
http://www.elsevier.com/locate/aim

Advances in Mathematics 184 (2004) 89–118

Normalization of complex-valued planar vector
fields which degenerate along a real curve$

Paulo D. Cordaroa and Xianghong Gongb,�
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Abstract

Taking as a start point the recent article of Meziani [7], we present several results concerning

the normalization of a class of complex vector fields in the plane which degenerate along a real

curve. We mainly deal with operators with finite regularity and analyze both the local situation

as well as the case of normalization near a circle. Some related questions (e.g., on semi-global

solvability and on the normalization of a class of generalized Mizohata operators) are also

discussed.

r 2003 Elsevier Science (USA). All rights reserved.

MSC: primary 35J70; secondary 35A20; 37G05

Keywords: Complex vector fields in the real plane; Mizohata structures; Normal forms

1. Introduction

Consider a complex-valued vector field with no singularities defined on the real
plane given by

L ¼ aðx; tÞ @

@t
þ bðx; tÞ @

@x
;
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where a; b are C-valued Cs functions (0ospN; or s ¼ o). It is a classical result that
if L and L are C-linearly independent, then L is locally equivalent to a multiple of
@
@ %z
by a Cs0 diffeomorphism, where s0 is any non-integer ps þ 1 (see [16, p. 93]). In

this paper we shall consider vector fields L which are tangent to a real curve g of
constant finite order mos; while, off the real curve, L and L are C-linearly
independent. In suitable local coordinates, such a vector field takes the form

@

@t
� ixmaðx; tÞ @

@x
; Rað0Þa0; ð1:1Þ

where m is a positive integer and ðx; tÞ/xmaðx; tÞACs: We have

Theorem 1.1. Let L be a Cs vector field given by (1.1) with s a real number and m a

positive integer satisfying sXm2 þ 2m: Then there is a C½s=m	�m�1þe diffeomorphism for

all 0oeo1; defined near the origin and sending L into a multiple of @
@t
� ixm @

@x
:

When (1.1) is real-analytic ðs ¼ oÞ then Theorem 1.1 is an easy consequence of the
Cauchy–Kowalevsky theorem: the diffeomorphism can be obtained in the Co class.
In the CN case then Theorem 1.1 also follows easily from general results concerning
the local solvability of a single vector field satisfying the Nirenberg–Treves condition
(P). The proof of Theorem 1.1, for the finite smoothness case, is motivated by recent
results of Meziani [7]. We should also make clear that the solvability of vector fields,
in general terms, does not have immediate consequences to the problem of
normalizing the corresponding vector fields. In fact the generalized Mizohata
operators

@

@t
� itmaðx; tÞ @

@x
; Rað0Þa0 ð1:2Þ

with aACN; are always CN-solvable if m is even. Moreover, there exist CN

coordinates on which the vector field becomes a multiple of @
@t
� iðtm þ OðjtjNÞÞ @

@x
[6,

Chapter 2]. However, we have

Theorem 1.2. For each even integer m; there exists a CN vector field (1.2) that cannot

be transformed into a multiple of @
@t
� itm @

@x
by any CN diffeomorphism.

Nirenberg [9, p. 8] showed the existence of a CN vector field (1.2) with m ¼ 1 that

is not equivalent to a multiple of @
@t
� it @

@x
: Such phenomenon was later studied in

detail by Treves [14]. Afterwards Sjöstrand [12] gave a complete classification for the
standard CN Mizohata structure ðm ¼ 1Þ in the plane (see also [15, Section VII.3]).
We shall also be interested in complex-valued vector fields L in the real plane

which are tangent to a closed real curve g to the first order, while off the real curveL
and L are C-linearly independent. By applying a diffeomorphism, which is defined
near the real curve and sends it to the unit circle r � jzj � 1 ¼ 0 and by parametrizing
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the unit circle by z ¼ eiy; we arrive at the vector fields

L ¼ @

@y
� iraðr; yÞ @

@r
; Rað0; yÞ40: ð1:3Þ

Meziani proved that

l6
1

2p

Z 2p

0

að0; yÞ dy ð1:4Þ

is an invariant attached toL and also that when lAC\R thenL can be transformed,
by a finitely smooth diffeomorphism defined near the circle, into a multiple of the
vector field

Ll ¼
@

@y
� ilr

@

@r
:

The case when lAC\f0g for (1.3) will be treated in the present article:

Theorem 1.3. Let L be a CN vector field (1.3) with l as in (1.4). If lAC\Q then for

each finite k there exists a Ck diffeomorphism, defined near the unit circle, sending L
into a multiple of Ll: On the other hand, if lAC\f0g there exists a CN vector field

(1.3) that is not equivalent to Ll by any CN diffeomorphism.

For an irrational l; define

onðlÞ ¼ minfjkl� lj; k; lAZ; 0ojkjo2ng:

One says that l satisfies the Bruno condition, if �
P

2�nlogonðlÞoN:

Theorem 1.4. Let L be a real analytic vector field given by (1.3). If l is irrational and

satisfies the Bruno condition, there exists a real analytic diffeomorphism, defined near

the unit circle, sending L into a multiple of Ll: Conversely, if l is either rational, or is

irrational and violates the Bruno condition, there exists a real analytic vector field of

the form (1.3) that is not equivalent to a multiple of Ll by any real analytic

diffeomorphism defined near r ¼ 0:

In the proof of normalization due to Meziani [7] the holomorphic holonomy of the
truncated vector fields (1.3) played a certain role. Our approach is based on a
preliminary normalization of (1.3) up to any finite order in the r variable. However,
the holonomy transformation, used by Meziani [7], turns out to be crucial to the real
analytic classification. The proof of Theorem 1.3 is based on identifying the

classification of germs of holomorphic functions f ðzÞ ¼ e2pliz þ Oðjzj2Þ with that of
analytic vector fields (1.3) (cf. Lemma 3.1).
The paper is organized as follows.
In Section 2 we shall normalize vector fields (1.1) and prove Theorem 1.1. We shall

see how suitable first integrals of (1.1) can be used to normalize the vector fields (see
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Lemma 2.2). In the CN case it is known that one can construct first integrals from
CN solvability. In the case of finitely smooth vector fields (2.2) solvability is not
available and then we construct first integrals of (1.1) through Beltrami vector fields,
as in case of Meziani [7]. The normalization of CN vector fields (1.2) (for m even),
including the proof of Theorem 1.2, is also given in Section 2. When m is even the
vector fields (1.2) are indeed hypo-elliptic and this property turns out to be crucial to
the normalization of (1.2). Hypo-ellipticity gives us a non-trivial first integral that is
unique to a certain degree and we then completely classify the vector fields (1.2) by
associating a real curve to the non-trivial first integrals (see Theorem 2.4).
In Section 3 we shall normalize analytic vector fields (1.3) along the circle on which

they degenerate. Section 3 contains the proof of Theorem 1.4.
In Section 4 we shall normalize finitely smooth vector fields (1.3) along the circle.

We shall first obtain a result analogous to Theorem 1.1, which is formulated in
Theorem 4.4. Theorem 1.3 follows from Theorems 4.4 and 4.5. The latter are proved
in Section 4.

2. Local normalizations

Let L be given by

L ¼ aðx; tÞ @

@t
þ bðx; tÞ @

@x
;

where a; b are C-valued Cs function defined near the origin. Recall that two such

vector fields L and L̃ are equivalent up to a multiple under Ck diffeomorphisms if

there is a Ck diffeomorphism j; defined near the origin with jð0Þ ¼ 0; such that

j�L ¼ mL̃ for some non-vanishing complex-valued function m: We assume that L

does not vanish at the origin. Interchanging x with t if necessary, one may assume
that að0Þa0: Thus L is equivalent to

@

@t
þ ib1ðx; tÞ @

@x
:

By a Csþ1 diffeomorphism of the form ðx; tÞ-ðXðx; tÞ; tÞ; RL is equivalent to @
@t
:

Thus we may assume that b1 is real valued. Denote by g the set of points ðx; tÞ at
which L and %L are linearly dependent over C: Obviously, g is the zero set of b1: We

assume that g is a C1 real curve passing through the origin. Let g be defined by
pðx; tÞ ¼ 0 with dpa0: Assume further that L is tangent to g: Then @p=@t vanishes on
g; while @p=@xa0; in particular, p is a multiple of the function ðx; tÞ/� x þ p0ðtÞ
with p0AC1: One readily sees that p0 must vanish identically and thus g is given by
x ¼ 0; in particular, g is actually Cs: At a point ðx0; t0ÞAg; we define the order of
tangency of L to the real curve g to be the maximum integer m such that Lpðx; tÞ ¼
oððjx � x0j þ jt � t0jÞm�1Þ holds for some Cs defining function p of g (dpa0). Finally,
we assume that L is tangent to g at each point of g with a constant finite order mps:
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The above reduction shows that L is equivalent to a multiple of

