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Duality involving the mock theta function f(q)

Amanda Folsom and Ken Ono

Dedicated to Dorian Goldfeld on the occasion of his sixtieth birthday

ABSTRACT

We show that the coefficients of Ramanujan’s mock theta function f(g) are the first non-trivial
coefficients of a canonical sequence of modular forms. This fact follows from a duality which
equates coefficients of the holomorphic projections of certain weight 1/2 Maass forms with
coefficients of certain weight 3/2 modular forms. This work depends on the theory of Poincaré
series, and a modification of an argument of Goldfeld and Sarnak on Kloosterman—Selberg zeta
functions.

1. Introduction and statement of results

In his plenary address at the Millenial Number Theory Conference at the University of Illinois
in 2000, Andrews [2] promoted a number of conjectures and problems occurring at the interface
of the theory of g-series and the theory of modular forms. The enigma of Ramanujan’s mock
theta functions played a central role among these problems and conjectures. Thanks to recent
works of Zwegers [19, 20], Ramanujan’s mock theta functions are no longer a deep mystery.
They are holomorphic projections of weight 1/2 harmonic weak Maass forms. As Andrews
anticipated, these developments, and their generalizations, indeed play an important role in
the resolution of open problems in the theory of partitions (for example, see [3, 5]).

Thanks to this new perspective, it is not difficult to obtain new relationships between mock
theta functions, formerly little more than formal power series, and classical modular forms.

Here, we obtain a new relationship between modular forms and the mock theta function

’I’L2

Py— - q
f(a) '71+;(1—|—q)2(1+q2)2-.-.~(1+q")2 (1.1)

=14q¢—2¢>+3¢°—3¢* +3¢° —5¢° +7q" —6¢5 + ... + 486¢*7 — . ...

To describe this phenomenon, in Section 3 we construct two canonical sequences of power series.
For every positive integer m we use the theory of harmonic Maass forms to define a series

Fnl@) =14 am(n)g™. (1.2)

Results in [3] imply that f1(q) = f(¢), and numerics for f3(q), ..., f4(q) suggest the following.
fi(g) =1+q—2¢°>+3¢% —3¢* + ... +486¢" + ...
fa(q) =1 — 281q + 2859¢% — 17902¢° + . ..
f3(q) = 1+ 3406¢ — 102061¢° + ... (1.3)
falg) =1 —23194g + ...
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Each ¢! £,,(¢?*) is, up to the principal part, which equals —¢?*724™ 4 ¢~!, the holomorphic
part of a specific weight 1/2 harmonic weak Maass form on T'o(144) with Nebentypus
X12 = (Q), where ¢ := e?"*. (Note that for m = 1 the principal part vanishes.) For these
reasons we choose to refer to the functions f,, as mock theta functions.

In a parallel calculation, we use the classical theory of modular forms to construct, for every
positive integer m, a weight 3/2 weakly holomorphic modular form —gqg,,(¢**) on T'o(144) with

Nebentypus x12, where ¢,,(q) is of the form
gm(q) = =g+ > bm(n)g". (1.4)
n=1

We let g5.(q) := gm(q) — Bs/2,3/4(0, —m), where S, s(u,v) is defined in Subsection 3.3.
Numerics suggest that

gi(q) = —¢~' +1 — 281q + 3406¢> — 23194¢° + . ..

g5(q) = —q~% — 2+ 2859¢ — 102061¢° + . ..

g5(q) = —q 2 +3 17902 + ...

gilg)=—q*=3+... (L.5)

gir(q) = —q " + 486 + ...

A brief inspection of (1.3) and (1.5) reveals a striking pattern. One notices that the
coeflicients of the g, when grouped by column, appear to be the coefficients of the mock theta
functions f,,(q) in order, where b,,(0) := —f33/2,3/4(0, =m). Here we prove that this is indeed
the case.

THEOREM 1.1. Assume that the notation above holds. If m and n are positive integers,
then

am(n) =by(m—1).

REMARKS. (1) Similar duality theorems for Poincaré series and modular forms appear in
earlier works by Bruinier [6], Bringmann and Ono [4], and Zagier [18].

(2) Tt is likely that this phenomenon holds for most (if not all) of Ramanujan’s original
mock theta functions. As the methods of this paper will reveal, the main difficulty arises from
the task of expressing these mock theta functions in terms of explicit Maass—Poincaré series.
(For more on the history of the mock theta functions see [1].) For example, the results of [3]
lead to a similar duality statement for Ramanujan’s mock theta function

St 2n +2n 1 4

— q
; P g (P2

where (a;q), := [[_y(1 — ag™).

