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1 Introduction

Let M, N be two totally real and real analytic submanifoldsGA. We say that

M andN arebiholomorphically equivalenif there is a biholomorphic mapping

F defined in a neighborhood @&l such thatF(M) = N. As a standard fact of
complexification, one knows that all totally real and real analytic embeddings
of M in C" are biholomorphically equivalent ¥ is of maximal dimensiom.
However, the topology of the manifold plays a major role in the existence of
totally real immersions or embeddings. For instance, R.O. Wells [23] proved that
if an n-dimensional compact and orientable maniféld admits a totally real
embedding inC", then its Euler number must vanish. It was also observed by
Wells that ifM is a manifold of dimension and it admits a totally real immersion

in C", then its complexified tangent bundiéM = TM ® C is trivial. Conversely,

the triviality of T°M also implies the existence of totally real immersiongdvbf

in C". This was obtained by M.L. Gromov in [11] through the method of convex
integration. A stronger result due to J.A. Lees [17] says tHatlso admits
Lagrangian immersions ig".

The sphereS<:x2 + ... +x2, = 1 in R¥*! gives us a trivial totally real
embedding oS¥ in CX*1. On the other hand, the works of Gromov [11], Ahern-
Rudin [1] and Stout-Zame [21] tell us th& admits a totally real and real
analytic embedding i€¥ if and only ifk = 1, 3. Our main result is the following.

Theorem 1.1. If k < 4, all totally real and real analytic embeddings of $ C"
are biholomorphically equivalent. If & 5and nx = k+2[k;1], there exist totally

Research at MSRI is supported in part by NSF grant DMS-9022140.
Current addressDepartment of Mathematics, University of Michigan, Ann Arbor, MI 48109, USA



612 X. Gong

real and real analytic embeddings of $ C™ which are not biholomorphically
equivalent, while all totally real and real analytic embeddings 6fi6 C" are
biholomorphically equivalent if n> ny.

In fact, we shall prove a slightly stronger result that all totally real and
real analytic embeddings &% in C" are unimodularly equivalenif k < 4
andn > k, i.e. they are biholomorphic equivalent through a mapgiwhich
preserves the holomorphicform dz A ... A dz,. We should mention that using
a transversality argument [7], F. Forstiieend J.-P. Rosay showed that for a
k-dimensional manifoldM, all its totally real and real analytic embedding<dh
are biholomorphically equivalent if > 3k/2. It is also easy to see that through
the projection along a constant complex vector transverdd t@ totally real
immersion ofk-dimension manifoldM in C" can always deformed into a totally
real immersion inC"~1 if n > 3k/2.

The proof of Theorem 1.1 is not constructive. It depends on the weak ho-
motopy equivalence (w.h.e.) principle for totally real immersions established by
Gromov in [11]. To show Theorem 1.1, we also need to understand the role which
the normal bundle of totally real immersions plays. Recall thaasmooth
mappingf: M — C" is atotally real immersiorif f,TyM spans &-dimensional
complex linear subspace f)C" for eachx € M. We define theeomplexnor-
mal bundle of the immersiof, denoted by, to be the complex vector bundle
whose fiber ovek € M is the quotient offt)C" by the complex linear span of
f. TxM. The normal bundle of immersions plays quite important role in the works
of S. Smale [19] and M.W. Hirsch [14]. Analogous to the results of Hirsch [14]
about transversal fields of smooth immersions, we obtain the following.

Theorem 1.2. Let f:M — C" be a C' totally real immersion. Assume that the
complex normal bundles has a topologically trivial subbundle of rank r. Then
there is a regular homotopy:M — C" of C? totally real immersions such that
fo=fand i:M — C" ",

We now draw some conclusions from Theorem 1.2.

Corollary 1.3. Let M be a smooth manifold of dimension k. Then M admits a
totally real immersion inC" with a trivial complex normal bundle if and only

if there exists a totally real immersion of M @, i.e. the complexified tangent
bundle T°M is trivial.

A smooth manifoldM is said to bestably parallelizablef the tangent bundle
of M x R is trivial. For instance, the boundary of a smooth domain in Euclidean
space is always stably parallelizable. By a theorem of Hirsch [#4]s stably
parallelizable if and only if it is orientable and admits an immersioR/t. As
an application of Theorem 1.2, we have the following.

