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Abstract

Taking as a start point the recent article of Meziani [7], we present several results concerning
the normalization of a class of complex vector fields in the plane which degenerate along a real
curve. We mainly deal with operators with finite regularity and analyze both the local situation
as well as the case of normalization near a circle. Some related questions (e.g., on semi-global
solvability and on the normalization of a class of generalized Mizohata operators) are also
discussed.
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1. Introduction

Consider a complex-valued vector field with no singularities defined on the real
plane given by

0 0
¥ = a(x, l) a + b(x, l) av
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where a, b are C-valued %* functions (0 <s< 00, or s = w). [t is a classical result that
if # and % are C-linearly independent, then . is locally equivalent to a multiple of
% by a ¢ diffeomorphism, where s’ is any non-integer <s+ 1 (see [16, p. 93]). In
this paper we shall consider vector fields . which are tangent to a real curve y of

constant finite order m<s, while, off the real curve, ¥ and &£ are C-linearly
independent. In suitable local coordinates, such a vector field takes the form

0 0
o im _ 3
o a(x,t) o Ra(0)#0, (1.1)

where m is a positive integer and (x, £)— x"a(x,t)e%’. We have

Theorem 1.1. Let & be a €° vector field given by (1.1) with s a real number and m a
positive integer satisfying s =m? + 2m. Then there is a /"""~ diffeomorphism for

all 0<e< 1, defined near the origin and sending & into a multiple ofg — ix" %.

When (1.1) is real-analytic (s = @) then Theorem 1.1 is an easy consequence of the
Cauchy—Kowalevsky theorem: the diffeomorphism can be obtained in the ¢ class.
In the €% case then Theorem 1.1 also follows easily from general results concerning
the local solvability of a single vector field satisfying the Nirenberg—Treves condition
(P). The proof of Theorem 1.1, for the finite smoothness case, is motivated by recent
results of Meziani [7]. We should also make clear that the solvability of vector fields,
in general terms, does not have immediate consequences to the problem of
normalizing the corresponding vector fields. In fact the generalized Mizohata
operators

0 0
prin it"a(x, 1) g Ra(0)#0 (1.2)
with ae®®, are always € -solvable if m is even. Moreover, there exist €%
coordinates on which the vector field becomes a multiple of & — i(/" + O(|7|)) £ [6,
Chapter 2]. However, we have

Theorem 1.2. For each even integer m, there exists a € vector field (1.2) that cannot
be transformed into a multiple of% — i % by any €% diffeomorphism.

Nirenberg [9, p. 8] showed the existence of a ¥~ vector field (1.2) with m = 1 that
is not equivalent to a multiple of % — it %. Such phenomenon was later studied in
detail by Treves [14]. Afterwards Sjostrand [12] gave a complete classification for the
standard ¥ Mizohata structure (m = 1) in the plane (see also [15, Section VII.3]).

We shall also be interested in complex-valued vector fields . in the real plane
which are tangent to a closed real curve 7y to the first order, while off the real curve ¥
and & are C-linearly independent. By applying a diffeomorphism, which is defined
near the real curve and sends it to the unit circle r = |z| — 1 = 0 and by parametrizing



P.D. Cordaro, X. Gong | Advances in Mathematics 184 (2004) 89-118 91

the unit circle by z = ¢, we arrive at the vector fields

Y = % —ira(r,0) %, Ra(0,0)>0. (1.3)
Meziani proved that
| [
ﬁﬂ/() a(0,0) db (1.4)

is an invariant attached to ¥ and also that when 1€ C\R then % can be transformed,
by a finitely smooth diffeomorphism defined near the circle, into a multiple of the
vector field

D?A:%*Z/Lra.

The case when A€ C\{0} for (1.3) will be treated in the present article:

Theorem 1.3. Let & be a €% vector field (1.3) with A as in (1.4). If Ae C\Q then for
each finite k there exists a 6* diffeomorphism, defined near the unit circle, sending &
into a multiple of #,. On the other hand, if 2€ C\{0} there exists a €~ vector field
(1.3) that is not equivalent to £, by any €~ diffeomorphism.

For an irrational A, define
wu(A) = min{|kA — I|;k,1€Z,0<|k|<2"}.
One says that A satisfies the Bruno condition, if — 3 27"log w,(1) < .

Theorem 1.4. Let ¥ be a real analytic vector field given by (1.3). If A is irrational and
satisfies the Bruno condition, there exists a real analytic diffeomorphism, defined near
the unit circle, sending & into a multiple of £ ;. Conversely, if A is either rational, or is
irrational and violates the Bruno condition, there exists a real analytic vector field of
the form (1.3) that is not equivalent to a multiple of ¥, by any real analytic
diffeomorphism defined near r = 0.

In the proof of normalization due to Meziani [7] the holomorphic holonomy of the
truncated vector fields (1.3) played a certain role. Our approach is based on a
preliminary normalization of (1.3) up to any finite order in the r variable. However,
the holonomy transformation, used by Meziani [7], turns out to be crucial to the real
analytic classification. The proof of Theorem 1.3 is based on identifying the
classification of germs of holomorphic functions f(z) = ¢z + O(|z|*) with that of
analytic vector fields (1.3) (cf. Lemma 3.1).

The paper is organized as follows.

In Section 2 we shall normalize vector fields (1.1) and prove Theorem 1.1. We shall
see how suitable first integrals of (1.1) can be used to normalize the vector fields (see
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Lemma 2.2). In the €% case it is known that one can construct first integrals from
€* solvability. In the case of finitely smooth vector fields (2.2) solvability is not
available and then we construct first integrals of (1.1) through Beltrami vector fields,
as in case of Meziani [7]. The normalization of ¥* vector fields (1.2) (for m even),
including the proof of Theorem 1.2, is also given in Section 2. When m is even the
vector fields (1.2) are indeed hypo-elliptic and this property turns out to be crucial to
the normalization of (1.2). Hypo-ellipticity gives us a non-trivial first integral that is
unique to a certain degree and we then completely classify the vector fields (1.2) by
associating a real curve to the non-trivial first integrals (see Theorem 2.4).

In Section 3 we shall normalize analytic vector fields (1.3) along the circle on which
they degenerate. Section 3 contains the proof of Theorem 1.4.

In Section 4 we shall normalize finitely smooth vector fields (1.3) along the circle.
We shall first obtain a result analogous to Theorem 1.1, which is formulated in
Theorem 4.4. Theorem 1.3 follows from Theorems 4.4 and 4.5. The latter are proved
in Section 4.

