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1 Introduction

It has been long observed that area-preserving maps and reversible maps
share similar results. This was certainly known to G.D. Birkhoff [5] who
showed that these two types of maps have periodic orbits near a general
elliptic fixed point. The KAM theory, developed by Kolmogorov-Arnold-
Moser for Hamiltonian systems [9], [1] and area preserving maps [15], has
also been extended a great deal to reversible systems and maps (see [16],
[2], [21]). A natural question is if area-preserving maps and Hamiltonian
systems are reversible.

In this paper we shall prove

Theorem 1.1. There exist non-reversible elliptic real analytic area-preserv-
ing maps with eigenvalues not roots of unity.

We want to mention that the Birkhoff fixed-point theorem and Moser in-
variant curves are applicable to some non-reversible area-preserving maps
constructed in the proof of Theoreinl. In [8], the author proved that
there exist reversible elliptic real analytic maps which admit first-integrals
but cannot be transformed into the Moser-Webster normal form [17] by
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any convergent transformation; consequently, such reversible maps are not
equivalent to area-preserving maps under any real analytic transformation.
Recall that a germ of real analytic mapof R? with ¢(0) = 0 is
reversibleif o1 = 77! for some real analytic involution(72 = Id)
with 7(0) = 0. Note that the proof of Theoreinl will show the existence of
area-preserving maps that are n@aklyreversible in the sense of Arnol'd
and Sevryuk [3]. We should mention thatitis easy to see the non-reversibility
with respect to a given involutive symmetry. Roughly speaking, the periodic
points of a general elliptic area-preserving map which are symmetric with
respect to a given involution would not survive under a small perturbation
of area-preserving maps. To find non-reversible area-preserving maps, we
have to look for the dynamics of area-preserving maps beyond the real space;
namely, we shall seek the obstruction to the reversibility in the complexified
space.
We start our construction with holomorphic symplectic map€éfof
the form

e: & =Xf(Em), 0 =dng(&n),

(1.1)
where\ is not a root of unity, and’, g are holomorphic functions. Here a
holomorphic symplectic map is meant to presetye dn. The holomorphic
mapy (1.1) preserves the totally real spdgé: n = ¢ if and only if

(1.2) 9(&n) = f@,8) = f(n,8).

It turns out that ifp is reversible, there exist convergent solutidnto the
following functional equation

(1.3) F &) =ToFoT Y (¢), T(0)=0,

where the conformal map is the first component &f — ¢ (&, 0).
We shall prove that Theoreinl can be reduced to the following

Theorem 1.2. There exist holomorphic functiod8(§) = \¢ + O(2) with

A not a root of unity such that the conformal mdﬂs?fl are not conjugate
near the origin, i.e.{1.3) has no convergent solutidh.

The proof of Theoreni.2 is based on the observation that, when (1.3)
has a convergent solutidhi, the repelling periodic orbits and attracting
periodic orbits of the same period with comparable distance to the origin
must occur in pairs, if they exist; see Propositioh below for details. The
same observation will also allow us to show the following.
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Theorem 1.3. There exists a conformal mdp(z) = Az + O(2) with A not

a root of unity such tha#’ andF ' are conjugate near the origin, while
for each conformal mag: commuting withF', periodic points ofF, that
are contained in the real analytic cuni&; C C: G(z) —z = 0 and have
eigenvalues of absolute value one, accumulate at the origin.

The functional equation (1.3) resembles the classicak&gmnfunctional
equation

(1.4) Ry=UoFoU™l, Ry =)\,

arising from linearizing the conformal map. Indeed, one can see that if
the Schoder functional equation (1.4) has a convergent solution, all formal
solutionsT” to (1.3) are convergent, assumikgs not a root of unity. In par-
ticular, a theorem of Bruno [6], which generalizes a theorem of Siegel [22],
implies that (1.3) has convergent solutidiisvhen A satisfies the Bruno
condition.

We would like to mention that results of Moser [14] and Moser and Web-
ster [17] imply that real analytic area-preserving maps are reversible near a
hyperbolic fixed point, while hyperbolic reversible maps are locally equiv-
alent to area-preserving maps. See also Devaney [7] for symmetric periodic
orbits, homoclinic orbits, and other results about reversible maps and sys-
tems on smooth manifolds. The non-reversibilities of Hamiltonian systems
and area-preserving maps have been studied by other people. Arnol'd and
Sevryuk [3] constructed non-reversible Hamiltonian systems with degener-
ate eigenvalues. Formal obstructions to the reversibility of area-preserving
maps were investigated by Quispel and Capel [18] for maps with a parabolic
fixed point and by Roberts and Capel [19] for maps tangent to the identity. In
some global aspect, Lamb [11] studied the persistence of non-reversibility of
area-preserving flows and diffeomorphismdRst, where one can also find
Mather’s example of non-reversible area-preserving floR &fThe reader
is referred to a recent survey of Lamb and Roberts [12] on the reversibility
of dynamical systems.

The paper is organized as follows. Sectibrontains a simple proof
of a complex version of Theoreinl. Using a theorem of Yoccoz [23] we
then give an example of formally linearizable holomorphic symplectic map
that is not weakly reversible. Secti@ralso establishes the relationship be-
tween the reversibility of area-preserving maps and that of conformal maps.
In Sect.3 we discuss the reality condition (1.2) for area-preserving maps
and complete the reduction from Theorém to Theoreml.2. Section4
gives some estimates for the periodic orbits of a certain conformal map and
their eigenvalues. Sectiohis devoted to the proofs of Theoreh® and
Theoreml1.3 by considering the hyperbolic and elliptic periodic orbits of
conformal maps.
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2 Normalizations

In this section we shall give a simple proof for a complex version of Theo-
rem1.1. This section also contains the main ingredients for the proof of The-
orem1.1. Throughout the pap€lif]; stands for the sum of all homogeneous
terms of degreé of a formal powerf (&, n). We denotef (&,n) < g(&,n)

if fis majorized byg, i.e, if coefficients off, g satisfy| f,z| < gas for all

a, 8> 0.

