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PRODUCT-FORM STATIONARY DISTRIBUTIONS FOR
DEFICIENCY ZERO CHEMICAL REACTION NETWORKS

BY DAVID F. ANDERSON∗ , GHEORGHECRACIUN ∗ , AND THOMAS G.
KURTZ ∗

University of Wisconsin - Madison

We consider both deterministically and stochastically modeled chemical
reaction systems and prove that a product-form stationary distribution exists
for each closed, irreducible subset of the state space of a stochastically mod-
eled system (with quite general kinetics) if the corresponding deterministi-
cally modeled system (with mass-action kinetics) admits a complex balanced
equilibrium. Feinberg’s deficiency zero theorem then implies that such a dis-
tribution exists so long as the corresponding network is weakly reversible and
has a deficiency of zero. We also demonstrate that the main parameter of the
stationary distribution is always a complex balanced equilibrium value for the
corresponding mass-action, deterministically modeled system, regardless of
the kinetics assumed for the stochastically modeled system.

1. Introduction. There are two commonly used models for chemical reaction
systems: discrete stochastic models in which the state of the system is a vector
giving the number of each molecular species, and continuousdeterministic mod-
els in which the state of the system is a vector giving the concentration of each
molecular species. Discrete stochastic models are typically used when the num-
ber of molecules of each chemical species is low and the randomness inherent in
the making and breaking of chemical bonds is important. Conversely, determinis-
tic models are used when there are large numbers of moleculesfor each species
and the behavior of the concentration of each species is wellapproximated by a
coupled set of ordinary differential equations.

Typically, the goal in the study of discrete stochastic systems is to either un-
derstand the evolution of the distribution of the state of the system or to find the
long term stationary distribution of the system, which is the stochastic analog of
an equilibrium point. The Kolmogorov forward equation (chemical master equa-
tion in the chemistry literature) describes the evolution of the distribution and so
work has been done in trying to analyze or solve the forward equation for cer-
tain classes of systems ([18]). However, it is typically an extremely difficult task
to solve or even numerically compute the solution to the forward equation for all
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2 ANDERSON, CRACIUN, AND KURTZ

but the simplest of systems. Therefore, simulation methodshave been developed
that will generate sample paths so as to approximate the distribution of the state
via Monte Carlo methods. These simulation methods include algorithms that gen-
erate statistically exact ([1, 20, 21, 19]) and approximate([3, 22, 7]) sample paths.
On the other hand, the continuous deterministic models, andin particular mass-
action systems with complex balancing states, have been analyzed extensively in
the mathematical chemistry literature, starting with the works of Horn, Jackson,
and Feinberg [24, 25, 26, 13], and continuing with Feinberg’s deficiency theory in
[14, 15, 16, 17]. Such models have a wide range of applications in the physical
sciences, and now they are beginning to play an important role in systems biology
[11, 23, 31]. Recent mathematical analysis of continuous deterministic models has
focused on their potential to admit multiple equilibria [9,10] and on dynamical
properties such as persistence and global stability [31, 5,2, 4].

One of the major theorems pertaining to deterministic models of chemical sys-
tems is the deficiency zero theorem of Feinberg ([15, 14]). The deficiency zero
theorem states that if the network of a system satisfies certain easily checked prop-
erties, then within each compatibility class (linear set inwhich a solution is bound)
there is precisely one equilibrium with strictly positive components, and that equi-
librium is locally asymptotically stable ([15, 14]). The surprising aspect of the de-
ficiency zero theorem is that the assumptions of the theorem are completely related
to the network of the system whereas the conclusions of the theorem are related
to the dynamical properties of the system. We will show in this paper that if the
conditions of the deficiency zero theorem hold on the networkof a stochastically
modeled chemical system with quite general kinetics, then there exists a product-
form stationary distribution for each closed, irreduciblesubset of the state space.
In fact, we will show a stronger result: that a product-form stationary distribution
exists so long as there exists a complex balanced equilibrium for the associated
deterministically modeled system. However, the equilibrium values guaranteed to
exist by the deficiency zero theorem are complex balanced andso the conditions of
that theorem are sufficient to guarantee the existence of theproduct-form distribu-
tion. Finally, the main parameter of the stationary distribution will be shown to be
a complex balanced equilibrium value of the deterministically modeled system.

Product-form stationary distributions play a central rolein the theory of queue-
ing networks where the product-form property holds for a large, naturally occurring
class of models called Jackson networks (see, for example, [27], Chapter 3, and [8],
Chapter 2) and a much larger class of quasi-reversible networks ([27], Chapter 3,
[8], Chapter 4, [30], Chapter 8). Kelly, [27], Section 8.5, recognizes the possible
existence of product-form stationary distributions for a subclass of chemical reac-
tion models and gives a condition for that existence. That condition is essentially
the complex balance condition described below, and our mainresult asserts that for
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PRODUCT-FORM STATIONARY DISTRIBUTIONS 3

any chemical reaction model the conditions of the deficiencyzero theorem ensure
that this condition holds.

The outline of the paper is as follows. In Section 2 we formally introduce chem-
ical reaction networks. In Section 3 we develop both the stochastic and determinis-
tic models of chemical reaction systems. Also in Section 3 westate the deficiency
zero theorem for deterministic systems and present two theorems that are used in
its proof and that will be of use to us. In Section 4 we present the first of our main
results: that every closed, irreducible subset of the statespace of a stochastically
modeled system with mass-action kinetics has a product-form stationary distribu-
tion if the chemical network is weakly reversible and has a deficiency of zero. In
Section 5 we present some examples of the use of this result. In Section 6 we extend
our main result to systems with more general kinetics.