(3) Tt is conceivable that the Fourier coefficients a,,(n), by, (n) are always integers, and we
would be interested in a proof or disproof of this claim. Although a weaker statement, one may
be able to employ the Galois action on M3/2(144, X12) and the fact that S3/5(144, x12) = 0 to
deduce rationality of the coefficients b,,(n), and hence rationality of the a,,(n) by Theorem 1.1.

In Section 3 we construct the relevant sequences of weight 1/2 harmonic weak Maass forms
and weight 3/2 weakly holomorphic modular forms using the method of Poincaré series.
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The numbers a,,(n) and b,,(n) are then explicitly given as complicated infinite sums of
Kloosterman-type sums weighted by suitable Bessel functions. Armed with these formulas,
Theorem 1.1 then follows from a duality statement for these Kloosterman-type sums. The
connection to f(q) = f1(q) arises from earlier work by Bringmann and the second author [3],
where f(q) is proven to be the holomorphic part of such a Maass form. Unfortunately, there is a
catch. The complicated formulas for the numbers a,,(n) and b,,(n) are not visibly convergent.
Convergence in the case of aj(n) was established in [3] using a relationship between these
Kloosterman-type sums and Salié-type sums, and the ‘equidistribution’ of CM points. Such
arguments do not appear to apply for a,,(n) when m > 1, and so we are forced to resort
to other methods. To establish convergence, we modify an argument of Goldfeld and Sarnak
[8, 15], which stems from earlier work of Selberg [16]. These issues are addressed in Section 2.

2. A Kloosterman—Selberg zeta function

In this section we address the convergence of certain Kloosterman—Selberg zeta functions at
the point s = 3/4. This fact will be employed to justify the convergence of the formulas for the
am(n) derived in Section 3. Arguments of this type appear in works by Selberg [16], Goldfeld
and Sarnak [8], Iwaniec [10], Iwaniec and Kowalski [11], and Pribitkin [13].

First we fix notation. Let x € R, let I' € SLa(Z) be a subgroup of finite index, and let ¥ be
a multiplier system of weight x on I' satisfying the consistency conditions

U(-1) = er/2), (2.1)
Jo (U () = 3 (3 (7)) ()5 W) B (), (2.2)

for y=(2%) €T, v/ €T, where j (1) :=cr+d, I=(}9), e(t):=e* and 7€M, the
upper-half complex plane. Let g > 0 be the minimal positive integer such that (1 -‘7) erl,

01
and fix 0 < a < 1 such that
L g\)_

For such ¥, we define the generalized Kloosterman sum Sy (n, m, ¥) for arbitrary integer pairs
(n,m) € Z2, and k € N, by

Sk(n,m,¥) := Z U(v)e ((n — a)d;—k(m — a)d) ) (2.3)

oer
0<d, d<gk
where dd = 1 mod k. (Note that  differs from k).
Selberg’s Kloosterman zeta function Z, (s, ¥) is defined in terms of the generalized
Kloosterman sums by

L (5,0) = > W (2.4)

k>0

For our purposes, we assume that x € % +Z, and T' =T¢(2) such that g = 1. Moreover, for
those v = (¢ 4) € I'o(2) with ¢ > 0, we define the character y by

_ e <24b> o=t (2.5)

,_ cta a+d a 3dc _
i 1/2(_1)(1/2)( +ad+1), (_ YR + 8) W_Ulz,c c >0,

x(7)

where

o is(d,k
Wd k = e’ ( ),
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and the Dedekind sum s(d, k) is defined by

wn= X ()

jmodk

with

- fofo%, xz €R\Z,
(@) = {0 zel.

In the notation above we are interested in the case ¥ = y, where

o (;j) L

X() 1 d d
i1/2(=1)(1/2)(etad+1) <_3(;446F) _ % + 3;) w:;,c ¢>0,

in which case o = 13/24. We point out that x(v) is merely x(7) twisted by ¢ when ¢ = 0, and
x(7) twisted by ie(—(a + d)/2¢) when ¢ > 0. With these assumptions, we obtain the following
theorem.

THEOREM 2.1. Ifmn <0 and k = %, then Z, (s, X) is convergent at s = 3/4.

REMARKS. (1) A similar proof shows that Theorem 2.1 holds in greater generality, for
example, for weakly holomorphic modular forms with Nebentypus on congruence subgroups
To(N), as well as harmonic weak Maass forms with suitable multiplier ¥. As it stands, the
proof of Theorem 2.1 ultimately relies on the fact that holomorphic modular forms of weight
1/2 have no poles, a fact which can be used to obtain convergence whenever at least one of m
and n is negative. However, when m and n are both positive, a similar argument can also apply
by making use of the theory of theta functions, where it is simple to characterize vanishing
Fourier coefficients of weight 1/2 modular forms thanks to results such as the Serre-Stark basis
theorem.