Consider a holomorphic symplectic map@t defined by (1.1). Assume
that) is notarootof unity, i.e\™ # 1forall positive integers. Birkhoff [4]
showed that there is a formal symplectic transformadéfy ) = (¢,7n) +
0O(2), which is unique under a certain normalizing condition, such that

(2.1) ¢ =Ppd ' £ =EA(En), n=n/An),

whereA is a formal power series igm with A(0) = . In particular,p is
formally reversible.

A smooth formal curve irC? passing through the origin is defined as
I'y: f(&,n) = 0,wheref is aformal power series with(0) = 0, df (0) # 0.
Two such curved’y, I'; are considered to be the sameg if=  f for some
formal power series (u(0) # 0). One says thal’; is invariant under a
formal mapy if I'y., = 1.

The following lemma shows that a holomorphic symplectic map has only
two invariant smooth formal curves.

Lemma 2.1 (Birkhoff [4]). A smooth formal curve, invariant under the
formal map(2.1) of which is not a root of unity, is eithe§ or n axis.

Proof. Let I" be defined byf = 0 with £(0) = 0, df(0) # 0. Then
(2.2) fo@(€,mn) = ul&n)f&n).
The linear terms in (2.2) give
[F11(AE, M) = w(0)[fT1(€,m).
Since) is not a root of unity, it is clear that eithet0) = A and[f]: (£, 1) =

a& with a # 0, oru(0) = X and[f]1(£,n) = an. Without loss of generality,
we may assume thaf]; (£, n) = €. Settingé = 0 in (2.2) yields

£(0,2n) = u(0,1)£(0, 7).

If £(0,n) = cxn®+O(k+1), thenXkck = A¢i. Hencegy, = 0. This shows
that f(£,n) = €v(&,n) with v(0) = 1; consequently]” is theé-axis. O
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According to Arnol'd and Sevryuk [3], one says that a germ of real
analytic transformatiop at the origin isveakly reversibléf ! = 7pr—!
for some real analytic transformatianwhich is not necessary to be an
involution.

Lemma 2.2. Lety be a holomorphic map defined by 1). Assume thak is
not a root of unity anp—! = 77! for some formal map with 7(0) = 0.
Thenr interchangeg andn axes. Moreover,

(2.3) Gl'=ToFoT!

with F' the first component af(&, 0), G the second component @f0, n),
andT the second componentof¢, 0).

Proof. From Lemma 2.1 it follows that either preserves both coordinate
axes, orr interchanges the two axes. The former cannot occur since the
linear parts ofp~! andy, when restricted to thé-axis, are not conjugate.

It is straightforward thaG—! = T o F o T~ 1. 0

In what follows, whenf is a power series in two variableg;, f, are
meant to be the partial derivatives with respect to the first and second vari-
ables, respectively. More explicitly,

fe€m) =D afupt™ '’
fem,€) = (f) (0, &) = afapn® 7, etc.

Lemma 2.3. Let f(&,n) be a holomorphic function witlf(0) = 1. Then
there exists a unique holomorphic functigf€, n) with g(0) = 1 such
that (1.1) is a holomorphic symplectic map. Moreoverfif_, = 1, then

gle=o = 1.

Proof. Put f(¢,1) = £f(¢,n) andg(&,m) = ng(&, n). Obviously,e, given
by (1.1), preservegé A dn if and only if g is a solution to

4)  fel&man(&n) — GeEm) f(&m) =1, Gly=o = 0.

By the Cauchy-Kowalewski theorem, the above equations have a unique
holomorphic solutiory. Assume thatf|.—o = 1. Then f¢.—o = 1 and
fnle=o = 0. Thus, (2.4) implies thaj, |c—o = 1. This shows thag|.—o = 1.

0

We are ready to prove the following

Theorem 2.4. Lety be the holomorphic symplectic map1) with A not a
root of unity. Assume thdt ., = 1. If ¢ is weakly reversible, the conformal
mapF: & — \¢f(€,0) is linearizable by convergent transformations.
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Proof. Assume thaty is weakly reversible with respect to a holomorphic
transformatiorr. Under the assumptions, Lemraa says thay (0, ) = 1,
i.e., the second component ¢f0,7) is already a linear transformation.
Therefore, Theorem.4 follows from Lemma2.2. O

Example. Consider the symplectic rational map

Pt €= AL +E), 1 — An/(1+28)

with A not a root of unity. By a theorem of Yoccoz [23], the conformal
mapé — (1 + &) is not linearizable when does not satisfy the Bruno
condition. Theoren2.4 implies that for such\, ¢, is not weakly reversible
near the origin.

Remarks.(a) By Lemma2.3 one can see that, is linearizable by the formal
map

£ = EUNE),  m—n/UL(S),

whereU, () = £ + O(2) is the formal transformation linearizing —
AE(1 4+ €). If Xis not a root of unity and violates the Bruno condition then
) is not linearizable by any convergent transformation.

For the proof, assume that a holomorphic nbaprhich is not necessarily
symplectic, linearizes. Substituting D®)~1(0)® for ®, one may assume
that®(¢,n) = (&,m) + O(2). By Lemma 2.1,$ preserves = 0 and
n = 0. Now one readily sees that— \¢(1 + ) is linearizable by the first
component of — &(&,0), which is a contradiction.

(b) To author's knowledge, it remains open if there exists a formally
linearizable real analytic area-preserving mapRof that is not lineariz-
able by any convergent (area-preserving) map. However, see a result of
Russmann [20] about the convergence of linearization under a Diophantine
condition.

We now turn to holomorphic symplectic mey{1.1) satisfying the reality
condition (1.2). Following notations in Lemn2z2, the functional equation
(2.3) becomes (1.3).

We need some standard facts about the linearization of conformal maps.
Let F': £ — A(+ O(2) be a conformal map with not a root of unity. Then
there exists a unique formal transformatigrsuch that

(2.5) UoFoU =Ry, U =¢+0(2).

The only formal power seriegwith g o Ry = Ry o g areuz with u € C.
Denote byCr the set of centralizers df, i.e., the set of conformal majis
with G o F o G~ = F andG’(0) # 0. ThenCr is a group containing™
forn =0,+1,42,....If G is a centralizer, theti o G o U~!, commuting
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with R, is a linear transformation. Whehis not linearizable( r consists
of convergent transformatio~! o R, o U with |u| = 1.

