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1 Introduction

It has been long observed that area-preserving maps and reversible maps
share similar results. This was certainly known to G.D. Birkhoff [5] who
showed that these two types of maps have periodic orbits near a general
elliptic fixed point. The KAM theory, developed by Kolmogorov-Arnold-
Moser for Hamiltonian systems [9], [1] and area preserving maps [15], has
also been extended a great deal to reversible systems and maps (see [16],
[2], [21]). A natural question is if area-preserving maps and Hamiltonian
systems are reversible.

In this paper we shall prove

Theorem 1.1. Thereexist non-reversibleelliptic real analytic area-preserv-
ing maps with eigenvalues not roots of unity.

We want to mention that the Birkhoff fixed-point theorem and Moser in-
variant curves are applicable to some non-reversible area-preserving maps
constructed in the proof of Theorem1.1. In [8], the author proved that
there exist reversible elliptic real analytic maps which admit first-integrals
but cannot be transformed into the Moser-Webster normal form [17] by
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any convergent transformation; consequently, such reversible maps are not
equivalent to area-preserving maps under any real analytic transformation.

Recall that a germ of real analytic mapϕ of R2 with ϕ(0) = 0 is
reversibleif ϕ−1 = τϕτ−1 for some real analytic involutionτ(τ2 = Id)
with τ(0) = 0. Note that the proof of Theorem1.1will show the existence of
area-preserving maps that are notweaklyreversible in the sense of Arnol’d
andSevryuk [3].Weshouldmention that it is easy to see thenon-reversibility
with respect to a given involutive symmetry. Roughly speaking, the periodic
points of a general elliptic area-preserving map which are symmetric with
respect to a given involution would not survive under a small perturbation
of area-preserving maps. To find non-reversible area-preserving maps, we
have to look for the dynamics of area-preservingmapsbeyond the real space;
namely, we shall seek the obstruction to the reversibility in the complexified
space.

We start our construction with holomorphic symplectic maps ofC2 of
the form

ϕ : ξ′ =λξf(ξ, η), η′ = ληg(ξ, η),
|λ| = f(0) = g(0) = 1,

(1.1)

whereλ is not a root of unity, andf, g are holomorphic functions. Here a
holomorphic symplecticmap ismeant to preservedξ∧dη. The holomorphic
mapϕ (1.1) preserves the totally real spaceR2 : η = ξ if and only if

g(ξ, η) = f(η, ξ) ≡ f(η, ξ).(1.2)

It turns out that ifϕ is reversible, there exist convergent solutionsT to the
following functional equation

F
−1(ξ) = T ◦ F ◦ T−1(ξ), T (0) = 0,(1.3)

where the conformal mapF is the first component ofξ → ϕ(ξ, 0).
We shall prove that Theorem1.1 can be reduced to the following

Theorem 1.2. There exist holomorphic functionsF (ξ) = λξ + O(2) with
λ not a root of unity such that the conformal mapsF, F

−1
are not conjugate

near the origin, i.e.,(1.3) has no convergent solutionT .

The proof of Theorem1.2 is based on the observation that, when (1.3)
has a convergent solutionT , the repelling periodic orbits and attracting
periodic orbits of the same period with comparable distance to the origin
must occur in pairs, if they exist; see Proposition5.1 below for details. The
same observation will also allow us to show the following.
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Theorem 1.3. There exists a conformal mapF (z) = λz+O(2)withλ not
a root of unity such thatF andF

−1
are conjugate near the origin, while

for each conformal mapG commuting withF , periodic points ofF , that
are contained in the real analytic curveΓG ⊂ C : G(z) − z = 0 and have
eigenvalues of absolute value one, accumulate at the origin.

The functional equation (1.3) resembles the classical Schröder functional
equation

Rλ = U ◦ F ◦ U−1, Rλ(ξ) = λξ,(1.4)

arising from linearizing the conformal mapF . Indeed, one can see that if
the Schr̈oder functional equation (1.4) has a convergent solution, all formal
solutionsT to (1.3) are convergent, assumingλ is not a root of unity. In par-
ticular, a theorem of Bruno [6], which generalizes a theorem of Siegel [22],
implies that (1.3) has convergent solutionsT whenλ satisfies the Bruno
condition.

Wewould like tomention that results of Moser [14] andMoser andWeb-
ster [17] imply that real analytic area-preserving maps are reversible near a
hyperbolic fixed point, while hyperbolic reversible maps are locally equiv-
alent to area-preserving maps. See also Devaney [7] for symmetric periodic
orbits, homoclinic orbits, and other results about reversible maps and sys-
tems on smooth manifolds. The non-reversibilities of Hamiltonian systems
and area-preserving maps have been studied by other people. Arnol’d and
Sevryuk [3] constructed non-reversible Hamiltonian systems with degener-
ate eigenvalues. Formal obstructions to the reversibility of area-preserving
mapswere investigated byQuispel and Capel [18] for mapswith a parabolic
fixed point and byRoberts andCapel [19] formaps tangent to the identity. In
someglobal aspect, Lamb [11] studied the persistence of non-reversibility of
area-preserving flows and diffeomorphisms ofR2, where one can also find
Mather’s example of non-reversible area-preserving flow ofR2. The reader
is referred to a recent survey of Lamb and Roberts [12] on the reversibility
of dynamical systems.

The paper is organized as follows. Section2 contains a simple proof
of a complex version of Theorem1.1. Using a theorem of Yoccoz [23] we
then give an example of formally linearizable holomorphic symplectic map
that is not weakly reversible. Section2 also establishes the relationship be-
tween the reversibility of area-preserving maps and that of conformal maps.
In Sect.3 we discuss the reality condition (1.2) for area-preserving maps
and complete the reduction from Theorem1.1 to Theorem1.2. Section4
gives some estimates for the periodic orbits of a certain conformal map and
their eigenvalues. Section5 is devoted to the proofs of Theorem1.2 and
Theorem1.3 by considering the hyperbolic and elliptic periodic orbits of
conformal maps.
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2 Normalizations

In this section we shall give a simple proof for a complex version of Theo-
rem1.1. This section also contains themain ingredients for the proof of The-
orem1.1. Throughout the paper,[f ]k stands for the sum of all homogeneous
terms of degreek of a formal powerf(ξ, η). We denotef(ξ, η) ≺ g(ξ, η)
if f is majorized byg, i.e, if coefficients off, g satisfy|fαβ | ≤ gαβ for all
α, β ≥ 0.

Consider a holomorphic symplecticmap ofC2 defined by (1.1). Assume
thatλ is not a root of unity, i.e.,λn /= 1 for all positive integersn. Birkhoff [4]
showed that there is a formal symplectic transformationΦ(ξ, η) = (ξ, η) +
O(2), which is unique under a certain normalizing condition, such that

ϕ̂ = ΦϕΦ−1 : ξ = ξΛ(ξη), η = η/Λ(ξη),(2.1)

whereΛ is a formal power series inξη with Λ(0) = λ. In particular,ϕ is
formally reversible.

A smooth formal curve inC2 passing through the origin is defined as
Γf : f(ξ, η) = 0,wheref is a formal power serieswithf(0) = 0, df(0) /= 0.
Two such curvesΓf , Γg are considered to be the same ifg = uf for some
formal power seriesu (u(0) /= 0). One says thatΓf is invariant under a
formal mapϕ if Γf◦ϕ = Γf .