2. Chemical reaction networks. Consider a system withm chemical species,
{S1, . . . , Sm}, undergoing a series of chemical reactions. For thekth reaction, de-
note byνk, ν

′
k ∈ Z

m
≥0 the vectors representing the number of molecules of each

species consumed and created in one instance of that reaction, respectively. We
note that ifνk = ~0 then thekth reaction represents an input to the system, and if
ν ′

k = ~0 then it represents an output. Using a slight abuse of notation, we associate
each suchνk (andν ′

k) with a linear combination of the species in which the co-
efficient of Si is νik, the ith element ofνk. For example, ifνk = [1, 2, 3]T for
a system consisting of three species, we associate withνk the linear combination
S1 +2S2 +3S3. Forνk = ~0, we simply associateνk with ∅. Under this association,
eachνk (andν ′

k) is termed acomplexof the system. We denote any reaction by
the notationνk → ν ′

k, whereνk is the source, or reactant, complex andν ′
k is the

product complex. We note that each complex may appear as botha source complex
and a product complex in the system. The set of all complexes will be denoted by
{νk} =̇ ∪k ({νk} ∪ {ν ′

k}).

DEFINITION 2.1. LetS = {Si}, C = {νk}, andR = {νk → ν ′
k} denote

the sets of species, complexes, and reactions, respectively. The triple{S, C,R} is
called achemical reaction network.

The structure of chemical reaction networks plays a centralrole in both the study
of stochastically and deterministically modeled systems.As alluded to in the In-
troduction, it will be conditions on the network of a system that guarantee certain
dynamical properties for both models. Therefore, the remainder of this section con-
sists of definitions related to chemical networks that will be used throughout the
paper.

DEFINITION 2.2. A chemical reaction network,{S, C,R}, is calledweakly
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4 ANDERSON, CRACIUN, AND KURTZ

reversibleif for any reactionνk → ν ′
k, there is a sequence of directed reactions

beginning withν ′
k as a source complex and ending withνk as a product complex.

That is, there exist complexesν1, . . . , νr such thatν ′
k → ν1, ν1 → ν2, . . . , νr →

νk ∈ R. A network is calledreversibleif ν ′
k → νk ∈ R wheneverνk → ν ′

k ∈ R.

REMARK . The definition of a reversible network given in Definition 2.2 is
distinct from the notion of a reversible stochastic process. However, in Section 4.1
we point out a connection between the two concepts for systems that are detailed
balanced.

To each reaction network,{S, C,R}, there is a unique, directed graph con-
structed in the following manner. The nodes of the graph are the complexes,C.
A directed edge is then placed from complexνk to complexν ′

k if and only if
νk → ν ′

k ∈ R. Each connected component of the resulting graph is termed a
linkage classof the graph. We denote the number of linkage classes byℓ. It is easy
to see that a chemical reaction network is weakly reversibleif and only if each of
the linkage classes of its graph is itself weakly reversible.

DEFINITION 2.3. S = span{νk→ν′

k
∈R}{ν

′
k − νk} is the stoichiometric sub-

spaceof the network. Forc ∈ R
m we sayc + S and(c + S) ∩ R

m
>0 are thesto-

ichiometric compatibility classesandpositive stoichiometric compatibility classes
of the network, respectively. Denote dim(S) = s.

It is simple to show that for both stochastic and deterministic models, the state of
the system remains within a single stoichiometric compatibility class for all time.
This fact is important because it changes the types of questions that are reasonable
to ask about a given system. For example, unless there is onlyone stoichiometric
compatibility class, and soS = R

m, it is not reasonable to ask whether there is
a unique fixed point for a given deterministic system. Instead, it is appropriate to
ask if within each stoichiometric compatibility class there is a unique fixed point.
Analogously, asking for a closed form stationary distribution for a stochastically
modeled system that is valid on all ofR

m would be unreasonable. However, asking
for a stationary distribution valid on a closed, irreducible subset of the state space,
itself contained within a compatibility class, would not be.

The final definition of this section is that of thedeficiencyof a network ([14]). It
is not a difficult exercise to show that the deficiency of a network is always greater
than or equal to zero.

DEFINITION 2.4. Thedeficiencyof a chemical reaction network,{S, C,R}, is
δ = |C| − ℓ − s, where|C| is the number of complexes,ℓ is the number of linkage
classes of the network graph, ands is the dimension of the stoichiometric subspace
of the network.
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PRODUCT-FORM STATIONARY DISTRIBUTIONS 5

While the deficiency is, by definition, only a property of the network, we will
see in Sections 3.2, 4, and 6 that a deficiency of zero has implications for the long-
time dynamics of both deterministic and stochastic models of chemical reaction
systems.

3. Dynamical models. The notion of a chemical reaction network is the same
for both stochastic and deterministic systems and the choice of whether to model
the evolution of the state of the system stochastically or deterministically is made
based upon the details of the specific chemical or biologicalproblem at hand. Typ-
ically if the number of molecules is low, a stochastic model is used, and if the
number of molecules is high, a deterministic model is used. For cases between
the two extremes a diffusion approximation can be used or, for cases in which the
system contains multiple scales, pieces of the reaction network can be modeled
stochastically, while others can be modeled deterministically (or, more accurately,
absolutely continuously with respect to time). See, for example, [6].

