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Quantitative estimates for periodic points
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Abstract. We show that reversible holomorphic mappings ofC2 have periodic points accumu-
lating at an elliptic fixed point of general type. On the contrary, we also show the existence of
holomorphic symplectic mappings that have no periodic points of certain periods in a sequence
of deleted balls about an elliptic fixed point of general type. The radii of the balls are carefully
chosen in terms of the periods, which allows us to show the existence of holomorphic mappings
ofC2 that are not reversible with respect to anyC1 involution with a holomorphic linear part, and
that admit no invariant totally real andC1 real surfaces.
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1 Introduction

Let ϕ be a biholomorphic mapping defined near 0∈ C2 with ϕ(0) = 0. The
origin is an elliptic fixed point ofϕ of general type, if in some local holomorphic
coordinatesϕ is of the form

ξ1 = λξeas(ξη)
s + o(2s + 1),

η1 = ληe−as(ξη)
s + o(2s + 1),

|λ| = 1, 0 �= as ∈ C,(1.1)

in which (ξ, η) are the holomorphic coordinates ofC2. One says thatϕ is sym-
plectic if ϕ∗dξ ∧ dη = dξ ∧ dη, and that it isreversiblenear the origin with
respect to an involutionτ (τ 2 = Id, τ (0) = 0) if ϕ−1 = τϕτ−1. The main pur-
pose of this paper is to study the existence of periodic points near fixed points of
the holomorphic mappings that are either symplectic or reversible.

The existence of periodic points of area-preserving or reversible mappings of
the real plane was established by G. D. Birkhoff, who showed that the mappings
have periodic points accumulating at each elliptic fixed point of general type
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([1], [2]). The periodic points of reversible real mappings and systems in higher
dimensional spaces were further studied by R. L. Devaney [3]. To motivate our
results, let us recall Birkhoff’s treatment for real planar mappings. Start with a
twist mapping of thez-plane

T : z1 = λzei(zz)
s

, i = √−1, |λ| = 1.

Away from the origin the fixed points of then-th iterateT n form circles sur-
rounding the origin. Such circles of periodic points can, of course, be destroyed
by perturbingT . However, these circles do survive in a weaker sense: IfS is a
higher order (smooth or real analytic) perturbation ofT , each circle of periodic
points ofT is deformed slightly into a closed curveC, surrounding the origin,
such thatSn sends each point onC to a point in the radial direction.We shall call
such a curveC theBirkhoff curveof S of ordern. Birkhoff then went on to find
periodic points as follows: IfS is additionally area-preserving, the intersection
of the Birkhoff curveC with Sn(C) is evidently non-empty and consists of fixed
points ofSn (see [2]); ifS is additionally reversible with respect to an involution
τ and if the set of fixed points ofτ is real line, thenC intersects the curve of
fixed point ofτ and the intersection consists of periodic points ofS with period
dividing 2n (see [1]).

Returning to the holomorphic case, we first want to show that certain Birkhoff
(holomorphic) curves still exist for a holomorphic mappingϕ of the form (1.1),
and that the Birkhoff curves, as in the real case, yield periodic points when
ϕ is reversible. However, the Birkhoff curves behave quite differently in case
of holomorphic symplectic mappings. The main results of this paper conclude
that for a Birkhoff curve ofC of ordern, ϕn(C) might not intersect withC in a
certain neighborhood of the origin; see also Sect. 5 for a holomorphic symplectic
mappingϕ which has a Birkhoff curveC of order 1 withϕ(C) ∩ C = ∅.

To formulate our results, we need some notation. For a complex numberλ

with |λ| = 1, put

κn(λ) =


[ |λn − 1|

n

] 1
2s

if λn �= 1,(1
n

) 1
2s

otherwise.

(1.2)

Let B(r) ⊂ C2 be the ball centered at the origin with radiusr, and letB∗(r) =
B(r) \ {0}. Recall thatp is a period point ofϕ if ϕn(p) = p for some positive
integern, and the smallest such positive integern is called theperiod of the
periodic point.

Theorem 1.1. Letϕ be a homeomorphism defined near the origin ofC2 by(1.1)
withλ2 �= 1. Suppose thatϕ is reversible with respect to aC1 involution of which
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the linear part isC-linear. There exists a constantc0 > 0 such that forn suffi-
ciently large,ϕ has a periodic orbit contained in the punctured ballB∗(c0κn(λ))
with period dividing2n; in particular, ϕ has periodic points accumulating at the
origin.

Combining Theorem 1.1 and the normal form of Moser and Webster [8] for
holomorphic reversible mappings, we obtain

Theorem 1.2. Let ϕ : (ξ, η) → (λξ, λη) + O(2) (|λ| = 1) be a holomorphic
mapping defined near0 ∈ C2. Assume thatλ is not a root of unity, and thatϕ
is not equivalent to a linear mapping under any formal transformation ofC2.
If ϕ is reversible with respect to a holomorphic involution, thenϕ has periodic
points accumulating at the origin.

In contrast to Theorem 1.1 we shall prove

Theorem 1.3. Let a(z) be a holomorphic function witha(0) = 0, and letmn

be a sequence of positive integers. There existλ, |λ| = 1, which is not a root of
unity, a sequence of positive constantsdn →∞ and a holomorphic symplectic
mappingϕ of the form(1.1) such thatϕ is equivalent to

ξ1 = λξea(ξη), η1 = λ−1ηe−a(ξη)(1.3)

under a formal symplectic transformation, whileϕ has no periodic points of
period less thanmn in B∗(dnκn(λ)) for a sequence of positive integersn =
nk →∞.

Notice that the Birkhoff normalization says that a holomorphic symplectic
mapping ofC2, of which the eigenvalues are not roots of unity, is formally
equivalent to a mapping of the form (1.3) witha(ξη) a formal power series. An
immediate consequence of the Birkhoff normal form, Theorem 1.1, and Theo-
rem 1.3 (formn = 2n+ 1) is

Corollary 1.4. Leta(z) be a holomorphic function witha(z) �≡ 0= a(0). There
exists a holomorphic symplectic mappingϕ of the form(1.1) with convergent
Birkhoff normal form(1.3) such thatϕ is not reversible with respect to anyC1

involution with a holomorphic linear part.

Note that there exist formally linearizable holomorphic symplectic mappings
that arenot reversiblewith respect to anyholomorphic transformation.The reader
is also referred to [4] and [5] for the existence of real analytic area-preserving
mappings and Hamiltonian systems that have non-resonant eigenvalues and are
not reversible with respect to any real analytic involution.

CombiningTheorem1.3with theBirkhoff fixed-point theoremweshall prove

Corollary 1.5. There exists a holomorphic symplectic mappingϕ of the form
(1.1) with λ not a root of unity such that at the origin there are no germs of
totally real andC1 real surface that are invariant underϕ.
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We shall see from Proposition 6.1 below that an elliptic symplectic holomor-
phic mapping ofC2 have infinitely many totally real and formal surfaces that are
invariant under the mapping, if the eigenvalues of the mapping are not root of
unity.

Theorem 1.2 is analogous to the Birkhoff fixed-point theorem of reversible
or area-preservingmappings of the real plane. The proof of Theorem 1.1 follows
closelyaproofof theBirkhoff-Lewisfixed-point theorem,givenbyJ.K.Moser [7].
Theorem 1.3 demonstrates some subtle differences between the area-preserving
real mappings and symplectic holomorphic ones. However, we should mention
that it remains open if all holomorphic symplecticmappings have periodic points
accumulates at each elliptic fixed point of general type. More specifically, we
conclude the introduction with the following

Open problem. Letϕ : U → U ′ be a holomorphic symplectic mapping ofC2

in the form(1.1), whereU is a neighborhood of the origin. Does there exist a
sequence{pn}∞n=1 in U \ {0} with pn → 0 such that, for eachn, {ϕj (pn) : j =
1,2, . . . } is a periodic orbit contained inU?

2 Estimates for iterates

In this section we shall give some estimates for the iterates of mapping (1.1),
in particular for the domain on which each iterate is defined. In fact, we shall
mainly consider iterates of the mapping

ϕ : ξ1 = λξe(ξη)
s + p(ξ, η),

η1 = ληe−(ξη)
s + q(ξ, η),

|λ| = 1,(2.1)

wherep(ξ, η), q(ξ, η) are continuous functions defined near the origin and sat-
isfying

|p(ξ, η)| + |q(ξ, η)| = o(|ξ |2s+1+ |η|2s+1).(2.2)

With the above assumptions we shall establish estimates which are sufficient for
the proof of the existence of periodic points of reversible mappings. To prove
a version of the Birkhoff fixed-point theorem for area-preserving mappings, we
shall also obtain some estimates for the Jacobian matrices of the iterates, under
additional assumptions on the derivatives ofp andq to be formulated later.

Note that the condition (2.2) means that forε > 0 there existsρ > 0 such
that

|(p(ξ, η), q(ξ, η))| ≤ ε|(ξ, η)|2s+1, (ξ, η) ∈ B(ρ),(2.3)

inwhich, and inwhat follows,weuse thenorm|(ξ, η)| = √|ξ |2+ |η|2.Through-
out this section and next, we assume that 0< ε < 1 and 0< ρ < 1, and we
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shall also denote bycj > 1, c′j > 1, etc., the constants dependent ofρ ands, but
independent ofn andλ.

Write the iterateϕj+1 as

ξj+1 = λξje
(ξj ηj )

s + p(ξj , ηj )

≡ λj+1e(j+1)(ξη)
s + pj(ξ, η),

ηj+1 = ληje
−(ξj ηj )s + q(ξj , ηj )

≡ λ
j+1

e−(j+1)(ξη)
s + qj (ξ, η).

(2.4)

For short, we put

T ≡ Tc : ξ1 = λξe(ξη)
s

, η1 = ληe−(ξη)
s

.

Then
ϕj+1 = T j+1+ (pj , qj ).