2. Local normalizations

Let L be given by

0

L= a(x,) 9 4 b(x.1) -

ot
where a,b are C-valued %° function defined near the origin. Recall that two such
vector fields L and L are equivalent up to a multiple under %* diffeomorphisms if
there is a ¢* diffeomorphism ¢, defined near the origin with ¢@(0) = 0, such that
¢.L = uL for some non-vanishing complex-valued function u. We assume that L
does not vanish at the origin. Interchanging x with ¢ if necessary, one may assume
that a(0)#0. Thus L is equivalent to

% + ibi(x, 1) %
By a %*™! diffeomorphism of the form (x,¢)— (X (x,¢),1), RL is equivalent to 2
Thus we may assume that b; is real valued. Denote by y the set of points (x,¢) at
which L and L are linearly dependent over C. Obviously, y is the zero set of b;. We
assume that y is a €' real curve passing through the origin. Let y be defined by
p(x,t) = 0 with dp#0. Assume further that L is tangent to y. Then dp/0t vanishes on
y, while 9p/0x#0; in particular, p is a multiple of the function (x,7)— — x + py(?)
with poe@'. One readily sees that po must vanish identically and thus y is given by
x = 0; in particular, y is actually €. At a point (xg, )€y, we define the order of
tangency of L to the real curve y to be the maximum integer m such that Lp(x,t) =
o((|x — xo| + | — 1])™") holds for some %* defining function p of y (dp#0). Finally,
we assume that L is tangent to y at each point of y with a constant finite order m<s.
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The above reduction shows that L is equivalent to a multiple of

0 . 0
i a(x,t) ™ (2.1)

where m<s is a positive integer, and a(x, ¢) is a non-vanishing real-valued function
with (x, £) > x"a(x, t) e 6”.

Lemma 2.1. Let L be a 4° vector field given by (2.1). There exists a €'~
diffeomorphism sending L into a multiple of

5y~ (L b(x 1) o (2.2)

with be 6*™™, real-valued and b(x,t) = o(|x|"™™).

Proof. Since the function 7+ a(0, ) is €*", the map
t
) = (x, [ at0.5)as)
0

is a #*~"*! diffeomorphism which transforms (2.1) into

a(o, l(i))gf_ iX"a(X, (7)) % =a(0, t(f)){(%— ix" %%}.

This allows one to assume from beginning that a(0,¢) = 1 for all #. Consider then a
transformation F of the form

X' =X(x, 1) = xX(x,1), " =T(x,1)
with X e@*™!, Te® ™', and
X(x,0)=1, T(x,0)=0. (2.3)

Up to a multiple, F.L is then of the form

0 0
Y s km 1 * k) _ 2
oy ix" (1 + b(x*, 1 ))8x*
with be%*~". Explicitly, we have

x"a(x, )Xy +iX, = (1 + (X, T) X" (T, — ix"a(x,1)Ty).

In order then to obtain b(x*, ") = 0(|x*|m_m) it suffices to show that is possible to
achieve

¥a(x, ) Xy + iXy = X" (T, — ix"a(x, ) Tx) + o(|x*|*)). (2.4)



94 P.D. Cordaro, X. Gong | Advances in Mathematics 184 (2004) 89-118

Recall that for a €* function f(x, ¢), we have the Taylor formula

Is]
F0) =3 f0x + fig(x, 0, fig(x, 1) = o(|x[¥), (2.5)

J=0

in which f;e%*7. Note also that we actually have fjj(x, ) = O(|x|’) if 5 is not an
integer. Conversely, the Whitney extension says that if f;(t)e%*~ for j =0, ..., [s],
there exists a ¢* function f(x, ¢) of the form (2.5). (See Lemma 4.1 also.)

Let X,(¢), T,,(¢) and b,(t) be the coefficients of Taylor expansion of X, T and b in
the variable x, respectively. Now (2.3) reads

XO(I) =1, /‘7/(0) =0, T/—l(o) =0, j>0. (2.6)

Expand both sides of (2.4) as formal power series in x. Comparing the coefficients of
x/ for j<m on both sides of (2.4) yields (recall that a(0,7) = 1)

Xi(n)=0 (1<j<m), Ty(1)=1.
With (2.6), we obtain
X(6)=0 (1<j<m), To(t) =t

Assume for the sake of induction that by comparing coefficients of x’, ..., x* on

both sides of (2.4), we have determined )?j(z), Tivi-m(t) €%*~ for j<k and for k<s.
Comparing coefficients of x**! of (2.4) yields

T]/€+17m — l(k + 2 — 21’}’1) Tk+2—2m - 11‘7;( — (k + 2 — 2}’}’1)/‘7]‘+1,m = bk+lfm + ceey

in which the omitted terms form a polynomial of constant coefficients in Y, with
J<k+1—m, T; with j<k +2—2m, T; with j<k +1 —m, and b; with j<k +1 —
m. Note that b;e 6 "7,

We first consider the case m>2. We have

/ .
Tk+17m —lX;( :bk+1—m+ veey

in which the omitted terms are %**!. Therefore, the real functions
Xi, Thi1—m €@ are uniquely determined by initial values X;(0) = Ty 1_u(0) = 0.
For m =1, we have

T, — ikTy — kX — iX), = by + ...,

where the omitted terms are ¢*~*~!. The above is a system of first-order differential
equations for X and T with constant coefficients, and it admits a unique solution
X, T € 6°~ with X (0) = T;(0) = 0.



P.D. Cordaro, X. Gong | Advances in Mathematics 184 (2004) 89-118 95

Summing up, we determine Xi, Tii1_me® F through systems of ordinary
differential equations of constant coefficients; in particular, X, Tk._, are @k
functions defined on a fixed neighborhood of # =0 for all k<[s]. Applying the

Whitney extension theorem, there exist real functions xX(x, 1) e 6*™, T(x, 1) e 1™
defined near the origin, of which the formal power series expansions in x have

coefficients xXj, T, respectively. Now (x, ) — (xX(x, ), T(x,t)) transforms L into
the desired form. [

From now on we shall avail ourselves to the vector field given by (2.2). We
introduce the “model operator”

L == — X" — (2.7)

and the corresponding first integral

it

21 xe if m=1,
*(x,t) =
x(1 = i(m— Dexm= 17V =D i >0,

This of course means that L*Z* =0 and Z}#0. Moreover (0Z°/0t) = iZ*", from
which we obtain

X(0Z° o) = Z°™. (2.8)

In order to study the reduction of (2.2) to the normal form (2.7) it is convenient
first to perform a new change of variables. We can write

Z°(x,t) = xA(x,t) + ix"tB(x, 1), (2.9)

where 4 and B are real-valued, smooth (indeed real-analytic) and do not vanish. We
then consider the smooth diffeomorphism 9: (x,7)+— (X, T), where

X =xA(x,t), T =1C(x,1), (2.10)

and C = B/A™. The relevance of this diffeomorphism is that in these new variables
the function Z* can be written in one single formula

Z*=X+iX"T. (2.11)
Thus we have

QL =o(X, T)L*®
with

0 X" 0

S S
oT '+ imX™ T oxX

(2.12)
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Also a#0 is smooth. Hence

L#ia—lg*L:Ln_ibr(X, T)Q*{xm%}, (2.13)

where we have written

PH(X,T) =a(X,T) (b9 ") (X, T). (2.14)
Since x(X, T) = Xg(X,T) with g#0 we can finally write

LF = L** —iX"p* (X, T)%, (2.15)
where 2’ =¢g"3,(0/0x) is a smooth real vector field with no singularities.
Remark. Notice that, thanks to (2.8), we have
X"XZ* =2Z".
To sum up we can assume from now on that our vector field L is given by
L=1"Ly—ix"b(x,0)Z, 5(0,0)=0, (2.2)

where meZ, , b belongs to ¥°~"", and Z is a ¥~ real vector field with no singularities.
Here we are writing

0 x™" 0
Ly=—— i 2.7
T o T+ imxm 11 0x 2.7)
If we set
Z°(x,t) = x+ix"t (2.11)
then LyZ*®* =0, Z;#0 and also
XAZ = 7. (2.8

Lemma 2.2. Let m+ 1<o<s—m+ 1 and suppose there is Ze€€° such that LZ = 0,
Z.#0. There is a €°~ ™ local diffeomorphism \ near the origin such that . L is a
multiple of L.