@

@t
� ixmaðx; tÞ @

@x
; ð2:1Þ

where mos is a positive integer, and aðx; tÞ is a non-vanishing real-valued function
with ðx; tÞ/xmaðx; tÞACs:

Lemma 2.1. Let L be a Cs vector field given by (2.1). There exists a Csþ1�m

diffeomorphism sending L into a multiple of

@

@t
� ixmð1þ bðx; tÞÞ @

@x
ð2:2Þ

with bACs�m; real-valued and bðx; tÞ ¼ oðjxj½s	�mÞ:

Proof. Since the function t/að0; tÞ is Cs�m; the map

ðx; tÞ/ðx̃; t̃Þ ¼ x;

Z t

0

að0; sÞ ds

� �
is a Cs�mþ1 diffeomorphism which transforms (2.1) into

að0; tðt̃ÞÞ @
@t̃

� ix̃maðx̃; tðt̃ÞÞ @

@x̃
¼ að0; tðt̃ÞÞ @

@ t̃
� ix̃m aðx̃; tðt̃ÞÞ

að0; tðt̃ÞÞ
@

@x̃

� �
:

This allows one to assume from beginning that að0; tÞ ¼ 1 for all t: Consider then a
transformation F of the form

x� ¼ Xðx; tÞ ¼ xX̃ðx; tÞ; t� ¼ Tðx; tÞ

with XACsþ1;TACsþ1�m; and

X̃ðx; 0Þ ¼ 1; Tðx; 0Þ ¼ 0: ð2:3Þ

Up to a multiple, F�L is then of the form

@

@t�
� ix�mð1þ bðx�; t�ÞÞ @

@x�

with bACs�m: Explicitly, we have

xmaðx; tÞXx þ iXt ¼ ð1þ bðX ;TÞÞX mðTt � ixmaðx; tÞTxÞ:

In order then to obtain bðx�; t�Þ ¼ oðjx�j½s	�mÞ it suffices to show that is possible to
achieve

xmaðx; tÞXx þ iXt ¼ X mðTt � ixmaðx; tÞTxÞ þ oðjx�j½s	Þ: ð2:4Þ
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Recall that for a Cs function f ðx; tÞ; we have the Taylor formula

f ðx; tÞ ¼
X½s	
j¼0

fjðtÞx j þ f½s	ðx; tÞ; f½s	ðx; tÞ ¼ oðjxj½s	Þ; ð2:5Þ

in which fjACs�j: Note also that we actually have f½s	ðx; tÞ ¼ OðjxjsÞ if s is not an

integer. Conversely, the Whitney extension says that if fjðtÞACs�j for j ¼ 0;y; ½s	;
there exists a Cs function f ðx; tÞ of the form (2.5). (See Lemma 4.1 also.)

Let X̃nðtÞ;TnðtÞ and bnðtÞ be the coefficients of Taylor expansion of X̃;T and b in
the variable x; respectively. Now (2.3) reads

X̃0ðtÞ ¼ 1; X̃jð0Þ ¼ 0; Tj�1ð0Þ ¼ 0; j40: ð2:6Þ

Expand both sides of (2.4) as formal power series in x: Comparing the coefficients of

x j for jpm on both sides of (2.4) yields (recall that að0; tÞ ¼ 1)

X̃0
jðtÞ ¼ 0 ð1pjomÞ; T 0

0ðtÞ ¼ 1:

With (2.6), we obtain

X̃jðtÞ ¼ 0 ð1pjomÞ; T0ðtÞ ¼ t:

Assume for the sake of induction that by comparing coefficients of x0;y; xk on

both sides of (2.4), we have determined X̃jðtÞ;Tjþ1�mðtÞACs�j for jok and for kos:

Comparing coefficients of xkþ1 of (2.4) yields

T 0
kþ1�m � iðk þ 2� 2mÞTkþ2�2m � iX̃0

k � ðk þ 2� 2mÞX̃kþ1�m ¼ bkþ1�m þy;

in which the omitted terms form a polynomial of constant coefficients in X̃j with

jok þ 1� m; Tj with jok þ 2� 2m; T 0
j with jok þ 1� m; and bj with jok þ 1�

m: Note that bjACs�m�j:

We first consider the case mX2: We have

T 0
kþ1�m � iX̃0

k ¼ bkþ1�m þy;

in which the omitted terms are Cs�k�1: Therefore, the real functions

X̃k;Tkþ1�mACs�k are uniquely determined by initial values X̃kð0Þ ¼ Tkþ1�mð0Þ ¼ 0:
For m ¼ 1; we have

T 0
k � ikTk � kX̃k � iX̃0

k ¼ bk þy;

where the omitted terms are Cs�k�1: The above is a system of first-order differential

equations for X̃k and Tk with constant coefficients, and it admits a unique solution

X̃k;TkACs�k with X̃kð0Þ ¼ Tkð0Þ ¼ 0:
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Summing up, we determine X̃k;Tkþ1�mACs�k through systems of ordinary

differential equations of constant coefficients; in particular, X̃k;Tkþ1�m are Cs�k

functions defined on a fixed neighborhood of t ¼ 0 for all kp½s	: Applying the

Whitney extension theorem, there exist real functions xX̃ðx; tÞACsþ1;Tðx; tÞACsþ1�m

defined near the origin, of which the formal power series expansions in x have

coefficients xX̃k;Tk; respectively. Now ðx; tÞ-ðxX̃ðx; tÞ;Tðx; tÞÞ transforms L into
the desired form. &

From now on we shall avail ourselves to the vector field given by (2.2). We
introduce the ‘‘model operator’’

L� ¼ @

@t
� ixm @

@x
ð2:7Þ

and the corresponding first integral

Z�ðx; tÞ ¼
xeit if m ¼ 1;

xð1� iðm � 1Þtxm�1Þ�1=ðm�1Þ if mX2:

(

This of course means that L�Z� ¼ 0 and Z�
xa0: Moreover ð@Z�=@tÞ ¼ iZ�m; from

which we obtain

xmð@Z�=@xÞ ¼ Z�m: ð2:8Þ

In order to study the reduction of (2.2) to the normal form (2.7) it is convenient
first to perform a new change of variables. We can write

Z�ðx; tÞ ¼ xAðx; tÞ þ ixmtBðx; tÞ; ð2:9Þ

where A and B are real-valued, smooth (indeed real-analytic) and do not vanish. We
then consider the smooth diffeomorphism W : ðx; tÞ/ðX ;TÞ; where

X ¼ xAðx; tÞ; T ¼ tCðx; tÞ; ð2:10Þ

and C ¼ B=Am: The relevance of this diffeomorphism is that in these new variables
the function Z� can be written in one single formula

Z� ¼ X þ iX mT : ð2:11Þ

Thus we have

W�L� ¼ aðX ;TÞL��

with

L�� ¼ @

@T
� i

X m

1þ imX m�1T

@

@X
: ð2:12Þ
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Also aa0 is smooth. Hence

Lx6a�1W�L ¼ L�� � ibxðX ;TÞW� xm @

@x

� �
; ð2:13Þ

where we have written

bxðX ;TÞ ¼ aðX ;TÞ�1ðb3W�1ÞðX ;TÞ: ð2:14Þ

Since xðX ;TÞ ¼ XgðX ;TÞ with ga0 we can finally write

Lx ¼ L�� � iX mbxðX ;TÞX; ð2:15Þ

where X6gmW�ð@=@xÞ is a smooth real vector field with no singularities.

