that vg < 0 and M > 0 it follows that

X
v(x) < Aty / e EDue)ds, A=y (3.9)
0 Y21
Next, by (3.3),
X ’
w(x) < e 2wy + 0y, f e 0r2E =y (g"dE' (3.10)
0

Recalling that wg < 0 and substituting (3.10) into (3.9), we obtain

v(x) <A+ )/229)/32/0 1 —x)v(E"dE’ (3.11)
where

1€ —x) = /X eVZl(S—X)eQVZZ(S/_f)dé:. (3.12)
S/

If y21 # Oy2, then
1€ —x) = _ (eQsz(E/—X) — eVm(S’—X))
v21 — Oy»n
and

1 1
»210y2 v —0yn

/0 I(& —x)dE = f),

where

Since f(00) = 0and f'(x) < 0 (> 0)if y21 > Oy22 (y21 < Oy2), we conclude
that f(x)/(y21 — 0y22) > 0, so that

fx I(E' —x)d& < if x> 0. (3.13)
0

Y210y22
If o1 = Oy then 1 (&' — x) = (x — &) €~ and (3.13) can again be easily
verified. From (3.13) we get

X I3
/0 1 — x)de’ /0 1" —&)de" < (3.14)

(7210y2)*
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Iterating v in (3.11) and using (3.13), (3.14) and the obvious successive iterations,
we obtain

[e°] n

0

v(x) < AZ( r2rn ) =4 Ny (3.15)
= \r210yn Oy —v2 ~ vi2

by (2.6), so that
y120(x) — y1iu(xo, ro) < 0in Qp.

Then, by (3.1), —Au(x,r) < 0 in some 2 -neighborhood of (x¢, rp). But since
u takes maximum at (xg, rg), we have —Au(xg, ro) > 0if 1 < rg < b, which is
a contradiction, whereas if ro = 1 or ro = b then g—br‘(xo, rg) # 0 (by the strong
maximum principle for elliptic equations, see [13]), which is again a contradiction
to (3.5). O

Corollary 3.2. There exists at most one solution of (2.1)—(2.5).

Indeed, if (u;, v;, w;) (i = 1, 2) are two solutions, then by the maximum prin-
ciple (i.e., by Theorem 3.1) u1 —u = 0, and then also, by ODE theory, v —v; = 0,
w; —wy =0.

Corollary 3.3. There exists at most one solution of (2.1)—(2.4), (2.8).
Proof. For any € > 0 define (i, v, W) by u = €x,
—Au+ y11u — y120 =0, (3.16)
and
Ux + y210 — y2ow — y11u = 0. (3.17)
One can verify, using (2.6), that
Wy + Oynw — Oy30 > 0. (3.18)

Let (u, v, w) denote the difference of two bounded solutions (u;, v;, w;) in Q. If
Ly is sufficiently large then

lu(x,r)] < exonx = Ly.
Recalling (3.16)—(3.18) and noting that i(0) = 0, v(0) = 0, w(0) > 0 we can then
apply the maximum principle to (i, ¥, W) = (u — i, v — U, w — W) in Qp, and
conclude that

i(x,r) < exinQg,,

Fixing (x, r) and letting € — 0, we get a(x, r) < 0. Similarly & (x, ) > 0, and the
desired assertion follows. O
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4. Existence in ],
Consider the system (2.1)—(2.6) and assume that

f1 e L=(Qp), fo € L([0, L)), f3 € L=([0, L]), uo(r) and
u1(r) belong to C*[1, b] for some 0 < & < 1. 4.1)

Theorem 4.1. Under_the assumption (4.1) there > exists a unique solution (u, v, w)
of (2.1)~(2.6) in C°(Q2), and it belongs to CE(Qp) for some 0 < B < 1.

Proof. Without loss of generality we may assume that f, = f3 = 0, v(0) =
w(0) = 0. Indeed, otherwise we work with the functions (1, v + v, w + W) instead
of (u, v, w), where (i, v, w) form the solution of the ODE system (2.2),(2.3) with
u = 0 and with v(0) = vg, w(0) = wy.

