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1 Introduction

Let M ,N be two totally real and real analytic submanifolds inCn. We say that
M andN arebiholomorphically equivalentif there is a biholomorphic mapping
F defined in a neighborhood ofM such thatF (M ) = N . As a standard fact of
complexification, one knows that all totally real and real analytic embeddings
of M in Cn are biholomorphically equivalent ifM is of maximal dimensionn.
However, the topology of the manifold plays a major role in the existence of
totally real immersions or embeddings. For instance, R.O. Wells [23] proved that
if an n-dimensional compact and orientable manifoldM admits a totally real
embedding inCn, then its Euler number must vanish. It was also observed by
Wells that ifM is a manifold of dimensionn and it admits a totally real immersion
in Cn, then its complexified tangent bundleTcM = TM⊗C is trivial. Conversely,
the triviality of TcM also implies the existence of totally real immersions ofM
in Cn. This was obtained by M.L. Gromov in [11] through the method of convex
integration. A stronger result due to J.A. Lees [17] says thatM also admits
Lagrangian immersions inCn.

The sphereSk : x2
1 + . . . + x2

k+1 = 1 in Rk+1 gives us a trivial totally real
embedding ofSk in Ck+1. On the other hand, the works of Gromov [11], Ahern-
Rudin [1] and Stout-Zame [21] tell us thatSk admits a totally real and real
analytic embedding inCk if and only if k = 1, 3. Our main result is the following.

Theorem 1.1. If k ≤ 4, all totally real and real analytic embeddings of Sk in Cn

are biholomorphically equivalent. If k≥ 5 and nk = k + 2[k−1
4 ], there exist totally
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real and real analytic embeddings of Sk in Cnk which are not biholomorphically
equivalent, while all totally real and real analytic embeddings of Sk in Cn are
biholomorphically equivalent if n> nk.

In fact, we shall prove a slightly stronger result that all totally real and
real analytic embeddings ofSk in Cn are unimodularly equivalentif k ≤ 4
and n > k, i.e. they are biholomorphic equivalent through a mappingF which
preserves the holomorphicn-form dz1∧ . . .∧ dzn. We should mention that using
a transversality argument [7], F. Forstnerič and J.-P. Rosay showed that for a
k-dimensional manifoldM , all its totally real and real analytic embeddings inCn

are biholomorphically equivalent ifn ≥ 3k/2. It is also easy to see that through
the projection along a constant complex vector transverse toM , a totally real
immersion ofk-dimension manifoldM in Cn can always deformed into a totally
real immersion inCn−1 if n > 3k/2.

The proof of Theorem 1.1 is not constructive. It depends on the weak ho-
motopy equivalence (w.h.e.) principle for totally real immersions established by
Gromov in [11]. To show Theorem 1.1, we also need to understand the role which
the normal bundle of totally real immersions plays. Recall that aC1-smooth
mappingf : M → Cn is a totally real immersionif f∗TxM spans ak-dimensional
complex linear subspace ofTf (x)Cn for eachx ∈ M . We define thecomplexnor-
mal bundle of the immersionf , denoted byνf , to be the complex vector bundle
whose fiber overx ∈ M is the quotient ofTf (x)Cn by the complex linear span of
f∗TxM . The normal bundle of immersions plays quite important role in the works
of S. Smale [19] and M.W. Hirsch [14]. Analogous to the results of Hirsch [14]
about transversal fields of smooth immersions, we obtain the following.

Theorem 1.2. Let f : M → Cn be a C1 totally real immersion. Assume that the
complex normal bundleνf has a topologically trivial subbundle of rank r. Then
there is a regular homotopy ft : M → Cn of C1 totally real immersions such that
f0 = f and f1: M → Cn−r .

We now draw some conclusions from Theorem 1.2.

Corollary 1.3. Let M be a smooth manifold of dimension k. Then M admits a
totally real immersion inCn with a trivial complex normal bundle if and only
if there exists a totally real immersion of M inCk, i.e. the complexified tangent
bundle TcM is trivial.

