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Abstract. We show that reversible holomorphic mapping<Céfhave periodic points accumu-
lating at an elliptic fixed point of general type. On the contrary, we also show the existence of
holomorphic symplectic mappings that have no periodic points of certain periods in a sequence
of deleted balls about an elliptic fixed point of general type. The radii of the balls are carefully
chosen in terms of the periods, which allows us to show the existence of holomorphic mappings
of C2 that are not reversible with respect to aityinvolution with a holomorphic linear part, and

that admit no invariant totally real an@! real surfaces.
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1 Introduction

Let ¢ be a biholomorphic mapping defined neae0C? with ¢(0) = 0. The
originis an elliptic fixed point of of general typeif in some local holomorphic
coordinates is of the form

£1 = A5 ED 4+ 0(25 + 1),

1.1 — S
(1) n = ane” “EM" 4025 + 1),

A =1 0#a,cC,

in which (£, n) are the holomorphic coordinates ©f. One says thap is sym-
plecticif p*dé A dn = d& A dn, and that it isreversiblenear the origin with
respect to an involution (2 = Id, 7(0) = 0) if ¢~ = t¢r 1. The main pur-
pose of this paper is to study the existence of periodic points near fixed points of
the holomorphic mappings that are either symplectic or reversible.

The existence of periodic points of area-preserving or reversible mappings of
the real plane was established by G. D. Birkhoff, who showed that the mappings
have periodic points accumulating at each elliptic fixed point of general type
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([1], [2]). The periodic points of reversible real mappings and systems in higher
dimensional spaces were further studied by R. L. Devaney [3]. To motivate our
results, let us recall Birkhoff’s treatment for real planar mappings. Start with a
twist mapping of the-plane

T:z0=2z¢", i=+/-1 |Al=1

Away from the origin the fixed points of the-th iterateT” form circles sur-
rounding the origin. Such circles of periodic points can, of course, be destroyed
by perturbingT. However, these circles do survive in a weaker sensgidfa
higher order (smooth or real analytic) perturbatiorf'gfeach circle of periodic
points of T is deformed slightly into a closed cur¢g surrounding the origin,
such thats” sends each point afi to a point in the radial direction. We shall call
such a curve” the Birkhoff curveof S of ordern. Birkhoff then went on to find
periodic points as follows: If is additionally area-preserving, the intersection
of the Birkhoff curveC with S”(C) is evidently non-empty and consists of fixed
points ofS” (see [2]); ifS is additionally reversible with respect to an involution
7 and if the set of fixed points of is real line, thenC intersects the curve of
fixed point ofr and the intersection consists of periodic points efith period
dividing 2n (see [1]).

Returning to the holomorphic case, we first want to show that certain Birkhoff
(holomorphic) curves still exist for a holomorphic mappingf the form (1.1),
and that the Birkhoff curves, as in the real case, yield periodic points when
¢ is reversible. However, the Birkhoff curves behave quite differently in case
of holomorphic symplectic mappings. The main results of this paper conclude
that for a Birkhoff curve ofC of ordern, ¢"(C) might not intersect wittC in a
certain neighborhood of the origin; see also Sect. 5 for a holomorphic symplectic
mappinge which has a Birkhoff curv& of order 1 withp(C) N C = @.

To formulate our results, we need some notation. For a complex number
with [A| = 1, put

[W — 1']215 if A" # 1,
(1.2) kn(X) = . "
(;) = otherwise

Let B(r) C C? be the ball centered at the origin with radiysand letB*(r) =

B(r) \ {0}. Recall thatp is a period point ofy if ¢"(p) = p for some positive
integern, and the smallest such positive integers called theperiod of the

periodic point.

Theorem 1.1. Lety be a homeomorphism defined near the origi@®by (1.1)
with A2 # 1. Suppose that is reversible with respect to@* involution of which
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the linear part isC-linear. There exists a constarg > 0 such that fom suffi-
ciently large @ has a periodic orbit contained in the punctured b&H(cgk,, (1))
with period dividing2n; in particular, ¢ has periodic points accumulating at the
origin.

Combining Theorem.1 and the normal form of Moser and Webster [8] for
holomorphic reversible mappings, we obtain

Theorem 1.2. Leto: (£,17) — (A&, An) + O(2) (JA| = 1) be a holomorphic
mapping defined ned € C2. Assume that is not a root of unity, and thap
is not equivalent to a linear mapping under any formal transformatioGof
If ¢ is reversible with respect to a holomorphic involution, thehas periodic
points accumulating at the origin.

In contrast to Theorem.1 we shall prove

Theorem 1.3. Leta(z) be a holomorphic function with(0) = 0O, and letm,,
be a sequence of positive integers. There eéxist| = 1, which is not a root of
unity, a sequence of positive constatifs— oo and a holomorphic symplectic
mappinge of the form(1.1) such thaty is equivalent to

(13) gl = )\,éea(sn)’ N = )\‘_lne_a(fn)

under a formal symplectic transformation, whifehas no periodic points of
period less thamn, in B*(d,x,(1)) for a sequence of positive integers=
ny — OQ.

Notice that the Birkhoff normalization says that a holomorphic symplectic
mapping ofC?, of which the eigenvalues are not roots of unity, is formally
equivalent to a mapping of the form (1.3) witli¢ ) a formal power series. An
immediate consequence of the Birkhoff normal form, Theorein 4nd Theo-
rem13 (form, =2n + 1) is

Corollary 1.4. Leta(z) be a holomorphic function witla(z) # 0 = a(0). There
exists a holomorphic symplectic mappipgf the form(1.1) with convergent
Birkhoff normal form(1.3) such thaip is not reversible with respect to ang*
involution with a holomorphic linear part.

Note that there exist formally linearizable holomorphic symplectic mappings
that are not reversible with respect to any holomorphic transformation. The reader
is also referred to [4] and [5] for the existence of real analytic area-preserving
mappings and Hamiltonian systems that have non-resonant eigenvalues and are
not reversible with respect to any real analytic involution.

Combining Theorem.B with the Birkhoff fixed-point theorem we shall prove

Corollary 1.5. There exists a holomorphic symplectic mappingf the form
(1.1) with A not a root of unity such that at the origin there are no germs of
totally real and C* real surface that are invariant unde.
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We shall see from Propositionlebelow that an elliptic symplectic holomor-
phic mapping ofc? have infinitely many totally real and formal surfaces that are
invariant under the mapping, if the eigenvalues of the mapping are not root of
unity.

Theorem 12 is analogous to the Birkhoff fixed-point theorem of reversible
or area-preserving mappings of the real plane. The proof of Thearefolbws
closely a proof of the Birkhoff-Lewis fixed-point theorem, given by J.K. Moser [7].
Theorem 13 demonstrates some subtle differences between the area-preserving
real mappings and symplectic holomorphic ones. However, we should mention
that it remains open if all holomorphic symplectic mappings have periodic points
accumulates at each elliptic fixed point of general type. More specifically, we
conclude the introduction with the following

Open problem. Lety: U — U’ be a holomorphic symplectic mapping@t
in the form(1.1), whereU is a neighborhood of the origin. Does there exist a
sequencép,}>, in U \ {0} with p, — 0 such that, for each, {¢’/(p,): j =

1,2,...}is aperiodic orbit contained it/ ?

2 Estimates for iterates

In this section we shall give some estimates for the iterates of mapping (1.1),
in particular for the domain on which each iterate is defined. In fact, we shall
mainly consider iterates of the mapping

p: 5= M 4 p(&, ),
S =Jne " 4 g ),

wherep (&, n), g (&, n) are continuous functions defined near the origin and sat-

isfying

(2.2) IpE I+ lgE Ml = o(EX + > .

With the above assumptions we shall establish estimates which are sufficient for
the proof of the existence of periodic points of reversible mappings. To prove
a version of the Birkhoff fixed-point theorem for area-preserving mappings, we
shall also obtain some estimates for the Jacobian matrices of the iterates, under
additional assumptions on the derivativespandg to be formulated later.