LetU = {u € L°®(2y), |u| < M}, where M is a large constant to be chosen
later on. For any u € U we solve the ODE system (2.2),(2.3) withu(0) = w(0) = 0,
f2 = f3 =0.Asin (38)

X
v(x) < EM(l _ e—)’ZIL) + sz/ ey2l(s_x)w(é)d$.
Y21 0
Proceeding as in (3.10)—(3.15) we arrive at the inequality
v(x) < 2L a1 — e 7Ly, (4.2)
Y21
We next solve
—Au+ynu—ynpv = f1inQg, 4.3)

subject to the boundary conditions in (2.4),(2.5). We can do this by applying the
Dirichlet principle in order to get a unique solution & in H'(27). The solution
is then Holder continuous away from the corner points x = 0, L, r = 1,b. We
shall prove that & is in C# in a neighborhood of these points. To do this, say for
x =0, r = b, we reflect the solution across r = b. The extended function, which
shall be denoted again by i, then satisfies

9 -
_Aﬁ-g-ga—zzf, inl <r<2b,0<x<L,

where g, f are bounded functions, and u(0, r) is in C*. By Theorem 8.29 in [8] i
is then in C near x = 0, r = b, for some B> 0.
Consider the mapping 7 : u — u (u € U). From (4.2),(4.3) we see that

- ~ Y11
—Au+yniu=ypv+ fi < V12EM =yuM,

if M is sufficiently large (M depends on L). If M is also larger than max{|ug|+|u1]},
then, by comparison, i < M. It follows that 7 maps U into itself. It is also easily
seen that T is continuous in the L> norm. Finally, by the C# estimate on i it
follows that T maps U into a compact subset of U (with respect to the L norm).
Applying the Schauder fixed point theorem we conclude that 7 has a fixed point.
This establishes the existence of a solution to (2.1)—(2.6). Uniqueness was proved
in Corollary 3.2. O
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5. ODE system

Consider the case where the solution of (2.1)—(2.6) isindependent of r,i.e., u(x, r) =
u(x). We then have an ODE system which we can write in the form

U=AU + FinRT ={0 < x < 00} 5.1
where U = (u, i, v, w), il = uy,

01 O 0
A= | 0-y12 O

i1 0 —y21 y22

0 06y —Oyn

F = (0, — f1, f2, f3), with the initial conditions
u(0) = ug, v(0) = vy, w(0) = wy. (5.2)
We shall be interested in the case where
fi=Cje " (C;i >0, uj >0) (5.3)
and the y;; are such that the eigenvalues 8; of A satisfy
Br < Br<B3=0<pa. 5.4

Theorem 5.1. Under the assumptions (5.3),(5.4) there exists a unique bounded
solution of (5.1),(5.2) and

[(u, v, w) — c(y12y22, Y1122, v11y32)| < Ce ** (5.5)

for some positive constant |1 and a constant c¢ that depends only on ug, vo, wo.
Furthermore, if ug > 0,v9 > 0, wg > 0 then u(x) > 0, v(x) > 0, w(x) > 0 for
0 < x < o0 and the constant c is positive.

This solution will be used in section 6 to estimate the solution of the PDE system
2.1)—(2.6) as L — oc.

Proof. Consider first the case where all of the f; vanish. We can write the general
bounded solution of Uy = AU as a linear combination

U =c1Ui 4 Uz + c3Us3, (5.6)
where U is a constant vector times ePix i e.
Uj = (uj, IZ/', v./, w/')Teﬁjx.
Note that i; = fju;; hence if we set
0j = (uj,vj, wj)Teﬁfx, U= @u,v,w?’,
then (5.6) is equivalent to

U= C1l~]1 +C202 +C3U3.
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To prove that there exists a bounded solution satisfying (5.5) we need to show that
we can implement the initial conditions (5.2) by some choice of the c¢;. This can be

done if and only if the vectors U 1 02, 03 at x = 0 are linearly independent. We
shall assume that this is not the case and derive a contradiction. Note that, since
B3 = 0, we can take

Us = (yi2y22, vy viiyn)' = (61,82, 83)7. 5.7
From the linear dependence of U 1 02, 173 we then have (after rescaling U 1 172)
U, = U, + AU3, forsome A € R. 5.8)

From AU; = B;U; we also have

yiuj — yiavj = Bru;j., (5.9)
yiij — y21vj + yaow; = Bv;, (5.10)
Oy3vj —Oynw; = Bjw; (5.1D

for j =1,2.
If we substitute the relations (5.7), (5.8) into (5.9)—(5.11) for j = 2, we get
yi1(ur +A81) — yia(vi +A82) = B2 (ur +A8y), (5.12)
yi1(u1 + A1) — y21(v1 + A82) + y22 (w1 + Ad3) = B2(v1 + Ad2), (5.13)
Oy32(v1 + A82) — Oyaa(wy + Ad3) = Ba(wy + Ad3). (5.14)