A smooth manifoldM is said to bestably parallelizableif the tangent bundle
of M ×R is trivial. For instance, the boundary of a smooth domain in Euclidean
space is always stably parallelizable. By a theorem of Hirsch [14],M is stably
parallelizable if and only if it is orientable and admits an immersion inRn+1. As
an application of Theorem 1.2, we have the following.

Corollary 1.4. Let M be a manifold of dimension n which is immersible inRn+1.
Then TcM is trivial if M is orientable, or M is non-orientable with H2(M ,Z) = 0.

In fact, Gromov proved a stronger result thatM admits an exact Lagrangian
immersion in Euclidean space whenM is stably parallelizable (see [12], p. 61).
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One notices that all real surfaceM can be immersed inR3 ⊂ C3. On the other
hand, Forstnerič [5] proved that a non-orientable compact surface admits a totally
real immersion inC2 if and only if its genus is even. Therefore, the condition
that H 2(M ,Z) vanishes is essential in Corollary 1.4.

The paper is organized as follows. In section two we shall discuss Gromov’s
w.h.e.-principal for totally real immersions. Section three is devoted to the proof
of Theorem 1.2 and Corollary 1.4. The proof of Theorem 1.1 will be given in
the last section, where we shall also make essential uses of homotopy groups of
complex Stiefel manifolds obtained by M.L. Kervaire [16] and F. Sigrist [18].

2 Classification of totally real immersions

In this section, we shall first recall Gromov’s w.h.e.-principal for ample differ-
ential relations established in [11]. We shall also discuss the group structure on
the regular homotopy classes of totally real immersions ofSk in Cn.

Let M be a smooth manifold of dimensionk. Assume thatk ≤ n. By a
regular homotopy ft of totally real C1-immersions ofM in Cn, one means that
for eacht ∈ [0, 1], ft is a totally realC1-immersion, anddft : TM → TCn depends
on t continuously. Mappings fromM to Cn can be identified with sections of
the trivial bundleX = M ×Cn → M . If f : M → Cn is a C1-mapping defined in
a neighborhood ofx ∈ M , we define the 1-jet off at x to beJ 1

x f = (f (x), dfx).
We denote byX1 the space of 1-jets ofC1 sections ofX → M . Then it is easy
to see thatX1 is a fibration overM whose fiber overx ∈ M consists ofR-linear
mappings fromTxM to TzCn for somez ∈ Cn. We shall adapt (compact-open)
C0-topology onX1. Here, we should say a few words about the topologies used
in the sequel. For a homotopy of sections or immersions, we shall always use
the (compact-open)Cr -topology, i.e. the weakCr topology. For approximating
a mapping or function, we shall always use the fineCr -topology. The reader is
referred to [15] for basic properties of these two kinds of topologies.

By Σx , one denotes the set of 1-jetsJ 1
x f such thatdfx(TxM ) spans a complex

linear subspace ofTf (x)Cn of rank less thank. Let Σ be the union ofΣx for all
x ∈ M . ThenΩ = X1 \Σ is an open subset ofX1, which is called atotally real
differential relation. Thus, aC1-mappingf : M → Cn is totally real if and only
if J 1f mapsM into Ω.

For eachx0 ∈ M , we choose local coordinatesu1, . . . , uk in a neighborhood
U of x0. Fix x ∈ U and 1≤ j ≤ n. Let Z be the set of 1-jetsJ 1

x f satisfying

f (x) = z, fui (x) = vi , i /= j ,

wherez andvi (i /= j ) are fixedk vectors inCn. Then eitherZ \Σ is an empty set,
or the linear convex hull of each connected component ofZ\Σ is the whole affine
spaceZ . According to the terminology of Gromov [11],Ω is said to beample
in the coordinate directions. To see this, we notice that ifv1, . . . , v̂j , . . . , vk are
not C-linearly independent, thenZ ⊂ Σ. Otherwise,Z ∩Σ consists of all 1-jets
(z, v1, . . . , v, . . . , vk) such thatv is a C-linear combination ofv1, . . . , v̂j , . . . , vk .
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Therefore,Z ∩ Σ is a subspace of the affine spaceZ with real codimension
2n − 2(k − 1)≥ 2. This implies thatZ \Σ is connected and it spans the whole
spaceZ . As a consequence of Theorem 1.3.1 in [11], we can state the following
result.

