Existence of Real Analytic Surfaces with
Hyperbolic Complex Tangent that Are Formally
but Not Holomorphically Equivalent to Quadrics

XIANGHONG GONG

ABSTRACT. We shall prove the existence of a real analytic sur-
face in C? that is formally but not holomorphically equivalent
to a quadratic surface with a hyperbolic complex tangent. The
result is obtained through the pair of holomorphic involutions
of Moser-Webster for a real analytic surface with a complex tan-
gent of non-vanishing Bishop invariant. Our method is also used
to show the existence of real analytic reversible maps of the real
plane, defined near the origin, that are formally, but not real an-
alytically, equivalent to a linear rotation.

1. INTRODUCTION
In this paper we shall prove the following result.

Theorem 1.1. There exists a germ of real analytic surface M in C* at the origin
that is formally but not holomorphically equivalent to the quadric Q) c C*: z; =
Z121 + y(z% + 2%) for some 'y € (%, ); in fact, M is not contained in any smooth
Levi-flat real analytic hypersurface in C2.

The main purpose of this paper is, of course, to show the existence of real
analytic surfaces which are formally but not holomorphically equivalent to Q,,.

The difficulties in constructing such a real analytic surface come from the formal
normal norm of Moser-Webster. Namely, a real analytic surface

McCC:zy=z1Z1 +y(z2 +23) + O(3)
is formally equivalent to the surface in C? defined by
xXy=2z1Z21+y(1+ex3)(z} +23), >, =0,
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fory € (%, o) \ E, where ¢ = +1 with s a positive integer, or € = 0, and E is
the set of y such that the solutions A to yA? — A + y = 0 are roots of unity. The
divergence of the normalization is well understood when € = 1 or —1 (see [11],
(5], [7]), of which both cases are generic. The case € = 0 is, however, non-generic,
which corresponds to that of vanishing of infinitely many functional equations in
coeflicients of the defining function of M. Until now very little is known about
such real surfaces, except that the formal equivalence of M and Q, implies the
holomorphic equivalence, if y € E or satisfies a certain Diophantine condition
[5].

Our starting point is a recent observation [8] that there is a family of holo-
morphic mappings for which the formal linearization always holds. Namely, if a
holomorphic map ¢ of C? is formally equivalent to

G:8 =MENE, n' =M'Enn,

with M(0) = p not a root of unity, and if o has a meromorphic eigenfunc-
tion m = f/g (i.e., a function m with mo = vm for some constant v) with
(f,g9) = 1d+0(2), then & must be linear. Note that the classical examples of
maps which have ¢ as a formal normal form are reversible or area-preserving ones
and their holomorphic counterparts. Here we say that a holomorphic map o of
C?, defined near the origin with 0(0) = 0, is reversible if there is a holomor-
phic involution T; (t? = Id), defined near the origin with T1(0) = 0, such that
0~ ! = 1101;. Examples of holomorphic maps that have a meromorphic eigen-
function are (non-constant) multiples of the linear map & — pu&, n — p='n (so
they preserve m(&,n) = &/n, up to a constant multiple).

For the proof of Theorem 1.1 we shall use an intrinsic pair {T1, T2} of holo-
morphic involutions which arises from a real analytic surface with a complex tan-
gent (and with the non-vanishing Bishop invariant). This pair of involutions,
developed by Moser-Webster [11], will be described in details in Section 2.

We should also mention that the proof of Theorem 1.1 does not yield any
explicit example of real analytic surface with the desired properties. Nor do we
know if there exists a real analytic surface contained in a real hyperplane, which is
formally but not holomorphically equivalent to Q; instead, we have the following
result.

Theorem 1.2. Let M be a real analytic surface with y € (%, o) \ E, of which
the corresponding pair of involutions is T\, To. Assume that 0 = T\Ty has a non-
constant meromorphic eigenfunction f|g with f(§,n) = &+ 0(2) and g(&,n) =
n+ O(2). If M is contained in a smooth Levi-flat real analytic hypersurface, then M
is holomorphically equivalent to Q.

We would like to mention that the results of Moser-Webster [11] and Moser
[10] say that a real analytic surface M in C? of an elliptic complex tangent (i.e.,
of 0 <y < %) is holomorphically equivalent to Q, if M and Q, are formally
equivalent. On the other hand, there are real analytic Lagrangian surfaces in C?
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(with parabolic complex tangent) which are formally but not holomorphically
equivalent to Q2 (see [0]).