Proof. We can assume that Z(0,0) = 0. Using the fact that m + 1 <¢ we can find
constants c¢», ..., ¢, such that

Z*X=Z+y 7/
=2
satisfies

(0{2*)(0,0)=0, j=2,....m. (2.16)
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If we set {(x,1) = Z*(x,1)/ZX(0,0) then L{ =0, {,(0,0) =1, and furthermore
(2.16) holds when Z* is replaced by { (we set Z* = Z when m = 1).

The lemma will follow if we can show the existence of a local %°"
diffeomorphism (x,#)+— (X (x, ), T(x, t)) such that

{x,0) = X(x, 0) +iX (x, )" T(x, 1).

Thus we must show that

3(x, 1)
(RL(x, )"
defines a ¥°~" diffeomorphism. To this end it suffices to show that the function T
defined in (2.17) is ¥°~" and T,(0,0)#0.

Since {,(0,7) = 0 we obtain {(0,¢) = 0. Thus we can write {(x, ) = x{(x,) from
which we derive RC(0,0) = 1. Hence we can write

(RE(x, )" = xX"A(x,1),

X(x,t) =R(x, 1), T(x, 1) = (2.17)

where 1%’ is not zero.
On the other hand from L{ = 0 we obtain

Cr(xa t) = xme(xv t)v

where 0e%°~! for s<o — 1, and 30(0,0)#0 since (0,0) = 0. Then
t
Jl(x, 1) = x’"/ 30(x,s) ds + 3((x,0).
0

By (2.16) we have 3{(x,0) = O(x"*') and thus
3(x,1) = x"O(x, 1),

where now ©@e%°~", ©(0,0) =0, and 6,(0,0) = 30(0,0) #0.
We have thus concluded that

T(x,t) = ©

then Te%°~" and T,(0,0) = ©,(0,0)/4(0,0)#0. O

In other words, Lemma 2.2 states that we can reduce the vector field (2.2) to
model (2.7') if and only if (2.2') is integrable. In order to prove Theorem 1.1 we must
show that this is always the case.

When s = oo then integrability is standard since (2.2') satisfies the Nirenberg—
Treves condition (P). To apply solvability, write L in the form

o 9]
L—E—I—A(x,t)a.
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By solvability (cf. [4, Section 26.11]) we can find a smooth function v such that
Lv= -1,

near the origin. Set

X
Z(x, t):/ 0 gy
0

Using that (0, ¢) = 0, a direct computation gives LZ = 0 and Z, = exp{v} #0.

When 1<s< oo we must change the argument, since it does not seem that a
solvability result within the class of Holder functions is available. However, see [5]
for L?-solvability of a first-order operator with Lipschitz coefficients satisfying
condition (P).

We recall that we are availing ourselves to (2.2'), (2.7") (2.8’) and (2.11"). Also
observe that the argument that reduces (2.2) and (2.7) to (2.2') and (2.7’) shows that
the vanishing order of b stated in Lemma 2.1 remains unchanged. Thus we have

o Smy g

A — S|—m— . < _ .
IO (x, 1) = o(|x] ), JHk<[s] —m, (2.18)
A b o(|x[*™ k 2.18
— = " jHkL]s] - m. .
EEIG (x, 1) (| x| ), JHk<[s]—m (2.18")

After multiplying by a cut-off function which is identically equal to one in a
neighborhood of the origin we can assume that b€ %*~"(R?) and that b is supported
in the region |x|<d, |f|<0.

The vector field L is elliptic for x#0. Let

U={(x,1):x#0}

and consider the smooth diffeomorphism Z*: U—Z*(U) =W given by (2.11"). We
have

W ={w=2~¢+in:E#0}. (2.19)

Now Z*L? is a multiple of the Beltrami vector field

B = % + p(w) % (2.20)
Of course we have ue%*~""(W); more precisely,
= (LZ*/LZ*)-(Z*)"". (2.21)
Now we have [cf. (2.8)]

LZ® = —ix"b(x, )X Z* = —ib(x,1)Z"". (2.22)
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On the other hand,

xm

LoZ* =Ly(Z*+7°)=Lox = —i ——————
0 0( + ) 0X ll_’_l'mxmfll

and thus [again cf. (2.8')]
m

LZ® = ib(x,0)Z*".

S S S
1 + imxm=1¢

Introducing a further notation

b (w) = (b=(Z%) ™) () = b(é,flm)

from (2.21)—(2.23) we finally obtain

wb® (w) - < n )
) =—— ) p( L
:u<W> . (W) i el B

CV:HmrI
with

b(x,1) = (1+ix™'1)"b(x, 1)
s + (1 — ix™=10)"b(x, 1)

1
1+imx"-1¢
Notice that p is supported in the region
Emew, [¢<o, Inl<ol¢™

99

(2.23)

(2.24)

(2.25)

In particular, we can trivially extend p to C\{0} as a ¢*~"" function, vanishing

identically for |w|>d.
From (2.18') we obtain:

itk

b (1) = O ), j+k<[s) —m

Hence

L PR AN N CXAYPRATE
st ()} =i (5%) () o)

aj1+jz+k5 " n h
- . Z ACj]jZ/} W <§’€m> ' <ém+l) i
Ntpti=

_ 0(‘PV“Y7IC’717J),
where the second identity is obtained by applying induction on j. Thus

87tk
OwJOwk

<w>‘ — 0w UM k< —m.

mk+j3

(2.26)
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End of proof of Theorem 1.1: 1t follows from (2.26) that u defines an element in
Wh/m=1.(C) since m<s implies [s/m] — 1<s —m. Since we also have |u(w)| =
O(Jw|"™) we may assume that |u|<p, <1 (choosing § appropriately). Moreover

s=m’ +m=>m+1<[s/m] — 1. (2.27)

According to classical results on the Beltrami equation (cf. [16, p. 87]) we can find a
solution to Zg = 0 with ge(g[“/’”]’lﬁ((ﬁ) for every 0<e<1 and ¢, #0. Hence

Z(x,t) = g(x + ix"1) (2.28)

[s/m]—1+¢ for

is a non-trivial first integral of the vector field (2.2') which belongs to €
every 0<e<1.

