Shock-capturing fluctuation-splitting
wave-propagation for conservation

laws
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We recount the shock-capturing flux-difference-splitting
wave propagation algorithm described in [Bale03].

1 Background

In one dimension, this algorithm seeks to solve the generic
hyperbolic conservation law

Integrated over a single cell and a single time step, this
conservation law says that the change in the amount of
stuff in a cell over one time step equals the net amount of
stuff that flowed into the cell. So the state variables Q)7 are
updated using flux differencing;:

At
QI =qQr — [Fi+1/2 — Fi_y10]; (1.1)
here @)} denotes the average amount of stuff in cell ¢ at
time step n, F;_; /o denotes the average rate of flow of stuff
across the boundary between cells ¢ — 1 and i, At denotes
the time step length, and Az denotes the width of a mesh

cell.

Conservative numerical methods are based on estimating
fluxes at cell interfaces. Approximate Riemann solvers es-
timate these fluxes by linearizing the PDE at each cell in-
terface.

In quasilinear form the PDE reads

qt+ fqq: =0.

Muliplying by f, shows that the flux satisfies the same PDE:

ft+fq'fz:0~

We will estimate the average flux rate at a cell interface by
approximating the state (or flux) with a linear function of
position and advecting it with this equation. Let A be an
approximation of f, at a cell boundary centered at x = 0.
Assume linear initial conditions:

=qo + (gz)o - 7,
= fo+ (fz)o -z,

where by the linear approximation we have that (fz)o =

fq - (gz)o. We solve by eigenvector decomposition. Assume
(Qm’)O = Z(Qz)gv
P

A- (q:r)O = sp(qgc)‘(l))'

Multiplying both sides by A,

p

A- (fz)O = Sp(fz)gv

where
(fw)g = A(qﬂc)g = Sp(Qw)Ié’

0 - Z Sp QZ
The general solution simply advects the initial conditions:

l‘t —QO+Z qgc
f0+z fr

For this linear solution, flux changes at a constant rate, so
the average value of the flux at position zero over a time
step is simply the value at the half time-step:

A
S
p

Call this the advected linear flux value model.

(z —tsP),

< (z —tsP).

ft:At /2 _ f

For Lax-Wendroff, the initial conditions f%(z) are a linear

function connecting the flux values at the center of the ad-
o f(QL)+f(QR)

jacent cell; this implies that f© := , where Qp,
and Qg are left and right states, (fz)o = W. So
fa = gy - A; P
= fo— —A Z fo)b
At

=fo— 714 (f2)o

= SRt T~ s A (= fi) (1)

=5Ur+ /) =57 r—fL .

For the approximate Riemann solver we first split the flux
jumps (“fluctuations”) into left- and right-going fluctua-

tions:
fr—fo=>_ 2"
P
We denote the total left-propagating flux jump by

o= 2" (=

sP <0

L ATAQ)

and the total right-propagating flux jump by

fld=>_ 2

sP>0

(=: ATAQ)

The Riemann flux is the intermediate state:
R'=fL+f|0L=fR—f|§‘
(fz 1+ fi) — (ngn (sP) Zp)



The Godunov solver takes this Riemann flux as the flux
over a time step; i.e., for the advected linear flux value
model, the Godunov solver assumes that the flux values are
constant.

fo=FFE, (fz)o =0;

High-order corrections modify these constant fluxes by ap-
plying “limiters” to the Lax-Wendroff slopes. For right-
propagating limited flux jumps Z? we add to the constant
flux value a linear perturbation which is zero at the center
of the left cell and has slope ZP /Az . For left-propagating
limited flux jumps Z? we add to the constant flux value a
linear perturbation which is zero at the center of the right
cell and has slope ZP /A . This yields initial condition pa-
rameters

fo=F"4 2 SN2 (=

Thus the interface flux is

pl=AL2 g % > s (fa)h
p

—FR+;(;sgn(sp)Zp—§i$pr>

1 At -
=FR4 3 Ep:sgn(sp)o - E|sp|)Zp

2 Summary of algorithm

To summarize the algorithm and discuss limiters, we gen-
eralize notation and locate quantities about a cell interface
1—1/2.

The fluxes are computed as

Fi71/2 = Fili1/2 + Fifl/Za

where Fﬁ 1/ is the Riemann flux and F;_;/5 is a second-
order limited correction flux.