3.1. Stochastic models.The simplest stochastic model for a chemical network
{S, C,R} treats the system as a continuous time Markov chain whose state X ∈
Z

m
≥0 is a vector giving the number of molecules of each species present with each

reaction modeled as a possible transition for the state. Themodel for thekth reac-
tion, νk → ν ′

k, is determined by the vector of inputs,νk, specifying the number of
molecules of each chemical species that are consumed in the reaction, the vector
of outputs,ν ′

k, specifying the number of molecules of each species that arecre-
ated in the reaction, and a function of the state,λk(X), that gives the rate at which
the reaction occurs. Specifically, if thekth reaction occurs at timet, the new state
becomes

X(t) = X(t−) + ν ′
k − νk.

Let Rk(t) denote the number of times that thekth reaction occurs by timet. Then
the state of the system at timet can by written as

(1) X(t) = X(0) +
∑

k

Rk(t)(ν
′
k − νk),

where we have enumerated over the reactions.Rk is a counting process with inten-
sity λk(X(t)) (called thepropensityin the chemistry literature) and can be written
as

(2) Rk(t) = Zk

(
∫ t

0
λk(X(s))ds

)

,

where theZk are independent, unit-rate Poisson processes ([29, 12]). The generator
for the Markov chain is the operator,A, defined by

(3) Af(x) =
∑

k

λk(x)(f(x + ν ′
k − νk) − f(x)),
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6 ANDERSON, CRACIUN, AND KURTZ

wheref is any function defined on the state space.
A commonly chosen form for the intensity functions,λk, is that of stochastic

mass-action, which says that the rate of thekth reaction should be given by

(4) λk(x) = κk

m
∏

ℓ=1

νℓk!

(

xℓ

νℓk

)

= κk

m
∏

ℓ=1

xℓ!

(xℓ − νℓk)!
,

for some constantκk. Note that the rate (4) is proportional to the number of dis-
tinct subsets of the molecules present that can form the inputs for the reaction.
Intuitively, this assumption reflects the idea that the system iswell-stirred in the
sense that all molecules are equally likely to be at any location at any time. For
concreteness, we will assume that the intensity functions satisfy (4) throughout
most of the paper. In Section 6 we will generalize our resultsto systems with more
general kinetics.

A probability distribution{π(x)} is a stationary distribution for the chain if
∑

x

π(x)Af(x) = 0

for a sufficiently large class of functionsf or, taking f(y) = 1x(y) and using
equation (3), if

(5)
∑

k

π(x − ν ′
k + νk)λk(x − ν ′

k + νk) = π(x)
∑

k

λk(x)

for all x in some closed, irreducible subset of the state space. If thenetwork is
weakly reversible, then the state space of the Markov chain is a union of closed,
irreducible communicating classes. Also, each closed, irreducible communicating
class is either finite or countable. Therefore, if a stationary distribution with support
on a single communicating class exists it is unique and

lim
t→∞

P (X(t) = x | X(0) = y) = π(x),

for all x, y in that communicating class. Thus, the stationary distribution gives the
long-term behavior of the system.

Solving equation (5) is in general a formidable task. However, in Section 4 we
will do so if the network is weakly reversible, has a deficiency of zero, and if the
rate functionsλk(x) satisfy mass-action kinetics, (4). We will also show that the
stationary distribution is of product form. More specifically, we will show that for
each communicating class there exists ac ∈ R

m
>0 and a normalizingM such that

π(x) = M
m
∏

i=1

πi(xi) =̇ M
m
∏

i=1

cxi

i

xi!

satisfies equation (5). Theci in the definition ofπi will be shown to be theith
component of an equilibrium value of the analogous deterministic system described
in the next section. In Section 6 we will solve (5) for more general kinetics.
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PRODUCT-FORM STATIONARY DISTRIBUTIONS 7

3.2. Deterministic models and the deficiency zero theorem.Under an appro-
priate scaling limit (see, for example, [28]) the continuous time Markov chain (1),
(2), (4) becomes

(6) x(t) = x(0) +
∑

k

(
∫ t

0
fk(x(s))ds

)

(ν ′
k − νk) =̇ x(0) +

∫ t

0
f(x(s))ds,

where the last equality is a definition and

(7) fk(x) = κkx
ν1k

1 xν2k

2 · · · xνmk

m .

We say that the deterministic system (6) hasmass-action kineticsif the rate func-
tionsfk have the form (7). The proof of the following theorem by Feinberg can be
found in [14] or [17]. We note that the full statement of the deficiency zero theorem
actually says more than what is given below and the interested reader is encouraged
to see the original work.

THEOREM 3.1 (The Deficiency Zero Theorem).Consider a weakly reversible,
deficiency zero chemical reaction network{S, C,R} with dynamics given by(6),
(7). Then for any choice of rate constantsκk, within each positive stoichiometric
compatibility class there is precisely one equilibrium value, and that equilibrium
value is locally asymptotically stable relative to its compatibility class.

The dynamics of the system (6), (7) take place inR
m
≥0. However, to prove the

deficiency zero theorem it turns out to be more appropriate towork in complex
space, denotedRC , which we will describe now. For anyU ⊆ C let ωU : C →
{0, 1} denote the indicator functionωU (νk) = 1{νk∈U}. Complex space is defined
to be the space with basis{ωνk

| νk ∈ C}, where we have denoteω{νk} by ωνk
.