Our approach to the formally linearizable holomorphic reversible maps can
also be easily adapted to obtain the following result.

Theorem 1.3. There exists a reversible real analytic map 0 : z — pz + O(|z|?)
of the real plane such that o is formally but not real analytically linearizable.

Theorem 1.3 is new. Also, to the best knowledge of the author, it is unknown
if the analogous result holds for area-preserving maps, i.e., if there exists a real
analytic area-preserving map of the real plane that is formally but not real analyt-
ically equivalent to a rotation z — pz. Notice that, under the Bruno condition,
all formally linearizable area-preserving real analytic map are indeed real analyt-
ically linearizable; see Riissmann [12], [13]. Riissmann’s convergence result also
implies that formally linearizable reversible real analytic maps are real analytically
linearizable if the ¢ in Theorem 1.3 satisfies the Bruno condition.

Bedford [2] found explicit algebraic real surfaces in C? with a hyperbolic com-
plex tangent that are not contained in any smooth Levi-flat real analytic hypersur-
face. Moser and Webster [11] had explicit algebraic real surfaces with a hyperbolic
complex tangent that are not contained in any Levi-flat real analytic hypersurface
given by Rh = 0, where h is a holomorphic function. Huang and Krantz [9]
proved that if M is a real analytic surface in C?> with a Bishop invariant y = 0,
then M is contained in a smooth Levi-flat real analytic hypersurface.

Notice that Baouendi, Ebenfelt and Rothschild [1] proved that two germs
of real analytic CR submanifolds M and M’ in CV are always holomorphically
equivalent, if they are formally equivalent and if M is of finite type and M" contains
no non-trivial holomorphic variety.

2. A PAIR OF INVOLUTIONS

In this section we shall recall the Moser-Webster theory about a pair of involutions

intrinsically associated with the real surfaces with a complex tangent [11]. For our

purpose we shall only consider the case that the complex tangent is hyperbolic.
Consider a real analytic surface in C? of the form

(2.1) M:zy =212 +y(z} + 2}) + H(zy,Z1),

where H(z1,2) is a complex-valued real analytic function starting with terms of
order 3 or higher, and 0 < y < oo is the Bishop invariant [3]. When the complex

tangent is hyperbolic as we assume, we have y > % In (2.1), replacing (z, ) with
(z,w) yields a complex surface in C*

e 122 =q(z1,wy) + H(z1,w1),

wy = q(z1,wy) + H(wy, 21),
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in which and in what follows, we put

H(zl,wl) = ZHL‘,J'Z%W{, for H(zl,wl) = ZHLJ’Z%W{.
i,j i,j

We shall use (z1, wy) as coordinates to identify M¢ with C2. The projections
m(z,w) = z and T (z,w) = w, restricted to M€, induce two double-sheeted
branched coverings. Let (2], w{) = T1(z1, w) be the covering transformation for
1. Then we have

, 1
zi=-z1— —w; +0(2),
T1 Y

w{ = w.

Let p be the restriction of the anti-holomorphic involution (z,w) — (w, 2) to
M¢. Then p(zi,wi) = (w1,21). Notice that M€ is invariant under p, and
M, = c o 11y o p for c(w) = w. Hence, the covering transformation T, for mm;
satisfies the relation T, = pT1p. Since the complex tangent is hyperbolic one can
introduce new linear coordinates such that

§ =M+ fiEn), A=A=A,

(2.2) Tj: _
n=A;&+g;&n), [Al=1,

in which f}, g; start with terms of order two or higher, and A and y are related
by yA? = A +y = 0. We say that y € (5, ) is exceptional if A is a root of unity.
The set of exceptional values is denoted by E. Meanwhile, the anti-holomorphic
involution p and reality condition on T; and T2, under the new coordinates, are
given by

(2.3) p(&n) =(E&n), T2=pTip.