To study the above iterates, we need to control both the distance of a point
(ξ, η) to the origin and quantitye(ξη)

s

in expression (2.1). It is thus convenient
to iterateϕ from a domain of the form

B(r, θ) ≡ {
(ξ, η) : |(ξ, η)| < r, |Re{(ξη)s}| < θ

}
,

in which r and θ are positive numbers. With(ξj (ξ, η), ηj (ξ, η)) = ϕj (ξ, η),
define

rj (r, θ) = sup
{|(ξj (ξ, η), ηj (ξ, η))| : (ξ, η) ∈ B(r, θ)

}
,

θj (r, θ) = sup
{|Re{(ξjηj )s(ξ, η)}| : (ξ, η) ∈ B(r, θ)

}
,

∆θj (r, θ) = sup
{|Re{(ξjηj )s(ξ, η)− (ξη)s}| : (ξ, η) ∈ B(r, θ)

}
.

Proposition 2.1. Letϕ, ε andρ be as in(2.1) and(2.3), and letrj and∆θj be
defined as above. There exists constantc1 > 1 such that ifr andθ satisfy

0< θ < 1/n, 0< r < e−6ρ, εmax{r2s,2nr4s} < c−11 θ,(2.5)

then

∆θj(r, θ) < c1εjr
4s, rj (r, θ) ≤ re3jθ , j = 1, . . . ,2n.(2.6)

Proof. For (ξ1, η1) = ϕ(ξ, η), one has

|(ξ1, η1)| ≤ |(ξ, η)|e|Re(ξη)| + ε|(ξ, η)|2s+1, (ξ, η) ∈ B(ρ).(2.7)

One also has

ξ1η1 = ξη + λξe(ξη)
s

q(ξ, η)+ ληe−(ξη)
s

p(ξ, η)+ p(ξ, η)q(ξ, η),
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from which one obtains

|(ξ1η1)s − (ξη)s | ≤ c′1εr
4s, (ξ, η) ∈ B(ρ).(2.8)

For brevity, we fix(ξ, η) ∈ B(r, θ) and denoterj (r, θ) by rj , ξj (ξ, η) by ξj , etc.
By (2.7) and (2.8), we first get

r1 ≤ reθ + εr2s+1 ≤ re2θ , ∆θ1 ≤ c′1εr
4s,

in which the first inequality is obtained fromex + y < ex+y for positivex and
y. In particular, (2.6) holds forj = 1 if c1 ≥ c′1. Assume that (2.6) holds for
j < 2n. One knows thatθj ≤ 2θ andrj ≤ e6r. Hence,ϕj sendsB(r, θ) into
B(e6r) ⊂ B(ρ) for r < e−6ρ. Now (2.7) and (2.8) imply that

rj+1 ≤ re3jθ eθj + εr2s+1j ≤ re3jθ e2θ + e12s+6εr2s+1 ≤ re3(j+1)θ ,

∆θj+1 ≤ ∆θj + c′1εr
4s
j ≤ ∆θj + c′1e

24sεr4s ≤ c′1e
24sε(j + 1)r4s

for c1 = c′1e24s . By induction the proof is complete. ��
For anm × n matrix A, define‖A‖ = max|v|=1 |Av|, in which v stands

for column-vectors and|(v1, . . . , vn)t | =
√|v1|2+ · · · + |vn|2. Let F be aC1

mapping fromCn to Cm. Denote byFz them × n complex Jacobian matrix of
F . The real Jacobian matrix ofF is the 2m× 2n matrix

JF =

∂f

∂x

∂f

∂y
∂g

∂x

∂g

∂y

 , F = f + ig, z = x + iy.

Define‖JF‖(r) = max|z|≤r ‖JF(z)‖. Then one readily sees

‖JF‖(r) = sup
z′ �=z,|z|≤r,|z′|≤r

|F(z′)− F(z)|
|z′ − z| ≤ ‖Fz‖(r)+ ‖Fz‖(r).

Let p0 = p, q0 = q, pj , andqj be given by (2.4). Put

|(pj , qj )|(r, θ) ≡ sup
(ξ,η)∈B(r,θ)

{|(pj (ξ, η), qj (ξ, η))|},
‖J (pj , qj )‖(r, θ) ≡ sup

(ξ,η)∈B(r,θ)
‖J (pj , qj )(ξ, η)‖.

Also, put

|(pj , qj )|(r) = |(pj , qj )|(r,∞), ‖J (pj , qj )‖(r) = ‖J (pj , qj )‖(r,∞).
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Proposition 2.2. Letϕ, ε andρ be given by(2.1) and(2.3), and letr andθ be
as in(2.5). Then

|(pj , qj )|(r, θ) ≤ c2εnr
2s+1(nr2s + 1)(2.9)

for 1≤ j < 2n. Moreover,

‖J (pn−1, qn−1)‖(r, θ) ≤ c3εnr
2sec3nr

2s
,(2.10)

providedϕ is additionallyC1 and satisfies

‖J (p, q)‖(r) ≤ εr2s .

Proof. From (2.4) we have

pj = λpj−1e(ξj ηj )
s + λj+1ξe(j+1)(ξη)

s [
e(ξj ηj )

s−(ξη)s − 1
]+ p(ξj , ηj ),

qj = λqj−1e−(ξj ηj )
s + λ

j+1
ηe−(j+1)(ξη)

s [e−(ξj ηj )s+(ξη)s − 1] + q(ξj , ηj ).

Put
wj = max{|(pj (ξ, η), qj (ξ, η))| : (ξ, η) ∈ B(r, θ)}.

By Proposition 2.1 we know thatrj ,∆θj satisfy (2.6); and hence,rj ≤ e6r and
θj ≤ 2θ for j = 1, . . . ,2n− 1. Thus

wj ≤ eθjwj−1+ c′2ε(jr
4s+1+ r2s+1) ≤ e2θwj−1+ c′2ε(2nr

4s+1+ r2s+1)

≤ e2jθw0+ c′2ε(2nr
4s+1+ r2s+1)

j−1∑
l=0

e2lθ ≤ c′′2εn(nr
2s + 1)r2s+1,

which yields (2.9) forc2 ≥ c′′2.
To estimate the norm of Jacobian matrices, write

J (ϕn − T n) = (Jϕ) ◦ ϕn−1 · J (ϕn−1− T n−1)
+ (Jϕ − JT ) ◦ ϕn−1 · J (T n−1)
+ ((JT ) ◦ ϕn−1− (JT ) ◦ T n−1) · J (T n−1).

Sincerj ≤ e6r, then
‖(Jϕ) ◦ ϕj‖(r, θ) ≤ 1+ c′3r

2s

for j = 1, . . . , n. Sinceθ < 1/n, then

‖J (T j )(ξ, η)‖(r, θ) ≤ c′′3(1+ nr2s)

for j = 1, . . . , n. By JT (ξ, η) = JT (0)+O(|ξ |2s + |η|2s), one gets
‖(JT ) ◦ ϕn−1− (JT ) ◦ T n−1‖(r, θ) ≤ c′′′3 r

2s−1‖ϕn−1− T n−1‖(r, θ)
≤ c′′′3 c2(1+ nr2s)εnr4s ≤ c′′′3 c2ε(1+ nr2s)2r2s,
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in which the second inequality comes from (2.9). Thus

‖J (ϕn − T n)‖(r, θ) ≤ (1+ c′3r
2s)‖J (ϕn−1− T n−1)‖(r, θ)

+ c̃3(1+ nr2s)3εr2s ≤ (1+ c′3r
2s)n−1‖J (ϕ − T )‖(r, θ)

+ c̃3(1+ nr2s)3εr2s
n−1∑
k=0

(1+ c′3r
2s)k ≤ c3nεr

2sec3nr
2s
.

The proof of the proposition is complete. ��

3 Birkhoff curves

In this sectionweshall first prove theexistenceof certainBirkhoff real surfacesof
the mappings. Then we shall prove the existence of periodic points of reversible
mappings. The section is concluded with a version of the Birkhoff fixed-point
theorem tobeapplied to the studyof invariant totally real surfacesof holomorphic
symplecticmappings.Throughout thepaperk

√
z stands for the rootwith argument

in (−π/k, π/k] for k > 0 andz �= 0.
Let us first describe the Birkhoff curves in details. We start with the twist

mappingT of the real plane, given byz1 = λzei|z|2s (|λ| = 1). Away from the
origin the fixed points ofT n form circles of radiusr satisfyingλneinr

2s = 1.
These circles of fixed points can also be described as follows. Consider real lines
in the complex plane given by

lw ⊂ C : Im{wz} = 0, |w| = 1,

i.e., the lines given byz = w2z. The set of fixed points ofT n that are contained
in lw \ {0} consists of pointsz ∈ lw \ {0} such thatT n sends them in the radial
direction, i.e., such thatT n(z)/z > 0. By choosingz depending onw ∈ S1

continuously, one obtain a circle of fixed points ofT n.
Consider a complexification ofT given by

Tc : ξ1 = λξe(ξη)
s

, η1 = ληe−(ξη)
s

.

By identifyingR2 with the totally real plane defined byη = 2s
√−1ξ , one obtains

Tc|R2 = T . Away from the origin the fixed points ofT n
c form the holomorphic

curve
B = {0 �= (ξ, η) : λnen(ξη)s = 1}.

As in the real case, each complex line

l̃w ⊂ C2 : η = w2ξ

containsx �= 0 such thatT n
c (x) returns to the complex linẽlw withRe(π1(T

n
c (x))

/π1(x)) > 0. As the complex linẽlw varies withw in the annulus
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A = {w ∈ C : 1/2< |w| < 2},
such pointsx sweep out the Birkhoff holomorphic curveB.

In general, given a family{Γw} of real surfaces inC2, we callB ⊂ C2 a
Birkhoff setof ϕ of ordern with respect to{Γw}, if for eachx ∈ B, ϕn(x) andx
belong to the same real surfaceΓw for somew ∈ A.

