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1 A generic finite dimensional complex semisimple Lie algebra

We follow from treatment in [ | and [Ser].

Let g be a finite dimensional complex semisimple Lie algebra. Let h be a Cartan subalgebra
of g. A weight is an element of h* = Hom(h, C), the dual of h. If M is a g-module and u € h*,
the p-weight space of M is

M, ={meM | hm=pu(h)m, forallh€h} and M =D M,.
HED*

Notice that g is a g-module under the adjoint action:
adyig—g  givenby  ada(y) = [2,9)
Under the adjoint action, go = {x € g | [h,z] =0 for all h € g} = bh, and g decomposes as
g—b@<@ga>, ga = {z €0 | [ho] = a(h)a for all h € g},
a€ER

where R = {a € h* | a # 0,9, # 0} is the set of roots.
The set R is the root system of g, whose structure is explored in depth in | , Ch. 8-10]
and [Ser, Ch. 5]. In particular, the roots of g span h*, and we choose a basis {ay,...,a,} C R



for h*, called the set of simple roots (see [ , Ch.10, §1], [Ser, Ch.5, §8]). This basis is chosen
to have the property that it generates R by integral linear combinations which have either all
non-negative or all non-positive coefficients. Let R* be the set positive roots, the roots which

are non-negative combinations of the simple roots, and let R~ = {—a | a € R} be the set of
negative roots, so R = RT™ U R~. This fixes the triangular decomposition
g=n"ohon", where nt = @ go and n = @ go- (1.1)
acRt aER™

The Killing form is the symmetric bilinear form (,) : g X g — C defined by
(x,y) = Tr(adyady).

The properties of this form are explored in | , Ch. 5]. In particular, (,) is ad-invariant,
meaning that ([z,y],z) = —(y, [z, z]) for z,y,2z € g, and nondegenerate on g and h. Therefore,
the map
h — b
h +— (h,-) is an isomorphism, (1.2)
hy W
where h,, is the unique element of b such that
(hu,h) = p(h) for all h € b. (1.3)
Abusing notation, define a form (,) : h* @ h* — C by
O ) = (s ) (1.4)
So (,) : h* ® h* — C is also symmetric, bilinear, and nondegenerate on h*, and
(A 1) = p(hr) = A(hy). (1.5)

By investigating structure the Killing form may provide, we can build a basis for g which
corresponds to the triangular decomposition in (1.1). To this end, first notice that if h € b,
T € ga, Y € 93, then

a(h)(z,y) = ([h,2l,y) = = (2, [h,y]) = =B6(h)(z,y).

So
if « # —f, then (z,y) =0, (1.6)

i.e. since the form (,) : g® g — C is nondegenerate, the subspaces g, and gg are orthogonal
precisely when o + (3 # 0. Also, by (1.3),

(h, [z, y]) = ([h, x],y) = a(h)(z,y) = (h, ha)(z,y) = (h, halz, ),

so, again, since (,) : g ® g — C is nondegenerate,

[z,y] = (%, y) ha, for x € ga, y € gp. (1.7)

Now let {h1,...,hn} be a basis for h and let {h],...,h}} be the dual basis with respect to
(,) :hb®b — C (i.e.(hy,h}) = d;;). For each a € RT, choose by € go and the corresponding
bl € g_q satisfying (by,b},) = 1. Then

{h1,..., hp,ba, b | @ € RT} (1.8)
is a basis of g is dual basis
{hf,...,h5 b5 by | € RT}. (1.9)



2 The four families

Each finite dimensional complex simple Lie algebras belongs to one of four families, {A, | r > 1},
{B, | r>3},{C,|r>3},or {D,|r >4}, where r is the rank of each algebra, or is one of five
exceptional Lie algebras, Go, Fy, Eg, E7, or Eg. The classical Lie algebras are those belonging
to the four families.

Each Lie algebra will be represented faithfully as subsets of

gl,, = {n X n matrices with complex entries }

with multiplication given by the commutator product, or Lie bracket:

[z,y] = zy — y.