(2) We emphasize the fact that m and n have opposite sign in Theorem 2.1. Results
pertaining to the analytic behavior of Z, ,,,(s,¥) when mn > 0 are given by Selberg [16]
and Goldfeld and Sarnak [8], and later generalized by Pribitkin [13].

2.1. The Selberg approach aprés Goldfeld and Sarnak

Here we recall facts about eigenvalues and eigenfunctions of the Laplacian, and their
implications concerning the analytic behavior of Z,, ,,,(s, ¥). To make this precise, we first
fix notation. For v = (‘; 3) €I, K € R, the functions f : H — C satisfying the conditions

) = v (25 )Hf(z),

|cz + d]
dx dy
[| e = <
Sr Y

form a Hilbert space which we denote by L%(Fr, k), where Jr is a fundamental domain for the
quotient space H /. The inner product (-,-) is defined by

(fq) = jL erel d‘z 3 (2.7)
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As defined in [8, (2.1)] (see also [14, 16]), the operator
- 82 2 o
A=y 5+ 25 | —iky— 2.
k=Y (83;2 + 8y2> kYo (2.8)
has a self-adjoint extension to L?(Jr, x) with real spectrum [14]. Let
U,Q(EK) = {)\ € Spec(ﬁ,@) 0K A< i} ,

where Spec(&,{) denotes the spectrum of A,. The spectrum Spec(ﬁ,{) was first investigated
seriously by Selberg in [16], who made the important observation that

dim (o, (A,)) < oo.

We order the elements of the finite spectrum A < Ay < A3 <... < . For each A, 1 < j <,
we define s; € (1/2,1] by A\; = s;(1 —s;), and let u;(z) be the eigenfunction corresponding
to Aj, where z = x + iy € H. The functions u;(z), 1 < j <, are chosen so that they form an
orthonormal basis for L? with respect to the inner product as defined in (2.7). Each u;(z)

admits a Fourier expansion of the form
n—ao n—ao
‘ y) e < x) , (2.9)
g g

uj(z) = p;(0)y™ + p(0)y* =
D P Wi sen(n-a/a).5;-1/2 (47T
neZ,nF#o
where p;(n),n € Z, are constants, and W, ,(y) is the classical Whittaker function.

The next proposition of Goldfeld and Sarnak [8], which essentially realizes Z,, ., (s, ¥) as an
inner product of Poincaré series P, (z,s,T', ¥, k), allows one to analytically continue Znm (8, 0)
to all s with Re(s) > 1/2. For I' C SLy(Z), we let I' :=T'/{£1}, and choose ¥,k as in the
previous section. For integers n, we define the Poincaré series P,(z,s,T', ¥, k) by

S

cz+d

EEL) elln- e gennemoas Y

lcz + d|?s’
(2.10)

P,(z,5, ¥ k) = Z \Il('y)<

~ET /T oo
where I'og = {((1)91") ‘n e Z}.

LEMMA 2.2 (Goldfeld and Sarnak [8]). If m,n,x >0, then

dx d
” Pu(z,8T,9, k)P, (2,5+2,T,V, k) 229
r

s 1) )
(s +k/2)T(s+2 —k/2) Znm(s, W)+ R(s),

where R(s) is holomorphic in Re(s) > 1/2 and satisfies the condition R(s) < Re(s)l/Q.

Using Lemma 2.2 to analytically continue Z,, ,,,(s, ¥) to Re(s) > 1/2, one finds that the poles
Zn.m(s, V) are dictated by the elements of the finite spectrum O’H(ﬁ,{), that they are simple,
and that they can only occur at the points s;. The following lemma bounds o,{(z,{) from below
(see, for example, [15] or [16]).

LEMMA 2.3. The finite spectrum o.(A,) is bounded below by Af := (k/2) (1 — k/2).
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Much is known regarding the relationship between eigenfunctions u(z) of A, with eigenvalue
A%, and modular forms. For simplicity, we describe those u(z) corresponding to modular forms
of half-integral weight with Nebentypus on a congruence subgroup I'g(4N) C SLy(Z).

LEMMA 2.4. Let k € % +7Z and T' =Ty(4N), and let ¥ = x* be a Nebentypus character
on I' (in the sense of Shimura [17]). If u(z) is an eigenfunction of A, corresponding to A},
with Fourier expansion as in (2.9), then w(z) := y~"/?u(z) is a holomorphic modular form of
weight k.