Consequently, thanks to (2.28) and the preceding discussion, we can apply Lemma
2.2 to obtain a #¥/"1="=1%¢ diffeomorphism (0 <e< 1 arbitrary) transforming (2.2')
into a multiple of (2.7'). This fact together with Lemma 2.1 completes the proof of
Theorem 1.1. O

Remark. When m = 1 Theorem 1.1 states that the vector field (1.1) with s> 3 can be

normalized by a diffeomorphism that belongs to #!-2*¢ for all e<1. In some
particular cases a stronger statement is true.

For instance, when a = a(r) is a function of ¢ alone then our regularity assumption
automatically gives ae%”*, and

(x,)— <x exp{— /OtSa(s) ds},/ot‘.}{a(s) ds)

is a #**! diffeomorphism which normalizes (1.1).
On the other hand, suppose that a = a(x) is a function of x alone. Assume that a is
real, a(0) = 1, ae%*~! and that x> xa(x) is €*. Let

B(x) = /Ox%lia/(x,)dx’.

x) X
Then Be %! and
(x, 1)~ (xexp{B(x)},1) (2)
is a ¥*~! diffeomorphism that normalizes the vector field (1.1).
We point out that we have no example which shows that the regularity of the

diffeomorphism obtained in Theorem 1.1 is optimal. [

We now turn to the proof of Theorem 1.2. In fact, we will be able to prove a more
general result. We start with the real analytic case:
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Proposition 2.3. Let & be a real-analytic vector field given by

o .. 0
& = FTin it"a(x, 1) pw Ra(0,0)#0, (2.29)

where m is a positive integer. Then there is a real-analytic diffeomorphism at the origin

(x, 1)~ (X, T) which transforms & into a non-vanishing multiple of the generalized

: i) rm _0
Mizohata operator 57 — iT™ 5%.

Proof. The proofis a direct consequence of the Cauchy—Kowalevsky theorem. Let Z
be a local real-analytic solution to the Cauchy problem

L7 =0, Z(x,0)=x. (2.30)

One readily sees that

tm+ 1

m+ 1

Z(x,t) = x+ " a(x,f) +i B(x, 1),

where o, f are real and B(0,0)#0. In the coordinates X = x + " la(x,1), T =
t"y/B(x,t) we have Z =X +iT""'/(m+1) and thus &£ is a multiple of
2 —irm% O

aT X

Notice that when & is only €% the same reasoning applies if ¥ admits a non-
trivial first integral Z (that is, if Z is a solution to the problem ¥Z = 0, Z(0,0) = 0,
Z,(0,0)#0) with the property that x—Z(x,0) is real analytic. Indeed its
complexification {+—Z({,0) defines a biholomorphism at the origin, which we
denote by h. If we set Z; =h"'oZ then ¥Z; =0, Z;(x,0) = x and the argument in
Proposition 2.3 shows that % is smoothly equivalent to the operator air —ir" aix-
We shall exploit this argument in the classification of the vector fields (2.29)
described below when m is an even integer.

A complete set of invariants for such vector fields under ¥~ diffeomorphisms was
described by Sjostrand [12] in the case m = 1. Also, when m >3 is odd, Ninomiya [§]
found a necessary and sufficient condition for (2.29) to be locally integrable.

Suppose now that m is even. In this case .Z is hypo-elliptic [13]; consequently, it is
locally integrable and furthermore defines a hypocomplex structure in a neighbor-
hood of the origin (cf. [15, Theorem I11.6.3, p. 158; see also Theorem I11.6.2, p. 154]).
More explicitly, the following holds: . admits a non-trivial first-integral Z,, which is
an open map, and if u is a solution to Zu = 0 then u = H-Z, for some holomorphic
function H(z) in the complex plane. In particular any two non-trivial first integrals
of ¥ are biholomorphically related.

Denote by | the set of all germs of smooth non-singular curves (i.e. one-
dimensional embedded submanifolds) at the origin in C, where we identify two
curves that are biholomorphically equivalent. From the preceding discussion we can
naturally define for each vector field of the form (2.29), with m even, an element
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«(L)eFy: if Z is a non-trivial first integral of ¥ we set ¢(¥) as being the
holomorphic equivalence class of the curve x+— Z(x,0) in . Conversely, given a
germ of a smooth (non-parametrized) curve y, there is a smooth vector field Z of the
form (2.29) such that ¢(%) represents the holomorphic equivalence class of y. To see

this, one finds holomorphic coordinates such that 7y is parametrized by x — x + ip(x)
tm+]

with p(0) = p’(0) = 0. Put Z = x +i(}+7 + p(x)) and

PR )
ot 1+4ip(x)0x
We have ¥Z =0, while y is parametrized by x—Z(x,0). Thus ¢(L) is the
holomorphic equivalence class of the given y. Also notice that when % is the
Mizohata operator then ¢(%) is the class of R x {0}.

Theorem 1.2 follows from the following:

Theorem 2.4. Consider the vector fields

8 4 a
7 =5 i ay(x,1) P Ra, (0,0)#0,

0 0
=L T4y (X,T) —,
L> aT iT"ay(X, )aX, Baz(0,0);éO,
where m=2 is even and a; are smooth. Then there is a smooth diffeomorphism
(x,6)> (X, T) at the origin transforming ¥, into a non-vanishing multiple of %>, if
and only if «(%) = «(&L>).

Proof. We first assume the existence of a smooth diffeomorphism ¢ : (x,)— (X, T)
at the origin such that ¢, % is a multiple of #,. A fortiori it must satisfy 7T'(x,0) = 0
and moreover x+— X (x,0) is a diffeomorphism at the origin in R. Let Z; (j =1,2)
be non-trivial first integrals of ;. Since £ (Zy0¢) = ¢,(<1)(Z>) = 0 it follows that
Z = 7,00 is also a non-trivial first integral of ;. Thus there is a biholomorphism H
at the origin in the complex plane such that Z = HoZ;. In particular, we obtain

H(Z(x,0)) = Z2(X(x,0), T(x,0)) = Z»,(X(x,0),0).

Since x—Z>(X(x,0),0) is just a reparametrization of the curve X+ Z,(X,0) we
have verified that ¢(%) = ¢«(&>).