We now introduce some notations. Given a conformal mhapt —
A¢ 4+ O(2) with A not a root of unity, let/ be the formal map satisfying
(2.5). DefineC’ to be the set of convergent maps

(2.6) U 'oR,oU()

for p € C*, andZyp C Cj to be the set of such convergent maps with
|| = 1. Notice that wheig, is nonempty’. andC admit a non-canonical
identification

27) T=U '"oR,0U€CprsTooT=U"'oRy,oU € C,
whereT) =T o Ry, o U € Ch.

Proposition 2.5. Let F': £ — A\¢ + O(2) be a conformal map with not a
root of unity. TherZr consists of conformal mafs satisfying

(2.8) Fl=ToFoT !, |T'(0) =1

Proof. TakeT € Zp. FromF = U~ 'oR,oU, itfollows thatl'o FoT ! =
F Conversely, ifl" satisfies (2.8), the first identity in (2.8) implies that

—— 1

(2.9) U 'oR\oU=F '=ToU 'oRyoUoT .

HenceT =T 'o R, oU for someu € C*. Now|7"(0)| = 1 implies that
|| = 1. The lemma is proved. 0

_ Notice that Propositior2.5 implies that(T' o F) o (T o F) = Id =
(FoT)o(FoT). Thus (2.8) is equivalent to the decomposition

(210) F = T1 OTQ, T] OT]' = |d, j = 1,2,
represented by B B

F=To(ToF)=(FoT)oT.
Also, (2.10) yields

(2.11) F ' =T 'oFoTi=TyoFoTy".

In light of (2.8) and (2.10) we say that a conformal n¥dgs reversibleif
(2.8) or (2.10) holds.

Lemma 2.6. LetF': £ — A\(+O(2) be anon-linearizable conformal map.

If X is not a root of unity, thet¥' is not conjugate @ " by any conformal
mapT'(z) = pz + O(2) with |u| # 1.
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Proof. Assume for the sake of contradiction tat ' = 7' o F o T~ with
T given in the lemma. Lel be the formal map satisfying (2.5). Then (2.9)

impliesthal/ o ToU ! = R,,. Substituting? ", 7~ for F, T if necessary,
one obtains

U (&) =TWU1), |ul>1.

Itis clear thatl ' is majorized byU*(¢) = & + O(2), whereU* is the
formal solution to

U*(|ul€) = T(U*(€))
with
T() = [ulg+ > ITi1E.

j>1

Note thatl/* o ToU* 1 (¢) = |u|¢. Atheorem of Koenigs [10] says thé&t,
and hencd/, converges. The contradiction yields the proof of the lemma.
0

Proposition 2.7. Let ¢ be a real analytic area-preserving map defined by
(1.1)-(1.2) in which X is not a root of unity. LeF'(£) be the first component

of p(£,0). Consider the statements: (3)is weakly reversible. (iiF_1 and
F are conjugate by a convergent transformation. (fij is nonempty. (iv)
C’ is nonempty. Then (i) implies (ii), while (ii)-(iv) are equivalent.

Proof. Let U be the formal map satisfying (2.5).

(i) = (ii) This follows from (2.3) and> = F.

(i) = (iii) Assume thatF ' =ToFoT !fora convergent transfor-
mationT'. Then (2.9) implies tha/ o T o U~ = R,. If |u| = 1, thenT
is contained irZp. If || # 1, Lemma2.6 says thal/ converges. Thefip
contains alli " o R, o U for |u| = 1.

(iii) = (iv) Itis trivial.

(iv) = (ii) Assume thall ' o R, o U is convergent. Fronk’ = Ulo
R, o U it follows that

7 :U_loRAoU:(U_loRNOU)OFO(U_lORMOU)*l.

ThusF ' andF are conjugate. O

Now, Theoreml.1 follows from Theoreml1.2, Proposition2.7, and
Lemma3.2 of the next section.
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3 Reality conditions

In this section we shall complete the reduction from Theotelrio Theo-
rem1.2.

Consider holomorphic maps (1.1)-(1.2), which preserve the totally real
spaceR?: n = £. Given a holomorphic functiorf (¢, 1) with £(0) = 1,
decompose

B  fEM=rTEN+En), fF0)=1, f7(0)=0
with
Fr=FEn) +Fm,8)/2, =& —f(n.€)/2

Notice thatf™, f~ are uniquely determined by the conditions

(3.2) Fren =frme, fHo) =1
(3.3) f & =—f"m¢, S{f(0)}=o0.
Now (1.2) becomes

(3.4) g(&m) = fH(&n) — f(&n).

Lemma 3.1. Let f~ be a holomorphic function satisfyir{g.3). Then there
exists a unique holomorphic functight satisfying(3.2) such that(1.1),

(3.1) and(3.4) define a holomorphic symplectic map presendiyg n = €.
Proof. Consider a holomorphic mapgiven by (1.1)-(1.2). Put

F&m =1+ fEmn), g&n) =1+3gEn).
For brevity, denotef, § by £, g, respectively. The identitgtet

equivalent to
[+ E&fe+9+ngy = Enfnge — (F + Efe)(g + ngn)-
By (3.1) and (3.4) one gets the functional equation

(3.5)
20T+t S = afy —&fe — (f+Ef) g+ ngy) + Enfage.

One needs to prove that (3.5) has a unigue convergent solfitisatisfying
(3.2) with f+(0) = 0.
In homogeneous terms, (3.5) can be rewritten as

(3.6) (2+K)[f ]k = nlfy k-1 — Elf¢ Tk
— Y ([ &S lg+ngal; — nfali - [Egely)-

i+j=k;1,j>0

do 1
aEn — 118
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This shows that giverf— there exists a unique formal solutigit to (3.5)
with £*(0) = 0.