Theorem 2.1 (Gromov, [11]). Let M be a smooth manifold of dimension k≤ n,
and letΩ and J1 be as above. Then J1 is a one-to-one correspondence between
the regular homotopy classes of totally real C1-immersion of M inCn and the
homotopy classes of continuous sections ofΩ → M . In particular, M admits
a totally real immersion inCn if and only ifΩ → M has a global continuous
section.

We now consider the case thatM is the sphereSk . Here we need the fact
that the complexified tangent bundleTcSk of Sk is trivial. This follows from
the existence of totally real immersion ofSk in Ck . An explicit example of
Lagrangian (whence totally real) immersions ofSk was constructed by A. Wein-
stein [22]. Throughout the whole paper, we shall fix a topological trivialization
of TcSk = Sk × Ck .

Recall that the complex Stiefel manifoldVn,k consists ofk-frames ofCn,
i.e. the space of orderedk linearly independent vectors inCn. With the fixed
trivialization for TcSk , the global sections ofΩ → M can be identified with
mappings fromSk to Cn×Vn,k as follows. Lete1, . . . , ek be the set ofC-linearly
independent continuous sections which defines the trivialization ofTcSk . Assume
that φ: M → Ω is a global section. Thenφ = (f , ϕ), where f : M → Cn and
ϕ: TM → TCn, satisfies the property that for eachx ∈ M , ϕ(x): TxM → Tf (x)Cn

is R-linear and its complexification is injective. Hence,

v(x) = (ϕ(x)(e1(x)), . . . , ϕ(x)(ek(x)))

is a set of linearly independentk vectors ofTf (x)Cn. Denote byUn,k the space of
unitary k-frames ofCn, where by a unitaryk-frame (v1, . . . , vk), one means that
v1, . . . , vk satisfy the condition<vi , vj> = δi ,j for the standard hermitian inner
product<·, ·> on Cn. From the well-known normalization, one knows thatVn,m

is the product ofUn,m with the spaceT of upper-triangle matrices with positive
eigenvalues. Thus, a homotopyφt : Sk → Ω induces a homotopy

(ft ,At , ϕt ): Sk → Cn × T × Un,k .

Since Cn and T are contractible, we see that the set of homotopy classes of
sections ofΩ → Sk is the same as the homotopy classes of mappings fromSk

to Un,k . It is well-known that the homotopy classes of mappings fromSk to Un,k

is the homotopy groupπk(Un,k) (see p. 88 in [20], p. 211 in [3]). Thus, we obtain
a one-to-one mapping

j∗: I (Sk ,Cn) → πk(Un,k),(2.1)

where I (Sk ,Cn) stands for the set of regular homotopy classes of totally real
immersions ofSk in Cn. We notice that the abovej∗ was also used by T. Duchamp
in [4].
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With the fixed trivialization ofTcSk , j∗ is a canonicalmapping in the sense
that there is a commutative diagram

I (Sk ,Cn)
j∗−→ πk(Un,k)

↓i∗ ↓i ′∗
I (Sk ,CN )

j ′∗−→ πk(UN ,k), N > n,

(2.2)

wherei∗ is induced by the inclusion of sending a totally real immersionf : Sk →
Cn to a totally real immersion (f , 0):Sk → CN , and i ′∗ is induced by regarding
a unitaryk-frame of Cn as a unitaryk-frame of CN . In other words, the group
structure onI (Sk ,Cm) adapted by (2.1) is preserved under the inclusionCn ⊂
CN . This will be important for us to prove Theorem 1.1.

3 Proof of Theorem 1.2

In this section we shall apply Gromov’s w.h.e.-principle to prove Theorem 1.2.
With necessary modifications, we shall follow very closely the proof of Theo-
rem 6.4 in [14].

Let M be a manifold of dimensionk. By FM , one denotes the (complexified)
k-frame bundle ofM , which consists of orderedk linearly independent vectors in
TcM with the same base point. For eache = (v1, . . . , vk) ∈ FxM andg = (gi ,j ) ∈
GL(k,C), we defineg · e to be thek-frame (v′1, . . . , v

′
k) with v′i =

∑k
j =1 gi ,j vj .