Conversely assume that ¢(%;) = ¢(#,). With the above notation we obtain a
diffeomorphism € €™ (R) near the origin such that H(Z;(x,0)) = Z,(¥(x),0) for
some biholomorphism H defined near the origin. Replacing Z> by Z,/(Z,)(0,0)
and Z, by (H<Z)/(Z>)4(0,0) we can assume that

Z (X,O) = ZQ(!//(X),O), (Z2)X(O7O) =1 (231)



P.D. Cordaro, X. Gong | Advances in Mathematics 184 (2004) 89-118 103
From ¥;Z; = 0 together with (2.31) we obtain

Zi(x,t) = RZy(x, 1) + i["10(x, 1) — 3Z,(x,0)],

Z)(X,T) =RZ,(X,T) +i[T"'O(X,T) — 37Z,(X,0)],
where 0 and @ are smooth and real, and do not vanish at the origin. We
must determine a diffeomorphism  (x,#)— (X(x,7), T(x,7)) such that
Zy(X(x,1), T(x,1)) = Zi(x,t). We shall take it of the form
X(x, 1) = (x) + " A(x, 1), T(x,t) =tB(x,1)

with B(0,0)#0 (this condition guarantees that x+ X (x,¢),— T(x,¢) is indeed a
smooth diffeomorphism at the origin). We can write

IZ>((x) + "1 4,0) = IZo((x),0) + " G(x, 1; A),

where G is smooth in all three arguments and satisfies G(0,0; 4) = 0 for all 4. We
also have, thanks to our hypothesis, that

RZ>(Y(x) + " 4,tB) — RZ,(x,0) = " F(x,1; 4, B),

RZ\(x,1) — RZy(x,0) = " F(x, 1),
where F(x, ) is smooth in x and ¢, while F is of the form
F(x,t; A,B) = Af (x,t; A, B) + Bg(x,t; A, B),
with f and g smooth in all arguments and satisfying
f(0,0;4,B) = ¢9#0,¢(0,0; 4, B) = ¢,VA, B.

Hence 4 and B must solve the system:

{ F(x,t; A, B) = F(x,1), (2.32)

B O((x) + " A, B) — G(x,1; A) = 0(x, 1).

This system has the particular solution (0, 0; Ay, By) with

1 N
N 0(0,0) m+1 N F(O, 0) — 1By
&‘{mmm} A=

It suffices to apply the implicit function theorem to obtain the sought pair of smooth
functions (A4(x, ), B(x, 1)) satisfying 4(0,0) = 4y and B(0,0) = By. O
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3. Normalizations near a circle: the real-analytic case

We consider an analytic vector field near the circle r = |z| — 1 = 0(z = (1 + r)e?)
given by

[ 0
¥ = 50 ira(r, 0) PR a(r,0 4 2n) = a(r,0), (3.1)
in which a(r,0) is a complex-valued real-analytic function satisfying Ra(0, 0) #0.
Replacing a(r, 0) with a(r, —0) if necessary, one may assume that

Ra(0,0)>0. (3.2)

Let y<=C be the unit circle with the clockwise orientation. For . given by (3.1), let
¢'(r,0) be the flow of the vector field —%°, where £ is the complexification of ¥
defined on some U, = {(r,0)eC*|r|+|30|<e} for some small £>0. Then
@*™(r,0) = (h(r), —2m). Obviously, A(r) is holomorphic with 4(0) = 0. We shall call
h the holonomy of (3.1) with respect to y. It was proved by Meziani [7] that A =

= 02” a(0,0) d0 is an invariant of the differential operator, and that /(0) = &>
Meziani [7] also showed that if €% ® and Im J#0 then, for each finite k, there
exists a ¢ diffeomorphism defined near the unit circle which sends % into a multiple
of f}, = % — i)»r%.

As mentioned in the introduction, Meziani [7] constructed a holomorphic
holonomy transformation by truncating the #“ vector fields, and used the
holonomy transformation to normalize the vector field (3.1). In fact, Meziani’s
argument proved essentially that, in the real analytic case, the real-analytic vector
field (3.1) is equivalent to a multiple of %, if and only if the corresponding
holonomy transformation is linearizable; in particular, all real analytic vector fields
are real-analytically equivalent to ., if A¢R.

It turns out that the holonomy transformations are much more relevant in the real
analytic case, which we will now describe. We shall only consider the case 1€ R. Let
2 be the set of vector fields (3.1)—(3.2) with

2n

A=— .
2 ), @00 d0>0

We have the following.

Lemma 3.1. Fix 1>0. Let ¥ and ¥ be two real-analytic vector fields in %, and let
hy, hy be the corresponding holonomies of 1 and ¥ >, respectively. Then ¥ and ¥>
are equivalent up to a multiple by an analytic diffeomorphism defined near the unit
circle y, if and only if hy, h, are conjugate by a holomorphic transformation fixing the
origin of C. Moreover, up to a holomorphic conjugate, each germ of holomorphic
function h(z) with h(0) = 0 and ' (0) = e*™* is the holonomy of some real analytic
vector field in X;.
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Proof. Assume that ,%| =u%,. Then, restricted to 7y, } is a real-analytic
diffeomorphism. Next, we want to show that lp preserves the orientation of y also.

Write 1 1/ = Y, (r,0) = (1, 0),0' = ¥, (r,0), £; = & — ira;(r,0) 2. Then

9 )
mlﬁz —ra; 5‘#2
0, — iray 2y,

—injnayol =
Dividing both sides by r and setting r = 0 yields

1 (0,0)a2(0,15,(0,0)) = 5108 1§20, 0)] — e 0,0,

Note that i is a periodic real function. Hence, Zlog Y/2(0, 0)| vanishes for some 6.
Since Ra;(0,0) are positive, then %xljl(O, 6) is positive either. Thus, i preserves the
orientation of y. Complexify £, %> and y. Each £; defines a holomorphic foliation
on U, for some ¢>0; also the complexification of  sends leaves of foliation defined
by &, to leaves of the foliation of #5. Since the circle y is contained in a leaf and
sends y into itself and preserves the orientation, then y yields a conjugate between
two holonomies of % and #,. More specifically, let I'c {(r,0) e C*} be given by
0 =0, and let  send ¥ into a multiple of #;. Let wc be the complexification of the
real analytic map ¥ : ¥ = Y, (r,0), 0 =, (r,0). Let (pl be the flow of —.%;. Denote by
Si:I'>T" = y°(I') the restriction of y° to I'. Let ¢} be the flow of the vector field
—%5. Let 1p>0 be the smallest number so that @7 ((0,0)) = (0,2kn) for some
integer k. For small |r|, there is a unique #(r) close to # so that ¢5(¥(r,0)) =
(f2(r), k). By the uniqueness theorem of ODEs, one sees that hy = f77' /5 o f5 /1.

Conversely, let

—iraj(r,0) = 0 j=12

7= or’

0
00
with 5 0 "a;(0,0)d0 =/ and a;(r,0 + 2n) = a;(r,0). We assume that the corre-
spondmg holonomies £y, hy of ¥ and £, are conjugate, i.e., that sy = fohjof ! for
some holomorphic transformation f. We want to show that, up to a multiple, %,
and &, are equivalent under a real analytic diffeomorphism. Denote by (g;(r, 0) the

flow of —%;. We have
@;(r,0) = (rj(r,0),0 — 1), 1i(r,0+2m) = rj(r,0), rj(.)(r7 0)=r
It is convenient to make a change of coordinates for each .#; such that
a;(r,0) = 4+ O(r).
(See Lemma 4.2 below.) Then

ri(r,0) = e+ Ei(r, 0)
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with E;(r,0) = O(|r|*) analytic. Put /' (r) = ur + O(|r|*). For small re R and for € R,
we shall find a unique

t(r,0)e <0+%argu —n/2,0 +%arg,u+ n/2)
such that
' (f((r,0)),0)eR,  for 1 =1(r,0); (3.3)

consequently, we have a well-defined real map
:(r.0) =0, (£ (](r.0)).0).
We have
i (f(r](r,0)),0) = ure”=" 4 Ex(r,0,1) (3.4)

with Es(r,0,7) = O(|r|*) being analytic. Now one sees that there exists a unique
t(r,0) =10 +%argu + O(|r|) satisfying (3.3). Also, #(r,8) is analytic in r, 6.