Remark. Notice that, thanks to (2.8), we have

X mXZ� ¼ Z�m:

To sum up we can assume from now on that our vector field L is given by

L ¼ L0 � ixmbðx; tÞX; bð0; 0Þ ¼ 0; ð2:20Þ

where mAZþ; b belongs to Cs�m; andX is a CN real vector field with no singularities.
Here we are writing

L0 ¼
@

@t
� i

xm

1þ imxm�1t

@

@x
: ð2:70Þ

If we set
Z�ðx; tÞ ¼ x þ ixmt ð2:110Þ

then L0Z
� ¼ 0; Z�

xa0 and also
xmXZ� ¼ Z�m: ð2:80Þ

Lemma 2.2. Let m þ 1psps � m þ 1 and suppose there is ZACs such that LZ ¼ 0;
Zxa0: There is a Cs�m local diffeomorphism c near the origin such that c�L is a

multiple of L0:

Proof. We can assume that Zð0; 0Þ ¼ 0: Using the fact that m þ 1ps we can find
constants c2;y; cm such that

Z%6Z þ
Xm

j¼2
cjZ

j

satisfies

ð@ j
x Z%Þð0; 0Þ ¼ 0; j ¼ 2;y;m: ð2:16Þ
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If we set zðx; tÞ ¼ Z%ðx; tÞ=Z%
x ð0; 0Þ then Lz ¼ 0; zxð0; 0Þ ¼ 1; and furthermore

(2.16) holds when Z% is replaced by z (we set Z% ¼ Z when m ¼ 1).
The lemma will follow if we can show the existence of a local Cs�m

diffeomorphism ðx; tÞ/ðX ðx; tÞ;Tðx; tÞÞ such that

zðx; tÞ ¼ Xðx; tÞ þ iX ðx; tÞm
Tðx; tÞ:

Thus we must show that

X ðx; tÞ ¼ Rzðx; tÞ;Tðx; tÞ ¼ Izðx; tÞ
ðRzðx; tÞÞm ð2:17Þ

defines a Cs�m diffeomorphism. To this end it suffices to show that the function T

defined in (2.17) is Cs�m and Ttð0; 0Þa0:

Since ztð0; tÞ ¼ 0 we obtain zð0; tÞ ¼ 0: Thus we can write zðx; tÞ ¼ x*zðx; tÞ from
which we derive R*zð0; 0Þ ¼ 1: Hence we can write

ðRzðx; tÞÞm ¼ xmlðx; tÞ;

where lACs�1 is not zero.
On the other hand from Lz ¼ 0 we obtain

ztðx; tÞ ¼ xmyðx; tÞ;

where yACs�1 for sps� 1; and Iyð0; 0Þa0 since bð0; 0Þ ¼ 0: Then

Izðx; tÞ ¼ xm

Z t

0

Iyðx; sÞ ds þ Izðx; 0Þ:

By (2.16) we have Izðx; 0Þ ¼ Oðxmþ1Þ and thus

Izðx; tÞ ¼ xmYðx; tÞ;

where now YACs�m; Yð0; 0Þ ¼ 0; and Ytð0; 0Þ ¼ Iyð0; 0Þa0:
We have thus concluded that

Tðx; tÞ ¼ Yðx; tÞ
lðx; tÞ ;

then TACs�m and Ttð0; 0Þ ¼ Ytð0; 0Þ=lð0; 0Þa0: &

In other words, Lemma 2.2 states that we can reduce the vector field ð2:20Þ to
model ð2:70Þ if and only if ð2:20Þ is integrable. In order to prove Theorem 1.1 we must
show that this is always the case.
When s ¼ N then integrability is standard since ð2:20Þ satisfies the Nirenberg–

Treves condition (P). To apply solvability, write L in the form

L ¼ @

@t
þ lðx; tÞ @

@x
:
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By solvability (cf. [4, Section 26.11]) we can find a smooth function v such that

Lv ¼ �lx

near the origin. Set

Zðx; tÞ ¼
Z x

0

evðx0;tÞ dx0:

Using that lð0; tÞ ¼ 0; a direct computation gives LZ ¼ 0 and Zx ¼ expfvga0:
When 1psoN we must change the argument, since it does not seem that a

solvability result within the class of Hölder functions is available. However, see [5]

for L2-solvability of a first-order operator with Lipschitz coefficients satisfying
condition (P).
We recall that we are availing ourselves to ð2:20Þ; ð2:70Þ ð2:80Þ and ð2:110Þ: Also

observe that the argument that reduces (2.2) and (2.7) to ð2:20Þ and ð2:70Þ shows that
the vanishing order of b stated in Lemma 2.1 remains unchanged. Thus we have

@ jþk

@x j@tk
bðx; tÞ ¼ oðjxj½s	�m�jÞ; j þ kp½s	 � m; ð2:18Þ

@ jþk

@x j@tk
bðx; tÞ ¼ Oðjxjs�m�jÞ; j þ kp½s	 � m: ð2:180Þ

After multiplying by a cut-off function which is identically equal to one in a

neighborhood of the origin we can assume that bACs�mðR2Þ and that b is supported
in the region jxjod; jtjod:
The vector field L is elliptic for xa0: Let

U6fðx; tÞ : xa0g

and consider the smooth diffeomorphism Z� : U-Z�ðUÞ6W given by ð2:110Þ: We
have

W ¼ fw ¼ xþ iZ : xa0g: ð2:19Þ

Now Z�
�Lx is a multiple of the Beltrami vector field

B ¼ @

@ %w
þ mðwÞ @

@w
: ð2:20Þ

Of course we have mACs�mðWÞ; more precisely,

m ¼ ðLZ�=LZ�Þ3ðZ�Þ�1: ð2:21Þ

Now we have [cf. ð2:80Þ]

LZ� ¼ �ixmbðx; tÞXZ� ¼ �ibðx; tÞZ�m: ð2:22Þ
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On the other hand,

L0Z� ¼ L0ðZ� þ Z�Þ ¼ L0x ¼ �i
xm

1þ imxm�1t

and thus [again cf. ð2:80Þ]

LZ� ¼ �i
xm

1þ imxm�1t
� ibðx; tÞZ�m

: ð2:23Þ

Introducing a further notation

b�ðwÞ6ðb3ðZ�Þ�1ÞðwÞ ¼ b x;
Z
xm

� �
from (2.21)–(2.23) we finally obtain

mðwÞ ¼ wmb�ðwÞ
%wmb�ðwÞ þ xmþ1

xþimZ

¼ b̂ x;
Z
xm

� �
ð2:24Þ

with

b̂ ðx; tÞ ¼ ð1þ ixm�1tÞm
bðx; tÞ

1
1þimxm�1t

þ ð1� ixm�1tÞm
bðx; tÞ

:

Notice that m is supported in the region

ðx; ZÞAW ; jxjod; jZjodjxjm: ð2:25Þ

In particular, we can trivially extend m to C\f0g as a Cs�m function, vanishing
identically for jwj4d:
From ð2:180Þ we obtain:

@ jþk

@x j@tk
b̂ ðx; tÞ ¼ Oðjxjs�m�jÞ; j þ kp½s	 � m:

Hence

@ jþk

@x j@Zk
b̂ x;

Z
xm

� �� �
¼ @ j

@x j

@kb̂

@tk

 !
x;

Z
xm

� �
� 1

xmk

( )

¼
X

j1þj2þj3¼j

cj1j2j3

@ j1þj2þkb̂

@x j1@tkþj2

 !
x;

Z
xm

� �
� Z

xmþ1

� � j2

� 1

xmkþj3

¼Oðjwjs�km�jÞ;

where the second identity is obtained by applying induction on j: Thus

@ jþkm
@w j@ %wk

ðwÞ
���� ���� ¼ Oðjwjs�ð jþkþ1ÞmÞ; j þ kps � m: ð2:26Þ
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End of proof of Theorem 1.1: It follows from (2.26) that m defines an element in

W½s=m	�1;NðCÞ since mos implies ½s=m	 � 1ps � m: Since we also have jmðwÞj ¼
Oðjwjs�mÞ we may assume that jmjpm0o1 (choosing d appropriately). Moreover

sXm2 þ m ) m þ 1p½s=m	 � 1: ð2:27Þ

According to classical results on the Beltrami equation (cf. [16, p. 87]) we can find a

solution to Bg ¼ 0 with gAC½s=m	�1þeðCÞ for every 0oeo1 and gwa0: Hence

Zðx; tÞ ¼ gðx þ ixmtÞ ð2:28Þ

is a non-trivial first integral of the vector field ð2:20Þ which belongs to C½s=m	�1þe for
every 0oeo1:
Consequently, thanks to (2.28) and the preceding discussion, we can apply Lemma

2.2 to obtain a C½s=m	�m�1þe diffeomorphism (0oeo1 arbitrary) transforming ð2:20Þ
into a multiple of ð2:70Þ: This fact together with Lemma 2.1 completes the proof of
Theorem 1.1. &

Remark. When m ¼ 1 Theorem 1.1 states that the vector field (1.1) with sX3 can be

normalized by a diffeomorphism that belongs to C½s	�2þe for all eo1: In some
particular cases a stronger statement is true.
For instance, when a ¼ aðtÞ is a function of t alone then our regularity assumption

automatically gives aACs; and

ðx; tÞ/ x exp �
Z t

0

IaðsÞ ds

� �
;