The following lemmashows that a holomorphic symplecticmaphas only
two invariant smooth formal curves.

Lemma 2.1 (Birkhoff [4]). A smooth formal curve, invariant under the
formal map(2.1) of whichλ is not a root of unity, is eitherξ or η axis.

Proof. Let Γ be defined byf = 0 with f(0) = 0, df(0) /= 0. Then

f ◦ ϕ̂(ξ, η) = u(ξ, η)f(ξ, η).(2.2)

The linear terms in (2.2) give

[f ]1(λξ, λη) = u(0)[f ]1(ξ, η).

Sinceλ is not a root of unity, it is clear that eitheru(0) = λ and[f ]1(ξ, η) =
aξ with a /= 0, oru(0) = λ and[f ]1(ξ, η) = aη. Without loss of generality,
we may assume that[f ]1(ξ, η) = ξ. Settingξ = 0 in (2.2) yields

f(0, λη) = u(0, η)f(0, η).

If f(0, η) = ckη
k+O(k+1), thenλkck = λck. Hence,ck = 0. This shows

thatf(ξ, η) = ξv(ξ, η) with v(0) = 1; consequently,Γ is theξ-axis. ��
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According to Arnol’d and Sevryuk [3], one says that a germ of real
analytic transformationϕ at the origin isweakly reversibleif ϕ−1 = τϕτ−1

for some real analytic transformationτ which is not necessary to be an
involution.

Lemma 2.2. Letϕ be a holomorphicmap defined by(1.1). Assume thatλ is
not a root of unity andϕ−1 = τϕτ−1 for some formal mapτ with τ(0) = 0.
Thenτ interchangesξ andη axes. Moreover,

G−1 = T ◦ F ◦ T−1(2.3)

with F the first component ofϕ(ξ, 0), G the second component ofϕ(0, η),
andT the second component ofτ(ξ, 0).

Proof. From Lemma 2.1 it follows that eitherτ preserves both coordinate
axes, orτ interchanges the two axes. The former cannot occur since the
linear parts ofϕ−1 andϕ, when restricted to theξ-axis, are not conjugate.
It is straightforward thatG−1 = T ◦ F ◦ T−1. ��

In what follows, whenf is a power series in two variables,fξ, fη are
meant to be the partial derivatives with respect to the first and second vari-
ables, respectively. More explicitly,

fξ(ξ, η) =
∑

αfαβξ
α−1ηβ,

fξ(η, ξ) = (fξ)(η, ξ) =
∑

αfαβη
α−1ξβ, etc.

Lemma 2.3. Let f(ξ, η) be a holomorphic function withf(0) = 1. Then
there exists a unique holomorphic functiong(ξ, η) with g(0) = 1 such
that (1.1) is a holomorphic symplectic map. Moreover, iff |ξ=0 = 1, then
g|ξ=0 = 1.

Proof. Put f̃(ξ, η) = ξf(ξ, η) andg̃(ξ, η) = ηg(ξ, η). Obviously,ϕ, given
by (1.1), preservesdξ ∧ dη if and only if g̃ is a solution to

f̃ξ(ξ, η)g̃η(ξ, η) − g̃ξ(ξ, η)f̃η(ξ, η) = 1, g̃|η=0 = 0.(2.4)

By the Cauchy-Kowalewski theorem, the above equations have a unique
holomorphic solutioñg. Assume thatf |ξ=0 = 1. Then f̃ξ|ξ=0 = 1 and
f̃η|ξ=0 = 0. Thus, (2.4) implies that̃gη|ξ=0 = 1. This shows thatg|ξ=0 = 1.

��
We are ready to prove the following

Theorem 2.4. Letϕ be the holomorphic symplectic map(1.1) withλ not a
root of unity. Assume thatf |ξ=0 = 1. If ϕ is weakly reversible, the conformal
mapF : ξ → λξf(ξ, 0) is linearizable by convergent transformations.
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Proof. Assume thatϕ is weakly reversible with respect to a holomorphic
transformationτ . Under the assumptions, Lemma2.3 says thatg(0, η) = 1,
i.e., the second component ofϕ(0, η) is already a linear transformation.
Therefore, Theorem2.4 follows from Lemma2.2. ��
Example. Consider the symplectic rational map

ϕλ : ξ → λξ(1 + ξ), η → λη/(1 + 2ξ)

with λ not a root of unity. By a theorem of Yoccoz [23], the conformal
mapξ → λξ(1 + ξ) is not linearizable whenλ does not satisfy the Bruno
condition. Theorem2.4 implies that for suchλ, ϕλ is not weakly reversible
near the origin.

Remarks.(a)ByLemma2.3onecansee thatϕλ is linearizable by the formal
map

ξ → ξUλ(ξ), η → η/U ′
λ(ξ),

whereUλ(ξ) = ξ + O(2) is the formal transformation linearizingξ →
λξ(1 + ξ). If λ is not a root of unity and violates the Bruno condition then
ϕλ is not linearizable by any convergent transformation.

For the proof, assume that a holomorphicmapΦ, which is not necessarily
symplectic, linearizesϕλ. Substituting(DΦ)−1(0)Φ forΦ, onemay assume
that Φ(ξ, η) = (ξ, η) + O(2). By Lemma 2.1,Φ preservesξ = 0 and
η = 0. Now one readily sees thatξ → λξ(1 + ξ) is linearizable by the first
component ofξ → Φ(ξ, 0), which is a contradiction.

(b) To author’s knowledge, it remains open if there exists a formally
linearizable real analytic area-preserving map ofR2 that is not lineariz-
able by any convergent (area-preserving) map. However, see a result of
Rüssmann [20] about the convergence of linearization under a Diophantine
condition.

Wenow turn to holomorphic symplecticmapϕ (1.1) satisfying the reality
condition (1.2). Following notations in Lemma2.2, the functional equation
(2.3) becomes (1.3).

We need some standard facts about the linearization of conformal maps.
LetF : ξ → λξ+O(2) be a conformal map withλ not a root of unity. Then
there exists a unique formal transformationU such that

U ◦ F ◦ U−1 = Rλ, U(ξ) = ξ +O(2).(2.5)

The only formal power seriesg with g ◦ Rλ = Rλ ◦ g areµz with µ ∈ C.
Denote byCF the set of centralizers ofF , i.e., the set of conformal mapsG
with G ◦ F ◦G−1 = F andG′(0) /= 0. ThenCF is a group containingFn

for n = 0,±1,±2, . . . . If G is a centralizer, thenU ◦G ◦U−1, commuting
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withRλ, is a linear transformation. WhenF is not linearizable,CF consists
of convergent transformationsU−1 ◦Rµ ◦ U with |µ| = 1.

We now introduce some notations. Given a conformal mapF : ξ →
λξ + O(2) with λ not a root of unity, letU be the formal map satisfying
(2.5). DefineC′

F to be the set of convergent maps

U
−1 ◦Rµ ◦ U(ξ)(2.6)

for µ ∈ C∗, andIF ⊂ C′
F to be the set of such convergent maps with

|µ| = 1. Notice that whenC′
F is nonempty,C′

F andCF admit a non-canonical
identification

T = U
−1 ◦Rµ ◦ U ∈ C′

F �→ T 0 ◦ T = U−1 ◦Rµ0µ ◦ U ∈ CF ,(2.7)

whereT0 = U
−1 ◦Rµ0 ◦ U ∈ C′

F .