ThenFM is a principalGL(k,C)-bundle overM . For k < m ≤ n, we denote by
En,m the associated bundle ofFM with fiber Vn,m. More precisely, we define a
GL(k,C)-action onVn,m by

(g, (v1, . . . , vm)) 7→ (g · (v1, . . . , vk), vk+1, . . . , vm).

ThenEn,m is the set of equivalence classes of the relation∼ on FM ×Vn,m with
(e, f ) ∼ (g ·e, g ·f ) for all g ∈ GL(k,C). The bundle projectionpn,m: En,m → M is
induced by the composed projectionFM ×Vn,m → FM → M . Let pn,m

n,k : Vn,m →
Vn,k be the projection of deleting the lastm − k vectors from eachm-frame.
Notice that theGL(k,C)-action onVn,m does not affect the lastm− k vectors of
an m-frame ofCn. Hence,pn,m

n,k induces a projection fromEn,m to En,k such that
pn,m = pn,k ◦pn,m

n,k . We further remark thatpn,m
n,k : En,m → En,k is a fiber bundle. In

particular,pn,m
n,k : En,m → En,k has the covering homotopy property, i.e. for any

finite polyhedronP, a homotopyht : P → En,k has a liftingh̃t : P → En,m, if the
initial lifting h̃0 exists.

To use the covering homotopy property, we consider the set of sections of
the fiber bundleEn,m → M . Given a sections: M → En,m, we define a mapping
ϕ: FM → Vn,m byϕ(e) = f if s(x) is the equivalence class of (e, f ) ∈ FM×Vn,m.
Thenϕ is well-defined. For if (e, f ) and (e, f ′) are in the same equivalence class
s(x). Then there isg ∈ GL(k,C) such thatg · e = e and g · f = f ′. Obviously,
g · e = e implies that g = id. Hence,f ′ = f . Moreover, if (e, f ) is in the
equivalence classs(x), so is (g · e, g · f ). Hence,ϕ(g · e) = g · ϕ(e), i.e. ϕ
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is a GL(k,C)-equivariant mapping. Conversely, given aGL(k,C)-equivariant
mappingϕ: FM → Vn,m, we sets(x) to be the equivalence class of (e, ϕ(e)) in
En,m for e ∈ FxM . Thus, there is a one-to-one correspondence between the set
of GL(k,C)-equivariant mappings fromFM to Vn,m and the set of sections of
the fiber bundleEn,m → M . Therefore, the covering homotopy property gives us
the following.

Theorem 3.1. Letϕt be a homotopy of G(k,C)-equivariant mappings from FM
to Vn,k. Assume thatϕ0 has a liftingϕ̃0: FM → Vn,k+r such thatϕ̃0 is GL(k,C)-
equivariant. Then there is a homotopyϕ̃t of lifting ofϕt such that each̃ϕt : FM →
Vn,k+r is GL(k,C)-equivariant.

We now letp′: Vn,k+r → Vn,r be the mapping of projecting a (k + r )-frame to
its last r components. Letφ: FM → Vn,k+r be aGL(k,C)-equivariant mapping.
Thenϕ = pφ: FM → Vn,k is also aGL(k,C)-equivariant mapping. Notice that
GL(k,C) acts on each fiber ofFM transitively and that the lastr components of
a (k + r )-frame of Cn is fixed under theGL(k,C)-action. This implies thatp′ϕ
is constant along fibers ofFM . Therefore,p′ϕ is the lifting of some mapping
ψ: M → Vn,r . Following [14], we shall callψ: M → Vn,r a transversal r-field of
ϕ: M → Vn,k . Thus, we identify the set ofGL(k,C)-equivariant mappings from
FM to Vn,k+r with the set ofGL(k,C)-equivariant mappings fromFM to Vn,k

with transversalr -fields. In general, we say thatψ: M → Vn,r is transverseto a
totally real immersionf : M → Cn if for eachx ∈ M andψ(x) = (v1, . . . , vr ), vj

is not contained inf∗(Tc
x M ) (1≤ j ≤ r ).

Corollary 3.2. Let ft be a homotopy of totally real immersions of M inCn. As-
sume thatνf0 has a topological trivial subbundle of rank r. Thenνf1 also contains
a topological trivial subbundle of rank r.