Let V' be a g-module of dimension ¢ with orthonormal basis {vy,...,v,}. To ease calculations,
we treat Lie algebras gl,,, sl,, $02,, $02,4+1, and sp,,, as their isomorphic images in End(V).
Furthermore, we consider an alternate ad-invariant, nondegenerate, symmetric bilinear form to
the Killing form given by

Tr(,): gxg—C given by Tr(z,y) = Tr(zy), (2.1)

where on the right hand side, x and y are considered as their image in End(V'). It can be shown
(see | , 177])

2(n+ 1)Tr(z,y) in type sl,y1, Py,

(x,y) = ¢ (2n — 1)Tr(z,y) in type 502,41,

2(n — 1)Tr(z,y) in type 509,.
As we will see, gl,, has nontrivial center, and is therefore not semisimple. The Killing form is
degenerate on the center of gl,,, while the trace form is nondegenerate on gl,, and its cartan, and
so we will use the trace form throughout for gl,.

Let E;; € End(V) be defined by
Eijw = j@Ui-

Type gl,,,1 Let £ =n+ 1. The general linear algebra gl,,,; = gl{(V') = End(V') has basis
{bij,hi | 1 SZ#Q Sn—i—l},

where
bij = Ez'j and hi = EM

The dual basis with respect to Tr(,) is given by
b;-kj = bj‘ and h;k = hi.

The triangular decomposition is given by h = (h; | 1 < i <n+1), n" = (b; | 1 <i <
j<n+1),and n” = (bj; | b € nT). As noted above, gl,, has nontrivial center, generated by

S5 by, and is therefore not semisimple.



Type sl,11:  Let £ =n+ 1. The special linear algebra sl;, = sl((V) = {x € End(V) | tr(z) = 0}
has basis

where
bij = Eij and hy = Egp — Egy1 k-

Thus the dual basis with respect to Tr(,) is given by

* * k
ij:bJZ and hk:E11++Ekk_m(Ell++En+1n+1)

The triangular decomposition is given by h = (h; | 1 <i <n), nt =(b;; | 1 <i<j<n-+1),
and n= = <bfj ‘ bi]’ € ‘(1+>.

Type s02,+1 and so02,: Let £ = 2n or 2n + 1. The orthogonal algebra so(V) = soy is the
subalgebra of s[(V') for which the inner product on V' is ad-invariant :

so(V) = {z € sl(V)|(zu,v) + (u,zv) =0 for all u,v € V}.

Thus so(V') has basis
{bij | 1§’i<j§£},

where
bij = Eij — E]l

For i > j, write bj; = (d;; — 1)bj;. So so(V') has bracket

bil,an jl = i27

bjisy 11 = J2,
[bilvjl’bi27j2] = _bil,im J1 = J2, )

_bj11j27 7/1 =5 7/2,

0, otherwise.

and dual basis (with respect to Tr(,)) defined by

Let h be generated by {b2;—12; | 1 <1i < n}.

Type spy,,: When ¢ = 2n is even, the symplectic algebra sp(V) = sp, is the subalgebra of
s[(V) for which the skew-symmetric form J(,) on V, given by the matrix

-5

sp(V) = {a € sl(V)|J(au,v) + J(u,av) =0 for all u,v € V},

is ad-invariant:



where J(u,v) = u'Jv. Then sp(V) has basis (in End(V))

Ei —Ergiryi = A, 1<i<n, )
Eij—Ejrvi = By, 1<i#j<n,
Ei i = G, 1<i<n,
Ei,r—i—j -+ Ej,r+i = Dij, 1 <<y <n,
Ervii = Ei 1<i<mn,
Eryij+ Eryji = Fj, I1<i<j<n

With respect to Tr(, ), sp(V') has dual basis
A;k = Ai, BZ] = Bj,i,
C; =2E;, Dj=Fy,
Ez* = QCi, and F;; = Dij.

The triangular decomposition is given by h = (4; | 1 < i < n), nt = (C}, Dij, Bi<j | i = ...),
and n~ = (b | b; € n). The skew symmetric form evaluated on the basis of V' is
1, ifj=i+r,
J(Ui,’Uj) = —1, ifj:i—’l",
0, otherwise.
Let £1,...,&¢ be an orthonormal basis of the vector space RE. Then
- R, g = gly, 502/41,502¢, O 5Py
{ae1+-+apeg | a; ERa1+---+a;, =01}, g=sl,.