Comparing (5.10) for j = 1 with (5.13) we find that

8
o =2 P22
B — B2
Similarly, from (5.11) for j = 1 and (5.14)
B283
w; =A——.
B — B2

Since, from (5.11) for j = 1, we have
Oysvr = Oy + Brwi,

we conclude that

0y3282 = (Oy22 + B2)83,

or Y2 = y22 + B2/6, a contradiction. This completes the proof of existence of a
bounded solution satisfying (5.5) in the special case F' = 0, with u = —f».

The general case will follow by constructing a special solution which decreases
exponentially to zero as x — oo. To do that we take U = 23:1 ¢;jU; and choose
¢j = c¢j(x) such that

c
1

\U; =F, ¢;(0)=0.

3
j=
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‘We find that
lc;()U;j(x)] < C(1+x)|F(x)| < Ce™™

for any o < min{u;}.

Suppose next that ug > 0, v9 > 0, wy > 0. Let 1.74 = (ugq, v4, w4)eﬁ4x be a
nonzero solution of (5.1) with F = 0. It is easily seen that u4 # 0 and we may
therefore take u4 = 1. Introduce the solution of (5.1)

(it, D, W) = (u, v, w) —u(L)e PLUsin0 < x < L. (5.15)
Then & (L) = 0 and, since u(L) is uniformly bounded for 0 < L < oo,
#(0) > 0, v(0) > 0, w(0) > 0,

if L is sufficiently large. Applying the maximum principle, we conclude that iz (x) >
0in 0 < x < L, and then also, from (2.2),(2.3),(5.3),

Uy + Y210 > y2ow, Wy + Oynw > Oynv. (5.16)

We can now easily deduce that also v(x) > 0, w(x) > 0,in 0 < x < L. Indeed,
otherwise there is a smallest x = x¢ such that either v(x) or w(x) becomes zero.
Suppose v(xg) = 0. Then v, (xg) < 0, and since y»w(xp) > 0, this is a contradic-
tion to the first inequality in (5.16).

Having proved that éi(x,r) > 0, v(x) > 0, w(x) > 0if0 <x < L, 1 <
r < b, we now take L — oo in (5.15) and conclude that u > 0, v > 0, w > O,
and then, by Theorem 3.1, u > 0, v > 0, w > 0 in Q4. The assertion that ¢ > 0
in (5.5) follows by applying the maximum principle to (u, v, w) — €Us for small
enough € > 0. O

Example. Consider the system for (u, v, w) = (u20, 21, u22) in (T), where u1g
and u; are assumed to be known functions. We can rescale (x, r) to make the
parameters D and v equal, so that

Dyi1 =2xa, Dyia =k, Dysy =M, +k, Dyx =20k, Dy = 0A).
Then the matrix A is given by

01 0 0
1 2n0 -k 0
T D 200X —k 2k

00 61, -—20k

A

where 6 = 7. Note that y15 + éy32 = 1,1, so that (2.6) is satisfied. The character-
istic polynomial det(A — B1) is equal to 8f(B), where

F(B) = B>+ (2k6 + k + 1) B2 + (2k%0 — 212) B — (4kz6 + 21a1)),
so that
f(—00) = —o0, f(+00) = +o00, f(0) <0, and
(=20 + Ay)) = 2k202 + k(35)?* > 0.

It follows that f(f8) has real roots B, B2, B4 such that B; < —(2k0 + 1)) < B2 <
0 < B4. Hence the condition (5.4) is satisfied.
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6. Existence in 2,

Consider the system (2.1)-(2.4),(2.8) under the assumption that f; are measurable
functions and

|f10e, D 12001 [ f3(x0)] < Ce™ 0% (g > 0), ug € C*[1, b] for
some) <a <1. (6.1)

Theorem 6.1. If the y;; satisfy (2.6) and (5.4) then there exists a unique solution
to (2.1)—(2.4),(2.8), and

[(u(x, 1), v(x), wx)) — c(Yi2y22, Y11y22, yiiyn)| < Ce (6.2)
for some positive constants C, . and a constant c. Furthermore, if
fi = 0,u0>0,v9 >0, wp >0, (6.3)
then also
u>0,v>0,w=>0 (6.4)
and ¢ > 0.