Next, we want to show that the formal power serfeéssatisfiesf * &n)
= fT(n,&). We have[f~]1(&,n) = a& — an. From (3.6) it follows that

/(6 n) = —L(@n+a€). Hence [F 11(€,m) = [f*11(n, ). Assume for
induction that f '];(¢, 1) = [f*];(n, €) holds forj < k. Then
[91;(&m) = [F1;(n, &) = [F71;(&m) — [F71(&m)-

Note thatf (¢, 1) = g(n, €) implies that

(FOEm) =D Boapn™ ' = gy(n,€),  (gn)(0,€) = E(gn(n, ).
Conjugating (3.6) yields

2+ k)T k(€ m)
=nlfy Te—1(&,m) = E[fe I-1(&m)
— > ([f+E&Fei - [T+ 3,5 — nfgi - [€G5) (&)

i+7=k;i,j>0
= =nlfe l—1(n:8) + &Lfy Te—1(n, §)
— > g+ ngnli - [f +&fel; — [geli - nfl)) (0,6

i+j=k;i,j>0
= 2+ E)[fT1e(n,€).
Finally, we need to show the convergencefof Put
WEEm) =Y (k+2) > [falen”
k>0 a+p=k

Obviously, we have

nfy —&fE <hS f+Efe, g+ ngn 0l E9e < T+ R
Now (3.6) yields
At <h™ 4+ 2(h" +h7)2
Thusht is majorized by the convergent solutian= w(¢, n) to
w=h"(&n) +2(w+h"(&n)?  w(0)=0.
Therefore™, and hence T+, is convergent. This prove the lemma. O

We now show the following realization lemma, by which the reduction
from Theoreml.2 to Theoreml.1 is complete.
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Lemma 3.2. Let p(¢) be a holomorphic function witk(0) = 1. There
exists a unique holomorphic functi@iié) with ¢(0) = 0 such that¢ —
AEp(€) is the first component af(&, 0), whereyp is the area-preserving map
corresponding tgf — (£, n) = q(§) —q(n). Furthermore, the first component
of $(&,0) is the same as that @b(¢,0), if @ is the real analytic area-
preserving map correspondingd¢t) —q(n)+£&nh(€, n) with h aconvergent
power series satisfying(¢,7) = —h(n, £).

Proof. Following the notations in the proof of Lemn3al, put f = 1 +
f,g =1+ g. For brevity, denot¢, g by f, g. Settingn = 0 in (3.5) yields
the functional equation

One sees that the coefficients 61 (¢,0) are determined uniquely by

[7(£,0),i.e.,5(£,0) = ¢(£,0).
Let p(&) = 1 + p(&) be a holomorphic function witlh(0) = 0. One
readily sees that there exists a unique holomorphic solgtion

(3.8)  —2q(&) +2p(&) + &5/ (&) = —(B(E) + &7/ (£))(B(€) — 24(€))-
Putf=(&,n) = q(§) — q(n) andk(§) = p(§) — q(£). Applying the substi-

tutions
a(§) = f7(5,0),  p(&) = k(&) + f(£,0)
to (3.8), one gets

2k(8) + Eke (§) = =6/ (£,0) — {k(§) + /7 (£,0)
+&(Re(&) + f¢ (6,00} - k() — f7(£,0)}-

Comparing with (3.7), one sees thid¥) is the unique solutiorf ™ (£, 0) to
(3.5). This shows thatt (£, 0) = k(£) = p(&) —q(£). Therefore f(£,0) =
p(§) as desired. 0

Note that the claim in the introduction, that the Birkhoff fixed-point the-
orem and Moser invariant curves are still applicable to some non-reversible
area-preserving maps, follows from Propositibh, Lemma3.2, and The-
orem1.2 also.

Anticipating the proof of Theorem.2 in Sect.5 let us record here an
argument. Take a conformal mdp: ¢ — A{p(§) which is not conjugate

toF . Lemma3.2 says that there exists a holomorphic functigg) with
q(0) = 1 such thatF’ is the first component af.(¢, 0), whereyp. is the real
analytic area-preserving map corresponding to

f(&n) =q(&) —q(n) +ickn, ce€R.
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Propositior2.7 implies thaty, is not weakly reversible. Write

(& n) = a& + b€ + ickn —an — bn* + O(3).

Returning to (3.6) one readily sees tHgt];, [f ]2 are independent of

c. Hence,f(&,n) = 1+ icn + ..., where the omitted terms are either
independent of or of order> 2. Now a straightforward computation shows
that A(¢n) in the Birkhoff normal form (2.1) has the expansidn= X +
(ic+¢)én+O(|¢n|?), whereé depends only on, b, @, b. Foric+¢ # 0, ¢,

is not formally linearizable, i.e., it is an area-preserving map with a general
elliptic fixed point at the origin. Therefore, the Birkhoff fixed-point theorem
and Moser invariant curves are applicablestofor ic + ¢ # 0.

4 Estimates of periodic orbits and eigenvalues

In this section we shall establish the existence of periodic orbits and estimate
the eigenvalues of conformal maps under suitable conditions. The method
in this section was used previously by Moser [13] who showed the existence
of hyperbolic and elliptic periodic orbits of general elliptic area-preserving
maps. See also a paper of Zehnder [24] for the homoclinic points of such
maps.

Set

+_ —_—

a, = (ag,...,a,), a, =(az,...,ap+1,-..,02),

1 1
a=(azas...), d":d”()‘):(/\—AQ""’)\—)\">’

1 1 1
+ _ 3+ _
dt =df(\) = (A_v,...A_MH,...A_A%),

Iy={i;2<i<2ni#n+1}, 6 =0.()) = min{|A - MM 3.
€ln

Let F be the set of conformal mappings

41) F(z)=Xz+Y apd®, N £1 |ul<1, k=23, ...
k>1

For eachF' € F there exists a unique polynomial

2n
(4.2) Un :z—i-Zukzk, Uy =0
k=2

such thatF,(z) = Up o F o U, Y(2) = Az + A 12"+ O(2n + 1). Note
that
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1 *
uk =y yp ok +up(@-1,uz, o k-1, M)}

1

(43) = m{ak —i—1~j,k(ak_1,dz,)\)}7

whereu;, u;, are polynomials of integer coefficients. Thus

(44) Fn: zZ1 = Az + An712n+1 + Bn712’2n+1 + Eml(z),
(4.5) An1 = ant1 + an(an), Bpi = agpt1 + azni1(arl),
(4.6) E,i(z) = z2n+2E7’171(z, a).
Note thatfor (4.4) to hold it suffices th&t(\) # 0. Thiswill be used later
on. Note also thai,(a), dzn+1(a; ), andE;, (z,a) depend om\ andd,}

also. For simplicity, such dependence will not be expressed within formulae
unless an emphasis is needed.