Proof. Suppose that u(z) is an eigenfunction of A, corresponding to A%, and let

0 kK
A,.i = (z—2)£ + 5
For all f, g smooth and of compact support on Fr, one has [14]
K
(9. 8:0) = Reg. M) + 5 (1= 5) (9.1 (2.11)
If we let @(z) := y~"/?u(z), then by (2.11) one may establish that %(z) is a holomorphic modular
form of weight . |

REMARK. One may strengthen Lemma 2.4 and establish a converse statement under
suitable conditions. Namely, if u(z) is a cusp form, then define u(z) = y*/%%(z). One finds
that u(z) satisfies A, (u) + Aiu = 0, and since u(z) is a cusp form, u(z) € L*(Fr, k).

2.2. Residue and the resolvent

Since the arguments m and n of the Kloosterman zeta function have opposite sign in
Theorem 2.1, we are unable to simply quote results from the literature. Here, we give the
remaining tools required for the proof of Theorem 2.1. We first state a residue formula for
Zp,m(s,U) when m,n > 0 given in [8], and in the following section we discuss the case mn < 0.

LEMMA 2.5. Ifm,n > 0, then the residue of Z, (s, ¥) at a point s; is given by

g*p;(m)p;(n) ((m — a)/g) (n — @)/g))' ™ T(s; + ©/2)T(2s; — 1)
=2 T(s; — k/2)(—i)"42% 3% +1 ’

where the sum is taken over those j for which s; = s;.

Ress=s, (Zn.m(s,¥))

Proof. A detailed proof, which follows from standard facts from harmonic analysis and
properties of the Poincaré series Py, is not given in [8]. We offer some details to elucidate our
eventual analysis of the case mn < 0. We first recall that each Poincaré series Py, (z,s,T, U, k)
satisfies

P, (z,8, ¥, k) = —47 (m ; O‘) (s _ g) Rs(1—s)(zn)(Pm(Z’ s+ 1,1,V k),
where R (A,) is the resolvent operator with respect to A, at A (see, for example, [12]).
This fact, combined with Lemma 2.2, allows one to interpret the residue of Z,,, in terms
of the residue of the resolvent operator Ry (A). The singularities of the resolvent operator
occur precisely at the eigenvalues \;, and a standard argument of harmonic analysis (see, for
example, [12, T §5]) reveals that relations satisfied by the residues of R imply that they are
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projections. More precisely, a calculation shows that

Rese—s, (P (2,8, T, W, K), Po(2,8,T, %, k) = > p;(m)(u;, P,), (2.12)
where an explicit formula for (u;, P,,) may be found in [15]. The sum above is taken over those
j for which s; = s;. Following a short computation, one obtains the lemma. |
2.3. Proof of Theorem 2.1

Extending results beyond the case m,n > 0, by a remark of Pribitkin [13], one may derive
a formula analogous to that of Lemma 2.2 for the case n < 0 and m > 0 by considering the
inner product

<Pm(za S,F, ‘I’a /{),an (Z,U}, Fvﬁa _K)>,

where n* := —n — 1 for £ € (0, 1). Similarly, one obtains a formula for the case n > 0 and m < 0
by using the case n < 0 and m > 0 combined with the fact that

Zn,m(ga \Ija H) = Z—n—l,—m—l(syﬁa 7’1)

for k € (0,1). With this, one may derive a residue formula analogous to that of Lemma 2.5.

One observes that the vanishing or non-vanishing of the coefficients p(m) and p(n) determine
a residue or non-residue of Z,, ,,, at s;. We note that the minimal eigenvalue (x/2)(1 — k/2)
= 3/16 corresponds to s; = 3/4 since k = 1/2. Since mn < 0, by Lemma 2.4, we have the
product p(m)p(n) =0, as eigenfunctions with lowest eigenvalue correspond to cusp forms.
Holomorphicity now follows, since the eigenfunctions with lowest eigenvalue correspond to
holomorphic modular forms. One deduces convergence using standard methods relating the
series expansions of Kloosterman—Selberg zeta functions with their integral representations,
employing Perron-type formulas.

3. Poincaré series and the proof of Theorem 1.1

We first recall fundamental properties of Maass forms. A weakly holomorphic modular form
is any meromorphic modular form, the poles of which (if there are any) are supported at
cusps. Theorem 1.1 is a duality statement relating the Fourier coefficients of weight 3/2 weakly
holomorphic modular forms and certain weight 1/2 harmonic weak Maass forms. Now we recall
the notion of a harmonic weak Maass form. Suppose that x € % + Z. If v is odd, then define €, by

{1 if v=1 (mod 4),
€, =

i ifv=3 (mod 4). (3-1)

Similar to the operator A, defined in (2.8), we let

2 2
A, = —y? (6‘12 + aayQ) + iky (;x + iaay) (3.2)
be the weight x hyperbolic Laplacian, where z = z + iy with z,y € R. If N is a positive integer
and ¥ (mod 4N) is a Dirichlet character, then a harmonic weak Maass form of weight k
on I'g(4N) with Nebentypus ¢ is any smooth function f:H — C satisfying the following
conditions.
(1) Forall A= (2%) €'y(4N) and all z € H, we have

c

2K
f(Az) =¢(d) (d) €, (cz+d)" f(2).