Z t

0

RaðsÞ ds

� �
is a Csþ1 diffeomorphism which normalizes (1.1).
On the other hand, suppose that a ¼ aðxÞ is a function of x alone. Assume that a is

real, að0Þ ¼ 1; aACs�1 and that x/xaðxÞ is Cs: Let

BðxÞ ¼
Z x

0

1

aðx0Þ
1� aðx0Þ

x0 dx0:

Then BACs�1 and

ðx; tÞ/ðx expfBðxÞg; tÞ ð2Þ

is a Cs�1 diffeomorphism that normalizes the vector field (1.1).
We point out that we have no example which shows that the regularity of the

diffeomorphism obtained in Theorem 1.1 is optimal. &

We now turn to the proof of Theorem 1.2. In fact, we will be able to prove a more
general result. We start with the real analytic case:
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Proposition 2.3. Let L be a real-analytic vector field given by

L ¼ @

@t
� itmaðx; tÞ @

@x
; Rað0; 0Þa0; ð2:29Þ

where m is a positive integer. Then there is a real-analytic diffeomorphism at the origin

ðx; tÞ/ðX ;TÞ which transforms L into a non-vanishing multiple of the generalized

Mizohata operator @
@T

� iTm @
@X
:

Proof. The proof is a direct consequence of the Cauchy–Kowalevsky theorem. Let Z

be a local real-analytic solution to the Cauchy problem

LZ ¼ 0; Zðx; 0Þ ¼ x: ð2:30Þ

One readily sees that

Zðx; tÞ ¼ x þ tmþ1aðx; tÞ þ i
tmþ1

m þ 1
bðx; tÞ;

where a; b are real and bð0; 0Þa0: In the coordinates X ¼ x þ tmþ1aðx; tÞ; T ¼
t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
bðx; tÞmþ1

p
we have Z ¼ X þ iTmþ1=ðm þ 1Þ and thus L is a multiple of

@
@T

� iTm @
@X
: &

Notice that when L is only CN the same reasoning applies if L admits a non-

trivial first integral Z (that is, if Z is a solution to the problem LZ ¼ 0; Zð0; 0Þ ¼ 0;
Zxð0; 0Þa0) with the property that x/Zðx; 0Þ is real analytic. Indeed its
complexification z/Zðz; 0Þ defines a biholomorphism at the origin, which we

denote by h: If we set Z16h�1
3Z then LZ1 ¼ 0; Z1ðx; 0Þ ¼ x and the argument in

Proposition 2.3 shows that L is smoothly equivalent to the operator @
@T

� iTm @
@X
:

We shall exploit this argument in the classification of the vector fields (2.29)
described below when m is an even integer.
A complete set of invariants for such vector fields under CN diffeomorphisms was

described by Sjöstrand [12] in the case m ¼ 1: Also, when mX3 is odd, Ninomiya [8]
found a necessary and sufficient condition for (2.29) to be locally integrable.
Suppose now that m is even. In this case L is hypo-elliptic [13]; consequently, it is

locally integrable and furthermore defines a hypocomplex structure in a neighbor-
hood of the origin (cf. [15, Theorem III.6.3, p. 158; see also Theorem III.6.2, p. 154]).
More explicitly, the following holds:L admits a non-trivial first-integral Z0; which is
an open map, and if u is a solution to Lu ¼ 0 then u ¼ H3Z0 for some holomorphic
function HðzÞ in the complex plane. In particular any two non-trivial first integrals
of L are biholomorphically related.
Denote by F0 the set of all germs of smooth non-singular curves (i.e. one-

dimensional embedded submanifolds) at the origin in C; where we identify two
curves that are biholomorphically equivalent. From the preceding discussion we can
naturally define for each vector field of the form (2.29), with m even, an element
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cðLÞAF0: if Z is a non-trivial first integral of L we set cðLÞ as being the
holomorphic equivalence class of the curve x/Zðx; 0Þ in F0: Conversely, given a
germ of a smooth (non-parametrized) curve g; there is a smooth vector fieldL of the
form (2.29) such that cðLÞ represents the holomorphic equivalence class of g: To see
this, one finds holomorphic coordinates such that g is parametrized by x-x þ ipðxÞ
with pð0Þ ¼ p0ð0Þ ¼ 0: Put Z ¼ x þ iðtmþ1

mþ1 þ pðxÞÞ and

L ¼ @

@t
� i

tm

1þ ip0ðxÞ
@

@x
:

We have LZ ¼ 0; while g is parametrized by x-Zðx; 0Þ: Thus cðLÞ is the
holomorphic equivalence class of the given g: Also notice that when L is the
Mizohata operator then cðLÞ is the class of R� f0g:
Theorem 1.2 follows from the following:

Theorem 2.4. Consider the vector fields

L1 ¼
@

@t
� itma1ðx; tÞ @

@x
; Ra1ð0; 0Þa0;

L2 ¼
@

@T
� iTma2ðX ;TÞ @

@X
; Ra2ð0; 0Þa0;

where mX2 is even and aj are smooth. Then there is a smooth diffeomorphism

ðx; tÞ/ðX ;TÞ at the origin transforming L1 into a non-vanishing multiple of L2; if

and only if cðL1Þ ¼ cðL2Þ:

Proof. We first assume the existence of a smooth diffeomorphism j : ðx; tÞ/ðX ;TÞ
at the origin such that j�L1 is a multiple ofL2: A fortiori it must satisfy Tðx; 0Þ ¼ 0
and moreover x/X ðx; 0Þ is a diffeomorphism at the origin in R: Let Zj ð j ¼ 1; 2Þ
be non-trivial first integrals ofLj: SinceL1ðZ23jÞ ¼ j�ðL1ÞðZ2Þ ¼ 0 it follows that

Z̃6Z23j is also a non-trivial first integral of L1: Thus there is a biholomorphism H

at the origin in the complex plane such that Z̃ ¼ H3Z1: In particular, we obtain

HðZ1ðx; 0ÞÞ ¼ Z2ðX ðx; 0Þ;Tðx; 0ÞÞ ¼ Z2ðX ðx; 0Þ; 0Þ:

Since x/Z2ðX ðx; 0Þ; 0Þ is just a reparametrization of the curve X/Z2ðX ; 0Þ we
have verified that cðL1Þ ¼ cðL2Þ:
Conversely assume that cðL1Þ ¼ cðL2Þ: With the above notation we obtain a

diffeomorphism cACNðRÞ near the origin such that HðZ1ðx; 0ÞÞ ¼ Z2ðcðxÞ; 0Þ for
some biholomorphism H defined near the origin. Replacing Z2 by Z2=ðZ2ÞX ð0; 0Þ
and Z1 by ðH3Z1Þ=ðZ2ÞX ð0; 0Þ we can assume that

Z1ðx; 0Þ ¼ Z2ðcðxÞ; 0Þ; ðZ2ÞX ð0; 0Þ ¼ 1: ð2:31Þ
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From LjZj ¼ 0 together with (2.31) we obtain

Z1ðx; tÞ ¼ RZ1ðx; tÞ þ i½tmþ1yðx; tÞ � IZ1ðx; 0Þ	;

Z2ðX ;TÞ ¼ RZ2ðX ;TÞ þ i½Tmþ1YðX ;TÞ � IZ2ðX ; 0Þ	;

where y and Y are smooth and real, and do not vanish at the origin. We
must determine a diffeomorphism ðx; tÞ/ðXðx; tÞ;Tðx; tÞÞ such that
Z2ðXðx; tÞ;Tðx; tÞÞ ¼ Z1ðx; tÞ: We shall take it of the form

X ðx; tÞ ¼ cðxÞ þ tmþ1Aðx; tÞ; Tðx; tÞ ¼ tBðx; tÞ

with Bð0; 0Þa0 (this condition guarantees that x/Xðx; tÞ; t/Tðx; tÞ is indeed a
smooth diffeomorphism at the origin). We can write

IZ2ðcðxÞ þ tmþ1A; 0Þ ¼ IZ2ðcðxÞ; 0Þ þ tmþ1Gðx; t;AÞ;

where G is smooth in all three arguments and satisfies Gð0; 0;AÞ ¼ 0 for all A: We
also have, thanks to our hypothesis, that

RZ2ðcðxÞ þ tmþ1A; tBÞ � RZ1ðx; 0Þ ¼ tmþ1Fðx; t;A;BÞ;