Lemma4.1. Let D(r) = {z € C||z| < r}. There existg,, > 1 such that
if n > 16 and F' € F, then
(4.7) F,U,, U7 : D(r) = D((3/2)7r), 1< 8.
Proof. Note that
On < 2sin(m/n) < 27/n <1/2, n > 16.

SinceF < z/(1 — z), itis clear that (4.7) holds foF if d,, is sufficiently
large. From (4.3) it follows that

2

U”(Z)<Z+5ﬁ<22+"'+22n)<Z+57Ij12_2

for a largek. This shows that (4.7) holds fdr,, for sufficiently larged,,.
One has

Uy (2) = 2 = Un(Uy ' (2)) + Uy ' (2).
HenceU, ! < U} for

U*z(Z)

* _ k n

Un(z) =z+ 5711 o U;:(Z)

Clearly, (4.7) holds fot/;: for some largel,,. This shows that (4.7) is valid
for some largel,,. O

PutD> = D(1) x D(1).... For afunctionf(z, a), define

[l p@yxpee = sup{[f(z,a)[; 2 € D(r),a € D>}

Note thatF;, | (2, ) given in (4.6), for instance, depends anThus, the
norm||E;, || p(ryx p~ depends on also.
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Lemma 4.2. Let F' be given by(4.1) with 6,,(A) # 0, and F;, be given by
(4.4)-(4.6). The iteratez;, = F¥(z) can be expressed as

(4.8) z, =Nz 4 Anng""rl + Bn7k22n+1 +E,k(2), 1<k<n

with
“9) A = Auate) = XA )
(4.10) = ENTA, () + (1= M)A, (a),
(411) B,i = Bui(@) = k\IB, 1 (a)

+(n+ 1)’{"%—15’“‘2142,1(61),
(4.12) Eni = 2" (2E], 1(2,8) + (1 = A")E]) (2, 2))
and
(4.13) Ao A Bri)looe < 3%,

d!
1 B ) sty e < 0%

for somed,, > d,,.

Proof. By (4.7) one knows thaF’* mapsD(26¢) into D(46%) for 1 <
k < n. The Cauchy inequality implies that

| Anllp= < 4877 /(285" < 5,
for some largel],. One can get similar estimate fBy, ; for a possibly larger

d),. Note that

L= N7 =(1-27) ) A",

1— )\nk: k—1j—-1
o k== Y N
7=1 =0
From (4.9) we see that
. k—1j-1
Apge==N"14,1) 0> A
j=11i=0

Thus
[ Apkllpe < (k= 1)%|An|lpee.
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TakeE, ; = 0. Now (4.4) and (4.7) yield

(4.14)  (200) @) Y | En

1HD 26dn)x Do = leD(Qéﬁ")xDOO
<1+ [[Anillp + | Bullp= < 6,%

for some largel],. Thus we obtain (4.9)-(4.13) fdr = 1.
For induction, we assume that (4.9)-(4.13) hold and then prove that they
hold for a possibly larged], whenk is in place ofk + 1(< n). Start with

(4.15) 231 = ANz + A, 12"+ B 22
+An’1()\kZ+An7kzn+1)n+l +B ()\k )2n+1

+ 22N 2B o (z,8) + (1= X E; 4 (2, 2)),
whereE!, , ., andE! , ., are polynomials in
(4.16) A 2, An1,But, Ank, Buk, By i(2,0), Bl (2,0), E), 1 (21, )

with integer coefficients. Note th&" mapsD(5%=) into D(249). Hence,
(4.14) implies that

||E7/1,1(Zk:('> ) )HD (§3n)x Doo _5 dn

for some largel,,. Thus, £, i and £ 11 Satisfy (4.13) for some large
d’,. By (4.9), the coefficient of" ! on the right-hand side of (4.15) equals

p1— Ak
1—An

which is A,, x+1, defined by (4.9) withk + 1 in place ofk. The coefficient
of z2"*+1 of the combined firss terms on the right-hand side of (4.15) is

My g + A g AFOFD = ) Ay +ATRA,

ABog+MNBui1+ (n+ D) A,k An + (1 — A By

(4.17) — (k+ DA By + (n + 1>"/‘<’“2+1>

+ (1)1 = A)A, A1+ (1= A" By ks1,

k—1 42
ANTUAL

whereB,, 1 is a polynomial in, z, A,, ., B, », andB,, ;. Note that (4.17)

is obtained by using (4.10) and (4.11). Obviously, the two terms in (4.17)
becomeB,, ;.+1, as defined by (4.11), while the remaining two terms are
absorbed intaZ"” w1 One readily sees (4.12) with; , ., B}, ., be-

ing ponnomlaIs in quantities (4.16) with integer coefﬁments AhspkH,
An,kﬂ, andB,, j+1 are polynomials in (4.16). This proves (4.13) with- 1
in place ofk. The lemma is proved by induction. O
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Note that

1— A"’
1—An
Bun =B, +(1-\")B,

Ay =App=2"""1 Apt =n A1+ (1 -4,

for

Bp =nA\Bpn1 + "("22_1)A2A$L71.
RewriteU,, o F* o U, ! as
(4.18) Fl': zp = A2+ Ap2" ™ 4+ B2t 4 B (2)

with
(4.19) E,(2) = 22" (2E] (z,a) + (1 — A")E!(2,a)).
The estimates (4.13) then read

(4.20)  [[(An, B)llp < 5:%, (B B sy oo < 0%

x Do —
for some largel/,, which is now fixed.

Corollary 4.3. There existgl!, > d;, such thatF' has no periodic orbit in
the deleted dile*(égn) with period smaller tham.

Proof. From (4.18)-(4.20) it follows that for < k£ < n
|Fr(2) = 2 > 2| (A = 1] = 56, % [2[") > |2](8n — 56, % [2[™).