If u is a vector with nonnegative integer components andw is a vector with
nonnegative real components, then letu! =

∏

i ui! andwu =
∏

i w
ui

i , where we
interpret00 = 1. Let Ψ : R

m → R
C andAk : R

C → R
C be defined by:

Ψ(x) =
∑

νk∈C

xνkωνk

Ak(y) =
∑

νk→ν′

k
∈R

κkyνk
(ων′

k

− ωνk
),

where a choice of rate constants,κk, has been made for the functionAk. Let Y :
R
C → R

m be the linear map whose action on the basis elements{ωνk
} is defined

by Y (ωνk
) = νk. Then equations (6), (7) can be written as the coupled set of

ordinary differential equations

ẋ(t) = f(x(t)) = Y (Ak(Ψ(x(t)))).
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8 ANDERSON, CRACIUN, AND KURTZ

Therefore, in order to show that a valuec is an equilibrium of the system, it is
sufficient to show thatAk(Ψ(c)) = 0. The following has been shown in [26] and
[14] (see also [23]).

THEOREM 3.2. Let {S, C,R} be a chemical reaction network with dynamics
given by(6), (7) for some choice of rate constants,κk. Suppose there exists ac ∈
R

m
>0 for whichAk(Ψ(c)) = 0, then the following hold:

1. The network is weakly reversible.
2. Every fixed point with strictly positive components,x ∈ R

m
>0 with f(x) = 0,

satisfiesAk(Ψ(x)) = 0.
3. If Z = {x ∈ R

m
>0 | f(x) = 0}, thenln Z =̇ {y ∈ R

m | ∃ x ∈ Z andyi =
ln(xi)} is a coset ofS⊥. That is, there is ak ∈ R

m such thatln Z = {w ∈
R

m | w = k + u for someu ∈ S⊥}.
4. There is one, and only one, fixed point in each positive stoichiometric com-

patibility class.
5. Each fixed point of a positive stoichiometric compatibility class is locally

asymptotically stable relative to its stoichiometric compatibility class.

Thus, the conclusion of the deficiency zero theorem holds so long as there exists
at least onec ∈ R

m
>0 such thatAk(Ψ(c)) = 0. The condition that the system has

a deficiency of zero only plays a role in showing that there does exist such ac. A
proof of the following can be found in [14], [15], or [17].

THEOREM 3.3. Let {S, C,R} be a chemical reaction network with dynamics
given by(6), (7) for some choice of rate constants,κk. If the network has a defi-
ciency of zero, then there exists ac ∈ R

m
>0 such thatAk(Ψ(c)) = 0 if and only if

the network is weakly reversible.

A chemical reaction network with mass-action kinetics thatadmits ac for which
Ak(Ψ(c)) = 0 is calledcomplex balancedin the literature. We see from Theo-
rem 3.2 that the conclusions of the deficiency zero theorem hold for any complex
balanced system. The surprising aspect of the deficiency zero theorem, however,
is that it gives simple and checkable sufficient conditions on the network structure
alone that guarantee that a system is complex balanced for any choice of rate con-
stants. We will see in the following sections that the main results of this paper have
the same property: product-form stationary distributionsexist for all stochastic sys-
tems that are complex balanced when viewed as deterministicsystems, andδ = 0
is a sufficient condition to guarantee this for weakly reversible networks.
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PRODUCT-FORM STATIONARY DISTRIBUTIONS 9

4. Main result for mass-action systems. We now state and prove our main
result for systems with mass-action kinetics.

THEOREM 4.1. Let {S, C,R} be a chemical reaction network and letκk be
a choice of rate constants. Suppose that, modeled deterministically, the system is
complex balanced with equilibriumc ∈ R

m
>0. Then, for any closed, irreducible

subset of the state space,Γ, the stochastically modeled system with intensities(4)
has a product-form stationary distribution

(8) π(x) = M
cx

x!
= M

m
∏

i=1

cxi

i

xi!
,

valid for x ∈ Γ, whereM is a normalizing constant.

PROOF. For allx ∈ Γ, let

π(x) = M
cx

x!
,

whereM is a normalizing constant andc satisfiesAk(Ψ(c)) = 0. To show that
π(x) is stationary, we will verify that equation (5) holds for allx ∈ Γ. Plugging
(8) and (4) into equation (5) and simplifying yields

(9)
∑

k

κkc
νk−ν′

k

1

(x − ν ′
k)!

=
∑

k

κk

1

(x − νk)!
.

Equation (9) will be satisfied if for each complexz ∈ C,

(10)
∑

{k:ν′

k
=z}

κkc
νk−z 1

(x − z)!
=

∑

{k:νk=z}

κk
1

(x − z)!
,

where the sum on the left is over reactions for whichz is the product complex and
the sum on the right is over reactions for whichz is the source complex.z is fixed
in the above equation, and so (10) is equivalent to

(11)
∑

{k:ν′

k
=z}

κkc
νk =

∑

{k:νk=z}

κkc
νk .

The conditionAk(Ψ(c)) = 0 is

(12)
∑

k

κkc
νk(ων′

k

− ωνk
) = 0.

which, after rearranging terms, is precisely equation (11).
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10 ANDERSON, CRACIUN, AND KURTZ

The following theorem gives simple and checkable conditions that guarantee the
existence of a product-form stationary distribution of theform (8).