Proof. We identify ft∗: TcM → TCn with a homotopyft of mappings fromM
to Cn and a homotopyϕt of GL(k,C)-equivariant mappings fromFM to Vn,k .
By assumptions,ϕ0 has a transversalr -field. Hence, Theorem 3.1 implies that
ϕ1 also admits a transversalr -field, i.e.νf1 has a trivial subbundle of rankr . �

We also need the following.

Lemma 3.3. Let M be a smooth manifold and f: M → Cn a C∞-smooth totally
real immersion. Assume thatνf has a topologically trivial subbundle of rank r.
Then there is a smooth unitary r-fieldψ: M → Un,r which is transverse to f .

Proof. By assumptions, there is a continuousr -field ψ0: M → Vn,r which is
transverse to the immersionf . Using the approximation in fineC0-topology, we
can replaceψ0 by a smoothr -field ψ1 which is still transverse to the immersion
f . We now projectψ1(x) to the orthogonal complement off∗Tc

x M . By the well-
known normalization, we readily obtain the desired unitaryr -field. �
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Proof of Theorem 1.2

Let f : M → Cn be aC1-smooth totally real immersion. Assume that the complex
normal bundleνf has a topologically trivial subbundle of rankr . We shall seek a
homotopyft of totally real immersions ofM in Cn such thatf0 = f andf1(M ) ⊂
Cn−1. We further require that the complex normal bundle off1: M → Cn−1 has
a trivial subbundle of rankr −1. Thus, Theorem 1.2 follows from the induction.

We first find a smooth mappingg: M → Cn which is sufficiently close tof in
fine C1-topology such that eachft = (1− t)f + tg is still a totally real immersion
for 0≤ t ≤ 1. Renameg by f . Then, Corollary 3.2 implies thatνf still contains
a trivial subbundle of rankr . By Lemma 3.3, there exists a smooth unitaryr -
field ψ = (ξ1, . . . , ξr ) which is transverse to the smooth totally real immersion
f : M → Cn.

From the standard embeddingS2n−1 ⊂ Cn, one gets a complex vector bundle
T (1,0)S2n−1 whose fiber overv ∈ S2n−1 consists of vectors inCn which are
orthogonal tov with respect to the standard hermitian metric onCn. Let E be
the frame bundle overS2n−1 whose fiber consists of linearly independent vectors
v1, . . . , vk+r−1 of T (1,0)S2n−1 with the same base point. Consider the mapping

ξ̃r (x): e 7→ (dfx(e), ξ1(x), . . . , ξr−1(x)), e ∈ FxM .(3.1)

Since ξr is orthogonal tof∗TcM and ξj (j < r ), then ξ̃r (x) mapsFxM into
Eξr (x). Hence, ξ̃r : FM → E is a GL(k,C)-equivariant mapping which covers
the mappingξr : M → S2n−1. Since the dimension ofM is less than 2n − 1,
the smoothness of the mappingξr implies that there isy0 /∈ ξr (M ). Set Y =
S2n−1−{y0}. SinceY is contractible, then there is a homotopyht : M → Y such
that h0 = ξr andh1 ≡ y1 ∈ Y . Also, there is a trivialization

T (1,0)S2n−1|Y = Y × C̃n−1, C̃n−1 = T (1,0)
y1

S2n−1.(3.2)

Therefore,ξ̃r can be written as (h0, φ0) with φ0 a GL(k,C)-equivariant map-
ping from FM to Ey1. Put h̃t = (ht , φ0). Returning toT (1,0)S2n−1|Y from the
trivialization (3.2), we obtain a homotopỹht of GL(k,C)-equivariant map-
pings from FM to E|Y . Returning to the ambient spaceCn, we then have
T (1,0)S2n−1 ⊂ S2n−1 × Cn. Thus, we obtain a homotopỹht of GL(k,C)-
equivariant mappings fromFM to Cn × Vn,k+r−1 such thath̃1: FM → Ey1.