Proposition 2.5. LetF : ξ → λξ +O(2) be a conformal map withλ not a
root of unity. ThenIF consists of conformal mapsT satisfying

F
−1 = T ◦ F ◦ T−1, |T ′(0)| = 1.(2.8)

Proof. TakeT ∈ IF . FromF = U−1◦Rλ◦U , it follows thatT ◦F ◦T−1 =
F

−1
. Conversely, ifT satisfies (2.8), the first identity in (2.8) implies that

U
−1 ◦Rλ ◦ U = F

−1 = T ◦ U−1 ◦Rλ ◦ U ◦ T−1.(2.9)

Hence,T = U
−1 ◦Rµ ◦U for someµ ∈ C∗. Now |T ′(0)| = 1 implies that

|µ| = 1. The lemma is proved. ��
Notice that Proposition2.5 implies that(T ◦ F ) ◦ (T ◦ F ) = Id =

(F ◦ T ) ◦ (F ◦ T ). Thus (2.8) is equivalent to the decomposition

F = T1 ◦ T2, Tj ◦ T j = Id, j = 1, 2,(2.10)

represented by
F = T ◦ (T ◦ F ) = (F ◦ T ) ◦ T.

Also, (2.10) yields

F
−1 = T−1

1 ◦ F ◦ T1 = T2 ◦ F ◦ T−1
2 .(2.11)

In light of (2.8) and (2.10) we say that a conformal mapF is reversibleif
(2.8) or (2.10) holds.

Lemma 2.6. LetF : ξ → λξ+O(2) be a non-linearizable conformal map.
If λ is not a root of unity, thenF is not conjugate toF

−1
by any conformal

mapT (z) = µz +O(2) with |µ| /= 1.
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Proof. Assume for the sake of contradiction thatF
−1 = T ◦ F ◦ T−1 with

T given in the lemma. LetU be the formal map satisfying (2.5). Then (2.9)
implies thatU ◦T ◦U−1 = Rµ. SubstitutingF

−1
, T−1 forF, T if necessary,

one obtains

U
−1(µξ) = T (U−1(ξ)), |µ| > 1.

It is clear thatU
−1

is majorized byU∗(ξ) = ξ + O(2), whereU∗ is the
formal solution to

U∗(|µ|ξ) = T̂ (U∗(ξ))

with

T̂ (ξ) = |µ|ξ +
∑
j>1

|Tj |ξj .

Note thatU∗◦T ◦U∗−1(ξ) = |µ|ξ. A theorem of Koenigs [10] says thatU∗,
and henceU , converges. The contradiction yields the proof of the lemma.

��

Proposition 2.7. Letϕ be a real analytic area-preserving map defined by
(1.1)-(1.2) in whichλ is not a root of unity. LetF (ξ) be the first component
ofϕ(ξ, 0). Consider the statements: (i)ϕ is weakly reversible. (ii)F−1

and
F are conjugate by a convergent transformation. (iii)IF is nonempty. (iv)
C ′
F is nonempty. Then (i) implies (ii), while (ii)-(iv) are equivalent.

Proof. LetU be the formal map satisfying (2.5).
(i) ⇒ (ii) This follows from (2.3) andG = F .
(ii) ⇒ (iii) Assume thatF

−1 = T ◦ F ◦ T−1 for a convergent transfor-
mationT . Then (2.9) implies thatU ◦ T ◦ U−1 = Rµ. If |µ| = 1, thenT
is contained inIF . If |µ| /= 1, Lemma2.6 says thatU converges. ThenIF
contains allU

−1 ◦Rµ ◦ U for |µ| = 1.
(iii) ⇒ (iv) It is trivial.
(iv) ⇒ (ii) Assume thatU

−1 ◦Rµ ◦ U is convergent. FromF = U−1 ◦
Rλ ◦ U it follows that

F
−1 = U

−1 ◦Rλ ◦ U = (U−1 ◦Rµ ◦ U) ◦ F ◦ (U−1 ◦Rµ ◦ U)−1.

ThusF
−1

andF are conjugate. ��

Now, Theorem1.1 follows from Theorem1.2, Proposition2.7, and
Lemma3.2 of the next section.
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3 Reality conditions

In this section we shall complete the reduction from Theorem1.1 to Theo-
rem1.2.

Consider holomorphic maps (1.1)-(1.2), which preserve the totally real
spaceR2 : η = ξ. Given a holomorphic functionf(ξ, η) with f(0) = 1,
decompose

f(ξ, η) = f+(ξ, η) + f−(ξ, η), f+(0) = 1, f−(0) = 0(3.1)

with

f+ = (f(ξ, η) + f(η, ξ))/2, f− = (f(ξ, η) − f(η, ξ))/2.

Notice thatf+, f− are uniquely determined by the conditions

f
+(ξ, η) = f+(η, ξ), f+(0) = 1;(3.2)

f
−(ξ, η) = −f−(η, ξ), �{f−(0)} = 0.(3.3)

Now (1.2) becomes

g(ξ, η) = f+(ξ, η) − f−(ξ, η).(3.4)

Lemma 3.1. Letf− be a holomorphic function satisfying(3.3). Then there
exists a unique holomorphic functionf+ satisfying(3.2) such that(1.1),
(3.1)and(3.4)defineaholomorphic symplecticmappreservingR2 : η = ξ.

Proof. Consider a holomorphic mapϕ given by (1.1)-(1.2). Put

f(ξ, η) = 1 + f̂(ξ, η), g(ξ, η) = 1 + ĝ(ξ, η).

For brevity, denotêf, ĝ by f, g, respectively. The identitydet ∂ϕ
∂(ξ,η) = 1 is

equivalent to

f + ξfξ + g + ηgη = ξηfηgξ − (f + ξfξ)(g + ηgη).

By (3.1) and (3.4) one gets the functional equation

2f+ + ξf+
ξ + ηf+

η = ηf−
η − ξf−

ξ − (f + ξfξ)(g + ηgη) + ξηfηgξ.

(3.5)

One needs to prove that (3.5) has a unique convergent solutionf+ satisfying
(3.2) withf+(0) = 0.

In homogeneous terms, (3.5) can be rewritten as

(2 + k)[f+]k = η[f−
η ]k−1 − ξ[f−

ξ ]k−1(3.6)

−
∑

i+j=k;i,j>0

([f + ξfξ]i · [g + ηgη]j − [ηfη]i · [ξgξ]j).
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This shows that givenf− there exists a unique formal solutionf+ to (3.5)
with f+(0) = 0.

Next, we want to show that the formal power seriesf+ satisfiesf
+(ξ, η)

= f+(η, ξ). We have[f−]1(ξ, η) = aξ − aη. From (3.6) it follows that
[f+]1(ξ, η) = −1

3(aη+aξ).Hence,[f+]1(ξ, η) = [f+]1(η, ξ). Assume for
induction that[f+]j(ξ, η) = [f+]j(η, ξ) holds forj < k. Then

[g]j(ξ, η) = [f ]j(η, ξ) = [f+]j(ξ, η) − [f−]j(ξ, η).

Note thatf(ξ, η) = g(η, ξ) implies that

(f ξ)(ξ, η) =
∑

βgαβη
αξβ−1 = gη(η, ξ), (ηgη)(η, ξ) = ξ(gη(η, ξ)).