Hence,F* k = 1,...,n — 1 have no fixed point inD*(éﬁ%) for some
dl > d,. 0

Proposition 4.4. Let {¢; }7° , be a decreasing sequence wWith< ¢, < 1.
Let F, Uy, F,,, )} be given by4.1), (4.2), (4.4), and(4.18), respectively.
Assume that foF,,

(4.21) |An‘ = ‘An(/\7a)| > €p41-
1 111
There existsl!’ > 2d!! such that forr,, = e;;HcSZ” , all periodic points of

F in the deleted diskO*(2r,,) with period at most. form a single orbit in
D*(ry,) with periodn, provided

2
€ "
(4.22) 0<|1—A" < QZE ondn’
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Proof. For d!” > 2d!!, Corollary4.3 says thatF" has no periodic point in
D*(4r,,) of period smaller than. To find periodic orbits with period, we
use (4.18) to rewrite,, — z = 0 as

A" —1

4.2 A" =
(4.23) Z+1+s(z) 0

with

s(2) = Bpz" + Z”HE{j4+ (1-— )\”)Z”E,/I’.
n

By (4.20) and (4.21), there exist§' > 24!, independent of,, 1, such that
Is(2)| < 1/2, |z| =4ry.
Now (4.21) and (4.22) imply that

AT —1
1+ s(z)

2
€n
2

ELgndn’ > (A" — 1] > ’

n
|An2 |‘Z|:%'I‘n > .
|z|=4rn,

By Roucle’s theorem, (4.23) has no solutionin(4r,,) \ D(3r,) and has
n solutions inD(3r,), counted with multiplicities. Obviously, all these
solutions are nonzero. Lg}, be one of such solutions. Corollaty implies
that F*(5,),k = 0,1,...,n — 2 are distinct. Therefore, the fixed points of
E™in D*(4r,) form one single orbit irD* (1r,). From (4.7) it follows that
the periodic points o' in D*(2r,) of period at most form one single
orbitin D*(r,,) with periodn. O

Proposition 4.5. Let notations and assumptions in Propositibé be kept.
Assume further that

B y
n?+n—2R <M> ‘ > 62n+1572Ldn.

(4.24) i

There existgl!” > d! such that if
(4.25) 0<|1—A\"| < (e}, eani18%)"

the eigenvaluey,, of the periodic orbit in Propositiod.4 satisfies

1 /
(4.26) yal® = 1] > @62%15?"\1 -\
Proof. Letpy = U, (pr),k = 1,...,n be the single orbit of" in D*(r,,).
Setz = p,,. Fromz, = z and (4.18) it follows that

(4.27) 2" 1= \"— B,2*" — 27 E,(2)).

1
_A7n(
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The eigenvalue of the periodic orbit, obtained by differentiating (4.18),
equals
Yo = A"+ (n+ 1)An2" + (2n + 1) B, 2*" + 0. E,(2)
=14+n(1 -\ +nB,2*" — (n+1)27 E,(2) + 0.En(2)

nBy,

(4.28) = 1+n(1 =)+ =51 =N+,

in which the last two identities are derived by using (4.27) twice, while
- nB, n n B . B
= 2" = 1)(Bp2® + 27 En(2)) + (Bpz™ + 27 Ep(2))?)

—(n+1)27 Ey(2) + 0. E,(2).
The Cauchy inequality yields
10:En(2)] < | Enllpalzpyxpoe /|2 < 22" 722" (2]2] - | Byl p2)apyx D
g n 1
+ 1= X" B p2ps)yxpe) < 6% [1— AT

for some largel”. The norms of the remaining termsjpn can be bounded
from above in a simpler way, except that, | is bounded from below by
using (4.21). Thus, for some positiég” one has

~ _ g n 1
(4.29) | < €216, % |1 — X"

We need to computgy,,| more explicitly. For a real number, denote
by {z} the closest integers to (and the smaller one if there are two such
integers). Put

A=e?™ pa = {na} + a.

By (4.22) we know thab < |a,| < 1. Consequently, one has
(4.30) V2r|an| < |1 = \"| < 4r|an).
Also

Lo A" =1 — ¢ = —ja, + %ai + Ry(an), | Rs(an)| < 4a.

Thus (4.28) yields

. n nB R
fynzl—znan+<— n)ai—i—’yn

2 A2

n

with

A2\ \2

n

B, (1 2
Am = f}n+nR3(an)+n— (( ai + Rg(an)> — zan(ai + 2R3(an))>.
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Finally, we arrive at

By, .
V> =1 = (n—Z?R <”A2 )) a2+ 2RA,

. n nbB, 9 .
+ |—inay, + 5" A2 o, + i

2

(4.31) - <n2+n—2%<"ﬁ”>>ai+hgzh;+h;;.

To estimateh”, note that by (4.30) one has,| < |1 — A"|. Using (4.20),
(4.21), and(4.29), one gets

| < %5;@’,”‘1 _ /\n‘2+%
n+1

for some largel””. Combining (4.24) and (4.30)-(4.31) yields

1 /
nl? =11 > |hp| = [hr| > W€2n+152d"|1 — A"

o 5;&;{”” o )\n|2+% >

1 /
3272 €an 10,71 — A7,

provided (4.25) holds for some largg’, which is now fixed. 0

5 Periodic orbits of conformal maps

In this section, we shall find hyperbolic or elliptic periodic orbits of real ana-
lytic area-preserving maps in the complexified space. The hyperbolic orbits
will serve as the obstruction to the reversibility of area-preserving maps,
while the elliptic orbits will show certain symmetry in respect to the central-
izers of the associated conformal maps of certain reversible area-preserving
maps. The symmetric periodic orbits of a general elliptic reversible map in
the real space were known to Birkhoff [5].