Next, we need to show that @(r,0 + 2n) = &(r,0) + (0,2n). By the definition of
holonomy, we have

len (r,0) = (hj(r)v —2m)

for reC and |r| small. Hence, {27 (r, 0 + 21) = r{*?"(r, 0) = h;(r!(r,0)) for (r,0) in
some U,. Now

},Z—t(rﬁ-«—M)(f(',(19+27r(},7 0+ 27_5))’ 0) _ rz—l(r,9+2n)(fohl (},(]9(},7 9))7 O)

_ r;z(r,9+27r) (haof (H(r,0)),0)

=15 ") (hyof (H(r, 0)), —2n)

=y (03 (£ ((r,0)),0))

=1y RIS (£((r,0)),0))

_ F;r(r,OJan)Jan(f(r?(r7 9))7 0)
In particular, the last quantity is real when r, 0 are real [cf. (3.3)]. Since #(r,0 +
2n) — 2n remains in (0 + Jargu — 7/2,0 4 Jargu + n/2), the uniqueness of #(r,0)
yields ¢(r,0 + 2n) — 21 = ¢(r,0). Therefore, ®(r,0+ 2n) = &(r,0) + (0,27). Next,

we need to verify that @ sends . into a multiple of .#». It suffices to show that the
complexification of @ sends leaves of the complexified ¥, into ones of the

complexified %, i.e., that @o@! (r, 0), as e C varies and (r, 0) € C* is fixed, remains in
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a leaf of #,. To this end, write (r1,0,)(r) = ! (r,0). Then ¢ (r),0;) = @' (r,0) =
@!(r,0). Thus

—togp! (1,0
®¢' (r,0) = 0,1 (£(+4(r,0)),0)

is in the leaf passing through f(+{(r,0),0) for e C with small |Im .

It remains to show that given a germ of holomorphic function A(r) = e*™*r +
O(|r]), there is a real analytic operator (3.1)~(3.2) of which the holonomy with
respect to the oriented circle is holomorphically conjugate to 4. To this end, consider
a germ of holomorphic vector field at 0e C? of the form

v = —iz % + iz2b(z) %, b(0) = 2#£0. (3.5)
Let ,(z) be the flow of v. For small ¢, ¥, (¢, 22) = (¢, h(z2)), and A, is a germ of
holomorphic function defined near the origin with /.(0) = ¢*™* for . = b(0). Note
that the holomorphic conjugate class of 7, is independent of ¢. By a theorem of
Pérez—Marco and Yoccoz [10], there exists a holomorphic vector field (3.5) to which
the corresponding /4, for some small ¢#0 is conjugate to the given holomorphic
function /(z;). The solution curve of (3.5) for the initial value (e, z;) can be written as
(ee™ z5(1)) with

2 = inb(ee™ 2).
Note that (e~ z5(¢)) is exactly the solution curve of
0=—-1, z= izzb(seig,zz)

with the initial value (0, z,). With respect to the oriented circle y, /,(r) is precisely the
holonomy transformation of

¥ = 9 irb(ee™ 1)

9
o0 or

The proof of the lemma is complete. [

For each positive integer n, the above lemma establishes a one-to-one
correspondence between holomorphic conjugate classes of germs of holomorphic
functions /(z) with 4(0) = 0 and /'(0) = ¢”* and real analytic equivalence classes of
real-analytic differential operators (3.1)—(3.2) with n — 1<i<n. The proof of
Theorem 1.4 is now immediate.

Proof of Theorem 1.4. By results of Siegel [11] and Bruno [3], all germs of

holomorphic function f(z) = €*™*z + O(|z|*) are linearizable, if  is irrational and
satisfies the Bruno condition. By a result of Yoccoz [1§], the germ of holomorphic
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function f(z) = €*™*z + 22 is not linearizable, if / is irrational and violates the Bruno
condition. Now Theorem 1.4 follows from Lemma 3.1. [

For a real-analytic differential operator . of the form (3.1)—(3.2), one says that ¥
is € solvable if given a real-analytic function f(r,0) defined near y then there is a
solution u to Xu = f with u real analytic near y. Of course we are assuming that f
satisfies the natural compatibility conditions: u(f) =0 for all distributions u
supported on {0} x S! and satisfying % u = 0. It turns out that when 4 is irrational
then all such distributions are multiples of §(r)® 1y and consequently the only
compatibility condition is

2n

£(0,0)do = 0.
0

Proposition 3.2. Let & be a real-analytic vector field (3.1)~(3.2) with irrational 1.
Then & is €“-solvable if and only if ¥ is real-analytically equivalent to ¥, and

(log |e*™ — 1|)/n is bounded.

Proof. According to a result of Bergamasco—Meziani [2], we know that if A is
irrational then .Z; is €“ solvable if and only if (log |¢*™* — 1|)/n is bounded. Hence
what has to be proved is that when & is ¢ solvable then it can be real analytically
reduced to ;.

The function Z(r,0) = r'/*¢” is a first integral of #; defined for r#0. We then
must find a smooth diffeomorphism

r—rR(r,0),0—0+ O(r,0) (3.6)

such that
W(r,0)=(rR)"/e0+®)

is a solution to W = 0.
Observe that

{2 Nogr+i0} =i(1 — 27 "a).

On the other hand, the function f = i(1 — A~ 'a) satisfies the compatibility condition
and consequently there is a real-analytic function u solving

Lu=—i(l - 1""a).
Then
W (r,0) = exp{A "logr +i0 + u(r,0)} = r!/*e0+u00)
satisfies W = 0. We set
R(r,0) = exp{ARu(r,0)}, O(r, 0) = Ju(r,0).
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We must show that (3.6) is a real-analytic diffeomorphism near r = 0. Along r = 0,
the determinant of its Jacobian matrix is given by

J(0,0) = MO0 (1 4 Fuy(0,0)).

Setting r = 0 in the expression Lu = —i(1 — A~'a) gives uy(0,0) = —i(1 — 2~'a(0,6))
and thus Juy(0,0) = —(1 — 27" Ra(0,)). Consequently

J(0,0) = 271 ONRa(0,0)£0 V0.

Therefore (3.6) is a real-analytic diffeomorphism defined near y and the proof of the
theorem is complete. [

Proposition 3.3. Let & be a real-analytic vector field of the form (3.1)—~(3.2) with . R
and assume that there is a non-constant real-analytic function u defined in (—5,5) x S!
and satisfying Lu = 0. Then A is rational and & is real-analytically equivalent to % ;.