THEOREM 4.2. Let{S, C,R} be a chemical reaction network that has a defi-
ciency of zero and is weakly reversible. Then, for any choiceof rate constants and
for any closed, irreducible subset of the state space,Γ, the stochastically modeled
system with intensities(4) has a product form stationary distribution

π(x) = M
cx

x!
= M

m
∏

i=1

cxi

i

xi!
,

valid for x ∈ Γ, whereM is a normalizing constant andc is an equilibrium value
guaranteed to exist by the deficiency zero theorem.

PROOF. This is a direct result of Theorems 3.3 and 4.1.

Consider the case whereZm
≥0 is the unique irreducible communication class for

a stochastically modeled system that has a product-form stationary measure of the
form (8). The following Corollary points out that when in distributional equilib-
rium the species numbers: (a) are independent and (b) have Poisson distributions.
Thus, in this case, both property (a) and property (b) followfrom conditions on the
communication class and not on properties of the reactions themselves. Previous
results required that each reactionνk → ν ′

k satisfy |νk|, |ν
′
k| ∈ {0, 1} ([18]). We

return to this point in examples 5.2 and 5.3.

COROLLARY 4.3. Let {S, C,R} be a chemical reaction network that, when
modeled deterministically, has a complex balanced equilibrium, c. Suppose fur-
ther that, when modeled stochastically with intensities(4), Γ = Z

m
≥0 is the unique

closed, irreducible communication class of the state space. Then, when in distribu-
tional equilibrium, the species numbers of the stochastically modeled system are
independent and have Poisson distributions with parameters ci.

PROOF. By Theorem 4.1 the stationary distribution is given by (8).Summing
over the state space we see that for eachx ∈ Z

m
≥0

π(x) = e−
∑

m

i=1
ci

m
∏

i=1

cxi

i

xi!
=

m
∏

i=1

e−ci
cxi

i

xi!
.

imsart-aap ver. 2007/12/10 file: prodformAug10.tex date: August 10, 2008
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4.1. Reversibility and detail balance.A reversible (in the sense of Definition
2.2), deterministically modeled chemical reaction network with equilibrium value
c is said to bedetailed balancedif for each pair of reversible reactions,νk ⇄ ν ′

k,
we have

(13) κkc
νk = κ′

kc
ν′

k ,

whereκk, κ
′
k are the rate constants for the reactionsνk → ν ′

k, ν
′
k → νk, respec-

tively. It is immediate that any system that is detailed balanced is also complex
balanced. The fact that a product-form stationary distribution of the form (8) ex-
ists for detailed balanced systems is known. See, for example, [32]. Theorems 4.1
and 4.2 can therefore be viewed as an extension of that result. However, more can
be said in the case when the deterministic system is detailedbalanced. As men-
tioned in the remark following Definition 2.2, the term “reversible” has a meaning
in the context of stochastic processes that differs from that of Definition 2.2. The
following standard definition is taken from [27].

DEFINITION 4.4. A stochastic processX(t) is reversibleif (X(t1), . . . ,X(tn))
has the same distribution as(X(τ − t1), . . . ,X(τ − tn)) for all t1, . . . , tn, τ ∈ R.

The following is proved in chapter 7 of [32].

THEOREM 4.5. Let {S, C,R} be a reversible (in the sense of Definition 2.2)
chemical reaction network with rate constantsκk. Then the deterministically mod-
eled system has an equilibrium for which it is detailed balanced if and only if the
stochastically modeled system with intensities(4) is reversible, in the sense of Def-
inition 4.4, when in its stationary distribution.

4.2. Non-uniqueness ofc. For stochastically modeled chemical reaction sys-
tems any irreducible subset of the state space,Γ, is contained within(y+R

m
≥0)∩Z

m

for somey ∈ R
m
≥0. Therefore, eachΓ is associated with a stoichiometric compat-

ibility class. For weakly reversible systems with a deficiency of zero, Theorems
3.2 and 3.3 guarantee that each such stoichiometric compatibility class has an as-
sociated equilibrium value for whichAk(Ψ(c)) = 0. However, neither Theorem
4.1 nor Theorem 4.2 makes the requirement that the equilibrium value used in the
product-form stationary measureπ(·) be contained within the stoichiometric com-
patibility class associated withΓ. Therefore we see that one suchc can be used to
construct a product-form stationary distribution for every closed, irreducible sub-
set. Conversely, for a given irreducible subsetΓ any positive equilibrium value to
the system (6), (7) can be used to constructπ(·). This fact seems to be contrary to
the uniqueness of the stationary distribution, however it can be understood through
the third conclusion of Theorem 3.2 as follows.
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12 ANDERSON, CRACIUN, AND KURTZ

Let Γ be a closed, irreducible subset of the state space with associated posi-
tive stoichiometric compatibility classy + S, and letc1, c2 ∈ R

m
>0 be such that

Ak(Ψ(c1)) = Ak(Ψ(c2)) = 0. For i ∈ {1, 2} andx ∈ Γ, let πi(x) = Mic
x
i /x!,

whereM1 andM2 are normalizing constants. Then for eachx ∈ Γ

π1(x)

π2(x)
=

M1c
x
1

x!

x!

M2cx
2

=
M1

M2

cx
1

cx
2

.