Proposition 5.1. Let F': z — Az 4+ O(2) be a conformal map with not

a root of unity. Suppose that the functional equatidr3) has a convergent
solution. Assume that there exist> 1 and a sequence of positive numbers
r; — 0such that the deleted digk*(r;) contains all periodic orbits of"in
D*(kr;) with periodn;. Then there existf such that forj > jo, F' has the
same number of repelling periodic orbits of perioglas that of attracting
periodic orbits inD*(r;) of periodn;.
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Proof. We may assume th&t is not linearizable near the origin. Otherwise,
the proposition is trivial sincé” has no periodic points near the origin.
Returning to the functional equation (1.3), we assume that it has a con-
vergent solutiol’(z) = pz+O(2). SinceF is not linearizable, Lemma6
says thafu| = 1. In particular, there existf such thafl’ sendsD(r;) into
D(krj) for j > jo. Fixj > jo. Assume for the sake of contradiction that in
D(r;), F hass repelling periodic orbité);, . . . , O, of periodn; andt attract-
ing periodic orbits of period; with s > ¢. Takep,, in Oy fork =1,...,s.
From (1.3) it follows thafl’(py) is a periodic point o " with periodn;,
of which the full orbit is contained i® (7). This implies thatw = T'(py,)
is a periodic point of" in 7'(D(r;)) C D(kr;) with periodn;. Now (1.3)
yields (F ™)' (w) = (F)'(py), i.e., (F~")(w) = (F™) (ps). There-
fore,T'(p1), ..., T (ps) are attracting periodic points &f with periodn ;, of
which the full orbits are contained id(xr;). Sinces > ¢, two of the attract-
ing periodic points must be in the same orbit. ThE& (T (p,,)) = T(p;)
for somem andk # 1. We haveF" (T(p;)) = T(p;). Now (1.3) yields
T(px) = (T o FoT Y™ (T(p)),i.e.,pr = F™(p;). This contradicts that
i, p; are in different orbits. The proposition is proved. O

By Proposition5.1, Theoreml.2 follows from the following.
Theorem 5.2. Let ey, e5,... be a sequence of positive numbers. Given a
conformal map: — Az + >_, . a,2" with |a,,| < 1, there exists7(z) =
Az +3,,o1 Gn 2™ With X notaroot of unity) A — A| < er, and|a,, —an| < €,
forn > 1such thatall periodic points in the deleted diSk (2, ) of period
n; form one single hyperbolic periodic orbit iR* (7., ).

Proof. Fix A, as,as, ... with |a,| < 1. Replacinge, by smaller positive
numbers if necessary, one may assume {lhga} >, decreases and <
en < 1,and thata,| < 1if |a, — an| < €.

Consider positive integersg, n; andl; with

(5.1) nj =34, Il >4l
Put

mo 1 1
a:a;ﬂ—ag,, a;_:—%— E —, oz;;.: E —,
J J J no nz J nz
(5.2) i<j i>j

\, = e271'icy§,,7 5\ — p2mia
Clearly, (5.1) implies that

(5.3) 0 < an; =a—{nja} =nja, <
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Put
kay, = {kay, } + an; k-

Itis clear that
|05nj,k: Zl/nj, O<k<nj.

Hence, (5.3) and ;1 > 4n; imply that

1
= |an; k—n,; + on;| > 5—, ny <k <2n;.

|anj,k 27’LJ’
Now (4.30) yields
. N 1
5.4 O = On. () = i 1= > —.
(5-4) 7 J( ) 0<k(7rérlrgjg<2nj{| 1} 2n;

In particular,X is not a root of unity.
While n; still need to determined, we put

an =an, n#nj+1, 2n;+1.

We shall determine the triple§u,,, 11, a2n;+1,1+1} recursively for0 <
j < oo. . A

Fixmo, lo > 2 suchthatfon defined by (5.2), the inequalitk—A| < €;
always holds. Nowi, = ay, k € I,,, have been determined. Put

Gn(z) = A\pz + Z anz" + Z anz"

nel, 1<ngly,

for n = ng. Take the unique polynomial,,, (z) of the form (4.2) such that
UpoGrnoUiN(2) = Mz + Ap12™ ™ + By 1 22T 4+ O(|2*12)

holds forn = ng. By (4.5) one has

Apg = ant1 + 5n+1(5n7 dn, An),  Bni = azpe1 + B2n+1(é2n7 d;} An)

for n = ng, whereb,,, bs,, 1 are polynomials of integer coefficients. Note
that\” = 1. Returning to (4.18), one sees tfigt o G" o U, ! is given by

2n = 2+ Ap2" T 4+ B2 4 E,(2)
with
(5.5) Ap = nApani1 + nAnbpii(An, dn, An),

2
_ —1)— o~
(56) Bn = n)\nagn+1 + n(nQ))\iAZQ + n)\anHJrl(éQna d;t> )‘n)

for n = ng, whereA,,, B,, are polynomials with integer coefficients satis-
fying estimates (4.20).
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First, we choosé,,,+; as follows. Puti,,+1 = any+1 if

’Ano (én07 an0+17 dn) )\’no ) X’no)‘ > €n0+17

and puta,,+1 = an,+1 + €ny+1 Otherwise. In the latter case, (5.5) implies
that

(57) ’An(én-i-la dna Anaxn)‘ > €nt1

for n = ng. This shows that in either case, we have (5.7).
Next, we putis,,+1 = a2ny+1 if

noB 2d!,
TL% +ng — 21 <142n()> ‘ > €2n0+15n0 )
no

and put

A2
(5.8) A2no+1 = 2no+1 + Ang€2no+177 13
\Ano!

otherwise. Then in the latter case, (5.6) and (5.8) imply that

A R A2
Bno (a2n0+1’ ) = Bno((a2noa a2n0+1) ) + No€2np+1 |A n0|2
o

Hence

no By, 2n? 2dy,,

2 0
nO + n() - 2§R ( A2 > ‘ > 62n0+1 |An ’2 €2no+15n0
no 0

Using (4.20) one obtains

(52n+17 d )\ )\n)

5.9
( ) A2(an+1>dn7)\n>)‘ )

n +n—2§R{ H>62n+15§d%

for n = ng. This shows that (5.9) holds far = ng in either case.
Note that withn = ng inequalities (5.7) and (5.9) involve,,. Choose
largel, 11 suchthat (5.7) and (5.9) remain true whgyin = ng) is replaced

by A of the form (5.2). Recursively, one finds all a,, such that (5.7) and

(5.9), for which)\,, is replaced by, hold for alln = n;. In fact, we should
choose a possibly largéy, 1 such that