Conjugating (3.6) yields

(2 + k)[f+]k(ξ, η)

= η[f−
η ]k−1(ξ, η) − ξ[f−

ξ ]k−1(ξ, η)

−
∑

i+j=k;i,j>0

([f + ξf ξ]i · [g + ηgη]j − [ηfη]i · [ξgξ]j)(ξ, η)

= −η[f−
ξ ]k−1(η, ξ) + ξ[f−

η ]k−1(η, ξ)

−
∑

i+j=k;i,j>0

([g + ηgη]i · [f + ξfξ]j − [ξgξ]i · [ηfη]j)(η, ξ)

= (2 + k)[f+]k(η, ξ).

Finally, we need to show the convergence off+. Put

h±(ξ, η) =
∑
k>0

(k + 2)
∑

α+β=k

|f±
αβ |ξαηβ.

Obviously, we have

ηf±
η − ξf±

ξ ≺ h±; f + ξfξ, g + ηgη, ηfη, ξgξ ≺ h+ + h−.

Now (3.6) yields
h+ ≺ h− + 2(h+ + h−)2.

Thush+ is majorized by the convergent solutionw = w(ξ, η) to

w = h−(ξ, η) + 2(w + h−(ξ, η))2, w(0) = 0.

Therefore,h+, and hencef+, is convergent. This prove the lemma. ��
We now show the following realization lemma, by which the reduction

from Theorem1.2 to Theorem1.1 is complete.
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Lemma 3.2. Let p(ξ) be a holomorphic function withp(0) = 1. There
exists a unique holomorphic functionq(ξ) with q(0) = 0 such thatξ →
λξp(ξ) is the first component ofϕ(ξ, 0), whereϕ is the area-preservingmap
corresponding tof−(ξ, η) = q(ξ)−q(η). Furthermore, the first component
of ϕ̃(ξ, 0) is the same as that ofϕ(ξ, 0), if ϕ̃ is the real analytic area-
preservingmapcorresponding toq(ξ)−q(η)+ξηh(ξ, η)withhaconvergent
power series satisfyingh(ξ, η) = −h(η, ξ).
Proof. Following the notations in the proof of Lemma3.1, put f = 1 +
f̂ , g = 1 + ĝ. For brevity, denotêf, ĝ by f, g. Settingη = 0 in (3.5) yields
the functional equation

(3.7) 2f+(ξ, 0) + ξf+
ξ (ξ, 0) = −ξf−

ξ (ξ, 0) − {f+(ξ, 0) + f−(ξ, 0)

+ ξ(f+
ξ (ξ, 0) + f−

ξ (ξ, 0))} · {f+(ξ, 0) − f−(ξ, 0)}.
One sees that the coefficients off+(ξ, 0) are determined uniquely by
f−(ξ, 0), i.e.,ϕ̃(ξ, 0) = ϕ(ξ, 0).

Let p(ξ) = 1 + p̃(ξ) be a holomorphic function with̃p(0) = 0. One
readily sees that there exists a unique holomorphic solutionq to

−2q(ξ) + 2p̃(ξ) + ξp̃′(ξ) = −(p̃(ξ) + ξp̃′(ξ))(p̃(ξ) − 2q(ξ)).(3.8)

Putf−(ξ, η) = q(ξ) − q(η) andk(ξ) = p̃(ξ) − q(ξ). Applying the substi-
tutions

q(ξ) = f−(ξ, 0), p̃(ξ) = k(ξ) + f−(ξ, 0)

to (3.8), one gets

2k(ξ) + ξkξ(ξ) = −ξf−
ξ (ξ, 0) − {k(ξ) + f−(ξ, 0)

+ ξ(kξ(ξ) + f−
ξ (ξ, 0))} · {k(ξ) − f−(ξ, 0)}.

Comparing with (3.7), one sees thatk(ξ) is the unique solutionf+(ξ, 0) to
(3.5). This shows thatf+(ξ, 0) = k(ξ) = p̃(ξ)−q(ξ). Therefore,f(ξ, 0) =
p(ξ) as desired. ��

Note that the claim in the introduction, that the Birkhoff fixed-point the-
orem and Moser invariant curves are still applicable to some non-reversible
area-preserving maps, follows from Proposition2.7, Lemma3.2, and The-
orem1.2 also.

Anticipating the proof of Theorem1.2 in Sect.5 let us record here an
argument. Take a conformal mapF : ξ → λξp(ξ) which is not conjugate

toF
−1
. Lemma3.2 says that there exists a holomorphic functionq(ξ) with

q(0) = 1 such thatF is the first component ofϕc(ξ, 0), whereϕc is the real
analytic area-preserving map corresponding to

f−(ξ, η) = q(ξ) − q(η) + icξη, c ∈ R.
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Proposition2.7 implies thatϕc is not weakly reversible. Write

f−(ξ, η) = aξ + bξ2 + icξη − aη − bη2 +O(3).

Returning to (3.6) one readily sees that[f+]1, [f+]2 are independent of
c. Hence,f(ξ, η) = 1 + icξη + . . . , where the omitted terms are either
independent ofc or of order> 2. Now a straightforward computation shows
thatΛ(ξη) in the Birkhoff normal form (2.1) has the expansionΛ = λ +
(ic+ c̃)ξη+O(|ξη|2),wherec̃ depends only ona, b, a, b. Foric+ c̃ /= 0,ϕc
is not formally linearizable, i.e., it is an area-preserving map with a general
elliptic fixed point at the origin. Therefore, the Birkhoff fixed-point theorem
and Moser invariant curves are applicable toϕc for ic+ c̃ /= 0.

4 Estimates of periodic orbits and eigenvalues

In this sectionwe shall establish the existence of periodic orbits and estimate
the eigenvalues of conformal maps under suitable conditions. The method
in this section was used previously byMoser [13] who showed the existence
of hyperbolic and elliptic periodic orbits of general elliptic area-preserving
maps. See also a paper of Zehnder [24] for the homoclinic points of such
maps.

Set

an = (a2, . . . , an), a+
n = (a2, . . . , ân+1, . . . , a2n),

a = (a2, a3, . . . ), dn = dn(λ) =
(

1
λ− λ2 , . . . ,

1
λ− λn

)
,

d+
n = d+

n (λ) =

(
1

λ− λ2 , . . .
1̂

λ− λn+1 , . . .
1

λ− λ2n

)
,

In = {i; 2 ≤ i ≤ 2n, i /= n+ 1}, δn = δn(λ) = min
k∈In

{|λ− λk|}.

LetF be the set of conformal mappings

F (z) = λz +
∑
k>1

akz
k, λk /= 1, |ak| < 1, k = 2, 3, . . . .(4.1)

For eachF ∈ F there exists a unique polynomial

Un = z +
2n∑
k=2

ukz
k, un = 0(4.2)

such thatFn(z) = Un ◦ F ◦U−1
n (z) = λz +An,1zn+1 +O(2n+ 1). Note

that
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uk =
1

λ− λk
{ak + u∗

k(ak−1, u2, . . . , uk−1, λ)}

=
1

λ− λk
{ak + ũk(ak−1,d+

n , λ)},(4.3)

whereu∗
k, ũk are polynomials of integer coefficients. Thus

Fn : z1 = λz +An,1z
n+1 +Bn,1z

2n+1 + En,1(z),(4.4)

An,1 = an+1 + ãn(an), Bn,1 = a2n+1 + ã2n+1(a+
n ),(4.5)

En,1(z) = z2n+2E′
n,1(z,a).(4.6)

Note that for (4.4) tohold it suffices thatδn(λ) /= 0. Thiswill beused later
on. Note also that̃an(a), ã2n+1(a+

n ), andE′
n,1(z,a) depend onλ andd+

n

also. For simplicity, such dependence will not be expressed within formulae
unless an emphasis is needed.