Proof. Consider first the case where (6.3) holds. Let us denote by (u, vz, wr) the
solution established in Theorem 4.1 in the special case where u(L, r) = 0, and by
(#i(x), (x), W(x)) the solution of the ODE system in R™ established in Theorem
5.1 in the case

fi =Ce ™M (i =1,2,3), and
0(0) = 1+ max ug(r). 9(0) = 1+v(0), H(O0) =1+ w().
<r<

Since, by the last part of Theorem 5.1, i(L,r) > 0 > u(L), we can apply
the maximum principle to (i, 0, w) = (uy — it, vy — 0, wy — W) and conclude
that uz — &2 < 0 in Qr. Then, by the argument following (5.16), also vy — 0 <
0, wy —w <0in0 < x < L. Hence

0<up,=<C,0=<vp.=C,0=zw; <C,

where C is a constant independent of L.

We can now choose a sequence L = L, — oo for which (ur,, v, wr,)
converges uniformly on compact subsets of 2, to a solution (u, v, w) of (2.1)—
2.4),2.8),andu > 0,v >0, w > 0.

The proof of existence for general f}, ug, vo, wo follows by splitting these data
into positive and negative parts (f; = f/+ — f ;- ete) and applying the above
proof for each of the two sets of data. Since uniqueness was already established in
Corollary 3.3, it remains to prove (6.2).

We begin by noting that

<i /Oou(x,r)rdr, v(x), w(x)) (6.5)
B Ji
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is a solution of the ODE system (5.1) with
|fjl < Ce 0¥

and initial data
1 o0
Uy = E/ ug(r)rdr, vy, wy. (6.6)
1

We compare this solution with the two solutions of (5.1) corresponding to
fi=Ce ™" or f; =—Ce 0¥

and having the same initial values (6.6). If we denote these two solutions by
(ui, vE, wi), then, by the maximum principle,

1 b
u (x) < —/ u(x,ryrdr < u™(x).
B Ji
and by the argument following (5.16)
VT < v v,
w”(x) < wx) <wh(x). (6.7)
By Theorem 5.1

|u™, vE, wE) — c(riayaz, vy, yiiysn)l < Ce ™ (6.8)

for some . > 0. Consequently, the same asymptotic bound holds for the solution
(6.5). In particular, we get from (2.1)

—Au+ynu = fi(x,r), (6.9

where

VX

|fi(x, 7) + cyiayiynl < Ce™, v = min{u, uo). (6.10)

If we multiply (6.9) by u and integrate over 27, and then take L — oo, we find
that

// (Vul* + yriu>)rdrdx < oo; 6.11)
oo

here we used the boundary condition du/dr = 0 at r = 1,b. We are now in a
position to apply Theorem 6.3 of [7] to (6.9) and deduce that
ulx,r) =i(r) + O(e”"") for some vy > 0 (6.12)

and some function u(r). Taking x — oo in equation (2.1) we deduce that i (r)
satisfies

10 odu -

———(r—)+ynu = yocyuyn,
ror  or

so that, by uniqueness, u () must coincide with the constant cy12y2>. The assertion
(6.8) now follows from (6.12) and (6.7), (6.8). O
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7. Another subsystem of (7')

The subsystem of (T') for u = uj9, v = uy1 (with ugo assumed to be known) can
be written in the form

—Au + ynu — ynv = fi, (7.1)
Ve + Y11 — % /lbu(x, ryrdr = f, (7.2)

where
Yii=A1+ A, yia=k, o1 = A1+ k, Y2 = A2 (7.3)

This system is not a special case of (2.1)—(2.3) (with w = 0) since y2 # y21.
However, the results obtained in sections 3—6 can easily be extended to this system.
Consider first the maximum principle. We assume that

—Au+ yiu — yipv < 0in Qf, (7.4)
b
vx+y11v—%f u(x, ryrdr <0in0 < x < L, (1.5)
1

and that u, v satisfy the same boundary conditions as in (3.4),(3.5). We claim that
u <0in Q.

Indeed, suppose u takes a positive maximum M, say at (xg, o). As in (3.9)
(with w = 0) we get

v(x) < @M,

V21
so that by (7.4)

22
—Au+ynu < ylzy—M.
Y21

Assuming that

Yi2y22 < yVi1yz21, (7.6)

we obtain the inequality —Au < 0 in a neighborhood of (xg, ro), from which we
derive a contradiction, as before.