Put

Rn = {ζ ∈ C∗ : λnenζ2s = 1},
µ(ζ ) = 1

s44s+1
min{1, 1

n|ζ |2s }.(3.1)

Given a positive integern, let ξ0(w) be a holomorphic function on the annulus
A, which satisfies

λnenw
2s ξ2s0 (w) = 1.(3.2)

Note that the holomorphic curvew→ (ξ0(w),w2ξ0(w)) consists of fixed points
of T n

c . Putζ0 = ξ0(1). Thenζ0 is inRn andξ0(w) is determined uniquely byζ0.
It is also clear that

|ζ0|/2< |ξ0(w)| = |w−1ζ0| < 2|ζ0|, w ∈ A.

Put

Aζ0 =
⋃

1/2<|w|<2
{(ξ, η) : |ξ − ξ0(w)| < µ(|ζ0|)|ζ0|, |ξ |/8< |η| < 8|ξ |}.

ThenAζ0 is contained inB(24|ζ0|) \B( 1
24|ζ0|). Denote byD(r, ζ ) ⊂ C the disk

of radiusr, centered atζ ; putD(r) = D(r,0).

Proposition 3.1. Let ξ0(w), ζ0, andAζ0 be defined as above. Letϕ be a contin-
uous mapping given by

ξ1 = λξe(ξη)
s + p(ξ, η), η1 = ληe−(ξη)

s + q(ξ, η)

with |λ| = 1 and

|(p(ξ, η), q(ξ, η))| ≤ ε|(ξ, η)|2s+1, (ξ, η) ∈ B(ρ).

Consider a family of real surfaces defined by

Γw ⊂ C2 : η = w2ξ + u(ξ,w), u(0, w) = 0, w ∈ A.

Suppose thatu(ξ,w), uξ (ξ, w) and uξ (ξ, w) are continuous inξ andw, and
that

|uξ (ξ, w)| + |uξ (ξ, w)| ≤ ε, w ∈ A, (ξ, η) ∈ B(ρ).(3.3)
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LetB be the set of points(ξ, η) ∈ Aζ0 with ϕj (ξ, η) ∈ B(16e6|ζ0|) for 1 ≤ j ≤
2n such that for somew ∈ A

(ξ, η) ∈ Γw, (ξn, ηn) = ϕn(ξ, η) ∈ Γw, Re{ξn/ξ} > 0.

ThenB ∩ Γw is non-empty for eachw ∈ A, provided

ε < µ2(ζ0)/c4.(3.4)

If u(ξ,w) ≡ 0 andϕ is additionally aC1 mapping satisfying

‖J (p, q)(ξ, η)‖ ≤ ε|(ξ, η)|2s, (ξ, η) ∈ B(ρ)

for ε < µ2(ζ0)/(c5e
c5/µ(ζ0)), thenB ∩ Γw is a single point forw ∈ A, andB is

a continuous real surface parameterized byw→ B(w),w ∈ A.

Proof. Fixw ∈ A and denoteξ0(w) by ξ0 for short. Assume that both(ξ, η) and
ϕn(ξ, η) are onΓw. Thenξ andη satisfyη = w2ξ + u(ξ,w) and

λ
n
ηe−n(ξη)

s + qn−1(ξ, η) = w2(λnξen(ξη)
s + pn−1(ξ, η))

+ u(λnξen(ξη)
s + pn−1(ξ, η), w).

Rewrite the above equation as

λ2ne2n((wξ)2+ξu(ξ,w))s = 1+ E(ξ,w)(3.5)

with E = E∗ + E∗∗ and

E∗(ξ, w) = λnen(ξη)
s

ξ−1
[
w−2qn−1(ξ, η)− pn−1(ξ, η)

]
,

E∗∗(ξ, w) = w−2ξ−1
[
u(ξ,w)− λnen(ξη)

s

u(λnξen(ξη)
s + pn−1(ξ, η), w)

]
.

For 0 < |ξ0| < ρ/4 and|ξ − ξ0| < µ(ζ0)|ζ0|, one has|ζ0|/4 < |ξ | < 3|ζ0|.
Also, (3.3) and (3.4) imply that|u(ξ,w)| ≤ ε|ξ | < |ζ0|/4. Thus

r̃ ≡ |(ξ, η)| ≤ 4|ζ0|,(3.6)

|w2ξ2− w2ξ20 | ≤ 43|ζ0||ξ − ξ0|, |ξu(ξ,w)| ≤ ε|3ζ0|2,
|(1− t)(w2ξ2+ ξu(ξ,w))+ tw2ξ20 | ≤ max{5|ξ |2, |ζ0|2} ≤ 43|ζ0|2

for 0 ≤ t ≤ 1. Hence,

|(w2ξ2+ ξu(ξ,w))s − (wξ0)
2s | ≤ s43(s−1)|ζ0|2s−2(43|ζ0||ξ − ξ0| + ε|3ζ0|2)

≤ s44s+1µ(ζ0)|ζ0|2s ≡ θ ≤ 1/n,

(3.7)

in which (3.4) and (3.1) are used. Sinceλnen(wξ0(w))2s = 1, then(wξ0)
2s is pure

imaginary. Hence, one gets

θ̃ = |Re{(ξη)s}| = |Re{(ξ2+ ξu(ξ,w))s − (wξ0)
2s
} | ≤ θ.(3.8)
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Also, (3.1) and (3.6) imply that

εr̃2s ≤ 42sε|ζ0|2s ≤ 42s

c4
|ζ0|2sµ2(ζ0) ≤ c−11 θ,

2εnr̃4s ≤ 2εn44s |ζ0|4s ≤ 44s+1

c4
n|ζ0|4sµ2(ζ0)

≤ 44s+1

c4
|ζ0|2sµ(ζ0) ≤ c−11 θ,

providedc4 ≥ 44s+1c1; hence, (2.5) holds when

ξ ∈ D(ξ0, µ(|ζ0|)|ζ0|), (ξ, η) ∈ Γw.

Therefore, estimates in Proposition 2.1 and Proposition 2.2 apply. By (2.6) we
obtain

ϕj (D(ξ0, µ(ζ0)|ζ0|) ∩ Γw) ⊂ B(4e6|ζ0|), j = 1, . . . ,2n.

By (2.9), we get
|E∗(ξ, w)| ≤ c′′4nε|ζ0|2s(1+ n|ζ0|2s).

To estimateE∗∗, note thatλn = e−n(wξ0)
2s
and

|u(ξ)−λnen(ξη)s u(λnξen(ξη)s + pn−1(ξ, η))|
≤ |u(ξ)| · |1− en(ξη)

s−n(wξ0)
2s |

+ εe6(|ξ | · |1− en(ξη)
s−n(wξ0)

2s | + |pn−1(ξ, η)|)
≤ c′′′4 nεµ(ζ0)|ζ0|2s+1(1+ n|ζ0|2s),

in which (2.9), (3.3) and (3.8) are used. Thus, we have

|E(ξ,w)| ≤ c̃4ε(n|ζ0|2s + 1)n|ζ0|2s ≤ c̃4µ(ζ0)n|ζ0|2s/c4 < 1/2,(3.9)

in which the last two inequalities come from (3.4) and (3.1), respectively. With
(3.2), (3.7) and (3.9), we now put equation (3.5) into the form

ξ = K(ξ,w)

with

K(ξ,w) = ξ0+ ξ{1−
√
1+ w−2ξ−1u(ξ,w)}(3.10)

+ ξ0

{
2s

√
1+ ln(1+ E(ξ,w,w−1))

2n(wξ0)2s
− 1

}
.

Note that| k
√
1+ z− 1| ≤ |z| for k ≥ 1 and|z| ≤ 1/2. By (3.3), we get

|
√
1+ w−2ξ−1u(ξ,w)− 1| ≤ |w−2ξ−1u(ξ,w)| ≤ 4ε ≤ µ(ζ0)/8,
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in which the last inequality comes from (3.4). Also note that| log(1+ z)| ≤ 2|z|
for |z| < 1/2. From (3.9) and|ζ0| = |wξ0(w)|, it follows that∣∣∣∣ 2s

√
1+ ln

(
1+ E(ξ,w,w−1)

)
2n(wξ0)2s

− 1

∣∣∣∣ ≤ c̃4µ(ζ0)/c4.

Takec4 > 8c̃4. Thus forw ∈ A, the continuousmapK(ξ,w) sends the closure of
the diskD(ξ0, µ(ζ0)|ζ0|) into the disk; the degree theory says thatξ = K(ξ,w)

has a solutionξ = ξ(w) in the disk. Since|ξ | > |ξ0|/4, then (2.9), (3.1) and
(3.7) implies that

Re{ξn/ξ} ≥ Re{en((ξη)s−(ξ0(w)w)2s )} − |pn−1(ξ, η)|/|ξ | > 0

for some choice ofc4.
Next, we want to show thatB is aC0 real surface, that is thatξ = ξ(w) is

continuous inw ∈ A. To this end we need to show thatK(·, w) is a contraction
map through estimatingEξ andEξ . We first haveu ≡ 0 andE = E∗. With
η = w2ξ , we also have∣∣∣∣ ∂∂ξ en(ξη)s

∣∣∣∣ ≤ se22sn|ξ |2s−1 ≤ se82sn|ζ0|2s−1.

Together with (2.10), we get

|Eξ(ξ,w)| ≤ c′5εn|ζ0|2s−1ec
′
5n|ζ0|2s .

A similar estimate also holds forEξ . Thus, we conclude that

|Eξ(ξ,w)| + |Eξ(ξ,w)| ≤ 2c′5εn|ζ0|2s−1ec
′
5n|ζ0|2s .

Now, from (3.10) one sees that

|Kξ(ξ,w)| + |Kξ(ξ,w)| ≤ c′′5εe
c′5n|ζ0|2s < 1/2, ξ ∈ D(ξ0, µ(ζ0)|ζ0|)

for c5 = max{c4,2c′′5, c′5}. Therefore, themappingξ → K(ξ,w) is a contraction
fromD(ξ0, µ(ζ0)|ζ0|) into itself.