Corollary 1.4. Let M be a manifold of dimension n which is immersibl&IH?.
Then TM is trivial if M is orientable, or M is non-orientable with M, Z) = 0.

In fact, Gromov proved a stronger result titadmits an exact Lagrangian
immersion in Euclidean space whéh is stably parallelizable (see [12], p. 61).
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One notices that all real surfad¢ can be immersed iR® ¢ C2. On the other
hand, Forstneti[5] proved that a non-orientable compact surface admits a totally
real immersion inC? if and only if its genus is even. Therefore, the condition
thatH2(M, Z) vanishes is essential in Corollary 1.4.

The paper is organized as follows. In section two we shall discuss Gromov's
w.h.e.-principal for totally real immersions. Section three is devoted to the proof
of Theorem 1.2 and Corollary 1.4. The proof of Theorem 1.1 will be given in
the last section, where we shall also make essential uses of homotopy groups of
complex Stiefel manifolds obtained by M.L. Kervaire [16] and F. Sigrist [18].

2 Classification of totally real immersions

In this section, we shall first recall Gromov’s w.h.e.-principal for ample differ-
ential relations established in [11]. We shall also discuss the group structure on
the regular homotopy classes of totally real immersion§'ofn C".

Let M be a smooth manifold of dimensida Assume thakk < n. By a
regular homotopy,fof totally real C-immersions ofM in C", one means that
for eacht € [0, 1], f; is a totally realC*-immersion, andif,: TM — TC" depends
on t continuously. Mappings fronM to C" can be identified with sections of
the trivial bundleX =M x C" — M. If f:M — C" is aC!-mapping defined in
a neighborhood ok € M, we define the 1-jet of atx to be Jf = (f (x), dfy).

We denote byX! the space of 1-jets of! sections 0ofX — M. Then it is easy

to see thak? is a fibration oveM whose fiber ovex € M consists oR-linear
mappings fromTyM to T,C" for somez € C". We shall adapt (compact-open)
CO-topology onX?'. Here, we should say a few words about the topologies used
in the sequel. For a homotopy of sections or immersions, we shall always use
the (compact-openg'-topology, i.e. the wealkC" topology. For approximating

a mapping or function, we shall always use the f@fetopology. The reader is
referred to [15] for basic properties of these two kinds of topologies.

By X, one denotes the set of 1-jek&f such thadf,(TxM) spans a complex
linear subspace of; () C" of rank less thark. Let X' be the union ofXy for all
x € M. Then2 = X1\ X is an open subset of!, which is called &otally real
differential relation Thus, aC-mappingf:M — C" is totally real if and only
if JXf mapsM into 2.

For eachxy € M, we choose local coordinates, .. ., ux in a neighborhood
U of xo. Fixx € U and 1<j < n. LetZ be the set of 1-jetd}f satisfying

f)=2z, fu()=u, i#],

wherez andv; (i #]) are fixedk vectors inC". Then eitheZ \ X is an empty set,
or the linear convex hull of each connected componet\oY is the whole affine
spaceZ. According to the terminology of Gromov [11]? is said to beample
in the coordinate directions. To see this, we notice thatif..,7;,..., v are
not C-linearly independent, thedd C Y. OtherwiseZ N X' consists of all 1-jets
(z,v1,...,v,...,v) such thaw is aC-linear combination ob-, ..., 7;,..., v.
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Therefore,Z N X' is a subspace of the affine spaZewith real codimension
2n — 2(k — 1) > 2. This implies thaZ \ X is connected and it spans the whole
spaceZ. As a consequence of Theoren81 in [11], we can state the following
result.

Theorem 2.1 (Gromov, [11]). Let M be a smooth manifold of dimensiornkn,
and letf2 and J* be as above. ThenlJs a one-to-one correspondence between
the regular homotopy classes of totally reat-@nmersion of M inC" and the
homotopy classes of continuous sectiong2of- M. In particular, M admits

a totally real immersion irC" if and only if 2 — M has a global continuous
section.