Note finally that the inequality (7.6) is satisfied for y;; as in (7.3).

Next we turn to the ODE system corresponding to (7.1),(7.2). In the present
case

01 0
A=—1vu0 vy
v22 0 —yp21

and

det(A — A1) = =3 — M + B>+ (M1 + 2B + AT + Mira + 1ik) = £(B).
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Since

f(—=00) = 400, f(+00) = —00, f(0) > 0, and
f(= +k) =—hk <0,

f(B) has three real zeros 8, and
Br<—(1+k) < pr <0< Bs.

We can now easily extend the proof of Theorem 5.1 to the present case, and then
also the proof of Theorem 6.1. Thus the system (7.1),(7.2), under the same bound-
ary conditions on u, v and on the f; as in (6.1), has a unique bounded solution,
and

lux, )|+ [v(x)| < Ce™™*
for some positive constants C, u; under the additional conditions f; > 0,up >
0, vg > 0, we also have u > 0, v > 0.
8. The system (7') and its generalization

The results obtained in sections 2—7 enable us to solve the system (7)) (in the
stationary case) either in €27 or in Q. To avoid repetition we shall consider the
stationary system (7") only in €., with boundary conditions

ui0(0,r) (1 <r < b),u;1(0), u;2(0),

du; du;
B0 1y =210 by =0, 0<x < o0,

ar or
ujo € L=(Qoo): (8.1)

note that the last condition may be viewed as a boundary condition at x = oo.
The boundary condition %(x, 1) = 0 simply means that there is no flux

of particles into the microtubule. The boundary condition ag—;o(x, b) = 0 means
that the net flux of particles from the (b — 1)-neighborhood of the microtubule is
negligible.

We first solve for ugg and observe, by comparison, that

lugo (x, )| < Ce™ V21, (8.2)

Next we solve for (119, #11) in Q24. Using the results of section 7 we find that there
exists a unique solution, and

luro(x, )| + u11(x)| < Ce % (o > 0). (8.3)

Finally, we apply Theorem 6.1 to (u29, u21, u22) and conclude that there exists
a unique solution such that

[(u20, 21, u22) — c(2k?, 4kha, 20045)| < Ce™ % (uy > 0), (8.4

for some constant c.
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Consider next the more general situation where the diffusion terms are given by

9%u; 9
1)-5§g£ + 02D ( -129) l<r<b, (8.5)

for some constant 0 < p < 1.
By a change of variables

r / /
r = ;a uio(xar)zl’tio(x’r)v

the expression (8.5) becomes

Puly 19 ([ ,0u ! b
D —uéo Raleviren (r/—u’()) , —<r < —. (8.6)
0x r’ or ar’ o o

Thus the transport system reduces to the system (7') in the region Q’L) ={(x,r),0<
x <L, Loy < é}, and all our previous results remain true.

We shall now generalize the transport model (7') in two directions: (i) taking
the diffusion coefficient in the direction orthogonal to the microtubule to be y D,
where y < 1; (ii) assuming that the rate of attachment of particles with motor
protein to the microtubule decreases as the distance r — 1 increases, say according
to e~ for some o > 0.

Thus instead of (7") we get the system

duno 8%uoo 13 duy
=D D-—— —2X

ot a2 Vo er r or ) 1400
duo 321410 10 dug

5 — P32 +)’D;a—r( )+2)»1u00—Mulo—)»zulovaun
duog 82u2() 10 8u20

oy — Pz TvDo5 )+ Ao — 2hauz + kuzi
3 d A [P

(Tya) I;;l = —v ;‘;1 B—2 e_"‘(r_l)ulordr — Muip —kup
a J1

d 3 2x [P

gtzl = —v—gil + Aup + B—Z/ e " Dysordr

a J1
—)\/2’421 + 2kuyy — kupq

au 3u

8?2 = — 822 +A2u21 — 2kuoy

where B, = fb —ar=Dpgp,
One can easily extend the proof of Theorem 3.1 to this case and then establish
existence and uniqueness in 27, (for the stationary case) as before.
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9. The time-dependent problem