The roots for the classical Lie algebras can be expressed in terms of the ¢;:

{£(ei—¢j) |1 <i<j<n+1}, for gl,, . 1,
{£(ei—¢j) |1 <i<j<n+1}, for sl,41,
R=dq{t(eite) |1<i<j<n}U{te |1<i<n}, forsog, 1,
(eitey) |1<i<j<npuU{£2e |1<i<n}, forspy,,
(eitey) |1 <i<y<n}, for so09y,,

In each case where g is semisimple, the roots span h*. We choose as the basis {a;}i=1. n, the
set of simple roots,

ap = € — Eit1, 1<i<n-—1,

€n —Eng1  for type sly,1, 90,41
€n for type 509,11
oy =
2en for type sps,
En—1+eé&n for type soo,
Then the positive roots (those roots arising from nonnegative integral linear combinations of
the simple roots) are

{ei—¢gj|1<i<j<n+1}, for slp11, gl 1
{feite |1<i<j<n}uU{e|1<i<n}, forsog, i1,
{eitej [1<i<j<n}U{2|1<i<n}, forspy,,
{eixe; |1 <i<yj<n}, for soy),.

RT =



The finite dimensional irreducible g-modules are indexed by the dominant integral weights,
denoted PT C h*. In the case where g is semisimple, the fundamental weights w; € h* form a
Z>q basis for PT, i.e.

n
P+ == Z Zzowi.
i=1
Again, when g is semisimple, the fundamental weights have the property that
(wi, aj> = 5i,j7 ie. wi(haj) = (5,‘.]‘,
so are given by

wi= €1+ - +¢

—lert o ten) 1<i<n, for sl 41,
wi:51+...+5i’ 1§7J§7L72,
Wn—1 = %(51 + -..+€n_1 _677,)7 for 509,
Wy = L(e1 4+ eno1 +en),
w; = €1+ +¢&;, 1§7J§n_17 f0r502n+1’

Wp, = %(514_...4_5”)’

Ww; = €1+ -+ &4, 1<1<n, for5p2n.
Thus the dominant integral weights are given by

A= Mer+ -+ Aen

, for sl,,11,
—%(51+"'+5n+1) m
A\ € Z,
where 0 <A, <--- < Aq,
A=+ A,
A= A1+ -+ e, for so9,,
where A €Z for all i or )\Z-GZ—l—% for all 4,
0< |\ S A1 <o <Ay,
A=Xer+ -+ Apen, for soop41,
here A €Z for all i or )\iEZ+% for all 1,
v 0< A< <\
A= A181 + o+ Ananu for 5Pan,



In the case where g = gl,, 1, the finite dimensional irreducible g-modules are indexed by

n
Pt = Zzzowi + Zwpya,
i=1

where

wi=¢e1+---4¢g, forl<i<n+41.

So the dominant integral weights for gl,,, are given by
A=Me1+---+ /\n+1€n+17 where \; € Z, \1 > -+ > Apa1.

Finally, define
1 n
P=s; Z a:ij. (2.2)
a€Rt Jj=1

Specifically, in each of these cases, this element is given by

n+1, if g = sl,,

1 ) 2n, if g = so09y,
== — 2i)e;,  where y =
F=3 Z(y Jei Y“Yont2, ifg=spy,.

]

(2.3)

2n+1, if g =s09,41.

2.1 Partitions

It is convenient at times to represent weights as partitions. Identify each dominant integral
weight A with the configuration of boxes with |\;| boxes in for i. In the case of g = so0g,, if
Ar < 0, mark the boxes with a minus sign. For example, if A\ = 3¢142e9+42e3—¢4, the associated
partition is

When we refer to changing a weight by adding or subtracting a box in row i, this specifically
means changing \; by +1.
If B is the box in row ¢ and column j of A, the content of B is

e(B) = (j - i). (2.4)

For example, if we fill in the boxes in the above A with their respective contents, we get

0[1]2]
1[0
o[ 1
3]

Let L(A) be the finite dimensional irreducible highest-weight g-module of weight A, where
A € PT, i.e. the g-module generated by highest weight vector U;\— of weight \ with action

hvy = A(h)vy and  buvy =0 fora € RT,heb.