(2) We have A, f =0.
(3) The function f(z) has at most linear exponential growth at all cusps.
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3.1. Two sequences of Poincaré series

We begin by defining the Poincaré series Pl (r, z) for r € R\ {0}, z € H, and a character
T on I'y(2)/£Tw by

2
Pl (rz)=— Y YA ez+d) "pps(r Az), (3.3)
\/E A€To(2)/+lNw
ab

where A is represented by A = (Cd). Here, the function ¢ ¢(r,z) is defined by the
M-Whittaker function M, , as follows:

Pr,s(1, 2) 1= M (4nlrly)e(re),
where, for y > 0,
Ms(y) = yin/QMfm/Q,sfl/Q(y)'

The two sequences of Poincaré series that we define are

24m — 1 -1 (24 1
pr (=) g YEpt (2mEl N
" 24 2 24

where m is a non-positive integer, and the character x is as defined in (2.5). We will show that

the following theorem holds.

THEOREM 3.1. For m a non-positive integer define My := My(m) = (24m — 1)/24, and
for m a negative integer define My := Ma(m) = (24m + 1)/24. For ry < 1/2,k, € 3 +Z and
Ko = 3/2,ke € % + Z, the functions

VI Xy, 94)

o
9 Ko,k2/2

PX

K1,17K1/2

(My,24z) and

are harmonic weak Maass forms on I'g(144) with Nebentypus x12 := (12) of weights r; and
Ka, respectively. Moreover, when ko = 3/2, (\/7?/2)P§</2 3/4(M2, 24z) is a weakly holomorphic
modular form.

We prove Theorem 3.1 by first computing the Fourier expansion for the series Py, and P,z(f:7
and then justifying the convergence of the expressions obtained for the Fourier coefficients. We
treat the cases PY; and Péﬁ;l separately, and begin with the former. We choose a set of
representatives {A = (. ;I;ﬁc)}nez for T'9(2)/+T« indexed by pairs (2¢,d), where ¢ € N,
1< d < 2c¢ with ged(2¢,d) =1, and (a,b) chosen arbitrarily so that ad — 2bc = 1, together
with the pair (2¢,d) = (0,1). In computing the expansion of P, we use the facts that

a 1

Mz=2 =
T clez +d)’

for any M = (%), and also that (—1)~*"“e(—3c?n/2) = 1. Thus, after some computation, we
may write

24m — 1 2 |24m — 1|y (24m — 1)
r (M) = e ()« (M

2 1/2 ~(1/2)(2c+ad+1)
v ISP DR o

c>0 d(mod 2¢)*

d a — 3dc ma —K d
e (480 N 4) e (5 ) w22, ( i 2) 4
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where

To(2) = 3 (2 n) " M, <|24m - 1'”) e < (24m — 1)( + ")> e(2).

24¢2|z + n? 96¢2|z + n|?
nez

REMARK. For those readers who wish to reproduce calculation (3.4), we note that the
factor e(a/48¢) that emerges due to the presence of Y 1(A) in the expansion cancels with a
factor e(—a/48c¢) that emerges due to the presence of the function ¢, ;.

We now state a useful form of the Poisson summation formula.

LEMMA 3.2 (Poisson summation). Let h € L' N C(R) satistying |h(x)|, |h(z)| < K|z|~*,
where |z| > 1, s > 1, and K € R?°. Then

f: e(nA)h(B +nC) = f: e<—B(”C+A>>B<(“2A)>7

n=—oo n=-—oo

where

Using Lemma 3.2 with A =1/24, B =z, and C = 1, we find, after changing the index of
summation to —n € Z, that the function T, (z) has a Fourier expansion of the form T, (z) =
> nez Gy(n)e(n —1/24)x, where

o e [24m — 1|7y —(2dm -1z (1
ay(n) = J]RZ M ( YEIRE e REIEE n-51)% dx. (3.5)

Similar integrals are computed in [6, 9], from which we deduce that

ay(n) = (2/i)"aT(2s) | 24n—1|""D/2 p m/](24m — 1)(24n — 1)
Y cl=kT (S _ 5/2) 2m — 1 2s—1 T7e

(o))

