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Let g be an n-dimensional semisimple Lie algebra. Let {b;}; be any basis of g and let {b'}
be the dual basis of g with respect to a fixed invariant (nondegenerate symmetric associative?)
bilinear form on g (the Killing form is a good example). To be precise, each b is the unique
element of g for which (b%,b;) = &; ;. So in R™ the standard basis is its own dual with respect to
the standard inner product.

The casimir element is an element of the universal enveloping algebra Ug given by the

formula '
K=Y bib'.

Although k seems to depend on the chosen basis of g, one can show that it is indeed independent
of this choice. Moreover, the invarience of (,) puts x in the center of Ug as it commutes with
each element of g.

Given a representation p of g on V, the corresponding casimir is p(), the linear operator on
V given (appropriately enough) by

= 3" p(b)o(t)

The quantum Casimir is

e " S(bi)a; € Z(Ugg).
So A(kg) = (R21R12)_1(/ﬁ:q ® Kq). This is one reason why we care about Ro1Ri2. [Recall g is
group-like if A(g) =g®g. |

Theorem 1. The Casimir element k acts on a g-module L(\) of highest weight X by the constant
(A A H+2p).

Proof. Choose a basis of g compatible with the triangular decomposition, and let e, € gq,
fa € 9_a, and h, € b generate the subalgebra of g isomorphic to sly corresponding to o € R™.

So
1 1 1

<eowfa> = (—5[60” ] fa> = < a [eoufozD = Qa(ha) = 52 =1

Let hi,...,hj be a basis of b, and let A7, ... ,hf be the dual basis with respect to (,). Then
{h1,...,he} U {ea,fa | a € R+} is a basis of g, and

{h{,....h;} U{farea | @ € R*} is a dual basis of g,
with respect to ().



Now we compute the constant by which x acts on L(A): If L()) is a g-module generated by
highest weight vector v;“ of weight A, i.e.

hoévj\r = )\(hoé)v;\r and eav;\r =0 fora€RT,
then

¢
m);\" = Zhihf—l- Z eafa + Z fata v;“
=1

acRt a€Rt

l
= | D_hibi+ Y (leas fal + faca + faca) | vF
=1

a€ERT

4
= th)\(h;k) + Z (ha + 2fa€a) U;:
=1

a€Rt

= [0+ D (ha)y+0) | of

a€RT
= (\MA+2p)
O
So if M and V are g-modules,
ke(MaV)= (k@) +(10kr) +2t)- (M®V),  where t=» b@Db. (0.1)
Thus the element ¢ acts on the L()\) isotypic component of L(u) ® L(v) by the constant
SN A+ 20) = (i i+ 20) — (v, v + 2p)). (0.2)

Some ~x lemmas:

Let g = sl,, s0,, or sp,, and v = w;.
Lemma 2. Let V = L(wy).
1. If g =sl(V), then
= c(b),

Hw1

where b is the box added to obtain A from u.
2. If g =s0(V), then

P c(b) if b is added,
per = —ce(b) — (n—1) if b is removed,

where b is the box added or removed to obtain A from p.



3. If g =sp(V), then

PP - c(b) if b is added,
per ) —ce(b) — (n+1) if b is removed,

where b is the box added or removed to obtain A from p.
Proof.
Case 1: g =sl(V). Adding abox to p in the i'P row is equivalent to adding &; — 1 (e1+- - -+&,).
Note that w; =¢1 — %(51 +---4¢ey). So
A=p+(gi—e1+wr).

Finally, recall 2p =}, w; = >_;(n+ 1 — 2j)e;.
If i =1, then A = p+ wq, so

2N =

pw1

(NA+2p) — (s e+ 2p) — (w1, w1 + 2p)
= (p+wi,p+w+2p) — (u,p+2p) — (wi, w1 + 2p)
< > (wl,w1+2,0>—<w1,w1+2p>

= 21} — (- (er + o en))

|l el
(1 - 2 ( +1) - 1) - 22
Othewise, 1 # 1, s0 A = p+ (g; — €1) + w1, 80
2t;\w1 = (,u+51—£1+w1,u+€,—€1+w1+2p> (p, 1o+ 2p) — (w1, w1 + 2p))
= <2 u,wl _51;H>+2<5i_51;W1>+<5i_5175i_51+2P>>
Iul 1 1\ 1 .
= 2| (pr—— )+ (pi — p1) + ol g (14+n+1-2i)—(-1+n+1-2)
- 2<M—‘“‘—1+2—z‘> = 2((m+1)—i)—2M
n n

The content of a box added rom row i of p is (u; + 1) — ¢. Likewise, the content of a box
removed from row ¢ of p is (pu; — 1) — i.

Case 2: g = s0(V). Adding or removing a box from p in the i'" row is equivalent to adding
or subtracting ;, i.e. A = p +¢;. Recall vy =¢1, and let y =n, so 2p = ). (y — 2i)e;. Thus
260, = ((AA+2p) — (p, 10+ 20) — (w1, w1 +2p))
= ((pEeipnteit20) — (up+2p) — (1,61 + 2p))
= (:I:2<Eza,u>+<627€l:l:2p>_ <€17€1+2P>)

= iQui+<1i(y—2i)—(1+y—2)>

B 2(p; + 1 —1), if a box is added,
N —2(pu; —i+y—1), if a box is removed,
_ 2¢(b), if b is added,

N 2(—c(b) — (n—1)), if bis removed,
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since a box added would be in column p; +1 and row ¢, where a box removed would be in column
w; and row 1.

Case 3: g = sp(V). Just as in case 2, A = pu £ ¢; and w; = ;. However, in this case
2p =7 ,(y —2i)g; if welet y=n+2. So

N 2(p; + 1 — 1) if a box is added,
2t5, 5

(ui —i+y+1) if a box is removed,

2¢(b) if b is added,
2(—c(b) — (n+1)) if bis removed,

The remaining lemmas can be shown similarly as in lemma 2.

Lemma 3. If M = L((s)™), then

Ky = (sm)y + sm(s —m)

= area(s x m rectangle) - (y + content of corner box ),

where
N 5[]\[
y:
N—-1 son
N+1 ﬁpN

So Kk “recovers” your rectangle.
Lemma 4. If M = L(p) = L((s)™), N = L(v) = L((t)"), n < m, then
Kputr — Ky — Ky = 2stn.

Lemma 5. If A\ = p—e;+¢; is obtained from p by moving a box from one row and into another,
then

K,,\:Ii”—2<()\i—’i)—()\j+1—j))

= Ky, — 2(content of old box — content of new box)