Note that the condition (2.2) means that ot O there exist® > 0 such
that

(2.3) (P& ), g€, M) < el€,MIZTE, (&, 1) € B(p),

(2.1) Al =1,

inwhich, and inwhat follows, we use the nof, n)| = +/|£12 + |n|2. Through-
out this section and next, we assume that@ < 1 and O< p < 1, and we
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shall also denote by; > 1, cj/. > 1, etc., the constants dependenpainds, but
independent of andA.
Write the iteratep/** as

Eiv1 = 2ge®" + p(&;,m))

= )Lj+le(j+l)(§n)f + Pj(é, 1),
Njs1 = Anje” 9 + (& )

—j+1 _; s
=/ U+DED +q; &, n).

(2.4)

For short, we put
T=T.:6=xre, ny=ine €7,

Then
et =TI 4 (p;, q)).

To study the above iterates, we need to control both the distance of a point
(£, n) to the origin and quantity¢”" in expression (2.1). It is thus convenient
to iteratep from a domain of the form

B(r,0) = {&, m: |G, m| <r, |Rel(Em*} <6},

in which r and6 are positive numbers. Wittg; (£, n), n;j (6, n) = ¢’/ (&, n),
define

ri(r, 6) = sup{l(& (&, ), n; (&, M)|: (£, ) € B(r, 0)},
0;(r, ) = sup{| Re{(§;1,)" (5, m}|: (§,m) € B(r,0)},
A0;(r,0) = sup{| Re((&n))* (&, m) — (Em°}: (5,m) € B(r,0)}.

Proposition 2.1. Letg, € and p be as in(2.1) and(2.3), and letr; and A6, be
defined as above. There exists constant 1 such that ifr and6 satisfy

(2.5) 0<6<1l/n, O<r<e®p, emaxr?®,2nr®} < 01_19,
then

(2.6) Ab;(r,0) < clejr4s, ri(r,0) < re? j=1...,2n.
Proof. For (&1, n1) = ¢(&, n), one has

27) Gl < IE e L el E mPTE (6.0) € Bo).

One also has

Eim = En 4+ AEC q(E, ) + Ane” " p(E, ) + p(E, mq (&, ),
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from which one obtains

(2.8) |(E1m)° — (En)°| < cher®,  (€,1) € B(p).

For brevity, we fix(&, n) € B(r, 6) and denote;(r, 0) by r;, £;(¢, n) by §;, etc.
By (2.7) and (2.8), we first get

20

ri<reéd +er®tt <re?, A0 < c/ler4s,

in which the first inequality is obtained froei + y < ¢**” for positivex and
y. In particular, (2.6) holds foj = 1 if ¢; > ¢}. Assume that (2.6) holds for
J < 2n. One knows tha#; < 20 andr; < e®r. Hence,p’/ sendsB(r, 9) into
B(e®r) C B(p) forr < e=®p. Now (2.7) and (2.8) imply that

ris1 < res,eeej + 61"/254_1 < 1”6319629 + el?s+66r2s+l < re3(j+1)9’

Abj1 < Ab; + c/ler;"Y < A6 + c/lez‘ker"‘Y < c/le%e(j + 1)rs

for ¢; = cje?*. By induction the proof is complete. o
For anm x n matrix A, define||A| = max,=1|Av]|, in which v stands
for column-vectors an@(vy, ..., v,)"| = /|v1]2+ --- + |v,[2. Let F be aC*?

mapping fromC” to C™. Denote byF, them x n complex Jacobian matrix of
F. The real Jacobian matrix @ is the 2n x 2n matrix

of of
dx 0dy
dg dg |’
dx Jy

JF = F=f+ig, z=x+1iy.

Define||J F||(r) = max; <, ||/ F(z)|l. Then one readily sees

F(Z)—-F
VEI =  sup &G

v#ll<r<r 12—zl

< IEN@) + Izl ().

Let po = p, g0 = q, pj, andg; be given by (2.4). Put

(P, g)I(r,0) = sup {l(p;&,m,q; & )},
(€meB(r,)

I (pjs g, 0) = sup [IJ(p;,q;)E, mIl-
(§,m€B(r.0)

Also, put

[(pj. gpdI(r) = [(pj. g1, 00), 1T (pjs g (r) = 1 (pj. g (r, 00).
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Proposition 2.2. Letg, € and p be given by2.1) and (2.3), and letr andé be
asin(2.5). Then

(2.9) (P g, 0) < coenr® T Hnr® + 1)
for 1 < j < 2n. Moreover,

(2.10) 1 (Put1, gn-D I, 0) < caenr®e™,
providedy is additionallyC* and satisfies

I (p, II(r) < er®.
Proof. From (2.4) we have
P = )ij_le(Ej77«,')’r + )Lj+l§e(j+l)(én)“ [e(éjnj)x*(én)‘ _ l] + p&, n)),
g = hgj_ge G e UHDE* (o= Em) e’ _ 1) 4 q(&. ).
Put

wj = maxX{|(p; (&, n).q;(& m)I: (£, n) € B(r,0)}.

By Proposition 21 we know that;, A¢; satisfy (2.6); and hence; < ¢°- and
0 <20forj=1,...,2n — 1. Thus

4s+1+r2s+l) < 620 4s+1+r29+1)

n / . /
wj < evwj_1+ cre(jr wj_1 + cye(2nr

j-1
< €2j9wo+c/26(2nr4ﬁ+l+r2.¥+l) E 6219 < C/Z/en(anY + 1)}"2S+1,
=0

which yields (2.9) forc; > c5.
To estimate the norm of Jacobian matrices, write

J(@" =T =)ot J(" 1 =T"h
+Jo—JT)oe" L. J(T" ™Y
+((IT)og" 1 —UT)o T Y. J(r" Y.

Sincer; < ¢°r, then |
1(Jg) 0 @/ 1I(r, 0) < 1+ cyr®

forj=1,...,n.Sinced < 1/n, then
17 (T)E I, 0) < 5L+ nr?)
forj=1,...,n.By JT(£,n) = JT(0) + O(&|* + |n|%), one gets
IJT) 0"t = (IT) o T" H(r.0) < c§r® "™t = T"H(r. 0)

<c3e(1+ nr¥)enr® < cy coe(1+ nr)%r?,
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in which the second inequality comes from (2.9). Thus

1T (@" = T™|(r, 0) < (L4 cor®)| T (@" L = T H||(r, 6)

+ &L+ nr®)3er® < (L+yr®) Y (@ — T, 6)
n—1

oL nr®)er® Z(l +er®) < caner® e
k=0

The proof of the proposition is complete. O

3 Birkhoff curves

Inthis section we shall first prove the existence of certain Birkhoff real surfaces of
the mappings. Then we shall prove the existence of periodic points of reversible
mappings. The section is concluded with a version of the Birkhoff fixed-point
theoremto be applied to the study of invariant totally real surfaces of holomorphic
symplectic mappings. Throughout the paperstands for the root with argument
in(—m/k,m/k] fork > 0andz # 0.

Let us first describe the Birkhoff curves in details. We start with the twist
mappingT of the real plane, given by, = Aze'?™ (JA] = 1). Away from the
origin the fixed points off" form circles of radius- satisfyingie"* = 1.
These circles of fixed points can also be described as follows. Consider real lines
in the complex plane given by

l, CC: Im{wz} =0, |w| =1,

i.e., the lines given by = w?z. The set of fixed points df " that are contained
in I, \ {0} consists of pointg € [,, \ {0} such thatT” sends them in the radial
direction, i.e., such thaf”(z)/z > 0. By choosing: depending onw e S*
continuously, one obtain a circle of fixed pointsTof.

Consider a complexification @ given by

T.: &= 28", 1y =dne 7.