Proof. Write

u(r,0) = 3" w(0)r',
J

where u;(0) are 2n-periodic and real analytic. Let k be the smallest positive integer
such that u; does not vanish identically. Then from the relation #u = 0 we obtain

1, (0) — ika(0, 0)uy.(0) = 0. (3.7)

Considering (3.7) as an ordinary differential equation in R its solution is given by

u(0) = uk(O)exp{ik /00 a(0,0’)dO'}.

Since u is a non-trivial 2z-periodic function, then n=kieZ. Replacing u(r,0) by
u(r,0)/ur(0), we may assume that

0
u(r,0) = rkexp{ik/ a(o,e/)del} n O(rk“).
0

Thus we can write u(r,0) = R*(r,0)e"@")  where R(r,0) = r{/[*2Y| and

(r,0)— (R(r,0),0(r,0)) is a real-analytic diffeomorphism. Since rfexp{inf} is a
non-trivial first integral of %, it is clear that this diffeomorphism sends . into a
non-vanishing multiple of ¥,. 0O

Since germs of periodic holomorphic mappings are always linearizable near a fixed
point, Lemma 3.1 also gives:
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Corollary 3.4. Let & be a real-analytic vector field given by (3.1)—~(3.2). Assume that A
is a positive rational. Then ¥ is equivalent to ¥, if and only if the holonomy of ¥ is
periodic.

Notice that for each positive integer A the moduli space of all real analytic vector
fields (3.1)—(3.2) can be identified to the Ecalle—Voronin moduli space for germs of
holomorphic functions which are tangent to the identity (cf. [17]). See also [1] for
results on classifying entire functions tangent to the identity under germs of smooth
transformations.

4. Normalizations near a circle: the finite smooth case

We are given a 4* smooth vector field % which is tangent to a closed %' real curve
7 in the real plane to constant order one, while ¥ and .% are C-linearly independent
in a deleted neighborhood of y. As we have shown in section two, y is actually *.
Moreover if we apply a ¢° diffeomorphism sending 7y into the unit circle defined by
r =|z| — 1 = 0, then near the unit circle . takes the form

0 0
0 ira(r,0) — ER

(4.1)
in which ra(r,0) is a complex-valued ¢* function with
Ra(0,60)>0

For a € function f(r, §) we shall write its Taylor expansion as

\

[s]
F(r,0) =" £,00" + o(|r|)
=0

n

with ﬁe%s_ﬂf . We shall need the following version of Whitney’s extension theorem.
Lemma 4.1. Let f;(0)e%*/ be 2n-periodic, j=0,1,...,[s]. Then there exists
f(r,0)€ €’ which is 2n-periodic in the 0 variable and satisfies

[S]

Z 2o 4 o).

Proof. We follow the argument in [4, Section 1.3, Theorem 1.3.3]. Let ¢(7) e C (R)
with [, ¢(7) dt = 1. For a 2z-periodic function /4(0) e %" and for ke Z, we define

g(r,0) :rk/Rh(B—rt)qS(t) dt
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Then g(r, ) is 2n-periodic in 0, is of class €“** and satisfies

aj ) ak
——¢(0,0) =0, for j<k; Wg

ot (0,0) = kIh(0).

The proof of Lemma 4.1 is now standard. [

Lemma 4.2. Let L be a €° (s=1) vector field given by (4.1) and let A be defined as in
(1.4) with RA>0. Let g, be equal to 1 if AeZ, q; = + o0 if e C\Q and otherwise we
set g, to be the largest positive integer such that ji¢ 7 for 1 <j<gq,. There exists a 6°
smooth change of coordinates such that L becomes a multiple of

o . 0
L =50 lr(i—i—b(r,H))E

with b(r,0) = o(|r|™™F-1) and bee .
Proof. Put N = min{q;, [s] — 1}. We shall consider a diffeomorphism F of the form
¥ =rR(r,0), 0°=0+06(r0) (4.2)
with
R(r,0+2n) = R(r,0) """, O(r,0+2n) = O(r,0) %"

Up to a multiple, F.L is of the form

with be %!, Explicitly, we have
(R+rR)a(r,0) + iRy = R(A+b(rR,0+ O))(1 + Oy — ira(r,0)0,).

In order to achieve that b(r*,6") — A = o(|r*|") it suffices to prove that it is possible
to achieve:

a(R+rR,) + iRy = IR(1 + Oy — ira®,) + o|r|").

Dividing both sides by R(r,0), setting R = log R, and comparing the coefficients of
r* for k>0 of the identity obtained yields

iR}(0) — 72.04(0) = A — ay, (4.3)

iR).(0) — 20,.(0) + kay(0) Ri(0)

+ ikag(0)Ok(0) = —ar(0) + Ex(0), k>0 (4.4)
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in which Ej(0) is a polynomial in a;(0)e%*~ '~ R;(0), and ©;(0) for j<k. Since
n)™! 02” a(0,0)d0 = 1, Eq.(4.3) has a unique 2n-periodic solution Ry(6),
0(0)e¥” satisfying

2n 2n
/ Ro(0) dO = / Q0(0) d0 = 0. (4.5)
0 0

Set ux = Ry + iAOy, and assume for the sake of induction that we have determined
ij @je%s’j for j<k. Now (4.4) becomes

u;{ = ikayguy + px, (4-6)

in which p, e %* %! is 2n-periodic. Set A (0) = —ik fé) ap(0) dO. Then

0
ue(0)e 0 = 1, (0) + / pi(0)e D doe g,
0

We shall determine u;(0) such that uy(2n) = u(0); consequently, uz (0 + 2n) = uy(0)
for all real 6. Note that Ay (2n) = —2nikA¢2niZ. Thus, we can take

|

2n
wl0) = =y || PO ao,

Summing up we have determined Ry, Ore@ . Of course, there exist R, e%* ¥
such that log (Y, Re(0)rF) =S Re(0)r*. By Lemma 4.1, there exist
R(r,0)e%*",0(r,0)e%* defined near the origin, of which the formal power series
expansion of rR(r,0),0(r,0) in r have coefficients Ry, @y, respectively. Now
(r,0)— (rR(r,0),©(r,0)) transforms L into the desired form. [

Remark 4.3. In general, one cannot solve (4.6) for k = ¢; + 1. However, one can
solve

), = ikaouy + pr — ce 0 ke =q; 4+ 1,

for some constant c;. Hence one can find a ¥4 diffeomorphism sending . into a
multiple of

— —ir(d —icg, 11 +o(|r

00

A 0
@+ Y
) or

when ¢; <[s] — 1. If ¢;, 41 #0 one may apply a further transformation (r,0) - (¢'r, 0 +
") for some real constants ¢’ #0,¢” in order to achieve ¢, = i.
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Theorem 4.4. Let ¥ be a €°(1<s< o0) vector field given by

2—’ ( H)Q L/mT 0,0)dd =1 =1/(a+1ip)
20 ira(r, o 2710417 =i=1/(a+1i

with o>0 and let q; have the meaning as in Lemma 4.2. Set

i [t b =] )

o
and
Sx — 1, a=1,
s =< min{s, — 1, [os.]}, O<oa<l, oas,¢Z,, (4.7)
as, — 1, O<a<l1, as.e”Z..
Assume that
s>1. (4.8)

Then there exists a €* diffeomorphism sending ¥ into a multiple of ;.