RZ1ðx; tÞ � RZ1ðx; 0Þ ¼ tmþ1F̃ðx; tÞ;

where F̃ðx; tÞ is smooth in x and t; while F is of the form

Fðx; t;A;BÞ ¼ Af ðx; t;A;BÞ þ Bgðx; t;A;BÞ;

with f and g smooth in all arguments and satisfying

f ð0; 0;A;BÞ ¼ c0a0; gð0; 0;A;BÞ ¼ c1; 8A;B:

Hence A and B must solve the system:

Fðx; t;A;BÞ ¼ F̃ðx; tÞ;
Bmþ1YðcðxÞ þ tmþ1A; tBÞ � Gðx; t;AÞ ¼ yðx; tÞ:

(
ð2:32Þ

This system has the particular solution ð0; 0;A0;B0Þ with

B0 ¼
yð0; 0Þ
Yð0; 0Þ

� � 1
mþ1

;A0 ¼
F̃ð0; 0Þ � c1B0

c0
:

It suffices to apply the implicit function theorem to obtain the sought pair of smooth
functions ðAðx; tÞ;Bðx; tÞÞ satisfying Að0; 0Þ ¼ A0 and Bð0; 0Þ ¼ B0: &
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3. Normalizations near a circle: the real-analytic case

We consider an analytic vector field near the circle r ¼ jzj � 1 ¼ 0ðz ¼ ð1þ rÞeiyÞ
given by

L ¼ @

@y
� iraðr; yÞ @

@r
; aðr; yþ 2pÞ ¼ aðr; yÞ; ð3:1Þ

in which aðr; yÞ is a complex-valued real-analytic function satisfying Rað0; yÞa0:
Replacing aðr; yÞ with aðr;�yÞ if necessary, one may assume that

Rað0; yÞ40: ð3:2Þ

Let gCC be the unit circle with the clockwise orientation. For L given by (3.1), let
jtðr; yÞ be the flow of the vector field �Lc; where Lc is the complexification of L

defined on some Ue ¼ fðr; yÞAC2:jrj þ jIyjoeg for some small e40: Then

j2pðr; 0Þ ¼ ðhðrÞ;�2pÞ: Obviously, hðrÞ is holomorphic with hð0Þ ¼ 0: We shall call

h the holonomy of (3.1) with respect to g: It was proved by Meziani [7] that l ¼
1
2p

R 2p
0

að0; yÞ dy is an invariant of the differential operator, and that h0ð0Þ ¼ e2pil:

Meziani [7] also showed that if LACN and Im la0 then, for each finite k; there

exists a Ck diffeomorphism defined near the unit circle which sendsL into a multiple

of Ll ¼ @
@y � ilr @

@r
:

As mentioned in the introduction, Meziani [7] constructed a holomorphic
holonomy transformation by truncating the CN vector fields, and used the
holonomy transformation to normalize the vector field (3.1). In fact, Meziani’s
argument proved essentially that, in the real analytic case, the real-analytic vector
field (3.1) is equivalent to a multiple of Ll; if and only if the corresponding
holonomy transformation is linearizable; in particular, all real analytic vector fields
are real-analytically equivalent to Ll if leR:
It turns out that the holonomy transformations are much more relevant in the real

analytic case, which we will now describe. We shall only consider the case lAR: Let
Sl be the set of vector fields (3.1)–(3.2) with

l ¼ 1

2p

Z 2p

0

að0; yÞ dy40:

We have the following.

Lemma 3.1. Fix l40: Let L1 and L2 be two real-analytic vector fields in Sl; and let

h1; h2 be the corresponding holonomies of L1 and L2; respectively. Then L1 and L2

are equivalent up to a multiple by an analytic diffeomorphism defined near the unit

circle g; if and only if h1; h2 are conjugate by a holomorphic transformation fixing the

origin of C: Moreover, up to a holomorphic conjugate, each germ of holomorphic

function hðzÞ with hð0Þ ¼ 0 and h0ð0Þ ¼ e2pil is the holonomy of some real analytic

vector field in Sl:
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Proof. Assume that c�L1 ¼ uL2: Then, restricted to g; c is a real-analytic
diffeomorphism. Next, we want to show that c preserves the orientation of g also.
Write c : r0 ¼ c2ðr; yÞ ¼ r *c2ðr; yÞ; y0 ¼ c1ðr; yÞ; Lj ¼ @

@y � irajðr; yÞ @
@r
: Then

�ir *c2a23c ¼
@
@yc2 � ira1

@
@r
c2

@
@yc1 � ira1

@
@r
c1

:

Dividing both sides by r and setting r ¼ 0 yields

�i
@

@y
c1ð0; yÞa2ð0;c1ð0; yÞÞ ¼

@

@y
log j *c2ð0; yÞj � ia1ð0; yÞ:

Note that *c2 is a periodic real function. Hence,
@
@ylog j *c2ð0; yÞj vanishes for some y0:

Since Rajð0; yÞ are positive, then @
@yc1ð0; yÞ is positive either. Thus, c preserves the

orientation of g: ComplexifyL1;L2 and c: EachLj defines a holomorphic foliation

on Ue for some e40; also the complexification of c sends leaves of foliation defined
by L1 to leaves of the foliation of L2: Since the circle g is contained in a leaf and c
sends g into itself and preserves the orientation, then c yields a conjugate between

two holonomies of L1 and L2: More specifically, let GCfðr; yÞAC2g be given by

y ¼ 0; and let c sendL1 into a multiple ofL2: Let c
c be the complexification of the

real analytic map c : r0 ¼ c2ðr; yÞ; y0 ¼ c1ðr; yÞ: Let jt
j be the flow of �Lj:Denote by

f1:G-G0 ¼ ccðGÞ the restriction of cc to G: Let jt
2 be the flow of the vector field

�L2: Let t0X0 be the smallest number so that jt0
2 ðcð0; 0ÞÞ ¼ ð0; 2kpÞ for some

integer k: For small jrj; there is a unique tðrÞ close to t0 so that jt
2ðcðr; 0ÞÞ ¼

ð f2ðrÞ; kÞ: By the uniqueness theorem of ODEs, one sees that h1 ¼ f �1
1 f �1

2 h2 f2 f1:
Conversely, let

Lj ¼
@

@y
� irajðr; yÞ

@

@r
; j ¼ 1; 2

with 1
2p

R 2p
0 ajð0; yÞ dy ¼ l and ajðr; yþ 2pÞ ¼ ajðr; yÞ: We assume that the corre-

sponding holonomies h1; h2 of L1 and L2 are conjugate, i.e., that h2 ¼ f 3h13f
�1 for

some holomorphic transformation f : We want to show that, up to a multiple, L1

and L2 are equivalent under a real analytic diffeomorphism. Denote by jt
jðr; yÞ the

flow of �Lj: We have

jt
jðr; yÞ ¼ ðrt

jðr; yÞ; y� tÞ; rt
jðr; yþ 2pÞ ¼ rt

jðr; yÞ; r0j ðr; yÞ ¼ r:

It is convenient to make a change of coordinates for each Lj such that

ajðr; yÞ ¼ lþ OðrÞ:

(See Lemma 4.2 below.) Then

rt
jðr; yÞ ¼ eiltr þ Ejðr; yÞ
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with Ejðr; yÞ ¼ Oðjrj2Þ analytic. Put f ðrÞ ¼ mr þ Oðjrj2Þ: For small rAR and for yAR;

we shall find a unique

tðr; yÞA yþ 1

l
arg m� p=2; yþ 1

l
arg mþ p=2

� �
such that

r�t
2 ð f ðry1ðr; yÞÞ; 0ÞAR; for t ¼ tðr; yÞ; ð3:3Þ

consequently, we have a well-defined real map

F:ðr; yÞ-j�tðr;yÞ
2 ð f ðry1ðr; yÞÞ; 0Þ:

We have

r�t
2 ð f ðry1ðr; yÞÞ; 0Þ ¼ mreilðy�tÞ þ E3ðr; y; tÞ ð3:4Þ

with E3ðr; y; tÞ ¼ Oðjrj2Þ being analytic. Now one sees that there exists a unique

tðr; yÞ ¼ yþ 1
l arg mþ OðjrjÞ satisfying (3.3). Also, tðr; yÞ is analytic in r; y:

Next, we need to show that Fðr; yþ 2pÞ ¼ Fðr; yÞ þ ð0; 2pÞ: By the definition of
holonomy, we have

j2p
j ðr; 0Þ ¼ ðhjðrÞ;�2pÞ

for rAC and jrj small. Hence, ryþ2pj ðr; yþ 2pÞ ¼ ryþ2pj ðr; yÞ ¼ hjðryj ðr; yÞÞ for ðr; yÞ in
some Ue: Now

r
�tðr;yþ2pÞ
2 ð f ðryþ2p1 ðr; yþ 2pÞÞ; 0Þ ¼ r

�tðr;yþ2pÞ
2 ð f 3h1ðry1ðr; yÞÞ; 0Þ

¼ r
�tðr;yþ2pÞ
2 ðh23f ðry1ðr; yÞÞ; 0Þ

¼ r
�tðr;yþ2pÞ
2 ðh23f ðry1ðr; yÞÞ;�2pÞ

¼ r
�tðr;yþ2pÞ
2 ðj2p

2 ð f ðry1ðr; yÞÞ; 0ÞÞ

¼ r
�tðr;yþ2pÞþ2p
2 ðj0

2ð f ðry1ðr; yÞÞ; 0ÞÞ

¼ r
�tðr;yþ2pÞþ2p
2 ð f ðry1ðr; yÞÞ; 0Þ:

In particular, the last quantity is real when r; y are real [cf. (3.3)]. Since tðr; yþ
2pÞ � 2p remains in ðyþ 1

largm� p=2; yþ 1
largmþ p=2Þ; the uniqueness of tðr; yÞ

yields tðr; yþ 2pÞ � 2p ¼ tðr; yÞ: Therefore, Fðr; yþ 2pÞ ¼ Fðr; yÞ þ ð0; 2pÞ: Next,
we need to verify that F sends L1 into a multiple of L2: It suffices to show that the
complexification of F sends leaves of the complexified L1 into ones of the

complexifiedL2; i.e., that F3jt
1ðr; yÞ; as tAC varies and ðr; yÞAC2 is fixed, remains in
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a leaf of L2: To this end, write ðr1; y1ÞðtÞ ¼ jt
1ðr; yÞ: Then jy1

1 ðr1; y1Þ ¼ jy1þt
1 ðr; yÞ ¼

jy
1ðr; yÞ: Thus

Fjt
1ðr; yÞ ¼ j

�t3jt
1
ðr;yÞ

2 ð f ðry1ðr; yÞÞ; 0Þ

is in the leaf passing through f ðry1ðr; yÞ; 0Þ for tAC with small jIm tj:
It remains to show that given a germ of holomorphic function hðrÞ ¼ e2pilr þ

Oðjrj2Þ; there is a real analytic operator (3.1)–(3.2) of which the holonomy with
respect to the oriented circle is holomorphically conjugate to h: To this end, consider

a germ of holomorphic vector field at 0AC2 of the form

v ¼ �iz1
@

@z1
þ iz2bðzÞ

@

@z2
; bð0Þ ¼ la0: ð3:5Þ

Let ctðzÞ be the flow of v: For small e; c2pðe; z2Þ ¼ ðe; heðz2ÞÞ; and he is a germ of

holomorphic function defined near the origin with h0
eð0Þ ¼ e2pil for l ¼ bð0Þ: Note

that the holomorphic conjugate class of he is independent of e: By a theorem of
Pérez–Marco and Yoccoz [10], there exists a holomorphic vector field (3.5) to which
the corresponding he for some small ea0 is conjugate to the given holomorphic
function hðz2Þ: The solution curve of (3.5) for the initial value ðe; z2Þ can be written as
ðee�it; z2ðtÞÞ with

’z2 ¼ iz2bðee�it; z2Þ:

Note that ðe�it; z2ðtÞÞ is exactly the solution curve of

’y ¼ �1; ’z2 ¼ iz2bðeeiy; z2Þ

with the initial value ð0; z2Þ:With respect to the oriented circle g; heðrÞ is precisely the
holonomy transformation of

L ¼ @

@y
� irbðee�iy; rÞ @

@r
:

The proof of the lemma is complete. &

For each positive integer n; the above lemma establishes a one-to-one
correspondence between holomorphic conjugate classes of germs of holomorphic

functions hðzÞ with hð0Þ ¼ 0 and h0ð0Þ ¼ ei2pl and real analytic equivalence classes of
real-analytic differential operators (3.1)–(3.2) with n � 1olpn: The proof of
Theorem 1.4 is now immediate.

Proof of Theorem 1.4. By results of Siegel [11] and Bruno [3], all germs of

holomorphic function f ðzÞ ¼ e2pilz þ Oðjzj2Þ are linearizable, if l is irrational and
satisfies the Bruno condition. By a result of Yoccoz [18], the germ of holomorphic
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function f ðzÞ ¼ e2pilz þ z2 is not linearizable, if l is irrational and violates the Bruno
condition. Now Theorem 1.4 follows from Lemma 3.1. &

For a real-analytic differential operatorL of the form (3.1)–(3.2), one says thatL
is Co solvable if given a real-analytic function f ðr; yÞ defined near g then there is a
solution u to Lu ¼ f with u real analytic near g: Of course we are assuming that f

satisfies the natural compatibility conditions: mð f Þ ¼ 0 for all distributions m
supported on f0g � S1 and satisfying tLm ¼ 0: It turns out that when l is irrational
then all such distributions are multiples of dðrÞ#1y and consequently the only
compatibility condition is Z 2p

0

f ð0; yÞ dy ¼ 0:

Proposition 3.2. Let L be a real-analytic vector field (3.1)–(3.2) with irrational l:
Then L is Co-solvable if and only if L is real-analytically equivalent to Ll and

ðlog je2pnil � 1jÞ=n is bounded.

Proof. According to a result of Bergamasco–Meziani [2], we know that if l is

irrational then Ll is C
o solvable if and only if ðlog je2pnil � 1jÞ=n is bounded. Hence

what has to be proved is that when L is Co solvable then it can be real analytically
reduced to Ll:

The function Zðr; yÞ ¼ r1=leiy is a first integral of Ll defined for ra0: We then
must find a smooth diffeomorphism

r/rRðr; yÞ; y/yþYðr; yÞ ð3:6Þ

such that

Wðr; yÞ6ðrRÞ1=leiðyþYÞ

is a solution to LW ¼ 0:
Observe that

Lfl�1log r þ iyg ¼ ið1� l�1aÞ:

On the other hand, the function f ¼ ið1� l�1aÞ satisfies the compatibility condition
and consequently there is a real-analytic function u solving

Lu ¼ �ið1� l�1aÞ:

Then

Wðr; yÞ ¼ expfl�1log r þ iyþ uðr; yÞg ¼ r1=leiyþuðr;yÞ

satisfies LW ¼ 0: We set

Rðr; yÞ ¼ expflRuðr; yÞg;Yðr; yÞ ¼ Iuðr; yÞ:
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We must show that (3.6) is a real-analytic diffeomorphism near r ¼ 0: Along r ¼ 0;
the determinant of its Jacobian matrix is given by

Jð0; yÞ ¼ elRuð0;yÞð1þ Iuyð0; yÞÞ:

Setting r ¼ 0 in the expression Lu ¼ �ið1� l�1aÞ gives uyð0; yÞ ¼ �ið1� l�1að0; yÞÞ
and thus Iuyð0; yÞ ¼ �ð1� l�1Rað0; yÞÞ: Consequently

Jð0; yÞ ¼ l�1elRuð0;yÞRað0; yÞa0 8y:

Therefore (3.6) is a real-analytic diffeomorphism defined near g and the proof of the
theorem is complete. &

Proposition 3.3. Let L be a real-analytic vector field of the form (3.1)–(3.2) with lAR

and assume that there is a non-constant real-analytic function u defined in ð�d; dÞ � S1

and satisfying Lu ¼ 0: Then l is rational and L is real-analytically equivalent to Ll:

Proof. Write

uðr; yÞ ¼
X

j

ujðyÞr j;

where ujðyÞ are 2p-periodic and real analytic. Let k be the smallest positive integer

such that uk does not vanish identically. Then from the relation Lu ¼ 0 we obtain

u0
kðyÞ � ikað0; yÞukðyÞ ¼ 0: ð3:7Þ

Considering (3.7) as an ordinary differential equation in R its solution is given by

ukðyÞ ¼ ukð0Þexp ik

Z y

0

að0; y0Þdy0
� �

:

Since u is a non-trivial 2p-periodic function, then n6klAZ: Replacing uðr; yÞ by
uðr; yÞ=ukð0Þ; we may assume that

uðr; yÞ ¼ rkexp ik

Z y

0

að0; y0Þdy0
� �

þ Oðrkþ1Þ:

Thus we can write uðr; yÞ ¼ Rkðr; yÞeinYðr;yÞ where Rðr; yÞ ¼ r

ffiffiffiffiffiffiffiffiffiffi
juðr;yÞ

rk

k

q
j and

ðr; yÞ-ðRðr; yÞ;Yðr; yÞÞ is a real-analytic diffeomorphism. Since rkexpfinyg is a
non-trivial first integral of Ll it is clear that this diffeomorphism sends L into a
non-vanishing multiple of Ll: &

Since germs of periodic holomorphic mappings are always linearizable near a fixed
point, Lemma 3.1 also gives:
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Corollary 3.4. Let L be a real-analytic vector field given by (3.1)–(3.2). Assume that l
is a positive rational. Then L is equivalent to Ll if and only if the holonomy of L is

periodic.