Flie = 5(F@in) +1@)

+%< Z Zf71/2 - Z Zf71/2)7

5p<0 sp>0

(2.1)

where the “flux waves” Zf_l /o are defined by a decompo-
sition of the flux jump in terms of the eigenvalues s” and
corresponding eigenvectors of A;_; /5, an approximation to

F(Qiz1/2):
[(Qi) = f(Qi—1) =:

fo1/2< = Z 3f71/2WiZ:1/2>'
p p
Typically

Airps = f/(Qi—12+ Qi )

The correction flux is
At

. 1 .
Fi1/2 = 3 ngn(sf_1/2)(1 - E|5f—1/2|) Zf—1/2
P
where
Zf_l/Q = VectorLimiter(Zf_1/27 pr_l/Q)

where I? is the upwind index in the p-th eigenvalue:
I? =i —sgn(sP)

The vectorLimiter function is typically computed by pro-
jecting the second argument onto the first and applying a
scalar limiter function:

vectorLimiter(U, V) = scalarLimiter(l, %) U.
Some common high-resolution choices for
scalarLimiter(a,b) follow. Each limiter immediately

returns 0 if the signs of the arguments disagree. Else each
limiter if necessary caps the magnitude of the value it
initially computes by twice the magnitude of the smaller of
its arguments in order to avoid overshoot. The value that
each limiter initially computes is:

e minmod: the minimum-sized argument (which makes
capping unnecessary).

e superbee: the larger of the two arguments.

e MC (monotonized central-difference limiter): the aver-
age of the two arguments

e van Leer: twice the product divided by the sum (which
makes capping unnecessary).

So explicit formulas are:

a if la] < |b] and ab > 0
minmod(a,b) =< b if |b] <|a| and ab >0
0 ifab<0
b if la] < |b] and ab > 0
a if |b| < la| and ab > 0
0 ifab<0

superbee(a, b) = maxmod (minmod(a, 2b), minmod (2a, b))

MC(a,b) = minmod(aT_Fb, 2a,2b)

maxmod(a,b) =

0 ifab <0
van Leer(a, b) = { % otherwise
And in particular,
1 if1<1g)
minmod(1,0) =<¢ 6 if0<d <1 |
0 if6<0
superbee(1, §) = max (0, minmod(1, 26), minmod(2, §)),

1
MC(1, 6) = max (O7min (%9, 2, 29))> and

0 itg <0

van Leer(1,6) = { 12—4_99 otherwise



2.1 LeVeque notation where fli,l/g and AZ‘+1/2 are estimates of (fg);—1/2 and
(fq)i41/2 which (1) are first-order accurate, i.e. AiH/Q =

Formulas to translate this algorithm into the language of (fg)i+O(Az) = Ai—1/27 ?nd (2) Awhose discrete derivative is

LeVeque: first-order accurate, i.e. W = ((fg)x)i + O(Az).
For example, Ai,l/g := (fy)i+n for any constant n, or more
ATAQi_1pp = z? _1/2 commonly, A;_1/2 1= (fg)g=qg,_, p+0(A2)-
sP>0
- To verify this claim, the product rule and addition and sub-
ATAQi—12 = Z Zy 1y g ;

traction of the same quantity are handy:

((fq : fw)w)z = ((fq):v)i : (fx)z + (fq)i . ((f)m)z

From the other end,

sP<0

So we can write the Riemann flux formula (2.1) as

1
R - = ‘ . 5 fivi—fi fi— fi1
szl/2 2§f(Q21)+f(QZ)) Ai+1/2 : W —Ai71/2 ’ T
~ (A~ AO, — ATAO, _ 2 Jiri—fi & Jiv1 = fi
+2( szl/Q szl/Z)a —Ai+1/2 . W _Ai71/2 Ar2
+A firn—fi fi—fiex
which agrees with LeVeque Equ. (4.61). Observe that dif- i=1/27 A 2 i—1/27 AL
fér}elrgcgs of the Rierglzrlmﬁﬂuxest ;equirle 01.11y the left and _ Ai-{-l J2 — 1217,_1 s2 fir—
right flux jumps, not the fluxes themselves: Ar Ar
FZ+1/2 Fﬁuz = A+AQ1-,1/2 + ATAQi41/2- " Ai s fir1 —Zfi;- fi—1
x

=((fg)a)i - (fz)i + (fg)i - ((f)zz)i + O(Az)
A Lax-Wendroff

To sum up, the Lax-Wendroff flux here agrees with (1.2)
and is given by
The Lax-Wendroff method is a second-order method for the

conservation law Fi—12 +O(Az 3 = Fi_1/2
_ fici+ fi At
g+ f(q)e =0 = 5 t 5A. Aic1p2(fi = fie1)

derived by Taylor series expansion: R .
) where it is sufficient that A;_,,, satisfies A; 1/ =
t=

A
¢~ o+ At g + th]tt +0(At?) (fo)i-12 + O(Az?).

AtQ We verify that in case no limiters are applied to the cor-
—ALf, - = +o(At? verLy thal i e ; pprec |
Je Jia (A7) rection fluxes (i.e., ZP = ZP), high-order corrections recon-
struct the Law-Wendroff flux:

1 .
fo=FF+ 3 zp:sgn(sp)Zp

=4qo
=qo fAt(er%(fmqt))x +O(At?)
A
—w —A(f- S 1) +Or?)
call 7 — P 1 VA 1 VA4
AR DIAEEDY

In order to fit the flux-differencing framework (1.1), we 5P <0 sP>0 sP<0
seek a second-order accurate expression for F,, of the form = fi+ EZ 7P,
(Fo)i = W in terms of flux function values at

cell centers. So we need a second-order accurate estimate
for the Riemann problem flux,
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