
Clifford theory (in ten minutes)

February 29, 2008

(See appendix A of [RR] for full details.)

Let A be an algebra, G a group acting on A by automorphisms. THen

AoG =

{∑
g

agg | ag ∈ A

}

with product (agg)(ahh) = ag(ah)hgh. Define AG = {a ∈ A | g(a) = a, ∀g ∈ G}. Then

AoG ⊃ Ao 1 = A ⊃ AG.

Suppose that the representation theory of A and G are known. Then the game is to find the
representation theory of AoG and AG.

Let M be a simple AoG module. Then

ResAoG
A M =

∑
λ∈Ã

Aλ ⊗ Lλ,

where Aλ is an irrep of A. Let Aλ be a simple submodule in M . Then∑
g∈G

gAλ ⊂M

is an AoG submodule of M . SInce M is simple,
∑

g∈G gA
λ = M so

IndAoG
A (Aλ) = M.

It happens that IndAoG
A (Aλ) is sometimes isomorphic to IndAoG

A (Aµ). When is this true? If
g ∈ G, then

g : A→ A.

So g∗ : Amodules→ Amodules by M 7→ g∗(M) (so G acts on the set of A modules, and permutes
the simples). Need to check that gAλ ∼= g∗(Aλ). The inertia group of Aλ is

H = {g ∈ G | g∗(Aλ) ∼= Aλ}

So in factAλ is anAoθH-module (where the product inAoθH is (a1h1)(a2h2) = a1h1(a2)θ(h1, h2)h1h2,
where θ : H ×H → A).

Theorem 0.1. Then M ∼= IndAoG
AoθH

(Aλ) and these are the simple AoG-modules.

1



Example 1 Let N be a normal subgroup of G. Then G acts by conjugation on CN (and
CG ∼= CN oθ G/N).

Example 2 Gr,1,n is the imprimitive complex reflection group. Then

Gr,1,n = Sn n (Z/rZ)n.

where Sn is acting on (Z/rZ)n by place permutations. Somtimes this is called the wreath product
of Sn and Z/rZ. Examples: G2,1,n = WBn, signed permutation matrices, and G2,2,n = WDn,
signed permutation matrices with even number of signs.

1→ Gr,p,n → Gr,1,n → Z/pZ→ 1

where Gr,p,n is also complex refl groups.
Other examples include Hr, 1, n is the Hecke alg of Gr,1,n, Hr, p, n is the Hecke alg of Gr,p,n,

and Hr, p, n = (Hr, 1, n)Z/pZ.
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