Consider the system

ur — Au+ ynu — yipv = fi(x, r, 1), 0.1
b

0y + Vs + Y210 — Y220 — %/ uGe, rdr = HG,  (92)
1

Ow; + wx + Oynw — Oy3ov = f3(x, 1) (9.3)

with boundary conditions

u,r,t) =ug(r,t) (1 <r <b), v(0,t) =vo(t), w0, 1) = wo(t), (9.4)

i, 1,t)=2x,b,)=0(0 <x <L), ©5)
u(l,r,t)y =u1(r,t) (1 <r <b),
and initial condition
ulx,r,0) =u,(r,t) O<x <UL, 1<r<b). (9.6)

Zheorem 91.If f; <0, up <0, vo <0, wo <0, anduy <0, thenu < 0in
Qp x {t > 0}

Proof. Consider first the case & = 1 and proceed as in the proof of Theorem 3.1,
setting

M = max u = u(xg,rg,t) >0 9.7)
QL x[0,T]

for some 7 > 0. Analogously to (3.7)

t
vixi 41,0 < e )/22/ e "Dy (x) + 7, T)dT
0

v [! b
+—/ dr/ e Ty () + T, T, r)rdr.
B Jo 1
for (x1 + ¢, t) in a neighborhood of (x, #y), so that
t
vixi+1,1) < A+ mf e T Dy (xy 4 1, T)dT. 9.8)
0

Strictly speaking, this formula is valid only if the interval {(x; 4+ 7, 7); 0 < T < ¢}
belongs to €27 x (0, t); otherwise we have to replace

t
/ e T Dy (xy + 1, T)dT
0

by

t
/ 1Dy (x) + 1, 7)dT,
N
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where x; + s = 0. Alternatively, we can still use the above formula but set
u(x,r,t) = v(x,t) = w(x,t) = 0 for x < 0. We shall use the second alter-
native since then the formulas take a simpler form.

Similarly,

T
wx) +71,7) < )/32/ e B0y (x) + 5, 5)ds. 9.9)
0

Substituting (9.9) into (9.8) we get, as in (3.11)—(3.15),

vr +1.1) < A2 Yy (9.10)

Y21 — V32 Y12

so that
(uy — Au)(x,r,t) <0

in some neighborhood of (xg, rg, f9). This contradicts the maximum principle for
the heat equation.
Consider next the case where 0 < 6 < 1. Then, instead of (9.9) we have

T
w(xy + 01, 7) < m/ e 307Dy (xa + 05, 5)ds, 9.11)
0

for any x;. For each 0 < t < ¢ let x = x2(7) be such that
x(T)+0t=x1+7, ie,xt)=x1+ (1 —-6)t.

For each 7, we now substitute w(xy + 07, ) from (9.11) into (9.8) and obtain

Y22V¥32

7210722
+ an iterated integral containing w(x3(7) + 0s, s).

v(ix1+6t) <A+ A

We can now proceed as before to replace w(x2(t) 4 6s, s) by a formula similar
to (9.10), where the new x, depends on both t and s. Similarly, by step-by-step
iteration, we arrive at the inequality (9.10), from which we derive a contradiction
as before. m|

Theorem 9.1 can now be used to establish existence in 7 x (0, 00). We can
also use the same ODE system as in section 5 to derive an a priori bound indepen-
dent of L, and thus establish existence of a bounded solution in 24, x (0, co) for
the transport system (7). Uniqueness is proved by comparison, as in Corollary 3.3.
Finally, the maximum principle extends also to the system (7).
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10. Numerical results

For our numerical work we take the standard values of D and v, v’ as in [17]:
D = 0.1um?/s, v = v = 0.1um/s. The detachment rate k is an unknown vari-
able; we take an average value k = 0.5s~! from Table 2 of [17]; the value of the
attachment rate A, corresponding to this choice of k in [17] is Ay = 1s~ L. Also,
we take A, = A2, and finally, to allow for a larger affinity of the motor/particle
attachment, we take A; = 2s~!. We take the length scale to be 0.0125um, so that
the boundary of the microtubule is at r = 1. Also, we take b = 5.

Although L is actually very large (i.e., typically 40000 units; see section 1),
the numerical results show asymptotic convergence already for L = 200. We are
especially interested in the effect of varying the values of Aq, )‘/27 v" and y, a; the
parameters Ap, )Jz and v’ are related to the fact that our model allows more than one
motor to bind to a particle, and y, « are related to the three dimensional nature of
the domain 2 ; recall that v < v" < 2v. The parameters A1, Az, v’ do not appear
at all in the model introduced in [17].