We now consider the case thist is the sphereS®. Here we need the fact
that the complexified tangent bundléSk of SK is trivial. This follows from
the existence of totally real immersion & in CX. An explicit example of
Lagrangian (whence totally real) immersionsS¥fwas constructed by A. Wein-
stein [22]. Throughout the whole paper, we shall fix a topological trivialization
of TeSk = sk x Ck,

Recall that the complex Stiefel manifold,  consists ofk-frames ofC",
i.e. the space of orderekl linearly independent vectors i@8". With the fixed
trivialization for T¢SK, the global sections of2 — M can be identified with
mappings fromsk to C" x V, x as follows. Letey, . . ., & be the set oC-linearly
independent continuous sections which defines the trivializatidit8f. Assume
that :M — (2 is a global section. Thep = (f, ), wheref:M — C" and
¢: TM — TC", satisfies the property that for eaxhe M, ¢(x): TyM — Tt C"
is R-linear and its complexification is injective. Hence,

v(x) = (p(x)(eL(x)), - - -, e(x) (& (X))

is a set of linearly independehtvectors ofTsx)C". Denote byU,  the space of

unitary k-frames ofC", where by a unitark-frame @, ..., vx), one means that
vy, ..., v satisfy the condition<v;, v;> = 6 j for the standard hermitian inner
product<-,-> on C". From the well-known normalization, one knows tNatn

is the product olJ,, m with the spacel’ of upper-triangle matrices with positive
eigenvalues. Thus, a homotopy: S — 2 induces a homotopy

(fe, Aty p1): S¥ — C" x T x Up .

SinceC" and T are contractible, we see that the set of homotopy classes of
sections off2 — SK is the same as the homotopy classes of mappings 86tm

to Un k. It is well-known that the homotopy classes of mappings f@frto Uy x

is the homotopy groupi(Un k) (see p. 88 in [20], p. 211 in [3]). Thus, we obtain

a one-to-one mapping

(2.1) joi1(S5,C") — m(Un),

where| (Sk,C") stands for the set of regular homotopy classes of totally real
immersions 0S¥ in C". We notice that the aboye was also used by T. Duchamp
in [4].
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With the fixed trivialization ofT¢S¥, j, is a canonicalmapping in the sense
that there is a commutative diagram

1(S,CY L% m(Un)
(2.2) i L
1(SK,CY) 2 m(Ung), N>n,

wherei, is induced by the inclusion of sending a totally real immergiogk —
C" to a totally real immersionf(0):Sk — CN, andi’ is induced by regarding
a unitaryk-frame of C" as a unitaryk-frame of CN. In other words, the group
structure onl (SX, C™) adapted by (2.1) is preserved under the inclusidnc
CN. This will be important for us to prove Theorem 1.1.

3 Proof of Theorem 1.2

In this section we shall apply Gromov’s w.h.e.-principle to prove Theorem 1.2.
With necessary modifications, we shall follow very closely the proof of Theo-
rem 6.4 in [14].

Let M be a manifold of dimensiok. By FM, one denotes the (complexified)
k-frame bundle oM, which consists of orderedlinearly independent vectors in
T°M with the same base point. For eagk (vy,...,v) € FxM andg = (g ;) €
GL(k, C), we defineg - e to be thek-frame @, ..., v) with v = Z}(:lgi Jvi-
ThenFM is a principalGL(k, C)-bundle oveM . Fork < m < n, we denote by
Enm the associated bundle &M with fiber V, . More precisely, we define a
GL(k, C)-action onV, m by

(97(’017 oo >Um)) = (g : (vla v aUk)>’Uk+l7 R 7Um)'

ThenE, n is the set of equivalence classes of the relatioon FM x V, r, with
(e,f) ~ (g-e,g-f)forall g € GL(k, C). The bundle projectiop, m: Enm — M is
induced by the composed projectiBM x Vo m — FM — M. Letpiy: Vam —
Vh x be the projection of deleting the last — k vectors from eachm-frame.
Notice that theGL(k, C)-action onV,, » does not affect the lash — k vectors of
anm-frame of C". Hence,pr’]",f‘ induces a projection fror, m to E, i such that
Prm = PnkoPpi - We further remark thap v Enm — Enx is a fiber bundle. In
particular,pﬂf”: Enm — Enk has the covéring homotopy property, i.e. for any
finite polyhedronP, a homotopyhy: P — E « has a liftinghy: P — En,m, if the
initial lifting o exists.