Lemma 4.1. LetD(r) = {z ∈ C||z| < r}. There existsdn > 1 such that
if n > 16 andF ∈ F , then

F,Un, U
−1
n : D(r) → D((3/2)

1
n r), r ≤ 8δdn

n .(4.7)

Proof. Note that

δn ≤ 2 sin(π/n) < 2π/n < 1/2, n > 16.

SinceF ≺ z/(1 − z), it is clear that (4.7) holds forF if dn is sufficiently
large. From (4.3) it follows that

Un(z) ≺ z + δkn(z
2 + · · · + z2n) ≺ z + δkn

z2

1 − z

for a largek. This shows that (4.7) holds forUn for sufficiently largedn.
One has

U−1
n (z) = z − Un(U−1

n (z)) + U−1
n (z).

Hence,U−1
n ≺ U∗

n for

U∗
n(z) = z + δkn

U∗
n

2(z)
1 − U∗

n(z)
.

Clearly, (4.7) holds forU∗
n for some largedn. This shows that (4.7) is valid

for some largedn. ��
PutD∞ = D(1) ×D(1) . . . . For a functionf(z,a), define

‖f‖D(r)×D∞ = sup{|f(z,a)|; z ∈ D(r),a ∈ D∞}.
Note thatE′

n,1(z, a) given in (4.6), for instance, depends onλ. Thus, the
norm‖E′

n,1‖D(r)×D∞ depends onλ also.
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Lemma 4.2. LetF be given by(4.1) with δn(λ) /= 0, andFn be given by
(4.4)-(4.6). The iteratezk = F kn (z) can be expressed as

zk = λkz +An,kz
n+1 +Bn,kz

2n+1 + En,k(z), 1 ≤ k ≤ n(4.8)

with

An,k ≡ An,k(a) = λk−1 1 − λnk

1 − λn
An,1(a)(4.9)

= kλk−1An,1(a) + (1 − λn)Ãn,k(a),(4.10)

Bn,k ≡ Bn,k(a) = kλk−1Bn,1(a)(4.11)

+ (n+ 1)
k(k − 1)

2
λk−2A2

n,1(a),

En,k = z2n+1(zE′
n,k(z,a) + (1 − λn)E′′

n,k(z,a))(4.12)

and

‖(An,k, Ãn,k, Bn,k)‖D∞ ≤ δ−d
′
n

n ,

‖(E′
n,k, E

′′
n,k)‖D(δdn

n )×D∞ ≤ δ−d
′
n

n

(4.13)

for somed′
n > dn.

Proof. By (4.7) one knows thatF kn mapsD(2δdn
n ) into D(4δdn

n ) for 1 ≤
k ≤ n. The Cauchy inequality implies that

‖An,1‖D∞ ≤ 4δdn
n /(2δ

dn
n )n+1 < δ−d

′
n

n

for some larged′
n. One can get similar estimate forBn,1 for a possibly larger

d′
n. Note that

1 − λjn = (1 − λn)
j−1∑
i=0

λin,

1 − λnk

1 − λn
− k = −(1 − λn)

k−1∑
j=1

j−1∑
i=0

λin.

From (4.9) we see that

Ãn,k = −λk−1An,1

k−1∑
j=1

j−1∑
i=0

λin.

Thus
‖Ãn,k‖D∞ ≤ (k − 1)2‖An,1‖D∞ .
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TakeE′′
n,1 = 0. Now (4.4) and (4.7) yield

(2δdn
n )(2n+2)‖E′

n,1‖D(2δdn
n )×D∞ = ‖En,1‖D(2δdn

n )×D∞(4.14)

≤ 1 + ‖An,1‖D∞ + ‖Bn,1‖D∞ ≤ δ−d
′
n

n

for some larged′
n. Thus we obtain (4.9)-(4.13) fork = 1.

For induction, we assume that (4.9)-(4.13) hold and then prove that they
hold for a possibly largerd′

n whenk is in place ofk + 1(≤ n). Start with

zk+1 = λ(λkz +An,kz
n+1 +Bn,kz

2n+1)(4.15)

+An,1(λkz +An,kz
n+1)n+1 +Bn,1(λkz)2n+1

+ z2n+1(zẼ′
n,k+1(z,a) + (1 − λn)Ẽ′′

n,k+1(z,a)),

whereE′
n,k+1 andẼ

′′
n,k+1 are polynomials in

λ, z, Ãn,1, Bn,1, Ãn,k, Bn,k, E
′
n,k(z,a), E′′

n,k(z,a), E′
n,1(zk,a)(4.16)

with integer coefficients. Note thatF kn mapsD(δdn
n ) intoD(2δdn

n ). Hence,
(4.14) implies that

‖E′
n,1(zk(·, ··), ··)‖D(δdn

n )×D∞ ≤ δ−d
′
n

n

for some larged′
n. Thus,Ẽ

′
n,k+1 andẼ

′′
n,k+1 satisfy (4.13) for some large

d′
n. By (4.9), the coefficient ofz

n+1 on the right-hand side of (4.15) equals

λAn,k +An,1λ
k(n+1) = λk

1 − λnk

1 − λn
An,1 + λ(n+1)kAn,1,

which isAn,k+1, defined by (4.9) withk + 1 in place ofk. The coefficient
of z2n+1 of the combined first3 terms on the right-hand side of (4.15) is

λBn,k + λkBn,1 + (n+ 1)An,kAn,1 + (1 − λn)B̃n,k+1

= (k + 1)λkBn,1 + (n+ 1)
k(k + 1)

2
λk−1A2

n,1

+ (n+ 1)(1 − λn)Ãn,kAn,1 + (1 − λn)B̃n,k+1,

(4.17)

whereB̃n,k+1 is a polynomial inλ, z, Ãn,k,Bn,k, andBn,1. Note that (4.17)
is obtained by using (4.10) and (4.11). Obviously, the two terms in (4.17)
becomeBn,k+1, as defined by (4.11), while the remaining two terms are
absorbed intoẼ′′

n,k+1. One readily sees (4.12) withE′
n,k+1, E

′′
n,k+1 be-

ing polynomials in quantities (4.16) with integer coefficients. AlsoAn,k+1,
Ãn,k+1, andBn,k+1 are polynomials in (4.16). This proves (4.13) withk+1
in place ofk. The lemma is proved by induction. ��
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Note that

An ≡ An,n = λn−1 1 − λn
2

1 − λn
An,1 = nλAn,1 + (1 − λn)Ãn,

Bn,n = Bn + (1 − λn)B̃n

for

Bn = nλBn,1 +
n(n2 − 1)

2
λ

2
A2
n,1.

RewriteUn ◦ Fn ◦ U−1
n as

Fnn : zn = λnz +Anz
n+1 +Bnz

2n+1 + En(z)(4.18)

with

En(z) = z2n+1(zE′
n(z,a) + (1 − λn)E′′

n(z,a)).(4.19)

The estimates (4.13) then read

‖(An, Bn)‖D∞ ≤ δ−d
′
n

n , ‖(E′
n, E

′′
n)‖D(δdn

n )×D∞ ≤ δ−d
′
n

n(4.20)

for some larged′
n, which is now fixed.