We shall derive numerical results for the following situations:

(1) stationary system (7") with constant boundary values,
(2) time dependent system (7T),
(3) stationary system (7).

We are interested in stationary solutions since these are the solutions one expects
to see in the steady state of a living cell. On the other hand, we are also interested
in time dependent solutions because these solutions can be compared with experi-
ments (e.g., by looking at radioactivity profiles during axonal transport).

Note that in the case (1) the solution of the system is independent of the variable
r,i.e., (T) reduces to an ODE system (cf. section 5). Thus there is no dependence
on the diffusion coefficient in the orthogonal direction to the microtubule.

Figures 1-3 illustrate the case (1). The initial values at x = O are u;; = 0 except
for ugp = 1, i.e., we consider the case where the particles supplied by the soma
have no motors attached to them initially.

In Figure 1 we show the effect of varying A1 on the total concentration ) u;j,
and on the ratio between the mass transported by processive motion, u11+u21 +u22,
and the mass transported by diffusive motion, ugy + u10 + u20-

In Figure 2 we show the effect of varying A}, and in Figure 3 we show the effect
of varying v’.

Since at x = 0 no particles are attached to the microtubule, the ratio of pro-
cessive to diffusive concentrations is very small for small x, as shown in Figures
1(b)-3(b). As aresult, since diffusion alone tends to spread the concentration, total
concentration actually decreases in x for x small (approximately for 0 < x < 5),
as shown in Figures 1(a)-3(a).

In Figure 1 both the total concentration Y u; j(x) as well as the relative mass
transfer by processive motion are monotone increasing in A1, for any x. Figure 2(b)
shows that as )‘/2 decreases, i.e., as the conformation constraint increases, the rela-
tive mass transported by the processive motion decreases. Figure 2(a) shows that
the transport of the total mass also decreases slightly as A decreases, but only after
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Fig. 1. The effect of varying A, for the stationary solutions of (7'): (a) on the total sum of the
concentrations u;; (b) on the ratio between total processive and total diffusive concentrations.

some distance away from the soma, i.e., approximately for x > 70. Figure 3 shows
that as v’ increases, the total transported mass decreases, and the relative mass
transported by processive motion decreases too. This is apparently a semblance of
conservation of mass in the processive motion (roughly, mass concentration times
velocity is constant).
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Fig. 2. The effect of varying A}, for the stationary solutions of (7'): (a) on the total sum of the
concentrations u;; (b) on the ratio between total processive and total diffusive concentrations.

Figure 4 illustrates case (2): we look at time dependent solutions of the sys-
tem (T'), for initial conditions u;; = 0 at t = 0, except for ugp which is 1 on a
small interval centered 160 units away from the soma; for boundary conditions we
take u;; = 0 at x = 0, for all i, j. As the initial rectangular profile propagates, it
becomes flatter and takes the shape of a Gaussian, similar to experimental results
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Fig. 3. The effect of varying v’ between 0.1um/s and 0.2um/s for the stationary solutions
of (T'): (a) on the total sum of the concentrations ;; (b) on the ratio between total processive
and total diffusive concentrations.

reported by Gross and Beidler [9] (see also Blum and Reed [3]); there is an obvious
difference between the results in [9] and the profiles in Figure 4, since we did not
include deposition of particles on the axonal membrane in our model. Note that at
t = 0 there is no mass in processive motion.
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Fig. 4. Time dependent solutions of (7'): (a) temporal evolution of the sum of the concen-
trations for diffusive u;; (i.e., ugp + 10 + uz); (b) temporal evolution of the sum of the
concentrations for processive u;; (i.e., uy; + a1 + U); (¢) temporal evolution of the sum
of all concentrations u;;.

Figures 5 and 6 illustrate case (3): we look at stationary solutions of the system
(Ty)- The boundary values 1o (0, r) decrease linearly with r, while the remaining
u;;j(0, r) are zero. In Figure 5(a) we see that for y = 1 the concentrations of the
diffusive u;j atr = 5 and r = 1 converge to the common limit faster than they do
for the case y = 0.1. Figure 5(b) shows that the effect of y on the concentrations of
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Fig. 5. The effect of varying y on the stationary solutions of (7},) atr = 1 and r = 5: (a)
on the total sum of the concentrations for diffusive u;; (i.e., oo + 10 + 29); (b) on the total
sum of the concentrations for processive u;; (i.., u1; + uz; + u,); (c) on the total sum of
the concentrations for all u;;.

the processive u;; is very small. Also, the effect of & on the various concentrations
is very small, as shown in Figure 6 for the sum of all concentrations. This is due to
the fact that the diffusion coefficient is relatively large.
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Fig. 6. The effect of varying « on the stationary solutions of (T},) atr = 1and r =5, on
the total sum of the concentrations for all u;;.