(5.10) 1= A" < (e din (V)"
holds forn = ng also. To achieve (5.10), note that (4.30) and (5.3) yield

8N

11— A" < Amap; < .
nj+1
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On the other hand, (5.4) gives us

N | T
[Gﬁj€2nj+15n? (/\)} > [Eﬁj@nﬁl(;tj)d"j
Obviously, whem;; is large in relative tay;, (5.10) holds fom = n;.
With (5.7), (5.9), and (5.10), we apply Propositi¢i to G = lim;_,
G, . From (4.26) it follows that all the periodic orbits 6fin D*(r,;) with
periodn; are hyperbolic. Thus, we have determinednd. The proof of
Theoremb.2 is complete. O

To prove Theorem.3, we need the following

Lemma 5.3. There exists a constaiit > 1 such that for

(5.11) H(z) :z—{—chz”, len] <1, n>1,

n>1
one has
(5.12) HoH '(z) =2+ an",

n>1

(5.13) ap = Cp — Cp + an(Cp_1,Cp-1), |an| < L™,
wherec,,—1 = (c2,...,c,—1), anda, are polynomials of integer coeffi-
cients.

Proof. The existence of polynomial, in (5.13) is clear. We now estimate

an. One has

22

H(z) — 2z <

1—2z
Sincell '(2) = z—HoH '(2)+H '(2),thenH '(2)—z < K(2)—z
for
2
K= K(0)=0.
it T (0)=0
Thus )
—=—1 K(z
HoH —_—
° (2) < 1-K(z)
in which the right-hand side is a convergent power series independ&ht of
Therefore, there exists > 1 such thafa,, | < L™ forn > 1. O

Proof of Theoren .3. We should consider set éf ¢ F of the form

(514) F=TioTy, T1v=Ry, To=RpoHoH 'oR, >,
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whereH, of the form (5.11), is to be determined. Itis clear that T = Id.
Hence,

(5.15) RyoFoRy=F .

Note that Lemmé&b.3 implies that the coefficients of' = Fy, given by
(5.14), have the form

Cp —C % _
(5.16) an =\ an_Qn +al(cp_1,Cn-1), lan| <1,

wherea; are polynomials ire,,—1,¢,—1.

The argument for the existence of periodic points in the proof of The-
orem5.2 can be modified as follows. Fix,c3,... with |c;| < 1 and
defineHd by (5.11). Take a decreasing sequence of positive nunahevigh
0 < &, < 1 suchthaté, — ¢,| < €, implies that|¢,,| < 1. Put

€n
€n = m
Then{e, } is a decreasing sequence with< ¢, < 1, which is applicable
to Propositiord.4. Recursively, by choosing, = ¢, or ¢, = ¢, + i€, for
the sequence = n; in the proof of Theorend.2, one obtains inequality
(5.7) in the form

. - €nt1
‘An(an—&-ladnv)\naAn” > L;TtQ = €n+1,

inwhicha, 1 is determined by,, . .. | é,+1 via (5.16). This gives us (4.21)
for the above specific sequen{e, }. Let F' be the conformal map (5.14)
corresponding td7 (z) = Az + >, éx2*. By Propositiont.4, one knows
the existence of a single periodic orbit &Fin D*(ry;) with period n;,
while no other periodic orbit of the same period existslin(2r,,,). By
Propositiorb.1 we conclude that all such periodic orbits are elliptic for large
j. We should point out that (4.24), excluded eventually by the conclusion
that the periodic orbits are elliptic, cannot be achieved within such a special
class ofF’ as in (5.14), since the leading term in (5.16) prevents us to add
an extra term with aarbitrary argument taz,, via ¢, as we did in (5.8) for
the general case.

To complete the proof of the theorem, we want to show the symmetry of
the above periodic orbits df = F* with respect to the centralizers &f

Fix G € Cp. SinceF' has periodic orbits accumulating at the origin,
thenF is not linearizable. Hencé(' (0)| = 1. By (2.10) and (2.11), Propo-
sition 2.5 implies thatTy = T; = Ry is in ij. From the non-canonical
identification (2.7) one sees that= Ry oG isinC}, and hence iy since
|G’(0)| = 1. Using Propositior2.5 again, one gets

Fl=ToFoT™, ToT=Id.
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Choosegjo, dependent of7, such thal'(D(r,,,)) is contained irD (27, )
for j > jo. Letps,...,p,, be the unique periodic orbit ib*(r,;). Then
T(p1),...,T(pn,) form a periodic orbit off" contained inD(2ry,;), i.e.,
T(p1),---,T(pn;) form a periodic orbit off". Thus, the uniqueness of the
periodic orbit implies tha{T'(p,), ..., T(P,,)} = {p1,.-.,pn,}. In other
words, z — T(z) becomes an involution sending the periodic orbit onto

itself. Sincen; = 3li is odd, the involution fixes at least one pointinthe orbit.
Without loss of generality, one may assume thgg,, ) = py,. Therefore,

G(pn,) = )\ﬁnj, ie.,

(5.17) Ig:G(z)—=Xz2=0

contains a periodic point,, of Fin D(ry,) for all j > jo. To reach the
conclusion of the theorem, note that (5.17) is not invariant under a change
of coordinates. Takg with ;.2 = X and®yu > 0. Then (5.17) becomes

g G(z)—Z2=0

for G = R, o G o R;;'. However( is a centralizer of” = R, o F o R;/!,

and conversely each centralizer Bfis realized in this way. Thereforé;
satisfies all the properties stated in Theoref This completes the proof
of the theorem. O

AddendumThe author would like to thank R. Reg-Marco for the follow-

ing observation: LetF'(z) = Az + O(2)(|A| = 1) be a polynomial that

is not linearizable near the origin. By the Fatou’s theory, F has repellors
accumulating at the origin, while it has only finitely many attractors on the
complex plane. From the proof of Proposition 5.1, one then sees that F and

F ' arenot conjugate near the origin. In particulad i§ not a root of unity
and does not satisfy the Bruno condition, a theorem of Yoccoz implies that

F(2) =Xz + 22 andf_l(z) are not conjugate near the origin.
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