To use the covering homotopy property, we consider the set of sections of
the fiber bundleg, , — M. Given a sectiors: M — E, m, we define a mapping
w:FM — Vi m by p(e) = f if s(x) is the equivalence class &,f) € FM X Vj .
Theny is well-defined. For if ¢, f) and €, f’) are in the same equivalence class
s(x). Then there iy € GL(k,C) such thatg-e =e andg - f = f’. Obviously,

g - e = e implies thatg = id. Hence,f’ = f. Moreover, if g,f) is in the
equivalence class(x), so is @ - e,g - f). Hence,p(g - €) = ¢g - p(e), i.e. ¢
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is a GL(k, C)-equivariant mapping. Conversely, given @L(k, C)-equivariant
mappinge: FM — V, n, we sets(x) to be the equivalence class &, (o(e)) in

Enm for e € FyM. Thus, there is a one-to-one correspondence between the set
of GL(k, C)-equivariant mappings frorkM to V, n and the set of sections of

the fiber bundleg, » — M. Therefore, the covering homotopy property gives us
the following.

Theorem 3.1. Let ¢ be a homotopy of (X, C)-equivariant mappings from FM
to Vi k. Assume thapg has a lifting go: FM — V,, k4 such thatg, is GL(K, C)-
equivariant. Then there is a homotopy of lifting of ¢; such that eaclkp;: FM —
Vn ki is GL(k, C)-equivariant.

We now letp’: Vi x+r — Vi, be the mapping of projecting & ¢ r)-frame to
its lastr components. Lep: FM — V, «+r be aGL(k, C)-equivariant mapping.
Theny = pg:FM — V, « is also aGL(k, C)-equivariant mapping. Notice that
GL(k, C) acts on each fiber &M transitively and that the lastcomponents of
a (k +r)-frame of C" is fixed under theGL(k, C)-action. This implies thap’y
is constant along fibers dfM. Therefore,p’y is the lifting of some mapping
P:M — V. Following [14], we shall call):M — V,, , atransversal kfield of
©:M — V. Thus, we identify the set dBL(k, C)-equivariant mappings from
FM to Vj k+r with the set ofGL(k, C)-equivariant mappings frorfM to Vi i
with transversar -fields. In general, we say thgt M — V, , is transverseto a
totally real immersiorf:M — C" if for eachx € M andy(x) = (v1, ..., ), v
is not contained if (TSM) (1 <j <r).

Corollary 3.2. Let f be a homotopy of totally real immersions of M @%. As-
sume thatx, has a topological trivial subbundle of rank r. Thep also contains
a topological trivial subbundle of rank r.

Proof. We identify f,,.: T°M — TC" with a homotopyf; of mappings fromM
to C" and a homotopyp; of GL(k, C)-equivariant mappings frorfM to V, .
By assumptionsyg has a transversal-field. Hence, Theorem 3.1 implies that
1 also admits a transversedfield, i.e. s, has a trivial subbundle of rank O

We also need the following.

Lemma 3.3. Let M be a smooth manifold and — C" a C°°-smooth totally
real immersion. Assume that has a topologically trivial subbundle of rank r.
Then there is a smooth unitary r-fielt M — Uy, , which is transverse to f.

Proof. By assumptions, there is a continuoudield ¢o: M — V,; which is
transverse to the immersidn Using the approximation in fin€ °-topology, we
can replace)g by a smoothr -field ); which is still transverse to the immersion
f. We now project;(x) to the orthogonal complement &fT¢M . By the well-
known normalization, we readily obtain the desired unitedfjeld. O
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Proof of Theorem 1.2

Letf:M — C" be aC'-smooth totally real immersion. Assume that the complex
normal bundles has a topologically trivial subbundle of rankWe shall seek a
homotopyf; of totally real immersions oM in C" such thafy =f andf;(M) C
C"—1. We further require that the complex normal bundlegf,oM — C"~! has

a trivial subbundle of rank — 1. Thus, Theorem 1.2 follows from the induction.

We first find a smooth mapping M — C" which is sufficiently close td in
fine C1-topology such that eadh = (1—t)f +tg is still a totally real immersion
for 0 <t < 1. Renamg by f. Then, Corollary 3.2 implies tha still contains
a trivial subbundle of rank. By Lemma 3.3, there exists a smooth unitary
field v = (&,...,&) which is transverse to the smooth totally real immersion
f:M — C",

From the standard embeddifg"~* c C", one gets a complex vector bundle
TAOS -1 whose fiber ovew € S?"~1 consists of vectors iC" which are
orthogonal tov with respect to the standard hermitian metric@h Let E be
the frame bundle ove8?"~1 whose fiber consists of linearly independent vectors
v1,. .., vksr—1 Of TEOS2=1 with the same base point. Consider the mapping

(31) gr (X): € (de(E), gl(x)v s 7£r—l(x))a €c I:XI\/I .