By identifying R? with the totally real plane defined by= 3/—1&, one obtains
T.|r2 = T. Away from the origin the fixed points & form the holomorphic
curve

B={0# (& m: 1"V =1},

As in the real case, each complex line
iw C CZ: n= w2§-

containsy # 0 such thaf” (x) returns to the complex ling, with Re(m1(T] (x))
/m1(x)) > 0. As the complex ling, varies withw in the annulus
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A={weC:1/2 < |w| <2},

such pointsc sweep out the Birkhoff holomorphic curg

In general, given a familyI",} of real surfaces irfC?, we callB ¢ C? a
Birkhoff setof ¢ of ordern with respect tqd 1, }, if for eachx € B, ¢"(x) andx
belong to the same real surfafg for somew € A.

Put

R, = {¢ € C*: e = 1),
(3.1 ) = i min{1 i}
) M ;) - s44s+1 ’ n|§|2¥ :

Given a positive integet, let &o(w) be a holomorphic function on the annulus
A, which satisfies

(3.2) At PE @ —

Note that the holomorphic curve — (£9(w), w?Eo(w)) consists of fixed points
of T". Putgo = &(1). Theng is in 'R, andép(w) is determined uniquely bé.
Itis also clear that

1201/2 < |Eo(w)] = w0l < 2/%0l, w € A.
Put

An=|J (G n): & =&l < n(Dlzl, €]1/8 < I < 8]}

1/2<|w|<2

ThenA,, is contained inB(24|¢o|) \ B(2i4|§o|). Denote byD(r, ¢) C C the disk
of radiusr, centered at; put D(r) = D(r, 0).

Proposition 3.1. Let&y(w), {o, and A, be defined as above. Letbe a contin-
uous mapping given by

£ =28 + p&,m), m=2ne " +q(&, n)
with |A] = 1and
(5. m). a6, )| < el MIZ*, (5, 1) € B(p).
Consider a family of real surfaces defined by
r,cC®n=w%+uE w), uOw) =0 weA.

Suppose thai(§, w), uz (§, w) and ug(§, w) are continuous iré and w, and
that

(3.3) lug (6, w)| + lug(§, w) <€, weA, (&, n)eBp).
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Let B be the set of point&, 1) € A, with ¢/ (£, ) € B(16e8|gg|) for1 < j <
2n such that for some € A

& mely, GE,m)=¢"¢Enel, ReE/E>0
ThenB N I, is non-empty for eachy € A, provided
(3.4) € < u2(o)/ca.
If u(£, w) = 0 andg is additionally aC! mapping satisfying
I (p. )&, I < €lE mI*, & ) € Bp)

for e < u?(zo)/(cse™/*¢0)), thenB N I, is a single point forw € A, andB is
a continuous real surface parameterizediby-> B(w), w € A.

Proof. Fix w € A and denoté&y(w) by & for short. Assume that bott§, n) and
¢" (£, n) are onl,,.. Theng andy satisfyn = w?& + u(&, w) and

Xne 0 4 g, 1 (&, ) = wAAE"E 4 p,_1(E, 1)
+u(\E" N 4 p,_1(E, 1), w).
Rewrite the above equation as
(3.5) A2 WO HEUE W) _ 1 4 B )
with E = E* + E** and
E*(&, w) = 1"" " e w™2g, 18, ) — pu_a(€, 0],
E*(E, w) = w2 HuE, w) — V" u( g + p_1(E ), w)].

For 0 < |&| < p/4 and|§ — &| < w(o)l¢ol, one hagéol/4 < 1£] < 3¢ol.
Also, (3.3) and (3.4) imply thai« (&, w)| < €|&| < |¢o|/4. Thus
(3.6) F=1E, | <4l
|w?€? — w2&f| < A1%llE — &l 1EuE, w)| < €]3%0l%,
|(1— (W€ + Eu(E, w)) + tw?g] < max{5l&1%, |¢ol®} < 4%¢ol?
forO <t < 1. Hence,
(3.7)
|(W?E% + Eu(E, w))* — (wE)®| < s4% P |50* 2(4% Lol |€ — &0l + €30/%)
< 545 (g0)1%0l* =0 < 1/n,

in which (3.4) and (3.1) are used. Since"@o®)* = 1, then(w&y)? is pure
imaginary. Hence, one gets

(3.8) 0 = |Re((§n)*}| = | Re{ (&% + Eu(E, w))* — (wE0)*}| < 6.
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Also, (3.1) and (3.6) imply that

i g -
€% < WPelro” < —laol*u (o) < 16,
A

4s+1

2eni® < 2end® | ol < - n|¢ol* 1?(Zo)
4

i1 .
< [Zol“ (Zo) < c1 76,
Cq

providedc, > 4%+1cy; hence, (2.5) holds when

& € D(&o, u(1¢oDIgol), (. m) € Iy,

Therefore, estimates in Propositiori 2and Proposition .2 apply. By (2.6) we
obtain

@’ (Do, n(20)1%0l) N T) C B(4e®lol), j=1,...,2n.

By (2.9), we get
|E*(&, w)| < cjneltol® (1+ n|tol®).

To estimateEZ™, note that” = ¢~"®%? and
u(E)—="e"C u(" " + p,_1(E, )]
< u(®)] - [1 = "0 e
+ee(lg] - |1 — " EM TR 4y p (&, p))
< ci'new(5o)|5ol” (L + nl5ol®).
in which (2.9), (3.3) and (3.8) are used. Thus, we have
(3.9)  |EE, w)| < &en]fol® + Dnldol® < apCo)nltol® /fea < 1/2,

in which the last two inequalities come from (3.4) and (3.1), respectively. With
(3.2), (3.7) and (3.9), we now put equation (3.5) into the form

£=K(E w)
with
(3.10) KE w) =& +&{1— 14+ w2 uE, w))

2 N1+ EE, w, w1))
+€°{ \/1+ ZwE? 1}‘

Note that|</1 + z — 1| < |z| for kK > 1 and|z| < 1/2. By (3.3), we get
W1+ w2 uE, w) -1 < w2 uE, w)l < 4e < u(50)/8,
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in which the last inequality comes from (3.4). Also note tHag(1 + z)| < 2|z]
for |z] < 1/2. From (3.9) and¢g| = |wé&o(w)], it follows that

al  In(14+ E@E, w, wb)
\/1 T 2w

— 1| < cap(&o)/ca.

Takecs > 8¢4. Thusforw € A, the continuous mafi (¢, w) sends the closure of
the diskD (&0, 1 (20)|2o]) into the disk; the degree theory says that K (&, w)
has a solutiorf = &(w) in the disk. Sincdé| > |&|/4, then (2.9), (3.1) and
(3.7) implies that

Ref£, /&) > Refe" ' =@’y _ 5 & p)|/|E] > 0

for some choice ofy.

Next, we want to show thas is a C° real surface, that is thgt = &£(w) is
continuous inw € A. To this end we need to show thé&f-, w) is a contraction
map through estimating; and Ez. We first haveu = 0 andE = E*. With
n = w2E, we also have

‘ ien(én)“

13
Together with (2.10), we get

< 5e2%n|§[*7F < 5e8%n|5o*

2
|Ee (£, w)| < chen|go|> eI,

A similar estimate also holds f‘EE- Thus, we conclude that

|E¢(§, w)| + | E(€, )| < 2cken]|go|? e,

Now, from (3.10) one sees that

K (&, w)| + | Kz (€, w)] < chees0™ <172, £ € D(&, 11(£0)|%o])

for cs = max{ca, 2c¢, cs}. Therefore, the mapping— K (¢, w) is a contraction
from D (&g, 1(&o)| o)) into itself.