For any vectoru, we define(ln(u))i = ln(ui). Then forx ∈ Γ ⊂ y + S

(14)
cx
1

cx
2

= ex·(ln c1−ln c2) = ey·(ln c1−ln c2) =
cy
1

cy
2

,

where the second equality follows from the third conclusionof Theorem 3.2. There-
fore,

(15)
π1(x)

π2(x)
=

M1

M2

cy
1

cy
2

.

Finally,

1 =

(

M1

∑

x∈Γ

cx
1/x!

)

/

(

M2

∑

x∈Γ

cx
2/x!

)

=
M1

M2

(

cy
1

cy
2

∑

x∈Γ

cx
2/x!

)

/

(

∑

x∈Γ

cx
2/x!

)

=
π1(x)

π2(x)
,

where the second equality follows from equation (14) and thethird equality follows
from equation (15). We therefore see that the stationary measure is independent of
the choice ofci, as expected.

5. Examples. Our first example points out that the existence of a product-form
stationary distribution for the closed, irreducible subsets of the state space does not
necessarily imply independence of the species numbers.

EXAMPLE 5.1. (Non-independence of species numbers) Consider the sim-
ple reversible system

S1

k1

⇄

k2

S2,

wherek1 andk2 are nonzero rate constants. We suppose thatX1(0)+X2(0) = N ,
and soX1(t) + X2(t) = N for all t. This system has two complexes, one linkage
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PRODUCT-FORM STATIONARY DISTRIBUTIONS 13

class, and the dimension of the stoichiometric compatibility class is one. Therefore
it has a deficiency of zero. Since it is also weakly reversible, our results hold. An
equilibrium to the system that satisfies the complex balanceequation is

c =

(

k2

k1 + k2
,

k1

k1 + k2

)

,

and the product-form stationary distribution for the system is

π(x) = M
cx1

1

x1!

cx2

2

x2!
,

whereM is a normalizing constant. Using thatX1(t) + X2(t) = N for all t yields

π1(x1) = M
cx1

1

x1!

cN−x1

2

(N − x1)!
=

M

x1!(N − x1)!
cx1

1 (1 − c1)
N−x1 .

After settingM = N !, we see thatX1 is binomially distributed. Similarly,

π2(x2) =

(

N

x2

)

cx2

2 (1 − c2)
N−x2 .

Therefore, we trivially have thatP (X1 = N) = cN
1 andP (X2 = N) = cN

2 , but
P (X1 = N,X2 = N) = 0 6= cN

1 cN
2 , and soX1 andX2 are not independent.

REMARK . The conclusion of the previous example, that independencedoes
not follow from the existence of a product-form stationary distribution, extends
trivially to any network with a conservation relation amongthe species.

EXAMPLE 5.2. (First order reaction networks) The results presented below
for first order reaction networks are known in both the queueing theory and mathe-
matical chemistry literature. See, for example, [27] and [18]. We present them here
to point out how they follow directly from Theorem 4.2.

We say a reaction network is afirst order reaction networkif |νk| ∈ {0, 1} for
each complexνk ∈ C. It is simple to show that first order reaction networks neces-
sarily have a deficiency of zero. Therefore, the results of this paper are applicable
to all first order reaction networks that are weakly reversible. Consider such a reac-
tion network with only one linkage class (for if there is morethan one linkage class
we may consider the different linkage classes as distinct networks). We say that the
network isopenif there is at least one reaction,νk → ν ′

k, for whichνk = ~0. Oth-
erwise we say the network isclosed. If the network is open we see thatS = R

m,
Γ = Z

m
≥0 and so, by Corollary 4.3, for allx ∈ Γ,

π(x) = e−
∑

m

i=1
ci

m
∏

i=1

cxi

i

xi!
,
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14 ANDERSON, CRACIUN, AND KURTZ

wherec ∈ R
m
>0 is the equilibrium of the associated (linear) deterministic system.

Therefore, when in distributional equilibrium, the species numbers are independent
and have Poisson distributions. As pointed out in the remarks preceding Corollary
4.3, neither the independence nor the Poisson distributionresulted from the fact
that the system under consideration was a first order system.Instead both facts
followed fromΓ being all ofZm

≥0.
In the case of a closed first order reaction network, it is easyto see that there

is a unique conservation relationX1(t) + · · · + Xm(t) = N , for someN . Thus,
in distributional equilibrium,X(t) has a multinomial distribution. That is for any
x ∈ Z

m
≥0 satisfyingx1 + x2 + · · · + xm = N

(16) π(x) =

(

N

x1, x2, . . . , xm

)

cx =
N !

x1! · · · xm!
cx1

1 · · · cxm

m ,

wherec ∈ R
m
>0 is the equilibrium of the associated deterministic system and has

been chosen so that
∑

i ci = 1. As in the case of the open network, we note that the
form of the equilibrium distribution does not follow from the fact that the network
only has first order reactions. Instead (16) follows from thestructure of the closed,
irreducible communication classes.

EXAMPLE 5.3. (Enzyme kinetics I) Consider the possible model of enzyme
kinetics given by

(17) E + S ⇄ ES ⇄ E + P , E ⇄ ∅ ⇄ S,

whereE represents an enzyme,S represents a substrate,ES represents an enzyme-
substrate complex,P represents a product, and some choice of rate constants has
been made. We note that bothE andS are being allowed to enter and leave the
system.