For a quadric Qy with 2 < y < , its pair of involutions T{, T} and 0* = T{ T
are given by

g =, 0 =0E of =TTy E =g, 0’ =i
The normalization of the pair T1, T, is essentially determined by that of
o=TiT: & =pE+0Q2), n'=pan+0(2), |ul=1
We shall need the following: First, two real analytic surfaces are equivalent through

(local) biholomorphic mappings of C?, if and only if their corresponding pairs
of involutions are equivalent through a biholomorphic mapping f satisfying the



Real Analytic Surfaces with Hyperbolic Complex Tangent 87

reality condition pf = fp. In fact, the pair {T1, T2} is linearizable by mappings
commuting with p, if and only if o is linearizable by some holomorphic map
(which may not satisfy the reality condition). Second, each pair of holomorphic
involutions satisfying (2.2)-(2.3) arises from a real analytic surface with a complex
tangent (see [1 1], pp. 263-264).

Therefore, the first half of Theorem 1.1 follows from the theorem below.

Theorem 2.1. There exists a pair of holomorphic involutions {T1, T2} of the form
(2.2)~(2.3) that is formally but not holomorphically equivalent to the pair T, T5;
moreover, T1 Ty admits a meromorphic eigenfunction f|g with f(§,n) = & + 0(2)
and g(€,n) =n+0(2).

The proof of Theorem 2.1 will be given in Section 3.

3. A SPECIAL FAMILY OF HOLOMORPHICALLY REVERSIBLE MAPS

In this section we shall prove Theorem 2.1.
We start with the following result.

Proposition 3.1. Let T\, Ty be two holomorphic involutions given by (2.2).
Assume that A is not a root of unity and that ¢ = T\T, admits a meromorphic
eigenfunction m(&,n) = f(&,n)/g(&,n) with f(E,n) = E+02) and g(&,n) =
n + O(2). There exists a formal map ®: & — U(E,n), n — V(E,n), which is
tangent to the identity and satisfies the normalizing condition Ujy1; = Vi1 = 0 for
all i > 0, such that ® Lo ® becomes linear and m®d(E,n) = Ew(EN)/n.

Proof. An analogous result is proved for holomorphic symplectic maps in [8].
From [11], we know that there is a unique normalized formal transformation
® such that 6 = &' ® becomes

E=MEMNE, n' =M'Emn, MEn) =p+0().

Now the proof of Theorem 4.6 in [8] implies that M is a constant and M =
m o & has the form Ew (£n)/n. However, because of the advantage of dimension
2, we would like to give an alternative and simpler argument. We know that
M = p/q is an eigenfunction of &, where p, q are formal power series in &, n.
Notice that the coordinate axes are the only formal invariant curves of ¢, and that
0 preserves the formal curves defined by p = 0 and by g = 0. Hence & divides p
and n divides q. So we can write 1.(&,n) = EK(E,n)/n. From Mm& = p2#, we
get

M*(EmMK(MEME M (Enmn) = 1?K(E,n).

Since p is not a root of unity, one readily sees that K is a power series in the
product &€n, and that M? = 2. O

As mentioned in Section 2, when 0 = T|T; is linearizable by some holomor-
phic map, the pair {7, T2} is linearizable by a holomorphic map satisfying the
reality condition. Thus, a result in [5] yields the following theorem.
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Theorem 3.2. Let Ty, Ty be the holomorphic involutions associated with a real

analytic surface M of which the Bishop invarianty & (%, ) \ E. Assume that the
eigenvalues U, [I of 0 = T17T, satisfy the Diophantine condition

n _ _— =
|u 1|>nC0’ n=12,...

for some positive constant co. If O has a meromorphic eigenfunction m(&,n) =
fE&E /g n) with (f,g) = 1d+0(2), then M is holomorphically equivalent to

Qy-

Of course the analogous result holds for real analytic surfaces with Bishop
invariant y € (0, %), by the convergence of normalization obtained by Moser and

Webster [11].
We now turn to the proof of Theorem 2.1.

Proof of Theorem 2.1 — the first half. We shall consider the following pair of

holomorphic involutions
(3.1) =yt T=pTip
with 7{: & — An,n — AE, p: E—E,n— A, and
w(&,n) = (Eu(d),nu(E)), u0) =1

Note that ¢ preserves the quotient £/n, and that ¢~ 1(&,n) = (Ev(&),nv (%)),
in which v is related to u by

(3.2) u(&)v(&u(g)) = 1.