By the Picard iteration, one can show t§&iv) is unique and is continuous
in w. The proof of the proposition is complete. O

Proof of Theoreni.1. We assume that the homeomorphigrs reversible with
respect to a* involution T with a holomorphic linear part. It is easy to see that
@, given by (1.1), is differentiable &g, n) = 0. Thus, the linear part gf is
also reversible with respect to that of Since the linear part of is C-linear
and that the eigenvalues of the linear parpare distinct, ther is of the form
(&,n) — (an, b&) + o(J€] + |n|). Sincer is an involution, themb = 1. By a
linear transformationi&, n) — (¢/+/a, +/an), one may assume that= b = 1.
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Applying the dilation(&, n) — %/a,(&, n), one further achieves that = 1.
Note that in the new (and from now on fixed ) linear coordinatesill satisfies
the assumptions of the theorem.

Next, we want to show that the fixed points oform a C* real surfaces.
Since the linear part of is 79: € — n,n — &, then¢ = (Id +r0‘1 ot)/2isa
C?! change of coordinates. Front = Id = 73, it follows that$ o T = 79 0 ¢.
Thust is equivalent torg. Since the fixed points afy are given byy = &, the
fixed points ofr form aC? real surface

Iiin=§+u@), u®)=o(g),

which fits into the family ofC? real surfaces,: n = w?& + u(¢), w € A.
We now find the periodic points fgr. Write A = ¢/"* with 0 < o < 1 and

ne=p8,+1l, -1/2<pB,<1/2, 1, e€Z.
Let K > 1 be a fixed integer, and leg # 0 be a solution to
ngg’ = (=B, + 2w,

where; is an integer satisfyingj| < K. Sincen||% < 2(K + 1)m, then

n(Go) > m

Fix p with 0 < p < 1 such that

lus (&) + lug®)| < e, (pE. n),qE M) <elE nPH

for (¢, n) € B(p) and

€ = ; <

dey(K + 1272 —

Applying Proposition 3L, there existgé*, n*) € I'y such that” (£*, n*) is on
Iy andg’ (§*, n*) are contained iB(16¢°|¢o|) for j = 1, ..., 2n; in particular

(&*,n*) andg" (&%, n*) are fixed byr. Thus,p™ (", n*) = t(p"(§*, %)) is
well-defined, and

e " (EN ) = Te"TTHEN, ) = ¢"(EF, ).

This shows thatg*, n*) is a fixed point ofp?".
We now identify the orbit located iB*(cok,, (1)), as stated in Theoreml
We choosey as follows:

1
= 1?(%o).
Cq

1
(=iZ2) " B #0,

{ =
’ (iZ)>  otherwise
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Theng?* has a periodic pointg*, n*) with £* € D(&o, 1(%0)|¢o]) andn* e It.
Also, ¢/ (£*, n*) are contained iB(16¢°|¢o)). If B, # 0O, theni” # 1 and
2|8, > |A" — 1]. Hence,

27T]Lﬁn|]21s~ _ [IX” — 1

1ol < [ ]21” = 1, (0.

If B, =0, thenA” = 1and

col = ['Zn—”'] < 2m,(1).

Thus, (§*, n*) and its orbit are contained iB*(32r¢%, (1)). The proof of the
theorem is thus complete. O

Proof of Theoren..2. By the assumptions, the mappiag (£, n) — (A&, An) +

0 (2) is reversible with respect to a holomorphic involution. Sikég not a root

of unity andy is not linearizable, then a theorem of Moser and Webster [8] says
that there exists a change of holomorphic coordinates suclp tisadf the form
(1.1) witha; = 1. Now Theorem 2 follows from Theorem 11. O

The following theorem is proved by Moser [7] for the case: 1; see also
Siegel and Moser [10] for the real analytic case.

Theorem 3.2. Lety be aC? transformation of the real plane, given by

1= )\,ZEGSIZlZ& + p(z)’ p(o) = O’

in whichay, A are complex numbers satisfying # O and |A| = 1, and p(z) is
a complex-valued'* function satisfying

(3.11) 1P| + 1p=(2)] = o(|z]®).

LetU be an open neighborhood of the origin, andddbe a Borel measure obi
that is positive on all non-empty open subset#/ off ¢ preserves the measure
u, thenReqa; = 0, and there existss > 0 such that ifz is sufficiently large, then
¢ has a periodic orbit in the punctured didk*(cex, (1, ay)) of period dividing
n, in which

M —17z .
[' |]2 if Ima, - ImA* <0,
(3.12) kp(A,ay) =

- S

N

s

1 .
- otherwise
n
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Proof. Sincep(0) = 0, then (3.11) implies that(z) = o(|z|**1). Itis also clear
thatfa, = 0; otherwise, eithep or its inverse sends a disk (of small radius)
into a smaller disk, which contradicts thapreserves the measutie Applying
the dilationz — %/]a,|z, one achieves that, = +i. Note that replacing by
¢~ results ink — A anda, — —a,, and thatk, (A, a;) = k, (A, —ay). Thus,
replacingy with ¢! if necessary one may further assume that i.

Identifying thez-plane with the totally real surfaced c C?: n = /i € by
the embedding — ¥i(z, z), one hasj|,, = ¢ for

§: 61 =28 £ BE M), n=Arne " £ G(E, ),

in which 5(&. n) = /i p(¥i &) andg(&. n) = ¥/i p(¥/in). Write ). = e2rie
andna =1+ B, with! € Zand-1/2 < 8, < 1/2. Put

(—iZ)%  _1/2 <, <0
é_o — n n )
(1202 otherwise

-

Then e = 1; in particular,zg € R,. Also, |Zol/c7 < Kk, (M, 1) < c7]¢ol
for some positive constant. Note that;y (dependent of) approaches to 0 as
n — o0o. On the other hang () is bound from below by a positive constant.
Thus forn sufficiently large, we have

“3(%o)

05605/#(;0) ’

2

1P, PI(r) <er?, fore=

Applying Proposition 3L, we obtain a real curve
C = {(Ew), Ew)w?): [w| =1} C D(24I%0) \ D(I%l/24)

such that for(¢, n) € C, (&,,n,) = ¢"(&, n) satisfies R&,/&) > 0. Next,
we want to show tha, /¢ is actually positive orC and thatC is contained in
M. To this end, note tha¥/ is the set of fixed points of the anti-holomorphic
involution p: (¢,7) — (Vi7,vi&) and thatg = p@p. Assume now that
lw| = 1. We haved” (£(w), E(w)w?) = c(w)(E(w), £E(w)w?) for somec(w)
with Rec(w) > 0andg" (Vi & (w)w?, v/i &(w)) = c(w) (Vi Ew)w?, Vi &(w)).
Put&(w) = ¢o/w. By the definition ofzo, we havev/i &(w)w? = &(w),
and hencev/i & (w)w® — &(w)| = [§ — &o(w)|. Thus,(V/i &(w) w?, Vi §(w))
belongs toA,,, as doegé(w), &(w)w?). The uniqueness of solutiaf, 1) to
£,n = n,& as formulated in Proposition. Bimplies thaty/i &€ (w)w? = &(w)
andc(w) = ¢(w) for jw| = 1. The former means that is contained inV. The
latter and Re(w) > 0 imply thatc(w) > 0. Now identifyC N M with a real
curveC in thez-plane. The original mapping sends a point of' to a point in
the radial direction, since, /z is positive onC. Sinceg preserves the measure
w, theng™(C) must intersecC. Note that no two points od' have the same
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argument. Thug” actually fixes each point i@ N " (C). Finally, as we proved
at the end of the proof of Theoreml] one can takes = 327 c7¢® such that the
whole periodic orbits is contained R (cex, (A, ay)). The proof is complete.n

4 A subgroup of holomorphic symplectic mappings

In this section we shall introduce a subgrotp of holomorphic symplectic
mappings ofC2. The proof of Theorem .8 will make full use of the group
structure ofHy. We shall see that each transformatioritip is already in the
Birkhoff normal form, if it preserves the totally real plaRé: n = £.