Since g is semisimple, every finite dimensional g-module M decomposes as the direct sum of

simple modules:
M= B axL(N).
AeP+

In particular, for all u € P,

L ® L) = @ L, (25

AEA(p)
where
. o .
v partitions of height <n

H { obtained by adding a box to for sl1, gl

Alp) = L partitions of height <n i 8= 5020, Spyy, OF
7=\ obtained by adding a box to u g = 509,41 and A\, <0
pt U {u} for 509,41 and A\, > 0.

Note that if g = s09,, then there is a possibility of adding or removing a negative box, and the
removal of a box from row n when u, = % or 0 will result in A\, = —% or —1, respectively.

Littlewood-Richardson stuff Let yu, v, A be partitions such that u,v C A\. A tableau T
of shape A/u of weight v is a filling of A\/u with v; 1’s, 1o 2’s, ..., such that the row fillings
are weakly increasing and the column fillings are strictly increasing. We can derive a word
w(T) = ajaz---ayn, where N = |\/pu|, by reading off the numbers in 7" rights to left, top to
bottom. For example, if

then one tableau is

and this tableau has word w(7T)=2111323 1.

A word w = ajas---ay is a lattice permutation if for each 1 <r < N and 2 < ¢ < n, there
are no more occurrences of ¢ than of i —1. S0 21113 2 3 1 is not a lattice permutation, but
12113231is. In the above example, the only tableau of shape A/u of weight v which also
generates a lattice permutation is the one generating the word 11112 2 3 3.

Theorem 2.1 (Littlewood-Richardson rule). Let sy be the Schur function indezed by the par-

titton \. Then
SuSA = b Ch S

w v C A
Al = |pl + |v|
where cl);y is the number of tableau of shape A/ of weight v which generates a lattice permutation.



For example,

0-(2,1,1,1,1) +1-(2,2,1,1) +1-(3,1,1,1)
L = +1-2,2,2) +2-(3,2,1)  +1-(3,3)
— +1-(4,1,1) +1-(4,2) +0-(5,1)

The interesting factor in here 2 - (3,2, 1), represented by

0 0
2 o

Example (Horizontal strips). If v = (a), a € Z~q, then each cf;l, is at most 1, since there is
only one way to fill in a bunch of boxes with 1’s. Moreover, \/u must be a horizonal strip (a
skew shape where every column has at more one box), since if there were more than one box in
any column, we would have to fill with only weakly decreasing numbers.

Example (Vertical strips). If v = (1%), then, again, each c;)u is at most 1, and is nonzero
exactly when A\/u is a length a vertical strip (a skew shape where every row has at more one

box).

Example (Rectangles). Let p > q and a,b be non-negative integers. Then each cf\ap)(bq) is 1 if

A€ T (al,b%), and is zero otherwise, where T (aP,b?) is the set of partitions \ with length < p+q
such that

Aptl = Apr2 = - = Ag =1,
Ap > mazx(a,b),
)\i+)\p+q_i+1:a+b, t=1,...,p.

In other words, T (a?,b?) is the set of partitions made of stacking (aP) on top of (b?), carving a
corner out of (b?), rotating it 180° and gluing it to the end of (aP). For example,

| [ ]

2.2 The Casimir element and the operator ¢

If g is semisimple, the Casimir element of g is
k=) bibl,
i

where if {b;} is a basis for g, then {b]} is the dual basis to {b;} with respect to the Killing form,
ie. (b7,b;) = d;5. When g = gl,,, which is not semisimple, we write k = . b;b}, where {b}} is



the dual basis to {b;} with respect to the trace form. In either case, if M and N are g-modules,
Kk acts on M ® N by

Alr)=(r®1)+ (1®kK)+2t,  where t=) b®D]. (2.6)

)

The Casimir is central in Ug, so it acts on each irreducible component of a g-module M as a
scalar.

Theorem 2.2.

(a) Letg be slyi1, 502, $02,41, OT $Ps,, and let A, p, and v be dominant integral weights for
g. As in equation (2.3), let

n+1, if g = sl,,

1 . 2n, if g = s00y,
= - — 2i)e;,  where =
772 zi:(y ) "7 Yon+2 ifg=span,

2n+1, if g = 50941
(i) The Casimir element k acts on a g-module L(\) of highest weight X by the constant
(A, A+ 2p).