(n) = iTRA 2518 1 24m — 1|5y T5T(2s)
WA= 625 (25 — DI(s + #/2)T(s — #/2)

(Kl)/2125_1<7r\/|(24m —1)(24n — 1)|>WS Gm <n 1) y>

if n <0,

if n =0, and

_ _(2/i°nT(2s) | 24n -1
i) = G (s+m/2>‘24m—1

12¢ 24

if n > 0, where I,(Y) and J,(Y) are the I,-Bessel and J,-Bessel functions, respectively.
As usual, we require Kloosterman-like sums to describe the Fourier coefficients of our
Poincaré series P,:f 5+ We define

Anm)i= S e <”d+md> O (3.6)
d(mod z)* t
Anm)i= 3 e <”d u md> Wk, (3.7)

d(mod z)*

where dd = 1 mod z.
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REMARK. The function A, (n,m) is a generalization of the function A, (n,0) = A, (n) that
appears in Rademacher’s exact formula for the partition function p(n), and A, (n, m) is another
variant that will allow us to see the duality of Theorem 1.1.

THEOREM 3.3. Fors=1-(k/2), k < %, and m a non-positive integer,

24m —1 2 24m —1 24m — 1
Px <m,z> = ——¢ (mx> M, (M> + z:O%s(n,m)qn—1/247

24 ﬁ 24 6 neZ
where
B T(2s) |24n—1|"7Y/2
K,S =2 L
« s (nam) \/EZ F(5+/{/2) 24m — 1
(—1)letD/2] gy, (n — DY) -
L1 (/@1 = 1) 24m = 1)])
x;} . 25—1 120\/|( n—1)(24m —1)|
ifn >0,
o (om) ol l/241=2s 01 /24s |94y — 11T (2s)e(iy/24)
r,5(0; y5=165(2s — )T (s + 5/2) T (s — K/2)
(—1)Le+D/2] 4, (M?m)
X Z cQS-‘rK ’
c>0
and
irjeD (s — 1/2 4 n — 1/24]y) T(2s) | 24m — 1 | /2
- —9 r+1/2 ?
(N, m) = 2¢/7i I(s —k/2) 24m —1
(e (- )
1 (= /]24n — 1)(24m — 1
x> c Jas 1(120\/|( n - 1)(24m )D

c>0
ifn <O0.

REMARK. We point out that for k = %, the leading term appearing in the Fourier expansion

for Plx/2 3/4 reduces to
2 (24m—1 |24m — 1|y (2im—1) 24 e (1 [24m — 1|7y
B i e T g(24m ] g tep (2 B2 I )
\/7?6( 24 x) Maya ( 6 ) q T 2’ 6

This follows from the fact that for k = %,

Maa(lyl) = 5(V7 = T(3, ly]))el2,
that T'(3/2) = y/m/2, and that m is non-positive.

We have the following useful lemma.

LEMMA 3.4. In the notation above, we have

Z (71)7(1/2)(2c+1+ad)6 <a — 3de + nd + ma) W—d,2¢
d(mod 2¢)* ! x

 (—nylern2l g, <n _ C(1+4(1)C)’m> .
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3.2. Proof of Lemma 3.4
If ¢ = 0mod 2, then a sufficient condition to prove Lemma 3.4 is the following:
3c—(a+d)+ad+1+3dc=0mod 4, (3.8)

for each d € [1, 2¢) such that ged(d, 2¢) = 1. Using the fact that ad — 2bc = 1 we find that either
(a,d) =(1,1) or (a,d) = (—1,—1)mod 4. An easy check shows that (3.8) holds in both cases.
If ¢ =1 mod 2 then the following condition is sufficient to prove Lemma 3.4:

3¢ —a+ad+ 2+ 3dc =0 mod 4, (3.9)

for each d € [1,2¢) such that ged(d,2¢) = 1. Again using the fact that ad — 2bc = 1, we have
ad = £1 mod 4. If ad = —1 mod 4 then (3.9) holds if and only if 6¢ 4+ 2 = 2(3c + 1) = 0 mod 4,
which follows from the fact that ¢ =1 mod 2. If ad =1 mod 4 then (a,d) = (1,1) or (a,d) =
(—=1,—-1) mod 4 and one may easily verify (3.9) in these cases as well.

3.3. Proof of Theorem 3.3

Strictly speaking, Theorem 3.3 follows by explicit calculation combined with the fact that
our formulas for the Fourier coefficients a,, s converge. For k < %, one obtains convergence by
applying standard existing bounds on Kloosterman sums, Lemma 3.4, and the identity

e—Y/2 y>0
Wiy = 7
1—r/2(Y) {e—y/QF(l - yl) ¥ <0,

to the formulas given in the previous sections for «, s. Convergence is only questionable in the
case kK = %, which we give at the end of this section.