By the Picard iteration, one can show thatξ(w) is unique and is continuous
in w. The proof of the proposition is complete. ��

Proof of Theorem1.1.We assume that the homeomorphismϕ is reversible with
respect to aC1 involutionτ with a holomorphic linear part. It is easy to see that
ϕ, given by (1.1), is differentiable at(ξ, η) = 0. Thus, the linear part ofϕ is
also reversible with respect to that ofτ . Since the linear part ofτ is C-linear
and that the eigenvalues of the linear part ofϕ are distinct, thenτ is of the form
(ξ, η) → (aη, bξ) + o(|ξ | + |η|). Sinceτ is an involution, thenab = 1. By a
linear transformation(ξ, η)→ (ξ/

√
a,
√
aη), one may assume thata = b = 1.
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Applying the dilation(ξ, η) → 2s
√
as(ξ, η), one further achieves thatas = 1.

Note that in the new (and from now on fixed ) linear coordinatesϕ still satisfies
the assumptions of the theorem.

Next, we want to show that the fixed points ofτ form aC1 real surfaces.
Since the linear part ofτ is τ0 : ξ → η, η → ξ , thenφ = (Id+τ−10 ◦ τ)/2 is a
C1 change of coordinates. Fromτ 2 = Id = τ 20 , it follows thatφ ◦ τ = τ0 ◦ φ.
Thusτ is equivalent toτ0. Since the fixed points ofτ0 are given byη = ξ , the
fixed points ofτ form aC1 real surface

Γ1 : η = ξ + u(ξ), u(ξ) = o(|ξ |),
which fits into the family ofC1 real surfacesΓw : η = w2ξ + u(ξ), w ∈ A.

We now find the periodic points forϕ. Write λ = ei2πα with 0 ≤ α < 1 and

nα = βn + ln, −1/2< βn ≤ 1/2, ln ∈ Z.

LetK ≥ 1 be a fixed integer, and letζ0 �= 0 be a solution to

nζ 2s0 = (−βn + j)2πi,

wherej is an integer satisfying|j | ≤ K. Sincen|ζ0|2s ≤ 2(K + 1)π , then

µ(ζ0) ≥ 1

2(K + 1)π
.

Fix ρ with 0< ρ < 1 such that

|uξ (ξ)| + |uξ (ξ)| < ε, |(p(ξ, η), q(ξ, η))| ≤ ε|(ξ, η)|2s+1

for (ξ, η) ∈ B(ρ) and

ε = 1

4c4(K + 1)2π2
≤ 1

c4
µ2(ζ0).

Applying Proposition 3.1, there exists(ξ ∗, η∗) ∈ Γ1 such thatϕn(ξ ∗, η∗) is on
Γ1 andϕj (ξ ∗, η∗) are contained inB(16e6|ζ0|) for j = 1, . . . ,2n; in particular
(ξ ∗, η∗) andϕn(ξ ∗, η∗) are fixed byτ . Thus,ϕ−n(ξ ∗, η∗) = τ(ϕn(ξ ∗, η∗)) is
well-defined, and

ϕ−n(ξ ∗, η∗) = τϕnτ−1(ξ ∗, η∗) = ϕn(ξ ∗, η∗).

This shows that(ξ ∗, η∗) is a fixed point ofϕ2n.
We now identify the orbit located inB∗(c0κn(λ)), as stated in Theorem 1.1.

We chooseζ0 as follows:

ζ0 =
{(−i 2πβn

n

) 1
2s βn �= 0,(

i 2π
n

) 1
2s otherwise.
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Thenϕ2n has a periodic point(ξ ∗, η∗) with ξ ∗ ∈ D(ξ0, µ(ζ0)|ζ0|) andη∗ ∈ Γ1.
Also, ϕj (ξ ∗, η∗) are contained inB(16e6|ζ0|). If βn �= 0, thenλn �= 1 and
2π |βn| > |λn − 1|. Hence,

|ζ0| <
[2π |βn|

n

] 1
2s
<
[ |λn − 1|

n

] 1
2s = κn(λ).

If βn = 0, thenλn = 1 and

|ζ0| =
[ |2π |

n

] 1
2s
< 2πκn(λ).

Thus,(ξ ∗, η∗) and its orbit are contained inB∗(32πe6κn(λ)). The proof of the
theorem is thus complete. ��

Proof of Theorem1.2.By the assumptions, themappingϕ : (ξ, η)→ (λξ, λη)+
O(2) is reversible with respect to a holomorphic involution. Sinceλ is not a root
of unity andϕ is not linearizable, then a theorem of Moser andWebster [8] says
that there exists a change of holomorphic coordinates such thatϕ is of the form
(1.1) withas = 1. Now Theorem 1.2 follows from Theorem 1.1. ��

The following theorem is proved by Moser [7] for the cases = 1; see also
Siegel and Moser [10] for the real analytic case.

Theorem 3.2. Letϕ be aC1 transformation of the real plane, given by

z1 = λzeas |z|
2s + p(z), p(0) = 0,

in whichas, λ are complex numbers satisfyingas �= 0 and |λ| = 1, andp(z) is
a complex-valuedC1 function satisfying

|pz(z)| + |pz(z)| = o(|z|2s).(3.11)

LetU be an open neighborhood of the origin, and letµ be a Borel measure onU
that is positive on all non-empty open subsets ofU . If ϕ preserves the measure
µ, thenReas = 0, and there existsc6 > 0 such that ifn is sufficiently large, then
ϕ has a periodic orbit in the punctured diskD∗(c6κn(λ, as)) of period dividing
n, in which

κn(λ, as) =


[ |λn − 1|

n

] 1
2s

if Im as · Im λn < 0,(1
n

) 1
2s

otherwise.

(3.12)
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Proof. Sincep(0) = 0, then (3.11) implies thatp(z) = o(|z|2s+1). It is also clear
that as = 0; otherwise, eitherϕ or its inverse sends a disk (of small radius)
into a smaller disk, which contradicts thatϕ preserves the measureµ. Applying
the dilationz → 2s

√|as |z, one achieves thatas = ±i. Note that replacingϕ by
ϕ−1 results inλ → λ andas → −as , and thatκn(λ, as) = κn(λ,−as). Thus,
replacingϕ with ϕ−1 if necessary one may further assume thatas = i.

Identifying thez-plane with the totally real surfaceM ⊂ C2 : η = s
√
i ξ by

the embeddingz→ 2s
√
i(z, z), one has̃ϕ|M = ϕ for

ϕ̃ : ξ1 = λξe(ξη)
s + p̃(ξ, η), η1 = ληe−(ξη)

s + q̃(ξ, η),

in which p̃(ξ, η) = 2s
√
i p(

2s
√
i ξ) andq̃(ξ, η) = 2s

√
i p(

2s
√
i η). Write λ = e2πiα

andnα = l + βn with l ∈ Z and−1/2< βn ≤ 1/2. Put

ζ0 =
{(−i 2πβn

n

) 1
2s −1/2< βn < 0,(

i
2π(1−βn)

n

) 1
2s otherwise.

Thenλnenζ
2s
0 = 1; in particular,ζ0 ∈ Rn. Also, |ζ0|/c7 < κn(λ, i) < c7|ζ0|

for some positive constantc7. Note thatζ0 (dependent ofn) approaches to 0 as
n → ∞. On the other handµ(ζ0) is bound from below by a positive constant.
Thus forn sufficiently large, we have

‖J (p̃, q̃)‖(r) < εr2s, for ε = µ2(ζ0)

c5ec5/µ(ζ0)
.

Applying Proposition 3.1, we obtain a real curve

C = {(ξ(w), ξ(w)w2) : |w| = 1} ⊂ D(24|ζ0|) \D(|ζ0|/24)
such that for(ξ, η) ∈ C, (ξn, ηn) = ϕn(ξ, η) satisfies Re(ξn/ξ) > 0. Next,
we want to show thatξn/ξ is actually positive onC and thatC is contained in
M. To this end, note thatM is the set of fixed points of the anti-holomorphic
involution ρ : (ξ, η) → (

s
√
i η,

s
√
i ξ) and thatϕ̃ = ρϕ̃ρ. Assume now that

|w| = 1. We haveϕ̃n(ξ(w), ξ(w)w2) = c(w)(ξ(w), ξ(w)w2) for somec(w)

withRec(w) > 0 andϕ̃n(
s
√
i ξ(w)w2,

s
√
i ξ(w)) = c(w)(

s
√
i ξ(w)w2,

s
√
i ξ(w)).

Put ξ0(w) = ζ0/w. By the definition ofζ0, we have s
√
i ξ0(w)w2 = ξ0(w),

and hence| s
√
i ξ(w)w2 − ξ0(w)| = |ξ − ξ0(w)|. Thus,( s

√
i ξ(w)w2,

s
√
i ξ(w))

belongs toAζ0, as does(ξ(w), ξ(w)w2). The uniqueness of solution(ξ, η) to
ξnη = ηnξ as formulated in Proposition 3.1 implies that s

√
i ξ(w)w2 = ξ(w)

andc(w) = c(w) for |w| = 1. The former means thatC is contained inM. The
latter and Rec(w) > 0 imply thatc(w) > 0. Now identifyC ∩M with a real
curveC̃ in thez-plane. The original mappingϕ sends a point oñC to a point in
the radial direction, sincezn/z is positive onC̃. Sinceϕ preserves the measure
µ, thenϕn(C̃) must intersectC̃. Note that no two points oñC have the same
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argument. Thusϕn actually fixes each point iñC ∩ϕn(C̃). Finally, as we proved
at the end of the proof of Theorem 1.1, one can takec6 = 32πc7e6 such that the
whole periodic orbits is contained inD(c6κn(λ, as)). The proof is complete.��

4 A subgroup of holomorphic symplectic mappings

In this section we shall introduce a subgroupH0 of holomorphic symplectic
mappings ofC2. The proof of Theorem 1.3 will make full use of the group
structure ofH0. We shall see that each transformation inH0 is already in the
Birkhoff normal form, if it preserves the totally real planeR2 : η = ξ .