The network (17) is reversible and has six complexes and two linkage classes.
The dimension of the stoichiometric subspace is readily checked to be four, and so
the network has a deficiency of zero. Theorem 4.2 applies and so the stochastically
modeled system has a product-form stationary distributionof the form (8). Order-
ing the species asX1 = E, X2 = S, X3 = ES, andX4 = P , the reaction vectors
for this system include





























1
0
0
0











,











0
1
0
0











,











−1
−1
1
0











,











1
0
−1
1





























.

We therefore see thatΓ = Z
4
≥0 is the unique closed, irreducible communication

class of the stochastically modeled system and Corollary 4.3 tells us that in dis-
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tributional equilibrium the species values are independent and have Poisson distri-
butions with parametersci, which are given by the equilibrium value of the corre-
sponding deterministically modeled system.

EXAMPLE 5.4. (Enzyme kinetics II) Consider the possible model for enzyme
kinetics given by

(18)
k1 k2 k3

E + S ⇄ ES ⇄ E + P , ∅ ⇄ E
k−1 k−2 k−3

,

where the speciesE, S, ES, andP are as in Example 5.3. We are now allowing
only the enzymeE to enter and leave the system. The network is reversible, there
are five complexes, two linkage classes, and the dimension ofthe stoichiometric
compatibility class is three. Therefore, Theorem 4.2 implies that the stochastically
modeled system has a product-form stationary distributionof the form (8). The
only conserved quantity of the system isS + ES + P , and soX2(t) + X3(t) +
X4(t) = N for someN > 0 and allt. Therefore, after solving for the normalizing
constant, we have that for anyx ∈ Z

4
≥0 satisfyingx2 + x3 + x4 = N

π(x) = e−c1
cx1

1

x1!

N !

x2!x3!x4!
cx2

2 cx3

3 cx4

4 = e−c1
cx1

1

x1!

(

N

x2, x3, x4

)

cx2

2 cx3

3 cx4

4 ,

wherec = (k3/k−3, c2, c3, c4) has been chosen so thatc2 + c3 + c4 = 1. Thus,
when the stochastically modeled system is in distributional equilibrium we have
that: (a)E has a Poisson distribution with parameterk3/k−3, (b)S, ES, andP are
multinomially distributed, and (c)E is independent fromS, ES, andP .

6. More general kinetics. In this section we extend our results to systems
with more general kinetics than stochastic mass action. Thegeneralizations we
make are more or less standard for the types of results presented in this paper (see,
for example, [27, 32]). What is surprising, however, is thatthe conditions of the
deficiency zero theorem of Feinberg (which are conditions onmass-action deter-
ministic systems) are also sufficient to guarantee the existence of certain stationary
distributions of stochastically modeled systems even whenthe intensity functions
are not given by (4). It is interesting to note that the generalizations made here for
the stochastic deficiency zero theorem 4.2 are similar to those made in [31], which
generalized Feinberg’s deficiency zero theorem 3.1.

Suppose that the intensity functions of a stochastically modeled systems are
given by

(19) λk(x) = κk

m
∏

i=1

νik−1
∏

j=0

θi(xi− j) = κk

m
∏

i=1

θi(xi)θi(xi−1)θi(xi− (νik −1)),
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16 ANDERSON, CRACIUN, AND KURTZ

where theκk are positive constants,θi : Z≥0 → R≥0 andθi(x) = 0 if x ≤ 0. As
pointed out in [27], the functionθi should be thought of as the “rate of association”
of the ith molecule. Giving just a few interesting choices forθi, we first note that
if θi(xi) = xi, then (19) is stochastic mass-action kinetics. However, if

(20) θi(xi) =
vixi

ki + xi
,

for some positive constantski and vi, then the system has a type of stochastic
Michaelis-Menten kinetics. Finally, if|νk| ∈ {0, 1} and θi(xi) = min{ni, xi},
then the dynamical system models anM/M/n queueing network in which theith
species (and in this case complex) represents the queue length of the ith queue,
which hasni servers who work on a first come, first serve basis.

The main restriction imposed by (19) is that for any reactionfor which theith
species appears in the source complex, the rate of that reaction must depend upon
Xi via θi(Xi) only. Therefore, if, say, theith species is governed by Michaelis-
Menten kinetics (20), then the constantski andvi must be the same for each in-
tensity which depends uponXi. However, systems with intensities given by (19)
are quite general in that different kinetics can be incorporated into the same model
through the functionsθi. For example, if in a certain system speciesS1 is governed
by Michaelis-Menten kinetics (20) and speciesS2 is governed by mass-action ki-
netics, then the reactionS1 + S2 → ν ′

k would have intensity

λk(x) = κk
v1x1

k1 + x1
x2,

for some constantκk.

THEOREM 6.1. Let {S, C,R} be a stochastically modeled chemical reaction
network with intensity functions(19). Suppose that the associated mass-action
deterministic system with rate constantsκk has a complex balanced equilibrium
c ∈ R

m
>0. Then for any closed, irreducible communicating equivalence class,Γ,

the stochastic system has a product-form stationary distribution

(21) π(x) = M
m
∏

i=1

cxi

i
∏xi

j=1 θi(j)
, x ∈ Γ,

whereM is a normalizing constant, provided that(21) is summable.