With our second family of Poincaré series (\/7?/2)P§;1 ((24m +1)/24, z), similar to the
argument given for PX_ ((24m — 1)/24, z), we find that

ﬁp’z(;l 24m+1’z — M, |24m + 1|7y . (24m + 1)z
2 ’ 24 6 24

d a — 3dc
—1/2 _1) (/2 @etad+n), (4
t2 >, (D ¢ ( 48¢ 1 )

c>0 d(mod 2¢)*

ma

X e (70) w:;gc(%)_’iv,{ (z + 2ilc)’

where

Vo) = T )M <|24m + 1|7ry) . <(24m 1)z + n)> 6(;71)'

= 24¢%|z + n|? 96¢%|z + n|? 24

The function Vj,(z) has a Fourier expansion of the form Vi.(z) = 3, . by (n)e((n + 55 )x), where
_ 124m + 1|7y —(2dm+ 1)z 1
by(n) = | ="M, ~(n+ ;) da.
u(n) JRZ M ( 24c2|z]? ° 96¢2|z|? ntog)T) e

One finds as in the case of a,(n) that

by(n) =

(2/i)"nD(2s) | 24n + 1
c=FT (s — k/2) |24m + 1

TS

(’HWJ m/|(24m + 1)(24n + 1)]
2s5—1 12¢

if n <0,



DUALITY INVOLVING THE MOCK THETA FUNCTION f(q) 331

. (0) _ 7:—541—287r1+s|24m_~_ 1|sy1—sr(25)
YN 6sc2s(2s — DI (s + K/2)T(s — k/2)’

and
by () = (2/i)5xD(2s) | 24n +1 (’H)/QI 7/[(24m + 1)(24n + 1)]
v A =RD(s + K/2) [24m + 1 2t 12¢
X Ws | 4 + i
s\ 4 (nt o7 ) v
if n > 0.

THEOREM 3.5. For s =k/2, k > %, and m a negative integer,

VT -t [(24m 41 B [24m + 1|7y (24m + 1)x
3 Pene\ Tor %) = M 6 ¢ 24
+ ) Brs(n,m)gn /2, (3.10)
n>1

where
(k—1)/2

s I'(2s 24n + 1
Bty m) = (25) \

i"t1/2T(s+ k/2) |24m + 1
(_1>L(c+1)/2jj2c (n_|_ c(1+(4—1)C),m)

<3 y

c>0

x Tog1 (&\/|(24n+1)(24m+1)|). (3.11)

3.4. Proof of Theorem 3.5

As in the proof of Theorem 3.3, for k > %, Theorem 3.5 follows by explicit calculation
combined with the fact that our formulas for the Fourier coefficients 3, s converge. For k = %7
we observe the presence of the factor I'(s — (x/2)) in the denominator of the coefficients by (n)
for n < 0, so that the terms in the Fourier expansion corresponding to non-positive n vanish.
Arguing as in Proposition 3.4 allows us to recognize the presence of the Kloosterman-like
sum A,.

REMARK. Note that when k = %7 the leading term in (3.10) reduces to

‘24m + 17Ty> e ((24m + ].).’L') _ (_24|m|+1)/24
6 24 1 '

M3y (
This follows from the fact, for k = 2, that M3,4(|y|) = elvl/2 and that m is negative.

3.5. The fn(q) and g,,(q) series

For m > 1, let

—24m + 23
fn(2) = —¢""™+ 1+ ¢"/**Hol <P1X/2’3/4 <7;L4,z>> )

VT ot [ —24m 41
gm(2) = =0 Plag <24 !
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so that

am(n) = ay/2.3/4(n, —m +1),
b (n) = *53/2,3/4(" —1,—-m),

where Hol(h) denotes the holomorphic part of h. We first argue the convergence of the
expansions for the Fourier coefficients of these Poincaré series in the case where k = 1/2. We
have chosen to rewrite the Fourier coefficients of the series PX in terms of the Kloosterman-like
sums As.(n, m) for purposes of more easily establishing the duality of Theorem 1.1. To prove
convergence, we apply Lemma 3.4 and find

—1/4

24n — 1 _ o
011/2,3/4(71/7771):7(' m ZC 111/2 (Ec\/|(24n—1)(24m—1)|)
c>0
12 d(n — (13/24)) + d(m — (13/24
y E: 2y 1(%:3)6( (n—(13/ ))20 ( (13/ ))>
d(mod 2¢)*
%Un —1 |74 -
— —;1/2 -1 o — — N
w2 SR S s (1514 — DEAm = D)) Saelnm, %),

c>0
(3.12)

where the last equality follows from the definition of Sg(n,m,¥), and that a = 13/24. As

¢ — 0o we have
VX X|1/4
Iy ( ) ~ X (3.13)

24c V12¢

Using this and the formula for the Fourier coefficients a5 3/4 given in (3.12), we are left to
show that the Selberg generalized Kloosterman zeta function Z, (s, x) converges at s = 3/4.
This follows from Theorem 2.1.