Since ¢, is orthogonal tof . T°M and¢; (j < r), then §~, (x) mapsFxM into
Ee, x)- Hence,fr:FM — E is a GL(k, C)-equivariant mapping which covers
the mappingé,:M — S?'~1. Since the dimension dfl is less than & — 1,
the smoothness of the mappigg implies that there isjy ¢ &(M). SetY =
S?=1_1y}. SinceY is contractible, then there is a homotogyM — Y such
thathg = & andh; = y; € Y. Also, there is a trivialization

(32) T(1’0)82n71|y =Y x énfl’ ér‘lfl - T>$11,0)82n71.

Therefore,&, can be written ashg, ¢p) with ¢ a GL(k, C)-equivariant map-
ping from FM to E,,. Puth = (h, ¢o). Returning toT®0S2-1| from the
trivialization (3.2), we obtain a homotopﬁt of GL(k, C)-equivariant map-
pings fromFM to E|y. Returning to the ambient spad®”, we then have
TAOg-1 - g2-1 . C" Thus, we obtain a homotopf, of GL(k,C)-
equivariant mappings froriM to C" x V; ks —1 such thath;: FM — Ey,.

Let us identifyy; with a point inC"~*, PutT,,C"~1 = C"~1. Then we have
Ey, = Y1 X Vh_1k+r—1. We now Writeﬁt as (v, ¢r, Y1), where eaclpi: FM — V,, ¢
is GL(k, C)-equivariant, and); is a transversalr(— 1)-field of ;. From (3.1), it
is clear thatpo: FM — V,, i is just theGL(k, C)-equivariant mapping induced by
f.: T°M — TC". This implies thaff, and 6, ¢1) are homotopic as fiberwisely
injective C-linear mappings fronT°M to TC". Notice thath, = y; € C"?!
and 1: FM — V,_1x. Now Theorem 2.1 implies that there is a totally real
immersiong:M — C"~! such thatg, and {1, ¢1) are joined by a homotopl
of fiberwisely injectiveC-linear mappings fronTM to TC"~1. Thus, we have
proved thatf,: T°M — TC" is homotopic tog,: T°M — TC"~! as fiberwisely
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injective C-linear mappings fronT°M to TC". Using Theorem 2.1 again, we
know that there is a homotopy of totally real immersions joinfngnd g. To
complete the proof of Theorem 1.2, we need to show that the complex normal
bundle ofg:M — C"~! has a topologically trivial subbundle of ramk— 1.

To this end, we notice thap; has a transversat (- 1)-field ), in C"~* since
hi:FM — Ey, = Vh_1k+—1. By applying Corollary 3.2 to the homotogy, we

see that the complex normal bundle phas a trivial subbundle of rank— 1.

The proof of Theorem 1.2 is complete.

Proof of Corollary 1.4

Assume thatV is immersed inR™! c C"!. If M is orientable, then using
the normal vector oM in R™! and the triviality of T°S", we see thafl ‘M

is trivial. WhenM is non-orientable, our assumption E?(M,Z) = 0 implies
that the complex normal bundle & in C"*! is trivial. Therefore, Theorem 1.2
implies thatM admits a totally real immersion i@", i.e. T°M s trivial. The
proof of Corollary 1.4 is complete.

We notice that a real surface can be immerse®®n Thus, Corollary 1.4
gives another proof that all orientable surfaces admit totally real immersions in
C?, which is due to Forstndti[5] when the surfaces are compact. Corollary 1.4 is
inconclusive whemM is a non-orientable compact surface, sikb¥M , Z) = Z».
However, it was proved by Forstnér5] that a non-orientable compact surface
admits a totally real immersion i82 if and only if its genus is even. In view of
Corollary 1.3, we see that a totally real immersion of a non-orientable compact
surface inC2 has a trivial complex normal bundle if and only if the genus of
the surface is even. This also indicates that the hypothesisitf@t ,Z) = 0 is
needed in Corollary 1.4, although it is not a necessary condition for the triviality
of T°M.