(i) If L(\) is a submodule of L(j) ® L(v), then t acts on the L(\) isotypic component of
L(p) ® L(v) by the constant

= 3O A+2p) = (p, i1+ 2p) — (v, v + 2p)). (2.7)

(b) Letg=gl,,q, and let X\, pu, and v be dominant integral weights for g. Let

n
5:n51+(n—1)82+~--+8n:Z(n+1—i)6i.
i=1

(i) The Casimir element k acts on a g-module L(\) of highest weight A by the constant
(A A+20) — (n+ 1)\

(ii) If L(X\) is a submodule of L(p) ® L(v), then t acts on the L(X) isotypic component of
L(p) ® L(v) by the constant

B = 3(NA+20) = G+ 20) = (v +20) = (n+ (A = [ul = W) (28)
Proof.
(a) First, take g to be semisimple.
(i) As at the end of Section ??, choose a basis of g compatible with the triangular

decomposition, {h;,ba, b | i =1,...,n,a € RT}, where h; € b, by € ga, bY € g_a,
and (by)* = b’,. So we can write

K= i: hibi + > babj + biba.
=1

a€R*

10



The module L(A) is the g-module generated by highest weight vector v;\r of weight A,
ie.
hvy = A(h)vy and  buvy =0 fora € RT,heb.

Recall from (2.2)
1
p=g 2 @
aERT

and so

>

ihih;‘ + > (babl + Uiba) | v
=1

aceRt

> hiMRD) 4 D> ([bas 3] + 26%ba) | vy
=1

a€ER*
= (Do hilhas b)) + Y ((bas bidha +2650a) | v by (1.3), (1.7)
=1 a€ERtT

=M+ Y (hat0) | o = [ M)+ Y Aha) | v

aeRt a€Rt

= ()\,)\>+<)\,Za> vy = (A A+ 2p)vy,

a€Rt

since A(h,) = (A, p) by definition of (,) : h* ® h* — C (see (1.4)).

(ii) Since s acts on L(u) ® L(v) by (k ® 110,) + (114 ® k) + 2t, it follows directly from
part (i) that ¢ acts on the L(\) isotypic component of L(u) ® L(v) by

(AN A +2p) — (u, i+ 2p) — (v, v+ 2p)
as desired.

(b) (i) In the case where g = gl,,, recall {E;; | 1 <i,j < n} forms a basis with dual basis
{Ej; | 1 <, < n} with respect to the trace form. So

n
K= Z EijEji = Z Eii By + Z Ei;Eji + Eji Eij

1<ij<n i=1 1<i<j<n

n
=Y EiEi+ Y ([Ey Eji] +2E;Ey)

i=1 1<i<j<n
n

= Z EiiBii + Z (Bii — Ejj + 2Ej;E;j)
i=1

1<i<j<n

The module L(A) is the g-module generated by highest weight vector v;\r of weight A,
ie.
Eiw;\r = )\ivj\r and EijU;\“ =0 fori<j.

11



So

n
> EiBi+ Y (Ei— Ejj+2E;Ey;) | v
=1

1<i<j<n

SN+ DY N—N+0]of
=1

1<i<j<n

|
:

=1\ +§n: (n—1i)—(i— 1)))\,»> vy = <<)\,>\> +§n: (2n+2—2))A; — (n+ 1)\
=1

i=1
= (A A) + (A, 28) = (n+ D|A]) o

(ii) Again, since x acts on L(u) ® L(v) by (k@ 11,)) + (11 ® k) + 2t, it follows directly
from part (i) that ¢ acts on the L(\) isotypic component of L(u) ® L(v) by

(A +20) = (s +20) = (v +20) = (n+ D) (A = |l = [v]) )

as desired.
O]
n — % g =sl,
2n —1 g =sog,
K = (wy,w1 +2p) =
L(w1) (w1, w1 p) Mm+1 g=spy, (2.9)
2n g =502n41
KL() = (wi,w1+20)—n=n-1,ifg=gl,.

Check:
In type sl,, (Wi, w1 +2p) = (61— L(e1 4 +en)er—2(e1+-+en) + i (n+1—20i)g) =
1—%—|—n—1:n—%.
In types $02y,, 5Pop, 50241, (w1, w1 +2p) = (1,61 + Do q(y —2i)ei) =1+y—2=y— 1.
In type gl,, (w1, w1 +28) = (e1,e1+ Y1 2n—2i)g;) =1+2(n—1)—n=n—1.