Corollary 4.3. There existsd′′
n > d′

n such thatF has no periodic orbit in

the deleted diskD∗(δd
′′
n
n ) with period smaller thann.

Proof. From (4.18)-(4.20) it follows that for1 ≤ k < n

|F kn (z) − z| ≥ |z|(|λk − 1| − 5δ−d
′
n

n |z|n) ≥ |z|(δn − 5δ−d
′
n

n |z|n).

Hence,F kn , k = 1, . . . , n − 1 have no fixed point inD∗(δd
′′
n
n ) for some

d′′
n > d

′
n. ��

Proposition 4.4. Let {εk}∞
k=1 be a decreasing sequence with0 < εk < 1.

LetF,Un, Fn, Fnn be given by(4.1), (4.2), (4.4), and(4.18), respectively.
Assume that forFn

|An| = |An(λ,a)| > εn+1.(4.21)

There existsd′′′
n > 2d′′

n such that forrn = ε
1
n
n+1δ

d′′′
n
n , all periodic points of

F in the deleted diskD∗(2rn) with period at mostn form a single orbit in
D∗(rn) with periodn, provided

0 < |1 − λn| < ε2n+1

2n+1 δ
nd′′′

n
n .(4.22)
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Proof. For d′′′
n > 2d′′

n, Corollary4.3 says thatF has no periodic point in
D∗(4rn) of period smaller thann. To find periodic orbits with periodn, we
use (4.18) to rewritezn − z = 0 as

Anz
n +

λn − 1
1 + s(z)

= 0(4.23)

with

s(z) =
Bnz

n + zn+1E′
n + (1 − λn)znE′′

n

An
.

By (4.20) and (4.21), there existsd′′′
n > 2d′′

n, independent ofεn+1, such that

|s(z)| < 1/2, |z| = 4rn.

Now (4.21) and (4.22) imply that

|Anzn||z|= 1
2 rn

>
ε2n+1

2n
δnd

′′′
n

n > 2|λn − 1| >
∣∣∣∣ λn − 1
1 + s(z)

∣∣∣∣
|z|=4rn

.

By Rouch́e’s theorem, (4.23) has no solution inD(4rn) \D(1
2rn) and has

n solutions inD(1
2rn), counted with multiplicities. Obviously, all these

solutions are nonzero. Letp̃n be one of such solutions. Corollary4.3 implies
thatF kn (p̃n), k = 0, 1, . . . , n− 2 are distinct. Therefore, the fixed points of
Fnn inD∗(4rn) form one single orbit inD∗(1

2rn). From (4.7) it follows that
the periodic points ofF in D∗(2rn) of period at mostn form one single
orbit inD∗(rn) with periodn. ��
Proposition 4.5. Let notations and assumptions in Proposition4.4 be kept.
Assume further that∣∣∣∣n2 + n− 2�

(
nBn
A2
n

)∣∣∣∣ > ε2n+1δ
2d′

n
n .(4.24)

There existsd′′′′
n > d′′′

n such that if

0 < |1 − λn| < (ε4n+1ε2n+1δ
d′′′′

n
n

)n
(4.25)

the eigenvalueγn of the periodic orbit in Proposition4.4 satisfies

||γn|2 − 1| > 1
32π2 ε2n+1δ

2d′
n

n |1 − λn|2.(4.26)

Proof. Let pk = Un(p̃k), k = 1, . . . , n be the single orbit ofF in D∗(rn).
Setz = p̃n. Fromzn = z and (4.18) it follows that

zn =
1
An

(1 − λn −Bnz
2n − z−1En(z)).(4.27)



292 X. Gong

The eigenvalue of the periodic orbit, obtained by differentiating (4.18),
equals

γn = λn + (n+ 1)Anzn + (2n+ 1)Bnz2n + ∂zEn(z)

= 1 + n(1 − λn) + nBnz
2n − (n+ 1)z−1En(z) + ∂zEn(z)

= 1 + n(1 − λn) +
nBn
A2
n

(1 − λn)2 + γ̃n,(4.28)

in which the last two identities are derived by using (4.27) twice, while

γ̃n =
nBn
A2
n

(2(λn − 1)(Bnz2n + z−1En(z)) + (Bnz2n + z−1En(z))2)

− (n+ 1)z−1En(z) + ∂zEn(z).

The Cauchy inequality yields

|∂zEn(z)| ≤ ‖En‖D(2|z|)×D∞/|z| ≤ 22n+1|z|2n(2|z| · ‖E′
n‖D(2|z|)×D∞

+ |1 − λn| · ‖E′′
n‖D(2|z|)×D∞) ≤ δ−d

′′′′
n

n |1 − λn|2+ 1
n

for some larged′′′′
n . The norms of the remaining terms inγ̃n can be bounded

from above in a simpler way, except that|An| is bounded from below by
using (4.21). Thus, for some positived′′′′

n one has

|γ̃n| ≤ ε−2
n+1δ

−d′′′′
n

n |1 − λn|2+ 1
n .(4.29)

We need to compute|γn| more explicitly. For a real numberx, denote
by {x} the closest integers tox (and the smaller one if there are two such
integers). Put

λ = ei2πα, nα = {nα} + αn.

By (4.22) we know that0 < |αn| < 1
4 . Consequently, one has

√
2π|αn| < |1 − λn| < 4π|αn|.(4.30)

Also

1 − λn = 1 − eiαn = −iαn +
1
2
α2
n +R3(αn), |R3(αn)| ≤ 4α3

n.

Thus (4.28) yields

γn = 1 − inαn +
(
n

2
− nBn
A2
n

)
α2
n + γ̂n

with

γ̂n = γ̃n+nR3(αn)+
nBn
A2
n

((
1
2
α2
n +R3(αn)

)2

− iαn(α2
n + 2R3(αn))

)
.
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Finally, we arrive at

|γn|2 − 1 =
(
n− 2�

(
nBn
A2
n

))
α2
n + 2�γ̂n

+
∣∣∣∣−inαn +

(
n

2
− nBn
A2
n

)
α2
n + γ̂n

∣∣∣∣
2

=
(
n2 + n− 2�

(
nBn
A2
n

))
α2
n + h′′

n ≡ h′
n + h′′

n.(4.31)

To estimateh′′
n, note that by (4.30) one has|αn| ≤ |1 − λn|. Using (4.20),

(4.21), and(4.29), one gets

|h′′
n| ≤ 1

ε4n+1
δ−d̃

′′′′
n

n |1 − λn|2+ 1
n

for some largẽd′′′′
n . Combining (4.24) and (4.30)-(4.31) yields

||γn|2 − 1| ≥ |h′
n| − |h′′

n| ≥ 1
16π2 ε2n+1δ

2d′
n |1 − λn|2

− δ−d̃
′′′′
n

n |1 − λn|2+ 1
n >

1
32π2 ε2n+1δ

2d′
n

n |1 − λn|2,

provided (4.25) holds for some larged′′′′
n , which is now fixed. ��

5 Periodic orbits of conformal maps

In this section, we shall find hyperbolic or elliptic periodic orbits of real ana-
lytic area-preserving maps in the complexified space. The hyperbolic orbits
will serve as the obstruction to the reversibility of area-preserving maps,
while the elliptic orbits will show certain symmetry in respect to the central-
izers of the associated conformal maps of certain reversible area-preserving
maps. The symmetric periodic orbits of a general elliptic reversible map in
the real space were known to Birkhoff [5].