TodescribeH0, letHbe thegroupof germsof biholomorphic transformations
at the origin ofC2, which preserve both coordinate axes. More specifically,H
consists of all transformations of the form

ξ1 = ξf (ξ, η), η1 = ηg(ξ, η),(4.1)

wheref, g are convergent power series satisfyingf (0)g(0) �= 0. LetF0 be the
set of convergent power series

f (ξ, η) =
∑

fij ξ
iηj , fij = 0, i < j.

LetF1 ⊂ F0 be the set of power seriesf satisfying the additional conditionfii =
0 for i > 0. Forj = 0,1, denote byHj the set of biholomorphic transformations
(4.1) withf, g ∈ Fj .

Given a power seriesf (ξ, η), we set

Nf (ξ, η) =
∑
i≥0

fiiξ
iηi.

Forϕ given by (4.1), defineNϕ by ξ1 = ξ Nf (ξ, η), η1 = ηNg(ξ, η).

Lemma 4.1. LetFj ,Hj be defined as above. Forp ∈ Fj andϕ ∈ H0, one has
p ◦ϕ ∈ Fj . Also,H0,H1 are subgroups ofH withN (ϕ1◦ϕ1) = (Nϕ1)◦ (Nϕ2)

for ϕ1, ϕ2 ∈ H0.

Proof. Dropping the restrictionf (0)g(0) �= 0, we letĤ0 be the set of mappings
(4.1) withf, g ∈ F0. We shall first prove thatF0,F1 are closed under the action
of Ĥ0. Evidently,F0 containsC and is closed under addition and multiplication.
Hence, ifp(z1, . . . , zk) is a power series andf1, . . . , fk are elements ofF0 with
all fj (0) = 0, thenp(f1, . . . , fk) remains inF0. Now takeϕ ∈ Ĥ0 andp ∈ F0.
Then

p ◦ ϕ(ξ, η) = p(0)+
∑
i≥j

pij ξ
iηjf i(ξ, η)gj (ξ, η).

Sinceξ iηj are inF0 for i ≥ j andf igj are inF0, thenp ◦ ϕ is inF0 also.
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Next, we want to show that̂H0 (and henceH0) is closed under composition.
Takeϕj ∈ Ĥ0 (j = 1,2), for whichfj , gj ∈ Fj are power series corresponding
to f, g in (4.1). Thenϕ1 ◦ ϕ2 is still of the form (4.1) with

f = f1 ◦ ϕ2 · f2, g = g1 ◦ ϕ2 · g2,
fromwhich one sees thatϕ1◦ϕ2 remains inĤ0. Note that the above two identities
also say thatN(ϕ1 ◦ ϕ1) = (Nϕ1) ◦ (Nϕ2) holds forϕ1, ϕ2 ∈ H0.

Now, we want to show thatH0 is closed under inversion. Takeϕ ∈ H0.
Denote byφ1 the inverse of the linear part ofϕ. It is clear thatφ is inH0. Write
φ1 ◦ ϕ = Id+ϕ̃1. Thenϕ̃1 = O(2) is in Ĥ0. Hence,φ2 = Id−ϕ̃1 is inH0 also.
Putφ2 ◦ φ1 ◦ ϕ = Id+ϕ̃2. Recursively, one obtains

φn ◦ · · · ◦ φ1 ◦ ϕ = Id+ϕ̃n

with φn ∈ H0, ϕ̃n ∈ Ĥ0, andϕ̃n = O(2n−1+ 1). Thusϕ−1 = . . . φn ◦ · · · ◦ φ1 is
in H0.

A similar argument shows thatH1 is a subgroup ofH0. ��
We shall denote byNj(n) > 1, N ′

j (n) > 1, etc., constants depending only
on n andm1, . . . , mn, in which m1, . . . , mn are positive integers given as in
Theorem 1.3. Put

δn = δn(λ) = min{1/2, |λk − 1| : 1≤ k ≤ n− 1}.
For a convergent power seriesf (ξ, η), define

Mf = sup{|fij | 1
i+j−1 : i + j > 0}.

For a holomorphic mappingF = (f1, f2) defined by two power seriesfj (ξ, η)
convergent near the origin, put

MF = max{Mf1,Mf2}.
It is straightforward that ifLc (c �= 0) is the dilation(ξ, η)→ (cξ, cη), then

Mcf ◦L−1c
= c−1Mf .

Given two formal power seriesf, g in the same multivariable. We say thatf

ismajorizedby g, denoted byf ≺ g, if coefficientsfα andgα satisfy|fα| ≤ gα
for all α. We need the following

Lemma 4.2. Letϕ be a holomorphic transformation withϕ(ξ, η) = (λξ, λη)+
O(2). There exists constantc1 such that if|λ| = 1 andn is an integer, then

ϕn : B(r)→ B(2r), r < 1/(c1|n|Mϕ).(4.2)
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Proof. The lemma is trivial ifMϕ = 0. We now consider the caseMϕ �= 0.
Replacingϕ with LMϕ

ϕL−1Mϕ
if necessary, one may assume thatMϕ = 1. Nowϕ

is majorized by

ϕ̂ : ξ ′ = ξ + (ξ + η)2

1− ξ − η
, η′ = η + (ξ + η)2

1− ξ − η
.

Obviously,ϕ̂ sendsB(r) intoB(r(1+ 8r)) for r < 1/4. Note that the mapping
r → r(1+ 8r) is majorized by the time-1 mapping of the vector fieldṙ = 8r2

of which the flow isr → r/(1− 8tr). For a positive integern one obtains

ϕn : B(r)→ B(2r), r < 1/(16n).

To obtain (4.2) for the negative integern, it suffices to showMϕ−1 ≤ c′1Mϕ for
some constantc′1. Write

ϕ−1 = φ1+ φ2

with φ1 being the linear part ofϕ−1. From ϕϕ−1 = Id, one getsφ−11 φ2 =
(φ−11 − ϕ) ◦ (φ1+ φ2). Thus,φ2 ≺ (u, u) with u(ξ, η) being determined by

u = (ξ + η + 2u)2

1− ξ − η − 2u
, u(0) = 0.

It is clear thatu is convergent andMϕ−1 ≤ Mu ≡ c′1. The proof of the lemma is
complete. ��
Lemma 4.3. For each holomorphic functionf withf (0) = λ and|λ| = 1, there
exists a unique holomorphic functiong(ξ, η) such that(4.1) defines a symplectic
mappingϕf .

(a) There exists a polynomialQijf in λ, λ andfi′j ′ with 0 < i ′ + j ′ < i + j

such that

gij = − i + 1

j + 1
λ−2fij +Qij (f ).(4.3)

If fi′j ′ = 0 for i ′ + j ′ < i + j , then

Qijf = 0.

(b) Mg ≤ c2Mf for some constantc2 > 1.
(c) Assume thatf is inFj . Thenϕf is inHj andNϕf is the symplectic mapping

ϕN f : ξ ′ = ξ Nf (ξ, η), η′ = η/Nf (ξ, η).
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Proof. Let ϕ be given by (4.1). Thenϕ is symplectic if and only ifg satisfies

g(ξ, η)+ ηgη(ξ, η) = 1+ [ηfη(ξ, η)][ξgξ (ξ, η)]
f (ξ, η)+ ξfξ (ξ, η)

.(4.4)

Collecting the coefficients ofξ iηj on both sides of (4.4), one sees that

(1+ j)gij = −λ−2(i + 1)fij + . . . ,

where the omitted term is a polynomial inλ, λ andfi′j ′, gi′j ′ with 0< i ′ + j ′ <
i + j . In particular,gij are uniquely determined byf , and (a) holds.

To see the convergence ofg(ξ, η), note thatg(0) = λ, and thatg(ξ, η)−g(0)
is majorized byG satisfying

G(ξ, η)+ ηGη(ξ, η) = 1+ [ξKη(ξ, η)
] · [ηGξ(ξ, η)

]
1−K(ξ, η)− ξKξ(ξ, η)

for K(ξ, η) =∑
i+j>0M

i+j
f ξ iηj . In fact,ηG(ξ, η) = G̃ is the unique solution

to the Cauchy problem

G̃η = 1

1−K(ξ, η)− ξKξ(ξ, η)

(
1+ [ηKη(ξ, η)

] · [G̃ξ (ξ, η)
])

with the initial dataG̃|η=0 = 0. This implies thatG̃, and henceG, is convergent.
This establishes the convergence ofg, and the proof of the first statement in the
lemma is complete.

Note that the above argument also yieldsMg ≤ c2, if Mf = 1 or 0. The proof
of (b) for the caseMf �= 0 is reduced to the caseMf = 1, by replacingf , ϕf
with f ◦ L−1Mf

andLMf
ϕfL

−1
Mf
, respectively.

To prove (c), we return to (4.4). Forf ∈ Fj with f (0) = λ, we have
1

f+ξfξ , ηfη ∈ Fj . It is trivial that the linear term inξgξ is in Fj . By induction,
one can verify that the homogeneous terms ofg are inFj . For f, g ∈ F0 one
readily sees that

1= N
{
∂(ξf (ξ, η))

∂ξ

∂(ηg(ξ, η))

∂η
− ∂(ξf (ξ, η))

∂η

∂(ηg(ξ, η))

∂ξ

}
=
{
∂(ξ Nf (ξ, η))

∂ξ

∂(ηNg(ξ, η))

∂η
− ∂(ξ Nf (ξ, η))

∂η

∂(ηNg(ξ, η))

∂ξ

}
.

Thus,Nϕ is also symplectic. A straightforward computation shows that the
mappingξ → ξ Nf, η → η/Nf is symplectic. Now the uniqueness ofg
implies thatNϕf = ϕNf andNg = 1/Nf .Theproof of the lemma is complete.
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Proposition 4.4. Letϕf be a holomorphic symplectic mapping of the form

ξ1 = ξf (ξ, η), η1 = ηg(ξ, η), f (0) = λ = g(0).