In summary, a;/9(n, m) converges for integers n > 0 and m < 0. With this, by definition,
am(n) converges for integers n,m > 1, and thus by the duality Theorem 1.1, b, (m) converges
for integers n,m > 1.

We are left to show convergence only for the non-holomorphic part of the series Pf‘/z’3 e
In this case, m < 0 and n < 0, and we follow an argument similar to our argument above
for the case mn < 0. We observe that the .J;/,-Bessel function behaves as the I /o-Bessel
function does in (3.13) as ¢+ o0, so that we are left once again to prove convergence of a
Selberg—Kloosterman zeta function Z, ,, at s = 3/4. In this setting we are able to use the
residue formula (2.12) given in [8] which holds for nm > 0. We again use the fact that A} ,
corresponds to s; = 3/4 and apply Lemma 2.4. We observe again that p(m)p(n) = 0. From
these things we are able to conclude convergence.

3.6. Proof of Theorem 3.1

Let A= (2%)€To(2), and let A’ = (‘;,/ Zl,) € Ty(2)/+T's denote a coset representative.
Using the definition of PY,, and the properties of ¥, it is straightforward to verify that

PY (1= (k/2),2) transforms under A € I'o(2) by
X _k _ K DX _k
PYy (1 X Az) X(A)(ez + d)FPY,, (1 2, z) .

The transformation for (1/7/ 2)P,§341(/<;/ 2, z) follows similarly. To prove that the functions are
real analytic, for the cases k < 1/ 2 and k > 3 /2, respectively, we argue as in [3] for the specific
case m = 0, where it is shown that the automorphy factor coincides with that of the Dedekind
n-function and is equal to x12 := (*2). The convergence for the cases € {1/2,3/2} is as argued
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in Subsection 3.5, and the fact that the forms (y/7/ 2)P§‘/_213 / 4(+,242) are weakly holomorphic
modular forms is as argued in Theorem 3.5.

REMARK. The Fourier expansions at cusps may be determined for these Poincaré series.
For example, the mock theta function f(g) is a component of a vector valued Maass Poincaré
series along with Ramanujan’s mock theta function w(q). The work [7] makes this explicit for
w(q), and one may extend these arguments to the series here.

3.7. The Kloosterman-like sums Ay (n,m) and A, (n,m)

In order to continue the proof of Theorem 1.1, we first make the following important
observation regarding the Kloosterman-like sums A, (n,m) and A, (n,m).

LEMMA 3.6. For m,n € 7Z, we have

As, (n - w, m) = Ay, <—m L DY —n) . (3.14)

Proof. We first observe that

(14 (=1)9) nd+ma d(14 (=1)°)
.Azc (n - #7m = . % . e o — 3 W—_d,2¢

_ Z . (_na +md N a(l + (1)0)) Gz (3.15)

2c 8
d(mod 2¢)*

In the case that ¢ = 1 mod 2, the term a(1 + (—1)¢)/8 vanishes, and in the case that ¢ = 0 mod 2,
(a(1 4 (=1)°))/8 = a/4. Due to the fact that ad — 2bc = 1, in this case ad = 1 mod 4 and hence
a = d mod 4. Finally, we use a property of the Dedekind sums, namely that

s(d,z) = s(d, z).
From these things we may conclude that (3.15) may be written as

S e ((—m)d—i— (—n)a N d(1+ (—1)6)) Wy = Ao, (_m+ C(l"'(_l)c)7_n> O

2c 8
d(mod 2¢)*

3.8. Proof of Theorem 1.1

The duality follows by applying Theorem 3.3 in the case k = % and by applying Theorem

3.5 in the case k = 3. We find in the former case a term of the form (|24n — 1|/|24m — 1[)~1/4,
and in the latter, (|24n + 1|/|24m + 1|)'/%. If we let n — —m and m — —n in either one of
these terms (but not both) then they are seen to be equal. The Bessel functions appearing in
the Fourier expansions for PX and PX"" are both I 1/2-Bessel functions, and their arguments
are seen to be equal again after replacing (n,m) by (—m, —n) in one such term. In addition,
by applying Lemma 3.6, and the special value I'(3/2) = /7 /2, we find that other terms in the
expressions for the Fourier coefficients in question are negatives of each other. This proves the

theorem.
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