Proposition 5.1. LetF : z → λz + O(2) be a conformal map withλ not
a root of unity. Suppose that the functional equation(1.3) has a convergent
solution. Assume that there existκ > 1 and a sequence of positive numbers
rj → 0 such that the deleted diskD∗(rj) contains all periodic orbits ofF in
D∗(κrj)with periodnj . Then there existsj0 such that forj > j0,F has the
same number of repelling periodic orbits of periodnj as that of attracting
periodic orbits inD∗(rj) of periodnj .
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Proof. Wemay assume thatF is not linearizable near the origin. Otherwise,
the proposition is trivial sinceF has no periodic points near the origin.

Returning to the functional equation (1.3), we assume that it has a con-
vergent solutionT (z) = µz+O(2). SinceF is not linearizable, Lemma2.6
says that|µ| = 1. In particular, there existsj0 such thatT sendsD(rj) into
D(κrj) for j > j0. Fix j > j0. Assume for the sake of contradiction that in
D(rj),F hass repellingperiodicorbitsO1, . . . , Os ofperiodnj andtattract-
ing periodic orbits of periodnj with s > t. Takepk in Ok for k = 1, . . . , s.
From (1.3) it follows thatT (pk) is a periodic point ofF

−1
with periodnj ,

of which the full orbit is contained inD(κrj). This implies thatw = T (pk)
is a periodic point ofF in T (D(rj)) ⊂ D(κrj) with periodnj . Now (1.3)

yields (F−nj )′(w) = (Fnj )′(pk), i.e., (F−nj )′(w) = (Fnj )′(pk). There-
fore,T (p1), . . . , T (ps) are attracting periodic points ofF with periodnj , of
which the full orbits are contained inD(κrj). Sinces > t, two of the attract-
ing periodic points must be in the same orbit. Thus,Fm(T (pk)) = T (pl)
for somem andk /= l. We haveF

m(T (pk)) = T (pl). Now (1.3) yields
T (pk) = (T ◦ F ◦ T−1)m(T (pl)), i.e.,pk = Fm(pl). This contradicts that
pk, pl are in different orbits. The proposition is proved. ��

By Proposition5.1, Theorem1.2 follows from the following.

Theorem 5.2. Let ε1, ε2, . . . be a sequence of positive numbers. Given a
conformal mapz → λz +

∑
n>1 anz

n with |an| < 1, there existsG(z) =
λ̂z+

∑
n>1 ânz

n with λ̂ not a root of unity,|λ̂−λ| < ε1, and|ân−an| ≤ εn
forn > 1 such that all periodic points in the deleted diskD∗(2rnj ) of period
nj form one single hyperbolic periodic orbit inD∗(rnj ).

Proof. Fix λ, a2, a3, . . . with |an| < 1. Replacingεn by smaller positive
numbers if necessary, one may assume that{εn}∞

n=1 decreases and0 <
εn < 1, and that|ân| < 1 if |ân − an| ≤ εn.

Consider positive integersm0, nj andlj with

nj = 3lj , lj+1 > 4lj .(5.1)

Put

α = α′
nj

+α′′
nj
, α′

nj
=
m0

n0
+
∑
i≤j

1
ni
, α′′

nj
=
∑
i>j

1
ni
,

λn = e2πiα′
n , λ̂ = e2πiα.

(5.2)

Clearly, (5.1) implies that

0 < αnj ≡ α− {njα} = njα
′′
nj
<

2nj
nj+1

.(5.3)
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Put
kα′

nj
= {kα′

nj
} + αnj ,k.

It is clear that
|αnj ,k| ≥ 1/nj , 0 < k < nj .

Hence, (5.3) andnj+1 > 4nj imply that

|αnj ,k| = |αnj ,k−nj
+ αnj | >

1
2nj

, nj < k < 2nj .

Now (4.30) yields

δnj = δnj (λ̂) = min
0<k(/=nj)<2nj

{|1 − λ̂k|} > 1
2nj

.(5.4)

In particular,λ̂ is not a root of unity.
While nj still need to determined, we put

ân = an, n /= nj + 1, 2nj + 1.

We shall determine the triples{anj+1, a2nj+1, lj+1} recursively for0 ≤
j < ∞.

Fixm0, l0 > 2 such that for̂λdefinedby (5.2), the inequality|λ̂−λ| < ε1
always holds. Noŵak = ak, k ∈ In0 have been determined. Put

Gn(z) = λnz +
∑
n∈In

ânz
n +

∑
1<n �∈In

anz
n

for n = n0. Take the unique polynomialUn0(z) of the form (4.2) such that

Un ◦Gn ◦ U−1
n (z) = λnz +An,1z

n+1 +Bn,1z
2n+1 +O(|z|2n+2)

holds forn = n0. By (4.5) one has

An,1 = an+1 + b̃n+1(ân,dn, λn), Bn,1 = a2n+1 + b̃2n+1(â2n,d+
n , λn)

for n = n0, whereb̃n, b̃2n+1 are polynomials of integer coefficients. Note
thatλnn = 1. Returning to (4.18), one sees thatUn ◦Gnn ◦ U−1

n is given by

zn = z +Anz
n+1 +Bnz

2n+1 + En(z)

with

An = nλnan+1 + nλnb̃n+1(ân,dn, λn),(5.5)

Bn = nλna2n+1 +
n(n2 − 1)

2
λ

2
nA

∗2
n + nλnb̃2n+1(â2n,d+

n , λn)(5.6)

for n = n0, whereAn, Bn are polynomials with integer coefficients satis-
fying estimates (4.20).
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First, we choosêan0+1 as follows. Put̂an0+1 = an0+1 if

|An0(ân0 , an0+1,dn, λn0 , λn0)| > εn0+1,

and put̂an0+1 = an0+1 + εn0+1 otherwise. In the latter case, (5.5) implies
that

|An(ân+1,dn, λn, λn)| > εn+1(5.7)

for n = n0. This shows that in either case, we have (5.7).
Next, we put̂a2n0+1 = a2n0+1 if∣∣∣∣n2

0 + n0 − 2�
(
n0Bn0

A2
n0

)∣∣∣∣ > ε2n0+1δ
2d′

n0
n0 ,

and put

â2n0+1 = a2n0+1 + λn0ε2n0+1
A2
n0

|An0 |2
(5.8)

otherwise. Then in the latter case, (5.6) and (5.8) imply that

Bn0(â2n0+1, ·) = Bn0((â2n0 , a2n0+1), ·) + n0ε2n0+1
A2
n0

|An0 |2
.

Hence∣∣∣∣n2
0 + n0 − 2�

(
n0Bn0

A2
n0

)∣∣∣∣ ≥ ε2n0+1
2n2

0
|An0 |2

− ε2n0+1δ
2d′

n0
n0 .