To describéH, letH be the group of germs of biholomorphic transformations
at the origin ofC?, which preserve both coordinate axes. More specificaly,
consists of all transformations of the form

(4.1) EL=Ef(E, m), nm=ngE&n),

where f, g are convergent power series satisfyifi@)g(0) # 0. LetF, be the
set of convergent power series

fEW =) fyEn, fi;=0, i<j

LetF, C Fpbe the set of power serigssatisfying the additional conditiofy; =
Ofori > 0.Forj =0, 1, denote byH; the set of biholomorphic transformations
(4.1) with f, g € F;.

Given a power serieg (&, n), we set

NfEm =Y fa'n.

i>0
For ¢ given by (4.1), definéVo by &1 = EN f(&, ), n1 =nNg&, n).

Lemma 4.1. Let F;, H; be defined as above. Fpre F; andg € Hg, one has
pog € F;. Also,Ho, H are subgroups ofl with A (¢10¢1) = (Ng1) o (N¢y)
for g1, 2 € Ho.

Proof. Dropping the restrictiorf (0)g(0) # 0, we let}{, be the set of mappings
(4.1) with f, g € Fo. We shall first prove thaky, F; are closed under the action
of . Evidently,Fy containsC and is closed under addition and multiplication.
Hence, ifp(z1, ..., zx) is a power series anfl, . . ., f; are elements afy with
all f;(0) =0, thenp(fi, ..., fi) remains inF,. Now takep e 3% andp € Fo.
Then

powE m=pO)+ > piEn & g ¢ n.

izj

Since&éin/ are inFy fori > j and fig/ are inFy, thenp o ¢ is in Fy also.
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Next, we want to show tha{o (and hencéHy) is closed under composition.
Takeg; € Ho (j = 1, 2), for which f;, g; € F; are power series corresponding
to f, g in (4.1). Theny, o ¢ is still of the form (4.1) with

f=fiopa - fo, g§=g10¢2- 82,

from which one sees that o 9, remains irV:[o. Note that the above two identities
also say thatV(g; o ¢1) = (N 1) o (Ngy) holds fores, ¢ € Ho.

Now, we want to show that is closed under inversion. Take € Ho.
Denote byp, the inverse of the linear part ¢f It is clear thaw is in Ho. Write
#1009 = 1d +31. Theng, = 0(2) is in Ho. Henceg, = Id —¢ is in H, also.
Putg, o ¢1 0 ¢ = Id +¢5. Recursively, one obtains

$no---oprogp=1d+p,

with ¢, € Ho, @, € Ho, and@, = 02" 1+ 1). Thusgt = ...¢,0--- 0 ¢y is
in Ho.
A similar argument shows th&t; is a subgroup ot,. O

We shall denote bw;(n) > 1, Njf(n) > 1, etc., constants depending only
onn andmaq,...,m,, in whichmg, ..., m, are positive integers given as in
Theorem 13. Put

8p =8, (M) =min{1/2, |A* —1: 1<k <n—1}.
For a convergent power seri¢ss, n), define
My = supl| f;;| 11 i+ j > O},

For a holomorphic mapping = ( f1, f>) defined by two power serie§ (¢, n)
convergent near the origin, put

Mp = max Mg, Mg,}.
It is straightforward that if.. (¢ # 0) is the dilation(¢, n) — (c&, ¢n), then
M1 =c M.

Given two formal power serief g in the same multivariable. We say that
is majorizedby g, denoted byf < g, if coefficientsf, andg, satisfy| f,| < g.
for all «. We need the following

Lemma 4.2. Lety be a holomorphic transformation with(&, n) = (A&, An) +
0 (2). There exists constant such that ifiA| = 1 andnr is an integer, then

(4.2) ¢": B(r)y — B(2r), r <1/(c1|n|M,).
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Proof. The lemma is trivial ifM, = 0. We now consider the caseé, # 0.
Replacingy with LchpL;é if necessary, one may assume thigt = 1. Nowg

is majorized by

o E+n* (& +n)?
¢-5—5+—1_é_n, "_"+—1—§—n'

Obviously,p sendsB(r) into B(r(1+ 8r)) for r < 1/4. Note that the mapping
r — r(1+ 8r) is majorized by the time-1 mapping of the vector fi¢le= 82
of which the flow isr — r/(1 — 8tr). For a positive integet one obtains

¢": B(r) — B(2r), r <1/(16n).
To obtain (4.2) for the negative integey it suffices to showM,, -1 < ¢ M,, for
some constant;. Write
¢t =¢1+ ¢

with ¢, being the linear part op~t. From pp~! = Id, one getsp;*¢, =
(11 — @) o (91 + ¢2). Thus,¢p < (u, u) with u(&, n) being determined by

(€ 4+ n+ 2u)
u =

= m, u(O) :0

Itis clear thatu is convergent and/,-» < M, = c;. The proof of the lemma is
complete. O

Lemma 4.3. For each holomorphic functiofi with f(0) = A and|1| = 1, there
exists a unique holomorphic functigii, n) such that4.1) defines a symplectic

mappingyy.

(@) There exists a polynomia@;; f in A, » and fi; with0 < i’ + j' < i+ j
such that

i+1
43 =

A2 i+ Qi ().
If fyy =0fori’ + j" <i+ j,then

Qi;f=0.

(b) M, < c,M; for some constant, > 1.
(c) Assumethaf isinF;. Theny, isinH; andN ¢, is the symplectic mapping

o E =ENFE D, 0 =n/NfE n.
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Proof. Let ¢ be given by (4.1). Thep is symplectic if and only if satisfies

1+ nf, & mllEge€, )]
fE ) +EfEn

(4.4) g&.n) +ng,&.n) =

Collecting the coefficients @f n/ on both sides of (4.4), one sees that
A+ gy =—22G+Dfij+...,

where the omitted term is a polynomialini and fi/j, g with 0 < i’ + j' <
i + j. Inparticular,g;; are uniquely determined by, and (a) holds.

To see the convergencegi, ), note thaig (0) = 1, and thak (&, n) — g(0)
is majorized byG satisfying

1+ [6K, & n)] - [nGe(&, )]
1-K(E n) —§K: (8, n)

GE n)+nGyé,n) =
for K(5,n) = ;. ;.0 My &/ Infact,nG (&, n) = G is the unique solution
to the Cauchy problem

Gy = — L
1-K(E,n) —&K: (&, 1)

<1+ [nK, & m] - [G: (&, n)])

with the initial dataG|,]:0 = 0. This implies thaG, and hencé, is convergent.
This establishes the convergencezpfind the proof of the first statement in the
lemma is complete.

Note that the above argument also yieMs < ¢, if M; = 1 or 0. The proof
of (b) for the caseV/; # 0 is reduced to the case, = 1, by replacingf, ¢,
with f o Ly, andL,¢sL,,;, respectively.

To prove (c), we return to (4.4). Fof € F; with f(0) = A, we have
f+_1r§fs’ nfy € F;. Itis trivial that the linear term igg; is in F;. By induction,
one can verify that the homogeneous termg @fre inF;. For f, g € Fo one
readily sees that

1_N{3($f($, m) dmg&. m)  IES(E m) I(mg(, n))}

B d€ an an d€
_ {3@/\/]‘(%‘,77)) dmNg(E, ) _ AENfE ) da(Ng(E, n))}
- JE an an 13 '

Thus, N¢ is also symplectic. A straightforward computation shows that the
mappingé — N f,n — n/N f is symplectic. Now the uniqueness gf
impliesthatN'¢; = gz andNg = 1/N f. The proof of the lemmais complete.
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Proposition 4.4. Lety, be a holomorphic symplectic mapping of the form

Assume thak is not a root of unity andf € F,. For each positive integet,
there exists a unique polynomia| € F; of the form

wE =1+ Y upgin

O<k<j<n,j+k<n

such thatp,, ¢, ! = @5, with f, € 7o and

(4.5) fu€.m) =NfuEn) + fun§" + O+ 1).
Furthermore, the following hold

(a) fn;n,O = an + Qn(f)

(b) Q.(f) and coefficients af,, (¢, n) are polynomials in quantities
_ 1
46) Ak fyl+j=njsi<n, ;—7@sk=n-D.