We conclude this section by presenting the following proof of Theorem 1.2
suggested by the referee.

Another proof of Theorem 1.2

Assume thatM is a totally real immersion if©", of which the complex normal
bundle admits global sections, . . ., & which are pointwisely linearly indepen-
dent. We may assume thgt(x) is a unitary vector and it is orthogonal T¢fM
and¢j(x) for 2 <j <r. Obviously, there is a homotopg;:M — S?"~! such
that Xo = & andX; is a constant vector. Leét;"(x) be the complement of;(x)

with respect to the standard hermitian inner produc€bf Choose a sequence

of open setdJ; such thatM is the union ofU;(j > 1), andU; is relatively
compact inUj+1. Then there exists a decreasing sequence of positive numbers
6 (< 1) such thatX;(x) ¢ X (x) for |t —t| < ¢ andx € Uj. Let0< pj <1

be a continuous function such that its support is contained;iand p; = 1
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on Uj_1. Thene(x) = sup.,€p; is a positive function orM. Furthermore,
X (X) ¢ XH(x) for [t/ —t] < e(x). Let P(x): X5-(x) — X{-(x) be the compo-
sition of the projections fron)(ji(x) to xqﬁl)e(x)(o <j < Kk(x)) followed by the
projection Xcg. oo t0 Xi- with k(x) = [1/¢(x)]. Obviously, P(x) is injective for
all x € M. Fix xg € M. If 1/e(xo) is not an integer, it is clear th&t(x) is con-
tinuous atxg. Assume thak(xp) = 1/¢e(Xp). If X is nearxy andk(x) < k(xo), then
P(x) is obtained by the composition of the projections froqﬁ(x) to X(jﬁl)e(x)
for 0 <j < k(xp) — 1 followed by the projection fromKi i, 1) 10 Xi-. If
Xo IS nearxy andk(x) > k(xp), thenP(x) is the composition of the projections
from X, 10 Xgs1)0 for 0 < j < k(x) and also the projection from, .«
to X;-. Hence,P(x) is always continuous aty. SinceX; is a constant vector,
we can identify allX;-(x) with C"~1. Also, TSM is contained inXz-(x). Thus,
we obtain an injectiveC-linear mapping froniT¢M to C"~*, which depends on
x continuously. Furthermore, the image &f ..., & in C"~ through the the
above projection are still transverse to the imag&@@¥ in C"~1. By induction,
there is aC-linear injective mapping frorT°M to C"~". By Gromov's theorem,
the totally real immersion oM in C" is regularly homotopic to a totally real
immersion inC"~".

4 Proof of Theorem 1.1

In this section we shall prove Theorem 1.1 by using Theorem 1.2. We shall see
that the proof of Theorem 1.1 is eventually connected with homotopy groups of
complex Stiefel manifolds.

We need the following lemma.

Lemma 4.1. Let M and N be two totally real and real analytic submanifolds of
C". Letyvy andyy be the complex normal bundles of M and N respectively. Then
M and N are biholomorphically equivalent if and only if there is an analytic dif-
feomorphism fM — N such that the pull-back*iy is topologically isomorphic
touvym.

Proof. If M, N are biholomorphically equivalent by, then it is clear thatlF
induces an isomorphism fromy to vy. Conversely, the results of Grauert ([9,
10]) say that the a real analytic manifold has a base of Stein neighborhoods
in its complexification, and the topological classification of holomorphic vector
bundles on a Stein manifold agrees with the holomorphic classification. Now, a
tuber theorem of Docquier and Grauert (see [13], p. 257) gives us the desired
conclusion. O

To start the proof of Theorem 1.1, we first notice that Forstremd Rosay [7]
proved that any two totally real immersions of a smooth manifdldgn C" are
regularly homotopic through totally real immersions, if #im< 2n/3. Conse-
guently, their argument also showed that such two totally real and real analytic
embeddings are also biholomorphically equivalemlifis compact. In particular,
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all totally real and real analytic embeddings®f in C" are biholomorphically
equivalent wherk = 1,2. We also notice that complex line bundles $h are
classified by the groupy_1(U1) (see [3]). Hence, complex line bundles 8k
are trivial if k # 2. Now it is easy to see that all totally real and real analytic
embeddings o8* in C" are biholomorphically equivalent K < 4.