Assume thatλ is not a root of unity andf ∈ F0. For each positive integern,
there exists a unique polynomialun ∈ F1 of the form

un(ξ, η) = 1+
∑

0≤k<j<n,j+k≤n
ujkξ

jηk

such thatϕunϕf ϕ
−1
un
= ϕfn with fn ∈ F0 and

fn(ξ, η) = Nfn(ξ, η)+ fn;n,0ξn +O(n+ 1).(4.5)

Furthermore, the following hold

(a) fn;n,0 = fn0+Qn(f ).
(b) Qn(f ) and coefficients ofun(ξ, η) are polynomials in quantities

λ, λ, fij (i + j ≤ n, j ≤ i < n),
1

1− λk
(1≤ k ≤ n− 1).(4.6)

(c) If Mf ≤ 1, there exists a constantN0(n) > 1 such that

Mun ≤ δ−N0(n)
n , Mfn ≤ δ−N0(n)

n .(4.7)

Proof. Let us first discuss the effect of a holomorphic symplectic transformation
ϕu on ϕf , whereu(ξ, η), f (ξ, η) are holomorphic functions withu(0) = 1.
Lemma 4.1 says thatϕuϕf ϕ

−1
u = ϕfn for some holomorphic functionfn(ξ, η).

We assume thatu(ξ, η)− 1 is a homogeneous polynomial of degreed ≤ n.
Write

ϕu ◦ ϕf = ϕfn ◦ ϕu.

The first components on both sides of the above identity give us

f (ξ, η) · u (ϕf (ξ, η)) = u(ξ, η) · fn (ϕu(ξ, η)) .

Comparing terms of order less thand yieldsfn(ξ, η)− f (ξ, η) = O(d), while
terms of orderd tell us

λu(λξ, λ−1η)+ [f ]d(ξ, η) = λu(ξ, η)+ [fn]d(ξ, η).
Note thatf (0) = λ is not a root of unity. For a fixedj with 0 ≤ j < d/2 one
puts

ud−j,j = λ−1

1− λd−2j
fd−j,j , ui′,j ′ = 0, (i ′, j ′) �= (d − j, j).

Thenfn;d−j,j = 0 andfn;i′j ′ = fi′j ′ for i ′ + j ′ ≤ d and(i ′, j ′) �= (d − j, j).
Recursively, one determinesuij for all i + j < n andun−k,k for 0 ≤ k < n/2



Periodic points of holomorphic mappings 247

(uij = 0 for all i ≤ j andi+j > 0) such that forun =∑
j<i<n,i+j≤n uij ξ

iηj one
hasϕunϕf ϕ

−1
un
= ϕfn with fn;ij = 0 forj < i < n andi+j ≤ n. Inductively, one

can verify that the coefficients ofun andfn;n0−fn0 are polynomial in quantities
(4.6).

Sincef is in F0 by the assumption andun is in F1 ⊂ F0, Lemma 4.1 says
thatfn is in F0 also. Therefore, we actually havefn;ij = 0 for all i < j and
achieve (4.5). The proof of (a) and (b) is complete.

For the proof of (c), we note that the coefficients of the polynomialun have

absolute values bounded byδ
−N ′

0(n)
n . ThusMun ≤ δ

−N ′
0(n)

n . By Lemma4.2, there is

a constantc3 such that bothϕun andϕ
−1
un

sendB(r) intoB(2r) for r < δ
N ′
0(n)

n /c3.
Also ϕf sendsB(r) into B(2r) for somer < 1/c′3 with c′3 > c1. Henceϕfn =
ϕunϕϕ

−1
un

sendsB(δ
N ′
0(n)

n /c′′3) into B(8δ
N ′
0(n)

n /c′′3) for c
′
3 > max{4c3,2c′3}. By the

Cauchy inequalities, one obtainsMfn ≤ 8
√
2c3δ

−N ′
0(n)

n . Therefore, there exists
N0(n) > N ′

0(n) such that (4.7) holds. ��
Remark.The purpose of Proposition 4.4 is to use transformations involving small
divisors|λ−1|, . . . , |λn−1−1| to transformϕf intoϕfn such that the terms of the
smallest order in the power series expansion offn(ξ, η) − Nfn(ξ, η) contains
only a singlemonomial term. The presence of such a single (non-vanishing) term
is to be essential to the proof of Theorem 1.3.

Next, we consider then-th iterateϕn
fn
. We need to find the coefficients ofξn

for the iterates. To simplify the computation, we shall absorb terms involving
λn − 1 into terms of higher order. This will be justified later on by choosingλ

such that for a sequence of positive integersn, |λn − 1| is much smaller than all
|λj − 1| for j = 1, . . . , n− 1.

Proposition 4.5. Letmn be a positive integer. Letfn ∈ F0 be given by

fn(ξ, η) = Λ(ξη)+ fn;n,0ξn + pn(ξ, η)

with Λ(0) = λ, |λ| = 1, pn(ξ, η) = O(n + 1), andNpn = 0. Assume that
MΛ ≤ 1andMfn ≤ δ−N0(n)

n . Then there existsN1(n) > N0(n), dependent ofmn,
such thatϕj

fn
has the form

ξj = ξ(Λj(ξη)+ ajξ
n + p̃j (ξ, η)),(4.8)

ηj = η(Λ−j (ξη)+ bjξ
n + q̃j (ξ, η))(4.9)

with

aj = jλj−1fn;n,0, bj = −(n+ 1)jλj−3fn;n,0,(4.10)

|p̃j (ξ, η)| + |q̃j (ξ, η)| ≤ δ−N1(n)
n (|λn − 1| + |ξ | + |η|)(|ξ |n + |η|n)(4.11)

for (ξ, η) ∈ B(δN1(n)
n ) and1≤ j ≤ mn.
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Proof. We first prove (4.8)-(4.10) by induction onj . We shall seek

p̃j (ξ, η) = uj (λ
n − 1)fn;n,0ξn + p∗j (ξ, η), p∗j (ξ, η) = O(n+ 1),

q̃j (ξ, η) = vj (λ
n − 1)fn;n,0ξn + q∗j (ξ, η), q∗j (ξ, η) = O(n+ 1),

(4.12)

in whichuj , vj are polynomials inλwith constant coefficients. Start withj = 1.
We puta1 = fn;n,0, u1 = v1 = 0,p∗1 = pn, andq∗1 = qn. By (4.3), we also have
b1 = −(n+ 1)λ−2fn;n,0. Thus (4.8)-(4.10) and (4.12) hold forj = 1. Assuming
that (4.8)-(4.10) and (4.12) hold, we want to verify that they are still valid when
j is replaced byj + 1. The first component ofϕfn(ϕ

j

fn
(ξ, η)) has the form

ξ(Λj(ξη)+ ajξ
n + uj (λ

n − 1)ξn)(Λ(ξη)+ fn;n,0λnj ξn)+O(n+ 2).

Taking

aj+1 = λaj + λjfn;n,0, uj+1 = λuj + λj
λnj − 1

λn − 1
,

we get

aj+1 = (j + 1)λjfn;n,0, |uj+1| ≤ j (j + 1)/2.(4.13)

Applying Lemma 4.3, the second component ofϕj+1
fn

is of the form (4.9), in
whichbj+1 is given as in (4.10) and

q̃j+1(ξ, η) = −(n+ 1)λ−2uj+1(λn − 1)ξn +O(n+ 1).

Therefore, we have proved (4.8)-(4.10) and (4.12) by induction.
To obtain estimate (4.11), write

ξp∗j (ξ, η) = ξj − ξΛj(ξη)− ajξ
n+1− uj (λ

n − 1)fn;n,0ξn+1,(4.14)

in which ξj is the first component ofϕj

fn
(ξ, η). SinceMfn ≤ δ−N0(n)

n , one sees
from Lemma 4.2 that

ϕ
j

fn
: Br → B2r , r < δN0(n)

n /(c1|j |).
We have|ξj | < 1 for (ξ, η) ∈ B(δN0(n)

n /(c1|j |)), |Λj(ξ, η)| < 2mn for (ξ, η) ∈
B(1/2), and|aj | < mnδ

−mnN0(n)
n by (4.7) and (4.13). By the maximum principle,

we obtain from (4.14) that

|p∗j (ξ, η)| ≤ δ−N1(n)
n , (ξ, η) ∈ B(δN1(n)

n ).

Sincep∗j = O(n+ 1), applying the maximum principle again yields

|p∗j (ξ, η)| ≤ δ−2N1(n)
n |(ξ, η)|n+1, (ξ, η) ∈ B(δN1(n)

n ).

One can also get a similar estimate forq̃j . Together with (4.12) and (4.13), we
obtain (4.11) for apossibly largerN1(n).Theproof of theproposition is complete.

��
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We conclude the section with the following

Lemma 4.6. For m = 1,2, . . . , let φm(t1, . . . , tm−1) be a positive continuous
function defined on(0,2]m−1. LetE be the set of valuesλ satisfying|λ| = 1,
λk �= 1 for all positive integersk, and

|λn − 1| < φn(|λ− 1|, . . . , |λn−1− 1|)(4.15)

for a sequence of positive integersn = nk → ∞ with Im λnk > 0 and for a
sequence of positive integersn = n′k → ∞ with Im λn

′
k < 0. ThenE is dense

on the unit circleS1.

Proof. Put

φ̃n(t1, . . . , tn−1) = min{t1, . . . , tn−1, φn(t1, . . . , tn−1)}.
Fix ε ∈ (0,1) andλ0 = e2πiα0 for some 0≤ α0 < 1. Choose a positive integer
k0 and an odd integerp0, such that|α0− p0

2k0
| < ε/(4π). Put

β0 = p0

2k0
.

Note thate2kπiβ0 − 1 does not vanish for 1≤ k < 2k0, but vanishes fork = 2k0.
Thus

|λ2k0 − 1| < φ̃2k0(|λ− 1|, . . . , |λ2k0−1− 1|)
for λ = e2πiβ0. Sinceφ̃n is continuous, there existsk1 such that the above in-
equality remains true ifλ = e2πiβ satisfies

|β − β0| < 1

2k1−1
.

We may also choosek1 so large that

1

2k1
< ε/(8π).