(c) If My < 1, there exists a constaMy(n) > 1 such that
4.7 M,, < &N M. < 5 N,

Proof. Let us first discuss the effect of a holomorphic symplectic transformation
@u ONn ¢¢, Whereu(&, n), f(&, n) are holomorphic functions witk (0) = 1.
Lemma 41 says thap,¢r¢, * = ¢;, for some holomorphic functio, (¢, n).
We assume that(&, n) — 1 is a homogeneous polynomial of degeee n.
Write
Pu © Qs = @f, © Pu-

The first components on both sides of the above identity give us

FE ) -ulorE m) =uE - folpaE m).

Comparing terms of order less thdryields f, (¢, n) — f (&, n) = O(d), while
terms of orded tell us

AQE AT + [flaE ) = A, ) + [fulaE, n).

Note thatf(0) = A is not a root of unity. For a fixed with 0 < j < d/2 one
puts
)\‘—l
Ud—j,j = mfd—j,ja wij =0, @@, j)#d~j j)
Then fo.q—j; = 0andf,..j = fyyfori’ + j" < dand(i’, j) # (d — j, j).
Recursively, one determines; for all i + j < n andu,_ for0 < k < n/2
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(uij = Oforalli < jandi+j > O)suchthatfor, =3, _;_, ;.\, wij&'n’ one
hasp,,¢r¢,* = @y, with f,.;; = 0forj <i <nandi+j < n.Inductively, one
can verify that the coefficients af, and f,,.,0 — f.0 are polynomial in quantities
(4.6).

Since f is in Fy by the assumption and, is in 7, C Fo, Lemma 41 says
that f, is in Fo also. Therefore, we actually hayg,;; = 0 foralli < j and
achieve (4.5). The proof of (a) and (b) is complete.

For the proof of (c), we note that the coefficients of the polynomjahave

absolute values bounded K)X/N‘,’("). ThusM,, < S,ZNé("). By Lemma 42, there is

a constants such that botly,, and<p;nl sendB(r) into B(2r) forr < S,ivé(")/c&
Also ¢; sendsB(r) ipto B(2r) for somer < 1/c5 with ¢ > c¢1. Hencey;, =
Pu, PP sendsB(5,°" /c) into B(85,°" /c4) for ¢ > max{4cs, 2c4}. By the
Cauchy inequalities, one obtaing; < 8v/2¢38, o), Therefore, there exists
No(n) > Ny(n) such that (4.7) holds. O

RemarkThe purpose of Propositiondlis to use transformations involving small
divisors|x —1|, ..., |A"1—1|to transformy; into ¢4, such that the terms of the
smallest order in the power series expansiorf,@f, n) — N f, (&€, n) contains

only a single monomial term. The presence of such a single (non-vanishing) term
is to be essential to the proof of Theorer3.1

Next, we consider the-th iteratep} . We need to find the coefficients &f
for the iterates. To simplify the computation, we shall absorb terms involving
A" — 1 into terms of higher order. This will be justified later on by choosing
such that for a sequence of positive integers.” — 1| is much smaller than all
A —1forj=1,...,n—1.

Proposition 4.5. Letm,, be a positive integer. Lef, € Fo be given by
€. n) = AEN + funo08" + pa(§, )

with A(0) = A, |A| = 1, p,(§,n) = O(n + 1), and N p, = 0. Assume that
M, < landen < §,No@ Then there exist¥;(n) > No(n), dependent ofz,,,
such thatp; has the form

(4.8) & = E(A (En) + a;E" + i€, ),
(4.9) = (AT (En) +bE" + 4. 0)
with

(4.10) aj = jM o, by =—m+ DA o,

(4.11)  |p;E I+ 1g;¢E mI < 8, — 1+ &l + [DUE" + [nl")
for (¢,n) € B6M™)andl < j < m,.
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Proof. We first prove (4.8)-(4.10) by induction gin We shall seek
PiEm =" = 1) funok" + piE ). piE.M) =00+,
GiE M=o\ =D funcE" +qiEn. ¢fE 0 =0mn+1D),

inwhichu;, v; are polynomials i with constant coefficients. Start with= 1.

We puta; = f,.n.0, u1 = v1 =0, pj = p,, andg; = g,. By (4.3), we also have

b1 = —(n+ 1A "2f,.,0. Thus (4.8)-(4.10) and (4.12) hold fgr= 1. Assuming
that (4.8)-(4.10) and (4.12) hold, we want to verify that they are still valid when
Jj is replaced by 4 1. The first component af, (go}n (&€, n)) has the form

E(ATEM + aE" + 1, = DEVAEN + frunohE") + O(n +2).
Taking

(4.12)

‘ A -1
ajy1=raj + A funo, wjr1=Auj + 1’ 1
we get
(4.13) a1 =+ DM funo, lujpal <j(G+D/2

Applying Lemma 43, the second component Qif":l is of the form (4.9), in
which b, is given as in (4.10) and ‘

Gis1E,m) = —(n+ DA 2uj (A" — DE"+ O(n + 1).

Therefore, we have proved (4.8)-(4.10) and (4.12) by induction.
To obtain estimate (4.11), write

(4.14)  EpiE ) =& —EAED —aE" T —u; (W = 1) frun 0",

in which ¢; is the first component qu]{ (&, n). SinceM;, < §, %™ one sees
from Lemma 42 that

¢} B, — B, 1 < 8N™ /(cel ).

We havelg;| < 1 for (5, 1) € B(8)°" /(c1ljD), |A/(E, m| < 2" for (5, 1) €
B(1/2), and|a;| < m,8,; ™™ by (4.7) and (4.13). By the maximum principle,
we obtain from (4.14) that

IpiE I < 87N, (6, 1) € BEN™).
Sincep; = O(n + 1), applying the maximum principle again yields
Ipj €.l < 8,2 € ™ (5.m) € BE™).

One can also get a similar estimate §gr Together with (4.12) and (4.13), we
obtain (4.11) for a possibly largéf; (n). The proof of the proposition is complete.
|
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We conclude the section with the following

Lemmad.6.Form = 1,2,..., let¢,(t, ..., t,_1) be a positive continuous
function defined ori0, 2] 1. Let E be the set of values satisfying|A| = 1,
Ak =£ 1 for all positive integers, and

(4.15) A" =1 <@ =1],..., A" T=1)

for a sequence of positive integers= n;, — oo with ImA™ > 0 and for a
sequence of positive integers= n; — oo with ImA” < 0. ThenE is dense
on the unit circleS?.

Proof. Put

¢I’l(tl’ R ] tnfl) = mln{tla R | tnfl’ ¢l’l(tla L] tnfl)}'

Fix € € (0, 1) andiy = %" for some 0< ap < 1. Choose a positive integer
ko and an odd integegg, such thatag — £2| < €/(4x). Put

zko
Po
,80 = %

Note thate®7ifo — 1 does not vanish for £ k < 2k, but vanishes fok = 2%,
Thus

M2° — 1] < oo (Ih — 1, ..., A2 L — 1))
for » = ¢2"ifo_ Sinceg, is continuous, there exists such that the above in-
equality remains true if = ¢>"'# satisfies

1
|ﬂ—ﬁo|<ﬁ

We may also choos so large that

1

o0 < €/(8m).