Proof. By Lemma 4.2, there exists a ¢° diffeomorphism sending % into a multiple of

~ Jd 0

¥ = 0 ir(Z + b(r, 6))5
with b(r,0) = o(|r|"") and be®*~! for s; = min{q,,[s] — 1}. For r>0 we set w =
W (r,0) = r'/*¢". Notice that W defines a diffeomorphism from {(r,0) | ¥>0} onto
C\{0}. Moreover W,# is a multiple of the Beltrami vector field:

0 0

where p is defined by

_ Jwb(W=(w))
W+ 7+ b(W-1(w)))

u(w)
Explicitly we have

_ w1 w
bW~ (w)) :b(|wl/ ’ElOgﬁ_glOgM)'

Since we also have
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we obtain
%%(W”(W))} = O(jw[s~H)
and consequently
% () = O(w[3-U) (4.8')

for all j+ k<[s] — 1.

Since we could have assumed from the beginning that » vanishes identically
outside an interval |r|<d we can assume that y vanishes identically outside a small
disc centered at the origin and that |u(w)|<py<1. From (4.8') we derive that
we W (C). Since (4.7) gives s. > 1 we can apply the same reasoning as in the proof
of Theorem 1.1 to conclude the existence of a solution Fe [ W +Lr(C) solving
BF = 0 and satisfying F,, #0. Notice that in particular F e ¢>"* for every e<1.

We can assume that F(w) = w + o(|w|). Replacing F by

p< o0

S

F(w) = gF(w)’

J=2
for suitable chosen constants ¢;, we may further assume that F(w) = w + O(|w[* ™).
Write F(w) = w(l + F(w)). We have F(w)e%***! for w#0 and

DI

gk ) = O(w

S Uy G ks, — 1

On the other hand, we have

aj+/c W
ri ook

aj+k w

= O(r*/ ,
orion )

from which an easy induction argument gives

T +e—j—k—1

g LV (0} = 07740, a1,
oIk ,
g W 0))} = 070778, 0 <<,
7

for j+ k<s.—1,r>0. At this point we make the key observation that [cf. (4.7)]
sy — 1 —§ +¢e>0 for a>1, and that

a(s. +e—1)— 5 >0 for ¢ close to 1.
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Hence (r,0)— F(W(r,0))€%* for r>0 and also F(W(r,0)) = o(r*). Write

L1l R
1 + F(rie) = Rie'®

where R, @ €%’ are real valued and 2zn-periodic in the 0 variable. We have R(r,0) =
1+ o(|r]) and O(r,0) = o(|r|*). Now

<1
F(W(r,0)) = (rR)7/"+0(0)

and
o (r,0)>(rR,0+ O)

is a ¢ diffeomorphism sending {(r,0):0<r<d,} onto itself. Notice also that
ot (r,0)— (r,0) = 0(|r|S,) and that @} % is a multiple of .Z;.

By a similar argument, we can construct ¢~ which now sends the open set {(r,0) :
—J0p<r<0} onto itself and transforms % into a multiple of ;. Set, finally,
@(r,0) == (r,0) for +r>0. Then p%* sends ¥ into a multiple of Z;.

The proof of Theorem 4.4 is now complete. [

Theorem 4.5. Let A be a complex number with 1> 0. There exists a €* vector field
(4.1) with Ra(r,0)>0 and 5- 02n a(0,0) df = A which is not equivalent to a multiple of
L, by any €% diffeomorphism defined near r = 0.

Proof. Notice first that A = p/q with p, ¢ positive integers then Remark 4.3 shows
how to exhibit a real-analytic vector field % of the form (4.1) that is not equivalent
to a multiple of %, under any ¢9*! smooth transformation.

We now consider the case when AeC\Q. We start by considering a ¢~
diffeomorphism w = f(z) at the origin in C whose formal Taylor expansion at 0 is of
the form

z+ ¢z’ (4.9)
>

We assume that the radius of convergence of (4.9) is equal to 0. Up to a multiple, f. 0%

becomes

ECT
ow fo(z) Ow

As in the proof of Theorem 4.4 we shall write w = W(r,0) = r'/*¢’ r>0. Consider
also the map (r,0) -z = Z(r,0) =f ' (W(r,0)). For a vector field L given by (3.1) we

have
114 1+1
—1 =d |.
;\/

LWziW(l—%a),LW
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A simple computation shows that, up to a multiple, Z;! " becomes

K = 9 ira(r, G)Q

00 or’
where
SO ,fﬁi
FG) - i)

We know that % is % for r>0, while Z(r,0) — Z,(r,0) = O(|r]”) due to our
choice of f. Thus & extends to a €~ vector field defined near r =0 (by setting
¥ = &, for r<0). Notice also that this gives (27) 02” a(0,0) = A

Assume that there is a ¥* diffeomorphism ¢ sending ., into a multiple of Z.
Then ¢(r,0) = (rR(r,0),0 + O(r,0)). Replacing g(r,0) by g(—r,0) if necessary, we
may assume that R(r,0)>0.

Away from w =0, /o WogoW~! sends -2 77 into a multiple of _: the composition is

also bounded. Thus f~!eWogoW~! extends to a holomorphlc function z = h(w)
defined near w = 0. Thus we have

floWog = heW
that is,
AR (1, )OO0 — (/20 (4.10)
If we write A(w) = 3. b,w" and F(r) = h(r'/*) then
=" b (4.11)

n=0
Now notice that 1¢ Q gives
m/i+1=m'/)mm leZ, <m=ml=0.

Write the formal Taylor expansion of f~!(w) at w =0 as >_ a,w". Since RA>0 the
first term in (4.10) tells us that F(r) has a formal expansion

Fi~ Y @i, (4.12)
nj,k=0

where 4, = a,R(0,0)"¢"®©9)_ Of course, the above formal expansion is under-
stood as follows: if y, is a sequence of complex number satisfying ‘Ry,,—> + oo as
n— + oo, and if F(r) is complex-valued function in re R, denote F(r)~ >_ ¢, if

F(r) — Z o8 = o( \r|m”

Ry, <Ryy
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One readily sees that the coefficients ¢, are uniquely determined, whenever the
formal expansion exists.
According to (4.11) and (4.12) we conclude that %7, = by, that is,

a,,R"/)'(O, O)ein@(O,O) _ b”.

This contradicts the divergence of the formal power expansion of f(z) at z =0 and
consequently completes the proof of the theorem. [

In conclusion we mention that also in the case of global normalization we have no
example which shows that our regularity results are optimal.
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