We now consider the case & > 4. Assume first that for soma > Kk,
all totally real and real analytic embeddings $f in C" are biholomorphically
equivalent. This implies that all totally real and real analytic embedding* of
in C" have a trivial complex normal bundle. Notice that when> k, a C*-
smooth totally real immersion d8* in C" can be connected to a totally real
and real analytic embedding & in C" by C? totally real immersions. Thus,
Corollary 3.2 implies that for any totally real immersion®f in C", its complex
normal bundle is trivial. Thus, the commutative diagram (2.2) and Theorem 1.2
imply that
(4.1) Lt me(Uk) — m(Un k)
is an epimorphism, wheri is induced by the inclusioly C Uy k. Therefore,
the proof of Theorem 1.1 will be complete if we can show that (4.2) is not an
epimorphism fom = ny, and also that

(4.2) Lo Tk(Uny k) — mk(Un k)

is an epimorphism for alh > n. Notice thatm(Un k) = 0 for n > 3k/2. This
also follows from the fact that all totally real immersionsSifin C" are regularly
homotopic. Hence, it suffices to show that (4.2) holdsripk n < 3k/2.

It is well-known from the Bott periodicity theorem that, (U,) = 0 and
ma+1(Un) = m2+1(Uj+1) = Z for n > 1. We shall discuss in two cases.

Case 1. k=21 (I > 3). In this case, the vanishing @b (Uy) implies thatny is
the largest integen such thatmy (Un 2) is non-trivial. From [14, p. 127], one
sees that
U ) = 0, if I is even and > 2,

TAELAIT 7. i 1 is odd and > 3.
Hence,ny = 3 — 1 whenl is odd andl > 3. We now assume thatis even.
Then, one has
ZZa | = 47

7o (Uz — =
a(Us—22) { Zsgiu(+1,3, | > 6,

whereU (-, 3) is the James number which divides 24 [14, p. 128]. In particular,
7o (Ua—221) 7 0, if | even and > 4. This showed that if is even and > 4,
ny = 3l — 2 satisfies the property stated in Theorem 1.1.

Case 2. k=21 +1 (I > 2). In this case, one has+1(Uz+1) = Z. From [18], we
find

(4.3) ma+1(Uai+1,.2141) = Z,

Z, if | is even and > 2,

4.4 1(Ug o141 =
(44) m2+(Va 241) { Z+Z, iflisoddand > 3.
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We now consider the homomorphism

(4.5) i m2+1(Uz 241) — m2+1(Uzi+1,24+1),
wherei, is induced by the inclusiobly 5+1 C Uz +1.21+1. We need the following.

Lemma 4.2. Let i, be defined by4.5). Then i is an epimorphism if and only if
| is odd.

Let us postpone the proof of Lemma 4.2 for a while and finish our proof of
Theorem 1.1. Assume first thhtis odd. It is clear that there is no epimorphism
from Z to Z + Z,. Hence, (4.1) is not onto fok = 21 + 1 andn = 3|. On the
other hand, Lemma 4.2 and the vanishingmfU, «) for n > 3| + 1 imply that
(4.2) is onto for alln > 3l. Therefore,ny+; = 3. Next, we assume thdtis
even. Then Lemma 4.2 implies that (4.1) is not ontorfer 3 + 1. On the other
hand, (4.2) is onto fon = 3] + 2 andk = 2| + 1 because of the vanishing of
ma+1(Ua+2,21+41). Therefore, we conclude thap+, = 3 +1 whenl is even. The
proof of Theorem 1.2 is complete.

We now turn to the proof of Lemma 4.2. L&y — Ug 2+1 be the standard
fibration with fiberU,_1, andUgz+1 — Uz +1,21+1 the fibration with fibetU;. Then
the inclusionUs 2141 C Uz +1,21+1 induces the following commutative diagram of
exact sequences

maa(Ug) o moa+1(Uz 2+41) — ma(Ui—1) — ma(Us)

I . L Ly |
man(Ussn) —= 7a:1(Us +1,21+1) S U) — ma(Uz+).
[ 1 ps |
z m2(S? 1) 0

It is clear that ifi, is epimorphic, so i$,. However, one knows that, (U)) = Z;,
(see [2]), andra (U 1) = Z,/, for | even (see [16]). Thug is not epimorphic
when| is even. We now assume thhtis odd. In this case, Kervaire showed
that p, = O (see [16], Lemma I.1). Hencé, is an epimorphism, i.edi, is an
epimorphism. Using (4.3) and (4.4), we can write more explicitly the following
diagram _

z = z+z,

L

z =~ z Xz-o
Write j.(1) =g + ¢, whereg € Z ande € Z,. Clearly,i.(e) = 0. Hence, we get

g-ix(e) =i.j(1) =ji(2) = £I!