Put m(&,n) = &/n. For 11, T, given by (3.1) we have

my 'ty = m7, mt,=mpTip = pmTip = A’>mL.
Hence m 1s an eigenfunction of 0 = T1T2, and Proposition 3.1 says that o is

formally linearizable.
Return to (3.1). A simple computation shows that

T1(E,n) = (Anp(E,n),AEp(E,n))
with p(&€,n) = u(§)v(Anu(¥)) and

p(&,0) =u(&), pO,n) =v(An).
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Now

0(£,0) = TipT1p(E,0) = T1pT1(§,0) = T1p(0,AEP(E,0)) = T1p(0, AEu(E))
= 71(0, AEW(¥)) = (A2ER(E)p(0,AEi(¥)),0) = (A2ER(E)v (A2Ei(¥)),0).

Setting 0 (&,0) = (f(&),0), we obtain

(3.3) S(&) = pEu(&)v (ugu(e)).

We now assume that ®~'od = o*: & = &, n’ = fin. Without loss of generality,
we may assume that @ is tangent to the identity. One first notices that since i is
not a root of unity, a smooth holomorphic curve passing through the origin is
invariant under 0*, if and only if the curve is one of coordinates axes. This means
that there are only two invariant holomorphic curves of o that pass through the
origin, namely the two coordinate axes. Hence ® must preserve both axes and
®(E,0) = (g(),0). From & 1o® = o* it follows that

g ' fg(&) = uE,

that is, f is linearizable by a convergent map. We have reduced Theorem 2.1 to
the following theorem.

Theorem 3.3. There exists U, which is not a root of unity, and a holomorphic
Sfunction w(§) = 1+ 0 (1) such that the holomorphic map f (&) = p&+0(2) defined
by (3.2) and (3.3) is not holomorphically linearizable.

Proof. The proof is based on a standard application of small-divisors.

We first recall some basic facts about linearizing (&) = u& + >,55 fn&™
see [14] for details. It is known that there is a unique formal map g(&§) = z +
Dns=29n&™ such that g(u&) = fg(&) (g(c&) with ¢ # 0 are the rest of maps
that linearize f also). In fact

1 1 1
= +G y ynany y yery — ]
un_u {f‘l’l n(“ uz_u [,1"_1 _u f2 f‘l’L 1)}

where Gy, is a polynomial in the specified quantities with integral coefficients. It
is also a standard fact that there is p, not a root of unity, such that

(34)  gn

1
(3.5 [u" —ul < o ek

with 1y — o as k — co.

Returning to (3.2) we see that vy, = —uyn + Vi (Ua, ..., Un-1), where Un, Uy
are coeflicients of power series u(z) and v (z), respectively, and Vj, is a polynomial
in the specified quantities. Now (3.3) implies that

f'VL = U(an—l - I«ln_lun—l) +Fn(“;“Z,---,un72;ﬁ2;---;ﬁn72)-
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Together with (3.4), we see that

= {(an—l =" )

1 1
Tp -’ pml

+G1’L(“ 1u21"'1un—2!ﬂ2!'"1an—2>}'

Fix g = A? satisfying (3.5), and next we choose u,_1. We put u,—1 = 0 for n #
Nk, and choose uy_1 for n = ny inductively as follows: Put u,—; = igp_1 AL if

u, <1,
p? —u pnt —

- 1 1 _ _
Gn( Yy :u2:---sun2,u2,---;un2>

and put un—1 = 0 otherwise. Then for all n = ny, we achieve |gn| = n!. This
shows that the unique g(z) = z + O(2) that linearizes f is divergent, from which
one knows that f is not linearizable by any convergent map. O

Next we modify the above argument to give a proof for Theorem 1.3.
Consider a real analytic map of the real plane given by

o:z2 =uz+E(z2),

where E is a complex-valued convergent power series in z, Z. Recall that o is
reversible if there is a real analytic involution 71 (77 = Id), defined near the origin
with T1(0) = 0, such that o~ ! = 10 71;.