Putβ1 = β0 − 1
2k1
. Recursively, one can findk0 < k1 < k2 < . . . andβj =

βj−1+ (−1)j 1
2kj

such that

|λ2kj − 1| < φ̃2kj (|λ− 1|, . . . , |λ2kj−1− 1|),(4.16)

if λ = e2πiβ satisfies|β − β2kj | < 1
2kj+1−1

. Put

β∗ = p0

2k0
+
∑
j>0

(−1)j
2kj

.(4.17)

One readily sees that|β∗ − β2kj | < 1
2kj+1−1

; hence, (4.16) holds forλ = e2πiβ∗ .
Note that|λ− λ0| < ε, and that (4.16) implies thatλ is not a root of unity. From
(4.17), it is clear that(−1)j Im λ2

kj
< 0. Takingnj = 2k2j+1 andn′j = 2k2j , the

proof of the lemma is complete. ��
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5 An example and proof of Theorem 1.3

First, we would like to summarize the results which have been proved. Roughly
speaking, we have shown that neareachcurve of periodic points of the twistmap-
ping ξ → λξe(ξη)

s

, η → ληe−(ξη)s , one can find periodic points for a perturbed
mapping if the perturbed mapping, in real and complex cases, is reversible, or if
it preserves the real planeη = 2s

√−1ξ and is area-preserving. Those results are
formulated in Theorem1.1 andTheorem3.2 and are proved through the Birkhoff
curves. Despite the existence of Birkhoff curves (Proposition 3.1), we shall show
that periodic points of the twist map can be destroyed through a perturbation of
holomorphic symplectic mapping, if they are too close to the origin in relative
to the period. This is clearly demonstrated by the example below.

Consider a family of holomorphic symplectic mappings

ϕa : (ξ, η)→ (ξ ′, η′)

given by

ξ ′ = λξ(1+ ξη′)+ aβξαη′β−1, η = λη′(1+ ξη′)+ aαξα−1η′β, α �= β

with a ∈ C andα + β > 4. By a straightforward computation, one readily
sees that ifλ �= 1 andα, β are not zero, thenϕa has no fixed point other than
the origin in a ball centered at the origin of fixed radius ifa �= 0. On the other
hand,ϕ0 has a curve consisting of fixed points in the ballB(c

√|λ− 1|) for
some constantc independent ofλ, if |λ − 1| is small. Nevertheless,ϕa has a
Birkhoff holomorphic curve of order one with respect to the family of complex
lineslw : η = w2ξ (1/2< |w| < 2) when|λ− 1|/|a| is sufficiently small.

However, we do not know ifϕa (a �= 0) has periodic points accumulating at
the origin.

We now turn to the proof of our main theorem.

Proof of Theorem1.3.We are given a holomorphic functiona(ξη) = as(ξη)
s +

. . . (as �= 0)andasequenceof positive integersmn. (Note that thecasea(ξη) ≡ 0
is trivial.) PutΛ(ξη) = λea(ξη). We need to find a holomorphic symplectic
mapping

ϕf : ξ1 = ξf (ξ, η), η1 = ηg(ξ, η)

with Nf (ξ, η) = Λ(ξη) such thatϕk
f (1 ≤ k ≤ mn) have no fixed point in

B∗(dnκn(λ)) for somen = nk → ∞ and dn → ∞. One may assume that
MΛ ≤ 1, by replacingΛ(ξη) with Λ(K−2ξη) andϕf with LKϕfL

−1
K , where

K = sup{ 2j
√|Λj |} for Λ(ξη) = ∑

Λj(ξη)
j andLK(ξ, η) = (Kξ,Kη). We

may also assume thatmn > n.
For f ∈ F0 with Mf ≤ 1, Proposition 4.4 says that there exists a unique

polynomialun(ξ, η) = 1+∑
k<j<n,j+k≤n ujkξ

jηk such thatϕunϕf ϕ
−1
un
= ϕfn

and
fn(ξ, η) = Nf (ξ, η)+ fn;n,0ξn +O(n+ 1).
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Let FΛ be the set of holomorphic functionsf ∈ F0 satisfyingMf ≤ 1,
N f (ξ, η) = Λ(ξη) and

|fn;n,0| ≥ 1/2, n = 2,3, . . . .(5.1)

We first want to show that for eachλ that is not a root of unity, the setFΛ is
non-empty. To this end, we need to find an elementf in FΛ of the form

f (ξ, η) = Λ(ξη)+
∑
n>1

fn,0ξ
n

by determiningfn0 as follows: Takingf2,0 = 1, we havef2;2,0 = f2,0. It is clear
that (5.1) holds forn = 2. Assuming thatfl,0 has been determined such that
(5.1) is valid forn < l. By Proposition 4.4 (a), we know that

fl;l,0 = fl,0+Ql(f ),

in whichQl(f ) depends only onfjk with j + k < l. Put

fl0 =
{
0 |Ql(f )| > 1/2,

1 otherwise.

It is easy to see that (5.1) valid forn = l and remains valid for any choice of
higher order termsf , asfjk (j + k ≤ l) are fixed; by induction, we know that
FΛ is non-empty.

Return to the decompositionϕfn = ϕunϕf ϕ
−1
un
. Assume thatf ∈ F0 and

Mf ≤ 1. From Proposition 4.4 (c) we know thatMun ≤ δ−N1(n)
n andMfn ≤

δ−N1(n)
n . Now Lemma 4.2 says thatϕun, ϕ

−1
un
, andϕk

fn
sendB(r) into B(2r) for

r < δN1(n)
n /(c2mn) and 1≤ k ≤ mn. In particular,ϕk

f sendsB(r) to B(8r)
for r < δN1(n)

n /(4c2mn) and 1≤ k ≤ mn; furthermore, ifϕf has a periodic
point of period≤ mn in B∗(δN1(n)

n /(4c2mn)), thenϕfn has a periodic point in
B∗(δN1(n)

n /(2c2mn)) of period≤ mn.
We now restrict ourselves tof ∈ FΛ and assume thatϕk

f has a fixed point in
B∗(dnκn(λ)) for some 1≤ k ≤ mn. We shall derive some inequalities thatκn(λ)

must satisfy, under the additional conditions

dnκn(λ) ≤ δN1(n)
n /(4c2mn), dn ≥ 1, |λn − 1| < 1/mn.(5.2)

Put(ξj , ηj ) = ϕ
j

fn
(ξ, η). Then we have

ξk = ξ, ηk = η(5.3)

for somek and(ξ, η) with 1≤ k ≤ mn and

0 �= |(ξ, η)| < 2dnκn(λ).(5.4)
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As before we shall denote bycj constants independent ofm1, . . . , mn and by
Nj(n),N

′
j (n)constantsdependentofm1, . . . , mn. FromΛ(ξη) = λ(1+as(ξη)s)+

O(|ξη|s+1), we get
|Λk(ξη)− λk| ≤ c

mn

3 |ξη|s .(5.5)

We shall consider three cases.
(a)ξη �= 0 andn dividesk. Sincemn > n, the last inequality in (5.2) implies

that|λnj − 1| < 1 for |j | ≤ mn. Hence

|λn − 1| ≤ |λk − 1| ≤ mn|λn − 1|.(5.6)

Now (5.5) yields

|λn − 1| − c
mn

3 |ξη|s ≤ |Λk(ξη)− 1| ≤ mn|λn − 1| + c
mn

3 |ξη|s .(5.7)

Using Proposition 4.5, rewrite (5.3) as

1= Λk(ξη)+ akξ
n + p̃k(ξ, η),(5.8)

1= Λ−k(ξη)+ bkξ
n + q̃k(ξ, η),(5.9)

in whichaj , bj , p̃j andq̃j satisfy (4.10)-(4.11). Multiplying (5.9) byΛk(ξη) and
adding it to (5.8) yields

(ak + bk)ξ
n = (1−Λk(ξη))bkξ

n −Λk(ξη)q̃k(ξ, η)− p̃k(ξ, η).

By (4.10) we have

ak + bk = kλk−3(λ2− n− 1)fn;n,0.

Combining (4.11), (5.1), (5.7), and|λn − 1| = nκ2sn (λ), one obtains

|ξ |n ≤ δ−N2(n)
n (|λn − 1| + |ξ | + |η|)(|ξ |n + |η|n)

≤ 6n2n+1δ−N2(n)
n (dnκn(λ))

n+1.

Hence
|ξ | ≤ c4δ

−N2(n)
n (dnκn(λ))

1+ 1
n .

Returning to (5.8), one also gets from (4.10)-(4.11) that

|Λk(ξη)− 1| ≤ c5δ
−N1(n)
n

(|ξ |n + (|λn − 1| + |ξ | + |η|)|η|n) .
Now (5.7) and the last two inequalities yields

|λn − 1| ≤ c
mn

3 |ξη|s + c5δ
−N1(n)
n

(|ξ |n + (|λn − 1| + |ξ | + |η|)|η|n)
≤ δ−N3(n)

n (dnκn(λ))
2s+ s

n
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for n ≥ 2s. Using|λn − 1| = nκ2sn (λ), one gets

d2n+1n κn(λ) > nnδnN3(n)
n .(5.10)

(b) ξη = 0 andn dividesk. Sinceλ is not a root of unity and̃pk(ξ, η) = 0
whenξ = 0, thenξ �= 0 andη = 0. Thus one still has (5.8), which can now be
rewritten as

λk − 1= −akξn − p̃k(ξ,0).

Combining (4.11) and (5.6), one obtains

|λn − 1| < δ−N1(n)
n (|ξ |n + (|λn − 1| + |ξ | + |η|)(|ξ |n + |η|n))

≤ δ−N4(n)
n dn+1

n κn
n (λ).

Thus, one has

dn+1
n κn(λ) ≥ δN4(n)

n , n ≥ 2s + 1.(5.11)

(c) k = m′n + r with 0 < r < k. As in (b), we still haveξ �= 0 and (5.8).
The latter and (4.11) imply that

|Λk(ξη)− 1| ≤ c6δ
−N1(n)
n dn+1

n κn
n (λ).