Putf, = Bo — 1 . Recursively, one can finkh < k1 < k2 < ... andg; =
Bi—1+ (— 1)1 such that

(4.16) D 1 < gy (h—1l, ..., 27— 1,
if A = e?"# satisfiesp — By, | < zk/+—1rl Put
_ bo (—1)/
(4.17) Bo= g+ 2(; =
Jj>

One readily sees tha, — By | < zirr L—; hence, (4.16) holds for = ¢+
Note thatjA — Ag| < ¢, and that (4.16) implies thatis not a root of unity. From
(4.17), itis clear that—1)7 Im 22" < 0. Takingn; = 2%+t andn = 2%/, the
proof of the lemma is complete. O
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5 An example and proof of Theorem 13

First, we would like to summarize the results which have been proved. Roughly
speaking, we have shown that neachcurve of periodic points of the twist map-
pingé — A&’ 5 — Ane=¢"" one can find periodic points for a perturbed
mapping if the perturbed mapping, in real and complex cases, is reversible, or if
it preserves the real plame= 3/—1¢& and is area-preserving. Those results are
formulated in Theorem.1 and Theorem.2 and are proved through the Birkhoff
curves. Despite the existence of Birkhoff curves (Propositiai 8ve shall show
that periodic points of the twist map can be destroyed through a perturbation of
holomorphic symplectic mapping, if they are too close to the origin in relative
to the period. This is clearly demonstrated by the example below.

Consider a family of holomorphic symplectic mappings

ga: E,m) — & 1)
given by
£ =rEA+En) +apen®t, n=aA+En) +ang” P, o #£B

with a € C anda + 8 > 4. By a straightforward computation, one readily
sees that il # 1 anda, g are not zero, thep, has no fixed point other than
the origin in a ball centered at the origin of fixed radiug i# 0. On the other
hand, ¢ has a curve consisting of fixed points in the bBllc/|1 — 1|) for
some constant independent of, if |A — 1| is small. Nevertheless, has a
Birkhoff holomorphic curve of order one with respect to the family of complex
linesl, : n = w? (1/2 < |w| < 2) when|x — 1]/|a| is sufficiently small.

However, we do not know ip, (a # 0) has periodic points accumulating at
the origin.

We now turn to the proof of our main theorem.

Proof of Theoreni.3. We are given a holomorphic functierién) = a;(én)* +
... (a; # 0)and a sequence of positive integars (Note thatthe casgén) = 0
is trivial.) Put A(£n) = 1e“¢™. We need to find a holomorphic symplectic
mapping

or:&1=86f&m, n=ng& n
with V' f(§,n) = A(&n) such thaipf (1 < k < m,) have no fixed point in
B*(d,x, (1)) for somen = n, — oo andd, — oo. One may assume that
M, < 1, by replacingA(&n) with A(K ~2€n) and g, with LKw‘fL;l, where
K = suf {/14;l} for A(gn) = 3" A;(En) and Lk (5, n) = (K&, Kn). We
may also assume that, > n.

For f € Fo with M; < 1, Proposition 4 says that there exists a unique
polynomialu,(€,7) = 14 3, i, ii<n ujE n* such thatp,, o 0, = o,
and

&) =NFE N+ funos" +O0n+1).



Periodic points of holomorphic mappings 251

Let F, be the set of holomorphic functionf e Fo satisfyingM, < 1,
N f(&,n) = A(En) and

(5.1) | fanol = 1/2, n=2,3,....

We first want to show that for eachthat is not a root of unity, the set, is
non-empty. To this end, we need to find an elemem F, of the form

fE N =ACED+ Y fuok"
n>1
by determiningf,o as follows: Takingfz.0 = 1, we havef,., 0 = f20. Itis clear
that (5.1) holds form = 2. Assuming thatf; o has been determined such that
(5.1) is valid forn < 1. By Proposition 4 (a), we know that

Sr0= fio+ Qi(f),
in which Q,(f) depends only orfj, with j + k < [. Put

0 10:/(NHI>1/2
1 otherwise

fio=

It is easy to see that (5.1) valid far= I and remains valid for any choice of
higher order termg, as f; (j + k < [) are fixed; by induction, we know that
F, is non-empty.

Return to the decompositiop;, = (pungof(pu_nl. Assume thatf € Fy and
M; < 1. From Proposition 4 (c) we know thatV,, < §,; "™ and M;, <
8, ™. Now Lemma 42 says thaty,,, ¢, ', andg} sendB(r) into B(2r) for
ro< 8MM/(com,) and 1< k < m,. In particular,wj’ﬁ sendsB(r) to B(8r)
for r < M@ /(4com,) and 1 < k < m,; furthermore, ifp; has a periodic
point of period< m, in B*(8}™ /(4com,)), theng,, has a periodic point in
B*(8M™ /(2¢com,,)) of period< m,.

We now restrict ourselves tp € F, and assume tha@’i has a fixed point in
B*(d,x,())) for some 1< k < m,. We shall derive some inequalities that))
must satisfy, under the additional conditions

(5.2)  dukaW) <51 /(Acomy), dy =1, X —1] < 1/m,.
Put(;, n)) = go){ (¢, n). Then we have

(53) Sk = Si Ne =1

for somek and(&, n) with1 < k <m, and

(5.4) 0% (€. M| < 2dnicn(2).
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As before we shall denote hy constants independent afy, ..., m, and by
Nj(n), N]f(n) constantsdependentst, . .., m,. FromAEn) = A(1+a,(En)*)+
O(l&nI"th), we get

(5.5) |AKEn) — 2K < e lEn).

We shall consider three cases.
(a)&én # 0 andn dividesk. Sincem,, > n, the lastinequality in (5.2) implies
that|\¥ — 1| < 1 for|j| < m,. Hence

(5.6) A" — 1] < M =1 < m, |2t = 1.

Now (5.5) yields

(5.7) W =1 —cgmiEnl® < 1ASEm) — 1] < mylA" = 1+ c5"gn)’
Using Proposition 4, rewrite (5.3) as

(5.8) 1= AEn) + aE" + pr(&, ),
(5.9) 1= A En) + biE" + G, ),

inwhicha;, b;, p; andg; satisfy (4.10)-(4.11). Multiplying (5.9) by\*(§17) and
adding it to (5.8) yields

(ax +bE" = (L— A" EmbiE" — A“EMqeE, m) — pe(&, m).
By (4.10) we have
ar + b = kX202 —n = 1) frno.
Combining (4.11), (5.1), (5.7), anjd" — 1| = n«> (1), one obtains

E1" < 8,2 (A" — 1 + [E] + [nDE" + [nl")
< 6n2"18, N2 (dy i, (W)

Hence )
€] < cad, N2 (dyic, (W)

Returning to (5.8), one also gets from (4.10)-(4.11) that
|A%(En) — 1] < 58, ™M™ (IE]" + (A" = 1 + &+ nDInl") -
Now (5.7) and the last two inequalities yields

A" =1 < 3" 1EnI + cs8, M (1" + (A" — L + |E] + InD)Inl")
< 8, M0 (dyy (1)
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forn > 2s. Using|A" — 1| = nk® (1), one gets
(5.10) d? e, (L) > n"gmam,

(b) £n = 0 andrn dividesk. Sincea is not a root of unity angb, (¢, 1) = 0
whené = 0, thené # 0 andn = 0. Thus one still has (5.8), which can now be
rewritten as

M—1=—a&" - pi(£,0).
Combining (4.11) and (5.6), one obtains

I =1 < 8, MW (E" + (1A — 1 + [E] + InDEI" + In1™)

< § 7 Namgntlen ),
Thus, one has
(5.11) A" e, (0) > 8N > 25 1

(€)k = m'n 4+ r with 0 < r < k. As in (b), we still haves # 0 and (5.8).
The latter and (4.11) imply that

| A &) — 1] < ce8, M dy e ().
Together with (5.5), we obtain

8y < M =1 < AF =1+ A" — 1
< |A¥En) — 1] + AR ED) — A+ m, A" =1
< ¢68, MOl (V) + €5 (duicn )P 4 manicl (1) < 8,V dr e, ()

for n > 2s. Together with (5.10) and (5.11), we obtain
d> e, (1) > Ve |y > 2,

We now put

(5.12) d, = K;ﬁ(/\).