Using (4.20) one obtains∣∣∣∣n2 + n− 2�
{
nBn(â2n+1,d+

n , λn, λn)
A2
n(ân+1,dn, λn, λn)

}∣∣∣∣ > ε2n+1δ
2d′

n
n(5.9)

for n = n0. This shows that (5.9) holds forn = n0 in either case.
Note that withn = n0 inequalities (5.7) and (5.9) involveλn0 . Choose

largelj0+1 such that (5.7) and (5.9) remain truewhenλn(n = n0) is replaced
by λ̂ of the form (5.2). Recursively, one finds alllj , ânj such that (5.7) and

(5.9), for whichλn is replaced bŷλ, hold for alln = nj . In fact, we should
choose a possibly largerlj0+1 such that

|1 − λ̂n| < (ε4nε2n+1δ
d′′′′

n
n (λ̂)

)n
(5.10)

holds forn = n0 also. To achieve (5.10), note that (4.30) and (5.3) yield

|1 − λ̂nj | < 4παnj <
8πnj
nj+1

.
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On the other hand, (5.4) gives us[
ε4nj
ε2nj+1δ

d′′′′
nj
nj (λ̂)

]nj

>

[
ε4nj
ε2nj+1(

1
2nj

)d
′′′′
nj

]nj

.

Obviously, whennj+1 is large in relative tonj , (5.10) holds forn = nj .
With (5.7), (5.9), and (5.10), we apply Proposition4.5 toG = limj→∞

Gnj . From (4.26) it follows that all the periodic orbits ofG inD∗(rnj )with
periodnj are hyperbolic. Thus, we have determinedλ̂ andG. The proof of
Theorem5.2 is complete. ��

To prove Theorem1.3, we need the following

Lemma 5.3. There exists a constantL > 1 such that for

H(z) = z +
∑
n>1

cnz
n, |cn| < 1, n > 1,(5.11)

one has

H ◦H−1(z) = z +
∑
n>1

anz
n,(5.12)

an = cn − cn + ãn(cn−1, cn−1), |an| < Ln,(5.13)

wherecn−1 = (c2, . . . , cn−1), and ãn are polynomials of integer coeffi-
cients.

Proof. The existence of polynomial̃an in (5.13) is clear. We now estimate
an. One has

H(z) − z ≺ z2

1 − z
.

SinceH
−1(z) = z−H ◦H−1(z)+H−1(z), thenH−1(z)−z ≺ K(z)−z

for

K = z +
K2

1 −K
, K(0) = 0.

Thus

H ◦H−1(z) ≺ K(z)
1 −K(z)

,

in which the right-hand side is a convergent power series independent ofH.
Therefore, there existsL > 1 such that|an| < Ln for n > 1. ��
Proof of Theorem1.3.We should consider set ofF ∈ F of the form

F = T1 ◦ T2, T1 = Rλ, T2 = RL2 ◦H ◦H−1 ◦RL−2 ,(5.14)
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whereH, of the form (5.11), is to be determined. It is clear thatT2◦T 2 = Id.
Hence,

Rλ ◦ F ◦Rλ = F
−1
.(5.15)

Note that Lemma5.3 implies that the coefficients ofF = FH , given by
(5.14), have the form

an = λ
cn − cn
L2n−2 + a∗

n(cn−1, cn−1), |an| < 1,(5.16)

wherea∗
n are polynomials incn−1, cn−1.

The argument for the existence of periodic points in the proof of The-
orem 5.2 can be modified as follows. Fixc2, c3, . . . with |ck| < 1 and
defineH by (5.11). Take a decreasing sequence of positive numbersε̃n with
0 < ε̃n < 1 such that|ĉn − cn| ≤ ε̃n implies that|ĉn| < 1. Put

εn =
ε̃n

L2n−2 .

Then{εn} is a decreasing sequence with0 < εn < 1, which is applicable
to Proposition4.4. Recursively, by choosinĝcn = cn or ĉn = cn + iε̃n for
the sequencen = nj in the proof of Theorem5.2, one obtains inequality
(5.7) in the form

|An(ân+1,dn, λn, λn)| > ε̃n+1

L2n−2 = εn+1,

in which ân+1 is determined bŷc2, . . . , ĉn+1 via (5.16). This gives us (4.21)
for the above specific sequence{εn}. Let F̂ be the conformal map (5.14)
corresponding tôH(z) = λ̂z+

∑
k>1 ĉkz

k. By Proposition4.4, one knows
the existence of a single periodic orbit of̂F in D∗(rnj ) with periodnj ,
while no other periodic orbit of the same period exists inD∗(2rnj ). By
Proposition5.1we conclude that all such periodic orbits are elliptic for large
j. We should point out that (4.24), excluded eventually by the conclusion
that the periodic orbits are elliptic, cannot be achieved within such a special
class ofF as in (5.14), since the leading term in (5.16) prevents us to add
an extra term with anarbitrary argument toan via cn as we did in (5.8) for
the general case.

To complete the proof of the theorem, we want to show the symmetry of
the above periodic orbits ofF ≡ F̂ with respect to the centralizers ofF .

Fix G ∈ CF . SinceF has periodic orbits accumulating at the origin,
thenF is not linearizable. Hence,|G′(0)| = 1. By (2.10) and (2.11), Propo-
sition 2.5 implies thatT0 = T 1 = Rλ is in C′

F . From the non-canonical
identification (2.7) one sees thatT = Rλ ◦G is inC′

F , and hence inIF since
|G′(0)| = 1. Using Proposition2.5 again, one gets

F
−1 = T ◦ F ◦ T−1, T ◦ T = Id.
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Choosej0, dependent ofG, such thatT (D(rnj )) is contained inD(2rnj )
for j > j0. Let p1, . . . , pnj be the unique periodic orbit inD∗(rnj ). Then
T (p1), . . . , T (pnj ) form a periodic orbit ofF contained inD(2rnj ), i.e.,
T (p1), . . . , T (pnj ) form a periodic orbit ofF . Thus, the uniqueness of the
periodic orbit implies that{T (p1), . . . , T (pnj

)} = {p1, . . . , pnj}. In other
words,z → T (z) becomes an involution sending the periodic orbit onto
itself. Sincenj = 3lj is odd, the involution fixesat least onepoint in theorbit.
Without loss of generality, one may assume thatT (pnj

) = pnj . Therefore,
G(pnj ) = λpnj

, i.e.,

Γ̃G : G(z) − λz = 0(5.17)

contains a periodic pointpnj of F in D(rnj ) for all j > j0. To reach the
conclusion of the theorem, note that (5.17) is not invariant under a change
of coordinates. Takeµ with µ2 = λ and�µ > 0. Then (5.17) becomes

ΓĜ : Ĝ(z) − z = 0

for Ĝ = Rµ ◦G ◦R−1
µ . However,Ĝ is a centralizer of̂F = Rµ ◦ F ◦R−1

µ ,

and conversely each centralizer ofF̂ is realized in this way. Therefore,̂F
satisfies all the properties stated in Theorem1.3. This completes the proof
of the theorem. ��
Addendum.The author would like to thank R. Peréz-Marco for the follow-
ing observation: LetF (z) = λz + O(2)(|λ| = 1) be a polynomial that
is not linearizable near the origin. By the Fatou’s theory, F has repellors
accumulating at the origin, while it has only finitely many attractors on the
complex plane. From the proof of Proposition 5.1, one then sees that F and
F

−1
are not conjugate near the origin. In particular, ifλ is not a root of unity

and does not satisfy the Bruno condition, a theorem of Yoccoz implies that
F (z) = λz + z2 andF

−1(z) are not conjugate near the origin.
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