11. Conclusions

In this paper we developed a rather generic transport model of vesicles and organ-
elles along microtubules in axon. These particles — when bound by motor proteins
(kinesin) to the surface of a microtubule — move in processive motion toward the
synaptic end; from time to time this motion is disrupted as the motors detach from
the microtubule, and then the particles undergo diffusion, until they become reat-
tached to the microtubule.

Our model allows two motor proteins to bind to each particle, and subsequently
also to the microtubule. The model consists of a system of six populations with
concentrations u;; (0 <i < j < 2), satisfying six PDEs with some boundary and
initial conditions. We proved that the system has an unique solution, and discussed
the asymptotic behavior of the u;; near the far end of the microtubule.

We presented numerical simulations showing how the transport of mass (both
by processive motion and by diffusion) depends on the various parameters of the
PDE system. For example, we have shown that if the conformation constraints of the
particle bound to microtubule by one motor protein become more restrictive (i.e.,
)J2 decreases), then the ratio between processive and diffusive mass decreases. We
have also shown that, as an initial rectangular profile propagates, it becomes flatter
and takes the shape of a Gaussian distribution, somewhat similar to experimental
results by Gross and Beidler [9].

Some of the parameters in our model cannot be determined experimentally at
this time. Nor is it clear that the factor e~ ~D in the system (7}4) is the most
appropriate one. In future work we intend to consider more recent experimen-
tal results on axonal transport of vesicles, organelles, as well as neurofilaments
[5,22,24], and attempt to validate our model, or a variant of it, by making suit-
able choices of parameters and perhaps suitable assumptions on the distribution of
microtubules.

With conclude with several challenging problems:
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(A) The model developed in this paper can be extended to include both antero-
grade and retrograde transport. Suppose no particle can be attached to one
anterograde and one retrograde motor at the same time. Then, if we denote by ufj
the concentration of particles in retrograde motion, we get a system of equations
for the ufj similar to that for the u;;. The only coupling between the two systems
occurs among the particles which are unattached to a motor, namely ugo = ug,
and we have to introduce rates

ZA’I‘ 2

*
Uiy «— U —> U

The analysis of each system then proceeds in the same way as before. If, how-
ever, particles may be attached to one anterograde and one retrograde motors, then
we get additional “mixed” populations, say i7;, and the system becomes more
complicated. It would be interesting to explore this system.

(B) One of the shortcomings of our model is the fact that it deals with only
one isolated microtubule. If we take into account the distribution of the population
of microtubules in the axon, then the profile of the transported concentration will
depend on whether the microtubules are uniformly distributed or are clustered in
some regions. Neuronal types where microtubules are compactly distributed are
mentioned in [6]. If the microtubules are distributed along the axis in a periodic
way, then one may be able to use the method of homogenization [10] in order
to compute the “effective” diffusion coefficients for particles ugo, #10, 420, as the
distance ¢ between neighboring microtubules becomes arbitrarily small. One will
also have to replace the integrals

b
/; ujordr

b
/ e_“(’_l)ujordr
1

in (T)y), by integrals of uj;o (with suitable weight functions) taken along
é-neighborhoods of microtubules, where § is a new small parameter. It would be
interesting to see how the mathematical and numerical results will depend on the
quotient §/¢.

(C) We have assumed in (7T') that v and v’ are deterministic quantities. Actu-
ally, because of fluctuations in the cellular environment (including the motion of the
microtubules) and the oscillatory nature of the motion of motor proteins, the gliding
velocity of motor proteins is a fluctuating quantity. Thus v and v’ are undergoing a
stochastic process. It would be interesting to model this process and to determine
whether it makes a significant change in the results obtained for the model where
v and v’ are assumed to be the average values of the fluctuating velocities.

(D) When v and v’ are taken as random variables, as suggested in (C), the par-
abolic-hyperbolic system (7)) becomes a system of stochastic partial differential
equations. It would be interesting to try to establish a maximum principle for such
a system, which in some average sense is similar to Theorem 3.1.

in (T), or
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