From equation (2.5), we know exactly how L(u)® L(w1) decomposes. In fact, we can express
the constants in Theorem 2.2(b) in terms of contents of boxes added or removed in the associated
partitions. Recall, from (2.4), if B is the box in row ¢ and column j of A, the content of B is

e(B) = (j - ).
See Section 2.1 for a discussion of this construction.

Theorem 2.3. Let g be gl 1, sly41, 5024, 502,41, 0T 5Py, let u be a dominant integral weight
for g, and let V.= L(w1). If L(\) has a nontrivial isotypic component in L(u) ® L(w1), write
tﬁwl to mean the constant by which t acts on this component.

1. If g =gl(V), then
., =¢(B),

pw1

where B is the box added to obtain \ from p.

12

+



2. If g =sl(V), then
t)\ _ C(B) . |M|

per n+1’
where B is the box added to obtain A from u.
3. If g =s0(V), then
P c(B) if B is added,
per = 1 —¢(B) — (n—1) if B is removed,

where B is the box added or removed to obtain A from .
4. If g =sp(V), then

PP ¢(B) if B is added,
per = 1 —¢(B) — (n+1) if B is removed,

where B is the box added or removed to obtain X from .

Proof.

Case g = gl(V). Write p = pie1 + -+ + finr16ng1. Adding a box to g in the i*® row is
equivalent to adding ¢;. Note that w; = &1. So

A=p+ (e —e1+w).

Recall 6 = >0 [ (n+1—1i)e;.
Thus

2t2w1 = ((u—i—si —e1twi,pte —er+wi +20) — (4 20) — (wi,wr —|—25>)
— (n+ 1) (I = |pl = wr])

= 2p,wi) + 2(e; —er, p) +2(e; —e1,w1) + (6i —e1,6i —e1 + 25>> -0

2(,u1+,ui—,u1—1+1—|-(n+1—z’)—n)
= 2(p+1—1)

A box added to row i of y is in position (7, u; + 1) and has content(u; + 1) — 4, so

t* = ¢(B).

pw1

Case g = sl(V). Write gt = pie1+ - + pinen — L (61 + - + £n41). Adding a box to p in the

1
i*h row is equivalent to adding &; — n%q(sl +---+ept+1). Note that wy =1 — n%rl(el +-Fentl).
So

A=p+ (e —e1+wi).

13



Recall 2p = >"" | w; = Z”H(n +2—2j)e;
Thus

2%, = ((L+e—ea+w,pte —er+w+20) — (pp+2p) — (wi,w1 +2p))

= (2 p,wi) + 2(g; — 517#>+2<5i517W1>+<5i5175i51+2p>>
2

<< —n’i’1> +(u¢—u1)—|—1+;((1+n+2—2i)—(—1+n+2—2)>)

= 2(;1,,;—ni1—1+2—i) = 2((ui+1)—i)—2ﬂ

n+1
The content of a box added from row ¢ of p is (u; + 1) — 7, and so

A 1z
fn =B = 20T

Case 2: g = s0o(V). Adding or removing a box from p in the i*" row is equivalent to adding
or subtracting e;, i.e. A = 4 ¢;. Recall wi = €1, and let y = n, so 2p = >, (y — 2i)e;. Thus
2th, = ((\MA+2p) — (1 i+ 2p) — (w1, w1 + 2p))
= ((pteipteit2p) — (u,p+2p) — (e1,61 + 2p))
(£ 2(gs, ) + (e5,80 £ 2p) — (1,61 + 2p))

= j:2ui+<1j:(y—2i)—(1+y—2)>
_{ 2(p; + 1 — 1), if a box is added,

—2(p; —i4+y—1), if a box is removed,

2¢(b), if b is added,
2(—c(b) — (n — 1)), if bis removed,

since a box added would be in column p; +1 and row ¢, where a box removed would be in column
w; and row .

Case 3: g = sp(V). Just as in case 2, A = pu +¢; and w; = ;. However, in this case
2p=">",(y —2i)g; if welet y=n+2. So

oh 2(p; +1—1) if a box is added,
pr —2(pu; —i+y+1) if abox is removed,

2¢(b) if b is added,
2(—c(b) — (n+1)) if bis removed,
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