PROOF. As before, the proof consists of plugging (21) and (19) intoequation
(5) and verifying thatc being a complex balanced equilibrium is sufficient. The
details are similar to before and so are omitted.
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THEOREM 6.2. Let {S, C,R} be a stochastically modeled chemical reaction
network with intensity functions(19). Suppose that the network of the model is
weakly reversible and has a deficiency of zero. Then for any closed, irreducible
communicating equivalence class,Γ, the stochastic system has a product-form sta-
tionary distribution

(22) π(x) = M
m
∏

i=1

cxi

i
∏xi

j=1 θi(j)
, x ∈ Γ,

whereM is a normalizing constant, provided that(22) is summable.

PROOF. This follows immediately from Theorems 3.3 and 6.1.

EXAMPLE 6.3. Consider a network,{S, C,R}, that is weakly reversible and
has a deficiency of zero. Suppose we have modeled the dynamicsstochastically
with intensity functions given by (19) with eachθi given via (20) for some choice of
positive constantsvi andki. That is, we consider a system endowed with stochastic
Michaelis-Menten kinetics. Then,

xi
∏

j=1

θi(j) =
xi
∏

j=1

vij

ki + j
= vxi

i /

(

ki + xi

xi

)

.

Thus, our candidate for a stationary distribution is

(23) π(x) = M
m
∏

i=1

cxi

i
∏xi

j=1 θi(j)
= M

m
∏

i=1

(

ki + xi

xi

)

(

ci

vi

)xi

.

Noting that
(

ki + xi

xi

)

= O(xki

i ), xi → ∞,

we see thatπ(x) given by (23) is summable ifci < vi for each speciesSi whose
possible abundances are unbounded. In this case, (23) is indeed a stationary distri-
bution for the system.

The result of Example 6.3 pertaining to the summability of (23) can be general-
ized in the following manner.

THEOREM 6.4. Suppose that for someΓ ⊂ Z
m
≥0, π : Γ → R satisfies

π(x) =
m
∏

i=1

cxi

i
∏xi

j=1 θi(j)
,

for somec ∈ R
m
≥0. Thenπ(x) is summable if for eachi for which sup{xi | x ∈

Γ} = ∞ we have thatθi is monotonically increasing andlimj→∞ θi(j) > ci.
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18 ANDERSON, CRACIUN, AND KURTZ

PROOF. The conditions of the theorem immediately imply that thereare posi-
tive constantsC andρ for whichπ(x) < Ce−ρ|x|, for all x ∈ Γ, which implies that
π(x) is summable.

It is tempting to believe that the conditions of theorem 6.4 are in fact necessary.
The following simple example shows this not to be the case.

EXAMPLE 6.5. Consider the reaction system with network

∅ ⇄ S1 + S2,

where the rate of the reaction∅ → S1 + S2 is λ1(x) = 1, and the rate of the
reactionS1 + S2 → ∅ is λ2(x) = 1 × θ1(x1)θ2(x2), where

θ1(x1) =
3x1

1 + x1
, θ2(x2) =

(1/2)x2

1 + x2
.

Assume further thatX1(0) = X2(0). For the more physically minded readers, we
note that this model could describe a reaction system for which there is a chemical
complexC = S1S2 that sporadically breaks into its chemical constituents, which
may then re-form. The complexC may be present in such high numbers relative
to freeS1 andS2 that we choose to model it as fixed, which leads to the above
reaction network.

We note that in this case, the reaction rates for the corresponding deterministic
system are both equal to one, and so the equilibrium value guaranteed to exist for
the deterministically modeled system by the deficiency zerotheorem isc = (1, 1).
This system does not satisfy the assumptions of theorem 6.4 because bothX1 and
X2 are unbounded andlimj→∞ θ2(j) = 1/2 < 1 = c2. However, for anyx ∈ Γ =
{x ∈ Z

2
≥0 : x1 = x2},

π(x) =

(

1 + x1

x1

)

(

1

3

)x1

(

1 + x2

x2

)

(

1

(1/2)

)x2

=

(

1 + x1

x1

)2 (
2

3

)x1

,

which is summable overΓ.

Finally, let the intensity functions of a stochastically modeled system be given
by

(24) λk(x) = κk

θ(x)

θ(x − νk)
,

where theκk are positive constants, andθ : Z
m → R≥0. Note that if

θ(x) =
m
∏

i=1

xi
∏

j=1

θi(j),
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for some functionsθi, then (24) is equivalent to (19). The following two theorems
are proved in manners similar to theorems 6.1 and 6.2.

THEOREM 6.6. Let {S, C,R} be a stochastically modeled chemical reaction
network with intensity functions(24). Suppose that the associated mass-action
deterministic system with rate constantsκk has a complex balanced equilibrium
c ∈ R

m
>0. Then for any closed, irreducible communicating equivalence class,Γ,

the stochastic system has stationary distribution

(25) π(x) = M
1

θ(x)
cx = M

1

θ(x)

m
∏

i=1

cxi

i , x ∈ Γ,

whereM is a normalizing constant, provided that(25) is summable.

THEOREM 6.7. Let {S, C,R} be a stochastically modeled chemical reaction
network with intensity functions(24). Suppose that the network of the model is
weakly reversible and has a deficiency of zero. Then for any closed, irreducible
communicating equivalence class,Γ, the stochastic system has stationary distribu-
tion

(26) π(x) = M
1

θ(x)
cx = M

1

θ(x)

m
∏

i=1

cxi

i , x ∈ Γ,

whereM is a normalizing constant, provided that(26) is summable.
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