Notice that for each positive integer l the moduli space of all real analytic vector
fields (3.1)–(3.2) can be identified to the Ecalle–Voronin moduli space for germs of
holomorphic functions which are tangent to the identity (cf. [17]). See also [1] for
results on classifying entire functions tangent to the identity under germs of smooth
transformations.

4. Normalizations near a circle: the finite smooth case

We are given a Cs smooth vector fieldL which is tangent to a closed C1 real curve

g in the real plane to constant order one, while L and L are C-linearly independent
in a deleted neighborhood of g: As we have shown in section two, g is actually Cs:
Moreover if we apply a Cs diffeomorphism sending g into the unit circle defined by
r ¼ jzj � 1 ¼ 0; then near the unit circle L takes the form

@

@y
� iraðr; yÞ @

@r
; ð4:1Þ

in which raðr; yÞ is a complex-valued Cs function with

Rað0; yÞ40:

For a Cs function f ðr; yÞ we shall write its Taylor expansion as

f ðr; yÞ ¼
X½s	
n¼0

fnðyÞrn þ oðjrj½s	Þ

with fjACs�j: We shall need the following version of Whitney’s extension theorem.

Lemma 4.1. Let fjðyÞACs�j be 2p-periodic, j ¼ 0; 1;y; ½s	: Then there exists

f ðr; yÞACs which is 2p-periodic in the y variable and satisfies

f ðr; yÞ ¼
X½s	
j¼0

fjðyÞ
j!

r j þ oðjrj½s	Þ:

Proof. We follow the argument in [4, Section 1.3, Theorem 1.3.3]. Let fðtÞACN

c ðRÞ
with

R
R
fðtÞ dt ¼ 1: For a 2p-periodic function hðyÞACs and for kAZþ we define

gðr; yÞ ¼ rk

Z
R

hðy� rtÞfðtÞ dt:
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Then gðr; yÞ is 2p-periodic in y; is of class Ckþs and satisfies

@ j

@r j
gð0; yÞ ¼ 0; for jok;

@k

@rk
gð0; yÞ ¼ k!hðyÞ:

The proof of Lemma 4.1 is now standard. &

Lemma 4.2. Let L be a Cs ðsX1Þ vector field given by (4.1) and let l be defined as in

(1.4) with Rl40: Let ql be equal to 1 if lAZ; ql ¼ þN if lAC\Q and otherwise we

set ql to be the largest positive integer such that jleZ for 1ojpql: There exists a Cs

smooth change of coordinates such that L becomes a multiple of

L ¼ @

@y
� irðlþ bðr; yÞÞ @

@r

with bðr; yÞ ¼ oðjrjminfql;½s	�1gÞ and bACs�1:

Proof. Put N ¼ minfql; ½s	 � 1g: We shall consider a diffeomorphism F of the form

r� ¼ rRðr; yÞ; y� ¼ yþYðr; yÞ ð4:2Þ

with

Rðr; yþ 2pÞ ¼ Rðr; yÞACsþ1; Yðr; yþ 2pÞ ¼ Yðr; yÞACs:

Up to a multiple, F�L is of the form

@

@y�
� ir�ðlþ bðr�; y�ÞÞ @

@r�

with bACs�1: Explicitly, we have

ðR þ rRrÞaðr; yÞ þ iRy ¼ Rðlþ bðrR; yþYÞÞð1þYy � iraðr; yÞYrÞ:

In order to achieve that bðr�; y�Þ � l ¼ oðjr�jNÞ it suffices to prove that it is possible
to achieve:

aðR þ rRrÞ þ iRy ¼ lRð1þYy � iraYrÞ þ oðjrjNÞ:

Dividing both sides by Rðr; yÞ; setting R̃ ¼ log R; and comparing the coefficients of

rk for kX0 of the identity obtained yields

iR̃0
0ðyÞ � lY0

0ðyÞ ¼ l� a0; ð4:3Þ

iR̃0
kðyÞ � lY0

kðyÞ þ ka0ðyÞR̃kðyÞ

þ ikla0ðyÞYkðyÞ ¼ �akðyÞ þ EkðyÞ; k40 ð4:4Þ
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in which EkðyÞ is a polynomial in ajðyÞACs�1�j; R̃jðyÞ; and YjðyÞ for jok: Since

ð2pÞ�1
R 2p
0 að0; yÞ dy ¼ l; Eq. (4.3) has a unique 2p-periodic solution R̃0ðyÞ;

Y0ðyÞACs satisfying

Z 2p

0

R̃0ðyÞ dy ¼
Z 2p

0

Y0ðyÞ dy ¼ 0: ð4:5Þ

Set uk ¼ R̃k þ ilYk; and assume for the sake of induction that we have determined

R̃j ;YjACs�j for jok: Now (4.4) becomes

u0
k ¼ ika0uk þ pk; ð4:6Þ

in which pkACs�k�1 is 2p-periodic. Set AkðyÞ ¼ �ik
R y
0 a0ðyÞ dy: Then

ukðyÞeAkðyÞ ¼ ukð0Þ þ
Z y

0

pkðyÞeAkðyÞ dyACs�k:

We shall determine ukð0Þ such that ukð2pÞ ¼ ukð0Þ; consequently, ukðyþ 2pÞ ¼ ukðyÞ
for all real y: Note that Akð2pÞ ¼ �2pikle2piZ: Thus, we can take

ukð0Þ ¼
1

e�2pilk � 1

Z 2p

0

pkðyÞeAkðyÞ dy:

Summing up we have determined R̃k;YkACs�k: Of course, there exist RkACs�k

such that log ð
P

RkðyÞrkÞ ¼
P

R̃kðyÞrk: By Lemma 4.1, there exist

Rðr; yÞACsþ1;Yðr; yÞACs defined near the origin, of which the formal power series
expansion of rRðr; yÞ;Yðr; yÞ in r have coefficients Rk;Yk; respectively. Now
ðr; yÞ-ðrRðr; yÞ;Yðr; yÞÞ transforms L into the desired form. &

Remark 4.3. In general, one cannot solve (4.6) for k ¼ ql þ 1: However, one can
solve

u0
k ¼ ika0uk þ pk � cke�AkðyÞ; k ¼ ql þ 1;

for some constant ck: Hence one can find a Cqlþ1 diffeomorphism sending L into a
multiple of

@

@y
� irðl� icqlþ1r

qlþ1 þ oðjrjqlþ1ÞÞ @

@r

when qlo½s	 � 1: If cqlþ1a0 one may apply a further transformation ðr; yÞ-ðc0r; yþ
c00Þ for some real constants c0a0; c00 in order to achieve cqlþ1 ¼ i:
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Theorem 4.4. Let L be a Csð1psoNÞ vector field given by

@

@y
� iraðr; yÞ @

@r
;

1

2p

Z 2p

0

að0; yÞ dy ¼ l ¼ 1=ðaþ ibÞ

with a40 and let ql have the meaning as in Lemma 4.2. Set

s� ¼ min
minfql; ½s	 � 1g

a

� �
; ½s	 � 1

� �
and

s0 ¼
s� � 1; aX1;

minfs� � 1; ½as�	g; 0oao1; as�eZþ;

as� � 1; 0oao1; as�AZþ:

8><>: ð4:7Þ

Assume that

s0X1: ð4:8Þ

Then there exists a Cs0 diffeomorphism sending L into a multiple of Ll:

Proof. By Lemma 4.2, there exists a Cs diffeomorphism sendingL into a multiple of

fLL ¼ @

@y
� irðlþ bðr; yÞÞ @

@r

with bðr; yÞ ¼ oðjrjs1Þ and bACs�1 for s1 ¼ minfql; ½s	 � 1g: For r40 we set w ¼
Wðr; yÞ ¼ r1=leiy: Notice that W defines a diffeomorphism from fðr; yÞ j r40g onto