fore=1€ Z c Z+Z,. Thus,i.(e) divides!!. On the other handj o i, is an
epimorphism. Hence, (e)6(1) must be a generator &f,. Thereforei, () = +1,
i.e. i, is an epimorphism. The proof of Lemma 4.2 is complete.

Next, we want to show that all totally real and real analytic embeddings of
SKin C" are unimodularly equivalent if > k andk < 4, i.e. they are equivalent
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through a biholomorphic mapping satisfyingF*(2 = (2. To this end we shall
use the Cauchy-Kowalewski theorem to prove a slightly general result.

Proposition 4.3. Let M, N be two totally real and real analytic submanifolds of
C" which are biholomorphically equivalent. Assume that for some complexifica-
tion M¢, the holomorphic normal bundle of Mcontains a holomorphic subbundle

of rank one. Then M and N are unimodularly equivalent.

Proof. Assume thatM and N are equivalent by a biholomorphic mappigg
defined neaM . It suffices to show that there is a biholomorphic mapping
defined neaM such thaty*2 = ¢*2 and (M) = M. By shrinkingM¢ if
necessary, we may assume tihdt c C" is a Stein manifold. Now we have
the decompositiony. = v/ @ L, wherel is a line bundle. Moreover, we may
assume that is a subbundle oM ¢ x C". Thus, a neighborhood of the zero
section ofuvy. is identified with a neighborhood dfl €. We now want to show
that there is a holomorphic mapping

P (U, v) — (U, AMu,v)v), uerv,vel

such thaty* 2 = ¢*(2. Let w = (wy, - - -, wk) be local coordinates oM ¢, and
let £ = (&1,...,&—k—1) andt be local trivializations ofv’ and L respectively.
Then in local coordinates) must be in the form, £,t) — (w, &, t'(w, €,1))
with t'|tzo = 0. Put

o =f(w,&,)dwAdEAdt, 2 =a(w, & t)dw AdEAdt,

wheredw = dwiA. .. Awg ,d€ =d&A. . .AdEq_k—1. Theny* 2 = ¢* (2 is equiv-
alent to the equatioa(w, ¢,t)ot’ /ot = f (w, £, t). By the Cauchy-Kowalewski
theorem, we know that for smalll| the solutiont’ exists uniquely. This means
that the required mapping is uniquely determined in local coordinates. There-
fore, there is a holomorphic mapping defined in a neighborhodd ©such that
P*2 = p*(2. Since the restriction ofy to M€ is the identity mapping, it is easy
to see that) is one-to-one in some neighborhoodMf. |

Notice that all totally real and real analytic embeddings of a compact surface
M in C" (n > 3) are biholomorphically equivalent. Als admits a totally real
and real analytic embedding ®° (see [7]). Hence, the complex normal bundle
of a totally real embeddings d¥l in C" (n > 3) is the direct sum of a line
bundle and a trivial bundle. From Proposition 4.3, we have the following.

Corollary 4.4. All totally real and real analytic embeddings of a compact surface
in C" (n > 3) are unimodularly equivalent.

Proposition 4.3 leads to an open problem whether there exist two totally real
and real analytic embeddings ofkadimensional manifoldM in C" which are
biholomorphically equivalent, but not unimodularly equivalentk ik n. Using
an isotopy method associate to holomorphic volume-forms, Forétshowed
us that such two embeddings are indeed unimodularly equivalent if they are
regularly homotopic through totally real immersions, or if the homotopy class of
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mappings fromM to St is trivial. We should mention that in a different aspect,
unimodular equivalence of real submanifold<dhin a certain global nature was
studied earlier by Forstné&ri[6]. As for the existence of unimodular invariants
for totally real and real analytic embeddings of mfdimensional manifold in
C", the reader is referred to [8].

AcknowledgementThe author would like to thank the referee for helpful comments and suggestions.
The referee also gave a much simpler proof of Theorem 1.2, which is presented at the end of section
three.
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