Together with (5.5), we obtain

δn ≤ |λr − 1| ≤ |λk − 1| + |λm′n − 1|
≤ |Λk(ξη)− 1| + |Λk(ξη)− λk| +mn|λn − 1|
≤ c6δ

−N1(n)
n dn+1

n κn
n (λ)+ c

mn

3 (dnκn(λ))
2s +mnnκ

2s
n (λ) < δ−N5(n)

n dn+1
n κn(λ)

for n ≥ 2s. Together with (5.10) and (5.11), we obtain

d2n+1n κn(λ) > δN6(n)
n , n > 2s.

We now put

dn = κ
− 1

2n+2
n (λ).(5.12)

Thenκn(λ) > δ(2n+2)N6(n)
n (λ) for n > 2s, i.e.,

|λn − 1| > nδ(n+1)N6(n)/s
n (λ), n > 2s.(5.13)

Insummary, (5.13)wouldhold, ifϕf (f ∈ FΛ) hadaperiodicpoint inB∗(dnκn(λ))
with period≤ mn and if (5.2) and (5.12) were true; in particular, by eliminating
dn in (5.2) through (5.12) and substituting2s

√|λn − 1|/n for κn(λ), one sees that
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(5.13) would hold, if someϕf with f ∈ FΛ had a periodic point inB∗(dnκn(λ))
of period≤ mn, and if

|λn − 1| < min

{
1

mn

, n

(
δN1(n)
n (λ)

4c2mn

) n+1
s(2n+1)}

.(5.14)

To continue our construction, we put

φn(t1, . . . , tn−1) = min

{
1

mn

, n

(
δ∗n

N1(n)

4c2mn

) n+1
s(2n+1)

, nδ∗n
(n+1)N6(n)/s

}
with

δ∗n = min{1/2, t1, . . . , tn−1}.
For eachn, φn is a positive continuous function on(0,2]n−1. By Lemma 4.6, we
can findλ, not a root of unity, such that

|λn − 1| < φn(|λ− 1|, . . . , |λn−1− 1|), for n = nk,

However, this implies that, forn = nk, (5.14) is valid and (5.13) does not hold,
which contradicts to the conclusion summarized at the end of last paragraph.
Therefore, we conclude that for allf ∈ FΛ themappingϕf has no periodic point
in B∗(dnκn(λ))with period≤ mn, if n = nk. From (5.14), one also hasdn →∞
asn = nk →∞. Replacingdn by n for n �= nk, one getsdn →∞ asn→∞.
This completes the proof of the theorem. ��

6 Totally real invariant submanifolds

The main results of this section conclude that there exists a holomorphic sym-
plectic mapping having infinitely many invariant totally real formal surfaces, but
none of the formal surfaces isC1.

Given a formal power seriesf (ξ, η, ξ, η) of complex coefficients with
f (0) = 0andd Ref∧d Im f (0) �= 0,weshall call the set{uf }a realformal sur-
face, in whichu runs over the set of formal power series of complex coefficients
with non-vanishing constant term; the formal surface is totally real if the vanish-
ing of the linear part off defines a totally real plane inC2. To study the existence
of invariant totally real formal surfaces of holomorphic symplectic mappings, let
us recall the Birkhoff formal normal form: Letϕ : (ξ, η) → (λξ, λ−1η) + . . .

(λ ∈ C∗) be a symplectic holomorphic mapping. We assume thatλ is not a root
of unity. Then under symplectic formal transformations,ϕ is equivalent to (1.3),
in which a(ξη) is a formal power series witha(0) = 0. Since in the follow-
ing discussion we are only interested in invariant formal totally real surfaces,
we can further normalizêϕ by using possibly non-symplectic coordinates. As-
sume thata(ξη) �≡ 0. Chooseu(t) = 1+ . . . such thata(u2(t)t) = t s and put
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Φ : ξ ′ = u(ξη)ξ, η′ = u(ξη)η.ThenΦ−1 is given byξ ′ = ũ(ξη)ξ, η′ = ũ(ξη)η

with ũ(tu2(t))u(t) = 1= u(tũ2(t))ũ(t). Thus, one readily sees that

Tc = Φ−1ϕ̂Φ : ξ → λξe(ξη)
s

, η→ λ−1ηe−(ξη)
s

.(6.1)

Therefore, ifϕ has an invariant totally real formal surfaces, so doesTc, and vice
versa.

Proposition 6.1. LetTc be given by(6.1) with λ ∈ C∗.

(a) A totally real planeM ⊂ C2 is invariant underξ → λξ, η → λ−1η, if and
only if λ2 = 1 andM is any totally real plane, orλ = λ �= ±1 andM is
defined byξ = µ1ξ, η = µ2η with |µj | = 1, or |λ| = 1 �= λ2 andM is
defined byξ = µ3η with µ3 ∈ C∗.

(b) Assume thatλ = λ. Letb(t) be a formal power of real coefficients. Then

ξ = ξeib(ξη), η = ηe−ib(ξη)(6.2)

define a totally real and formal surface invariant underTc.
(c) Assume that|λ| = 1. Then

η = h(ξξ)ξ(6.3)

defines a totally real and formal surface invariant underTc, in whichh(t)
withh(0) �= 0 is a formal power series such that(h(t)t)s has pure-imaginary
coefficients.

Proof. For (a), it is obvious that ifλ andM are among the list, thenM is invariant
under the corresponding linear mapping. Now assume that the linear mapping
ϕ : ξ → λξ, η → λ−1η with λ2 �= 1 admits a totally real planeM. Since
M is totally real, thenM is the fixed-point set of a unique anti-holomorphic
involutionρ. Note thatϕ−1ρϕ is also an anti-holomorphic involution fixingM
pointwise. Thus,ϕ−1ρϕ = ρ, i.e,ϕρ = ρϕ. Lettingρ0(ξ, η) = (ξ , η), we see
that(ρρ0)−1ϕρρ0 = ρ0ϕρ0. Sinceρρ0 is holomorphic, then{λ, λ−1} = {λ, λ−1}.
Hence, eitherλ = λ or λ = λ

−1
. For the former case, we know thatρρ0 is of the

form ξ → µ1ξ, η → µ2η. Hence,ρ is given byξ → µ1ξ, η → µ2η. Sinceρ
is an involution, then|µj | = 1 andM is given byξ = µ1ξ, η = µ2η. For the
latter case, we know thatρρ0 is given byξ → µ3η, η → µ′3ξ . Sinceρ is an
involution, thenµ′3µ3 = 1; hence,ρ is given byξ → µ3η, η→ µ−13 ξ andM is
defined byξ = µ3η.

For (b), one notices that whenb is of real coefficients, the formal anti-
holomorphic mapping

ρ : ξ ′ = e−ib(ξη)ξ , η′ = eib(ξη)η

is an involution, and that (6.2) is the set of fixed points ofρ. Therefore, (6.2)
defines a totally real formal surface. We now want to show that the surface (6.2)
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is invariant underTc. Assume thatξ, η satisfy (6.2), and let(ξ ′, η′) = Tc(ξ, η).
Thenξη = ξη andξ ′η′ = ξη. In (6.2),multiplying both sides of the first equation
by e(ξη)

s

and that of the second equation bye−(ξη)s , one sees thatξ ′, η′ satisfy
(6.2) also. The proof of (b) is complete.

For (c), it is trivial that (6.3) defines a totally real formal surface. To see
that the set defined by (6.3) is invariant underTc, assume thatξ, η satisfy (6.3).
Then(ξη)s = −(ξη)s and(ξ ′, η′) = Tc(ξ, η) satisfiesξ ′ξ

′ = ξξ andη′η′ = ηη.
Multiplying both sides of (6.3) bye−(ξη)s , one readily sees thatξ ′, η′ satisfy (6.3).
The proof of the proposition is complete. ��

It is a theorem of Moser [6] that if a holomorphic symplectic mapϕ : ξ →
λξ + O(2), η → λ−1η + O(2) is hyperbolic(i.e., |λ| �= 1), thenϕ can be
transformed into its Birkhoff normal form (1.3) by convergent transformation.
(Moser proved the theorem for real case. However, the proof given by Siegel [9]
is valid for both real and complex cases.) Combining Moser’s theorem with
Proposition 6.1, we have the following.

Corollary 6.2. A holomorphic symplectic mapping ofC2 admits an invariant
totally real and real analytic surface passing through a hyperbolic fixed point,
if and only if the eigenvalues of the fixed point are real.

Proof of Corollary1.5.ByTheorem1.3, we know that there exists a holomorphic
symplectic mapping

ϕ : ξ ′ = λξe(ξη)
s +O(2s + 2), η′ = λe−(ξη)

s +O(2s + 2)

with λ not a root of unity, such thatϕ has no periodic points of period≤ n in
B∗(dnκn(λ)) for two sequencesn = nk → +∞ andn = n′k → +∞, in which
dn →∞, Im λnk > 0 and Imλn

′
k < 0.

Assume for the sake of contradiction that there is a totally real andC1 surface
M invariant underϕ which passes through the origin. By Proposition 6.1 (a),
we know thatM is given byη = aξ + o(|ξ |) with a �= 0. Choose Reξ, Im ξ as
coordinates ofM. Then

ϕ|M : ξ → λξea
s(ξξ)s + p(ξ)

is C1 with |pξ(ξ)| + |pξ(ξ)| = o(|ξ |2s). Now dξ ∧ dη|M = b(ξ)dξ ∧ dξ .
Sinceϕ preservesb(ξ)dξ ∧ dξ , it also preserves the real 2-formi|b(ξ)|dξ ∧ dξ .
Note that|b(ξ)| isC0 and positive near the origin. Applying the Birkhoff fixed-
point theorem (Theorem 3.2), one sees thatϕ, when restricted toM ≡ R2, has
periodicpointsofperioddividingn in thepunctureddiskD∗(cκn(λ, as)) for some
constantc and for all largen, which contradicts to the earlier assumption sincewe
have eitherκn(λ, as) = κn(λ) for Im as > 0 andn = n′k, or κn(λ, a

s) = κn(λ)

for Im as < 0 andn = nk. The proof is complete. ��
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