Proof of Theorem 1.3. We shall consider holomorphic maps on C?, and then
consider their restrictions on suitable totally real subspace R2. Start with the holo-
morphic map

w:&—-8u(En), n-nui&n), uEn =ung, u) =1L

Then my = m for m(€,n) = £/n, and ¥ sends R2: n = € into itself. Note that
R? is fixed pointwise by

po:&—n, n-—E&.
We also have
y i E-Ev(En), n-nvEn, vEn=0vn7%8.
Put TI(EJ r’) = (rl! E) and

o=oc*tiy iy, o*En) =WEan), Iul=1.
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One readily sees that o preserves R? also, and that o is reversible with respect
to 0*7;. Note that 0* 7y is an involution preserving R?. From [11] we have a
unique formal map

P:E-UEnN =8+0(2), n—-V(En=n+0(2)

satisfying the normalizing condition
(3.6) Ujy1,j =Vjj+1 =0, j>0,

such that & = ® 1o® has the form & — M(En)E, n — M~Y(En)n. Since mo =
p?m Proposition 3.1 says that ¢ is linearizable by ®. From pgopg = 0, one sees
easily that the unique transformation must satisfy po®py = @, that is, ® preserves
R2. Therefore, o, as a reversible map of R?, is linearizable by a formal map of RZ.

To finish the proof of the theorem, we need to choose some u (&, n) so that o
is not linearizable by any holomorphic map. We have

cF T T (E,0) = oF T T (Eu(E, 0),0) = oF Ty (0, Eu(E, 0))
= 07" 11(0,Eu(g,0)v(0,Eu(E,0))) = (HEu(E,0)v(0,Eu(g,0)),0).

Setting 0 (£,0) = (f(£),0), we obtain

S (&) = p&u(&,0)v(Eu(E,0),0).
We also have u (&, n)v (Eu(&,n),nu(&,n)) = 1. Hence

Vag = —Uag + Vap({Uap: 1 <&’ + B <+ B});
and consequently,
Sn = 2ipuSuUn_1,0 + UFn ({Uap, Uap: X+ B <N —1}),

where Vg and Fy, are polynomials in specified quantities.

As in the proof of Theorem 3.3, we assume that ®~'o® = o *. Without loss
of generality we may assume that ® is tangent to the identity. We also know that
® preserves both coordinate axes. Write ®(&,0) = (g(€),0). Then g~ fg(&) =
p&. Comparing coefficients yields

1 .
In = 0 — {2”15”11—1,0 + Gnl,

where Gy, is a polynomial of integral coefficients in quantities

1= , Uy Uy 1 <ax+B<n-—1.
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Again, we fix p, which is not a root of unity, such that |[u™ — 1] < 1/n! for a
sequence N = ng — co. Choose €, = 1 or 0 for n = ng — 1 and &, = 0 for
n # Ny — 1 such that for

w(En) =1+ > ieq(E"—n"),

n=1

we have |gn| = n! when n = ny — 1. This shows that the corresponding o is not
linearizable by any convergent transformation. O

4. REVERSIBLE MAPS WITH ONE HOLOMORPHIC FIRST-INTEGRAL
AND ONE MEROMORPHIC EIGENFUNCTION

In Section 3, we have proved that there exists a pair of holomorphic involutions
T, Ta such that 0 = T/12: & - u€+0Q2), n - u~'n + 0O(2), with u not a
root of unity, is formally but not holomorphically equivalent to a pair of linear
involutions. We actually constructed T, T, satisfying T, = pTip (see (2.2)-
(2.3)), so that the pair Ty, T, yields a real analytic surface M with the Bishop
invariant y € (3, ) \ E; consequently M is formally but not holomorphically
equivalent to the quadric Q. It remains to show that the M is not contained in
any smooth Levi-flat real analytic hypersurface in C2. In fact, M is not contained
in any (singular Levi-flat real analytic) real hypersurface defined by 3{h(z)} = 0,
where h with h(0) = 0 is a nonconstant holomorphic function. (For singular
Levi-flat real analytic hypersurfaces see [4].) Recall from [11] thatif 3{h(z)}|y =
0, then h(z) is equal to h(w) on M€ and hence its restriction on M€ is invariant
under both T; and T5.

Therefore, Theorem 1.2 and the last assertion in Theorem 1.1 follow from
the theorem below.

Theorem 4.1. Let 0: & = pE +02), n' = u='n + O2) be a reversible
holomorphic map of C2. Assume that | is not a root of unity. Assume also that there
exist a non-constant holomorphic function h and a meromorphic function m = f/ g,
(f(En),g(E& ) =(&,n)+0(2), such that mo = p*o and ho = h. Then o is
holomorphically linearizable.