C\f0g: Moreover W�fLL is a multiple of the Beltrami vector field:

B ¼ @

@ %w
þ mðwÞ @

@w
;

where m is defined by

mðwÞ ¼
%lwbðW�1ðwÞÞ

l %wðlþ %lþ bðW�1ðwÞÞÞ
:

Explicitly we have

bðW�1ðwÞÞ ¼ b jwj1=a; 1
2i
log

w

%w
� b

a
log jwj

� �
:

Since we also have

@ jþkb

@r j@yk
ðr; yÞ ¼ oðjrjs1�jÞ
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we obtain

@ jþk

@w j@ %wk
fbðW�1ðwÞÞg ¼ Oðjwj

s1
a�ð jþkÞÞ

and consequently

@ jþkm
@w j@ %wk

ðwÞ ¼ Oðjwj
s1
a�ð jþkÞÞ ð4:80Þ

for all j þ kp½s	 � 1:
Since we could have assumed from the beginning that b vanishes identically

outside an interval jrjod we can assume that m vanishes identically outside a small
disc centered at the origin and that jmðwÞjpm0o1: From (4.80) we derive that
mAW s�;NðCÞ: Since (4.7) gives s�X1 we can apply the same reasoning as in the proof

of Theorem 1.1 to conclude the existence of a solution FA
T

poN
W s�þ1;pðCÞ solving

BF ¼ 0 and satisfying Fwa0: Notice that in particular FACs�þe for every eo1:
We can assume that FðwÞ ¼ w þ oðjwjÞ: Replacing F by

FðwÞ �
Xs�

j¼2
cjFðwÞ j

for suitable chosen constants cj; we may further assume that FðwÞ ¼ w þ Oðjwjs�þeÞ:
Write FðwÞ ¼ wð1þ F̂ ðwÞÞ: We have F̂ ðwÞACs�þe�1 for wa0 and

@ jþkF̂

@w j@ %wk
ðwÞ ¼ Oðjwjs�þe�ð jþkþ1ÞÞ; j þ kps� � 1:

On the other hand, we have

@ jþkW

@r j@yk

���� ����þ @ jþk %W

@r j@yk

���� ���� ¼ Oðra�jÞ;

from which an easy induction argument gives

@ jþk

@r j@yk
fF̂ ðWðr; yÞÞg ¼ Oðrs�þe�j�k�1Þ; aX1;

@ jþk

@r j@yk
fF̂ ðWðr; yÞÞg ¼ Oðraðs�þe�1Þ�j�kÞ; 0oao1;

for j þ kps� � 1; r40: At this point we make the key observation that [cf. (4.7)]
s� � 1� s0 þ e40 for aX1; and that

aðs� þ e� 1Þ � s040 for e close to 1:
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Hence ðr; yÞ-F̂ ðWðr; yÞÞACs0 for rX0 and also F̂ ðWðr; yÞÞ ¼ oðrs0 Þ: Write

1þ F̂ ðr
1
leiyÞ ¼ R̃

1
lei *Y

where R̃; *YACs0 are real valued and 2p-periodic in the y variable. We have R̃ðr; yÞ ¼
1þ oðjrjs

0
Þ and *Yðr; yÞ ¼ oðjrjs

0
Þ: Now

FðWðr; yÞÞ ¼ ðrR̃Þ
1
leiðyþYðr;yÞÞ

and

jþ : ðr; yÞ-ðrR; yþYÞ

is a Cs0 diffeomorphism sending fðr; yÞ : 0prod0g onto itself. Notice also that

jþðr; yÞ � ðr; yÞ ¼ oðjrjs
0
Þ and that jþ

� L is a multiple of Ll:
By a similar argument, we can construct j� which now sends the open set fðr; yÞ :

�d0orp0g onto itself and transforms L into a multiple of Ll: Set, finally,

jðr; yÞ6j7ðr; yÞ for 7rX0: Then jACs0 sends L into a multiple of Ll:
The proof of Theorem 4.4 is now complete. &

Theorem 4.5. Let l be a complex number with Rl40: There exists a CN vector field

(4.1) with Raðr; yÞ40 and 1
2p

R 2p
0 að0; yÞ dy ¼ l which is not equivalent to a multiple of

Ll by any CN diffeomorphism defined near r ¼ 0:

Proof. Notice first that l ¼ p=q with p; q positive integers then Remark 4.3 shows
how to exhibit a real-analytic vector field L of the form (4.1) that is not equivalent

to a multiple of Ll under any Cqþ1 smooth transformation.
We now consider the case when lAC\Q: We start by considering a CN

diffeomorphism w ¼ f ðzÞ at the origin in C whose formal Taylor expansion at 0 is of
the form

z þ
X
jX2

cjz
j: ð4:9Þ

We assume that the radius of convergence of (4.9) is equal to 0. Up to a multiple, f�
@
@ %z

becomes

X ¼ @

@ %w
þ f %zðzÞ

fzðzÞ
@

@w
:

As in the proof of Theorem 4.4 we shall write w ¼ Wðr; yÞ ¼ r1=leiy; r40: Consider

also the map ðr; yÞ-z ¼ Zðr; yÞ6f �1ðWðr; yÞÞ: For a vector field L given by (3.1) we
have

LW ¼ iW 1� 1

l
a

� �
;L %W ¼ �i %W 1þ 1

%l
a

� �
:
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A simple computation shows that, up to a multiple, Z�1
�

@
@ %z
becomes

L ¼ @

@y
� iraðr; yÞ @

@r
;

where

a6l
fzðzÞ þ f%zðzÞ f ðzÞ

f ðzÞ

fzðzÞ � f%zðzÞ lf ðzÞ
lf ðzÞ

:

We know that L is CN for r40; while Lðr; yÞ �Llðr; yÞ ¼ OðjrjNÞ due to our
choice of f : Thus L extends to a CN vector field defined near r ¼ 0 (by setting

L ¼ Ll for ro0). Notice also that this gives ð2pÞ�1
R 2p
0 að0; yÞ ¼ l:

Assume that there is a CN diffeomorphism g sending Ll into a multiple of L:
Then gðr; yÞ ¼ ðrRðr; yÞ; yþYðr; yÞÞ: Replacing gðr; yÞ by gð�r; yÞ if necessary, we
may assume that Rðr; yÞ40:

Away from w ¼ 0; f �1
3W3g3W�1 sends @

@ %w
into a multiple of @

@ %z
; the composition is

also bounded. Thus f �1
3W3g3W�1 extends to a holomorphic function z ¼ hðwÞ

defined near w ¼ 0: Thus we have

f �1
3W3g ¼ h3W ;

that is,

f �1ðr1=lR1=lðr; yÞeiðyþYðr;yÞÞÞ ¼ hðr1=leiyÞ ð4:10Þ

If we write hðwÞ ¼
P

bnwn and FðrÞ 6 hðr1=lÞ then

FðrÞ ¼
X
nX0

bnrn=l: ð4:11Þ

Now notice that leQ gives

m=lþ l ¼ m0=l;m;m0; lAZþ3m ¼ m0; l ¼ 0:

Write the formal Taylor expansion of f �1ðwÞ at w ¼ 0 as
P

anwn: Since Rl40 the
first term in (4.10) tells us that FðrÞ has a formal expansion

FðrÞB
X

n;j;kX0

Cn
jk r

n
lþjþk; ð4:12Þ

where Cn
0;0 ¼ anRð0; 0Þn=l

einYð0;0Þ: Of course, the above formal expansion is under-

stood as follows: if gn is a sequence of complex number satisfying Rgn-þN as
n-þN; and if FðrÞ is complex-valued function in rARþ; denote FðrÞB

P
cnrgn if

FðrÞ �
X

RgnpRgN

cnegnlog r ¼ oðjrjRgN Þ:
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One readily sees that the coefficients cn are uniquely determined, whenever the
formal expansion exists.
According to (4.11) and (4.12) we conclude that Cn

0;0 ¼ bn; that is,

anRn=lð0; 0ÞeinYð0;0Þ ¼ bn:

This contradicts the divergence of the formal power expansion of f ðzÞ at z ¼ 0 and
consequently completes the proof of the theorem. &

In conclusion we mention that also in the case of global normalization we have no
example which shows that our regularity results are optimal.
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[11] C.L. Siegel, Iteration of analytic functions, Ann. of Math. 43 (2) (1942) 607–612.
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