Thenk, (1) > §@*+2Nm (1) forn > 25, i.e.,

(5.13) AT — 1] > psON™/s 3y p > 25,

Insummary, (5.13) would hold, i, (f € F4)hadaperiodic pointi®*(d,«, (1))

with period< m, and if (5.2) and (5.12) were true; in particular, by eliminating
d, in (5.2) through (5.12) and substitutingf|»” — 1J/n for «, (1), one sees that
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(5.13) would hold, if some, with f € F, had a periodic point iB*(d, «, (1))

of period< m,, and if
To continue our construction, we put

N1\ 53D
R S g (1 +DN6()/s
4c > 1%

2my

n+

) 1 §N1(m) () .v(2n-&1)
(5.14) A —1] < mm{—, n("—)

n 46‘2]’)’["

) 1
¢n(t17 A tn—l) = mln{_7 n<
mn
with
8;: = min{l/2, 1,..., tn—l}-

For eachn, ¢, is a positive continuous function @@, 2]*~1. By Lemma 46, we
can findi, not a root of unity, such that

A1 < ¢u(Ih—1,..., A"t 1)), forn=n,

However, this implies that, for = n,, (5.14) is valid and (5.13) does not hold,
which contradicts to the conclusion summarized at the end of last paragraph.
Therefore, we conclude that for glle F, the mapping, has no periodic point

in B*(d,k, (1)) with period< m,,, if n = n;. From (5.14), one also has — oo

asn = n; — oo. Replacingd, by n for n # ny, one getsi, — oo asn — oc.

This completes the proof of the theorem. O

6 Totally real invariant submanifolds

The main results of this section conclude that there exists a holomorphic sym-
plectic mapping having infinitely many invariant totally real formal surfaces, but
none of the formal surfaces @&'.

Given a formal power series (¢, n, £, 77) of complex coefficients with
f(0) =0andd Ref Ad Im f(0) # 0, we shall call the séi: f} areaformal sur-
face in whichu runs over the set of formal power series of complex coefficients
with non-vanishing constant term; the formal surface is totally real if the vanish-
ing of the linear part of defines a totally real plane 2. To study the existence
of invariant totally real formal surfaces of holomorphic symplectic mappings, let
us recall the Birkhoff formal normal form: Let: (£,n) — (A&, A71p) + ...
(» € C*) be a symplectic holomorphic mapping. We assumethaiot a root
of unity. Then under symplectic formal transformatiopss equivalent to (1.3),
in which a(&n) is a formal power series with(0) = 0. Since in the follow-
ing discussion we are only interested in invariant formal totally real surfaces,
we can further normalize by using possibly non-symplectic coordinates. As-
sume that:(£n) # 0. Choose:(t) = 1+ ... such thatz(u?(r)t) = t* and put
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@: & =ulEnE n' =u@Enn. Thend tisgiven by’ = iu(En)é, n' = iwEnny
with @ (ru?(t))u(t) = 1 = u(ta®(t))i(t). Thus, one readily sees that

(6.1) T.=@79d: & — 2Ee", > A Ine €,

Therefore, ifp has an invariant totally real formal surfaces, so dieand vice
versa.

Proposition 6.1. Let T, be given by6.1) with » € C*.

(a) Atotally real planeM c C? is invariant undef — A&, n — A~ 1p, if and
only if A> = 1 and M is any totally real plane, oh = A # +1 and M is
defined by = &, n = o with |u;] = 1, 0r [A| = 1 # A2 and M is
defined by = w37 with u3 € C*.

(b) Assume that = X. Leth(r) be a formal power of real coefficients. Then

(6.2) E = £elbEN | = peibEn

define a totally real and formal surface invariant undér
(c) Assume that.| = 1. Then

(6.3) n=h(EEE

defines a totally real and formal surface invariant under in which i (z)
with2(0) # Ois aformal power series such th@i(z)¢)* has pure-imaginary
coefficients.

Proof. For (a), itis obvious that if andM are among the list, theM is invariant
under the corresponding linear mapping. Now assume that the linear mapping
p: & — AE,n — A7lp with A2 # 1 admits a totally real plang/. Since
M is totally real, thenM is the fixed-point set of a unique anti-holomorphic
involution p. Note thatp~1p¢ is also an anti-holomorphic involution fixinty
pointwise. Thusp1pp = p, i.e,gp = pe. Letting po(€, n) = (£,7), we see
that(ppo) ~*@ppo = powpo. Sinceppo is holomorphic, therix, A1) = (%, % ).
Hence, eithek = L orx = Tl. For the former case, we know thad, is of the
form & — i€, n — uon. Hencep is given by — w1, n — uon. Sincep
is an involution, thenu;| = 1 andM is given byé = &, n = won. For the
latter case, we know thatpg is given byé — usn, n — usé. Sincep is an
involution, thenu5iiz = 1; hencep is given by — usn, n — ﬁg% andM is
defined byt = usn.

For (b), one notices that whe is of real coefficients, the formal anti-
holomorphic mapping

p: & = e EDE g = GibED

is an involution, and that (6.2) is the set of fixed pointsoofTherefore, (6.2)
defines a totally real formal surface. We now want to show that the surface (6.2)
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is invariant undefl.. Assume tha, n satisfy (6.2), and let¢’, n') = T.(&, n).
Thenén = £nands’n’ = &£n. In (6.2), multiplying both sides of the first equation
by e¢"’ and that of the second equation by¢"", one sees that’, ' satisfy
(6.2) also. The proof of (b) is complete.

For (c), it is trivial that (6.3) defines a totally real formal surface. To see
that the set defined by (6.3) is invariant undgrassume thag, n satisfy (6.3).
ThenE)* = —(En)* and(¢', n') = T.(, ) satisfies’s = £€ andn'n’ = n.
Multiplying both sides of (6.3) by~ ¢’ one readily sees that, n’ satisfy (6.3).
The proof of the proposition is complete. O

It is a theorem of Moser [6] that if a holomorphic symplectic mapt —
A+ 0(2),n — A7y + 0(2) is hyperbolic(i.e., |A| # 1), theny can be
transformed into its Birkhoff normal form (1.3) by convergent transformation.
(Moser proved the theorem for real case. However, the proof given by Siegel [9]
is valid for both real and complex cases.) Combining Moser’s theorem with
Proposition 61, we have the following.

Corollary 6.2. A holomorphic symplectic mapping 6f admits an invariant
totally real and real analytic surface passing through a hyperbolic fixed point,
if and only if the eigenvalues of the fixed point are real.

Proof of Corollaryl.5. By Theorem 13, we know that there exists a holomorphic
symplectic mapping

@ & = )Lg:e(én)“ +0@25+2), 1 = re €N 0(2s + 2)

with A not a root of unity, such that has no periodic points of period » in
B*(dyk, (1)) for two sequences = ny — +oo andn = n; — +o0, in which
d, — 0o, ImA™ > 0 and Im\* < 0.

Assume for the sake of contradiction that there is a totally realrglirface
M invariant undefrp which passes through the origin. By Propositiafh @),
we know thatM is given byn = a& + o(|£|) with a # 0. Choose Rg, Im & as
coordinates off. Then

Ol & = 2ETED 4 p(E)

is C* with |p:(§)| + |ps(§)] = 0(I§1%). Now d& A dnly = b(§)dE A dE.
Sincep preserve$(£)dé A dE, it also preserves the real 2-foib (£)|d& A dE.
Note that|h(¢)| is C° and positive near the origin. Applying the Birkhoff fixed-
point theorem (Theorem.3), one sees that, when restricted td/ = R?, has
periodic points of period dividingin the punctured disk* (ck,, (1, a*)) forsome
constant and for all large:, which contradicts to the earlier assumption since we
have eithek, (1, a*) = k,(A) for Ima* > 0 andn = n}, ork,(A, a*) = k, (1)
forIma® < 0 andn = n,. The proof is complete. O
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