Proof We first put o = (f,g). Let 09 = wooyy'. Then oy is still re-

versible with respect to some holomorphic involution. Also mo(&,n) =

myy(E,n) = &/nand ho(&,n) = En + O(3). Replacing @, m, o by w,, my,
09 and still denoting them by g, m, o, Proposition 3.1 says that o is formally
linearizable. By Lemma 3.2 in [11] there exists a unique formal map

®:& =a(En), n =bEn),
satisfying the normalizing condition

ajy1,;=0, bjj1=0, j>0, aijo=bo1=1 aop1=Dbio=0,
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such that " 10® = o*. Since the coordinate axes are the two unique smooth
formal curves that are invariant by 0*, and since ® is tangent to the identity, then
® preserves two coordinate axes also. So we can write

P: & =E(1+ul&n), n =n1+vEn),
with
(41) u(0)=ujj=v(0)=vjj=0, j>0.

By Proposition 3.1, we know that #1.(§,n) = m®(&,n) = £(1 + w(&n))/n with
w(0) = 0, i.e., that u, v satisfy

u(&,n) -v(En - w(En) =wEnv(gn),
from which and (4.1) we obtain
w=0 u=v.

We also know that PAL(E, n) = h®(&,n) is invariant by o*. Since p is not a
root of unity, then h(En)isa power series in the product £n. We may assume
that h(0) = 0 and write I:L(E,n) = (En)tﬁl(gn) with t a positive integer and
I:L1(O) #+ 0. We see that h(§,n) = (En)th (&, n) with h;(0) # 0. Replacing h
with a constant multiple of h!'/t, we may assume that h(€,n) = En(1 + g(&,n))

with g(0) = 0. Then A(£,n) = En(1 + k(En)) with k(0) = 0. Now h®(E,n) =
&n(1 + k(&n)) becomes

(4.2a) 2u(&,n) — k(&n) = B(&,n,u(&,n)),
(4.2b) B(E,nu) = -u?—(1+u)?-gE1+u),n+u).

We need to show that (4.1)-(4.2) has a unique convergent solution u, k. That
uniqueness assertion also implies the convergence of the original map @ (satisfying
the normalizing condition (4.1)). We first introduce some notations. For a power
series f (&€, n), denote

fLEnm =1fEmls= > fij€n!, s=0=1,...,

i—j=s

FEEN =D 1fijlENn,
i,j
f=<g, iflfijl<gij.

Now the normalizing condition (4.1) means that [u]y = 0, and from (4.2) we
first get

K(gn) = —[B(g,n,u(‘f,n))]o
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For s + 0, (4.2) yields

us (€, 1) = %[B(E,n,u(&n))]s.

Put
W(En) =k*En+ > uiE,n).
[s|>0
Then we get
W(En) < BEn,W(En)
for

BE W) =W2+ (1+W)2g*(E1+W),n(l+W)).

Putting the above together, we see that W < W if W(0) = 0, and

W(E, ")) = 1§(§, n, W)

By the implicit function theorem, W is convergent. Therefore, u, v are conver-
gent. ]

We also have the following result.

Corollary 4.2. Let 0: 2z = pz + O(2) be a reversible real analytic map of
the real plane. Assume that | is not a root of unity. Assume further that o has a
non-constant invariant real analytic function and an eigenfunction p(z,2)/q(z, 2),
where p(z,2) = z+ O(2) and q(z,z) = z + O(2) are convergent power series.
Then o is real analytically linearizable.

Proof Let T be a real analytic involution such that 07! = ToT. Write
0(z) = f(z,2) and T(2) = g(z,2), where f, g are convergent power series
in z, Z. Consider the complexifications 0¢: &' = f(&,n), n" = f(n,&) and
T & =g(&n),n =3gn,E&. Then 7€ is a holomorphic involution of C? and
o€ is reversible with respect to T¢. From the proof of Theorem 4.1, we see that
0°¢ is linearizable by a holomorphic map ® satistying the normalizing condition
(3.6). As seen in the proof of Theorem 1.3, the map @: z — ®(z,2) is a real
analytic map from R? into itself, and it linearizes o O
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