Let us identifyy1 with a point inCn−1. Put Ty1Cn−1 = C̃n−1. Then we have
Ey1 = y1×Vn−1,k+r−1. We now writeh̃t as (ht , ϕt , ψt ), where eachϕt : FM → Vn,k

is GL(k,C)-equivariant, andψt is a transversal (r − 1)-field ofϕt . From (3.1), it
is clear thatϕ0: FM → Vn,k is just theGL(k,C)-equivariant mapping induced by
f∗: TcM → TCn. This implies thatf∗ and (h1, ϕ1) are homotopic as fiberwisely
injective C-linear mappings fromTcM to TCn. Notice thath1 ≡ y1 ∈ Cn−1

and ϕ1: FM → Vn−1,k . Now Theorem 2.1 implies that there is a totally real
immersiong: M → Cn−1 such thatg∗ and (h1, ϕ1) are joined by a homotopykt

of fiberwisely injectiveC-linear mappings fromTcM to TCn−1. Thus, we have
proved thatf∗: TcM → TCn is homotopic tog∗: TcM → TCn−1 as fiberwisely
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injective C-linear mappings fromTcM to TCn. Using Theorem 2.1 again, we
know that there is a homotopy of totally real immersions joiningf and g. To
complete the proof of Theorem 1.2, we need to show that the complex normal
bundle of g: M → Cn−1 has a topologically trivial subbundle of rankr − 1.
To this end, we notice thatϕ1 has a transversal (r − 1)-field ψ1 in Cn−1 since
h̃1: FM → Ey1 ≡ Vn−1,k+r−1. By applying Corollary 3.2 to the homotopykt , we
see that the complex normal bundle ofg has a trivial subbundle of rankr − 1.
The proof of Theorem 1.2 is complete.

Proof of Corollary 1.4

Assume thatM is immersed inRn+1 ⊂ Cn+1. If M is orientable, then using
the normal vector ofM in Rn+1 and the triviality of TcSn, we see thatTcM
is trivial. When M is non-orientable, our assumption ofH 2(M ,Z) = 0 implies
that the complex normal bundle ofM in Cn+1 is trivial. Therefore, Theorem 1.2
implies thatM admits a totally real immersion inCn, i.e. TcM is trivial. The
proof of Corollary 1.4 is complete.

We notice that a real surface can be immersed inR3. Thus, Corollary 1.4
gives another proof that all orientable surfaces admit totally real immersions in
C2, which is due to Forstnerič [5] when the surfaces are compact. Corollary 1.4 is
inconclusive whenM is a non-orientable compact surface, sinceH 2(M ,Z) = Z2.
However, it was proved by Forstnerič [5] that a non-orientable compact surface
admits a totally real immersion inC2 if and only if its genus is even. In view of
Corollary 1.3, we see that a totally real immersion of a non-orientable compact
surface inC3 has a trivial complex normal bundle if and only if the genus of
the surface is even. This also indicates that the hypothesis thatH 2(M ,Z) = 0 is
needed in Corollary 1.4, although it is not a necessary condition for the triviality
of TcM .

We conclude this section by presenting the following proof of Theorem 1.2
suggested by the referee.

Another proof of Theorem 1.2

Assume thatM is a totally real immersion inCn, of which the complex normal
bundle admits global sectionsξ1, . . . , ξr which are pointwisely linearly indepen-
dent. We may assume thatξ1(x) is a unitary vector and it is orthogonal toTc

x M
and ξj (x) for 2 ≤ j ≤ r . Obviously, there is a homotopyXt : M → S2n−1 such
that X0 = ξ1 andX1 is a constant vector. LetX⊥t (x) be the complement ofXt (x)
with respect to the standard hermitian inner product ofCn. Choose a sequence
of open setsUj such thatM is the union ofUj (j ≥ 1), and Uj is relatively
compact inUj +1. Then there exists a decreasing sequence of positive numbers
εj (≤ 1) such thatXt (x) /∈ X⊥t ′ (x) for |t ′ − t | ≤ εj and x ∈ Uj . Let 0≤ ρj ≤ 1
be a continuous function such that its support is contained inUj and ρj ≡ 1
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on Uj−1. Then ε(x) = supj≥1 εj ρj is a positive function onM . Furthermore,
Xt ′ (x) /∈ X⊥t (x) for |t ′ − t | ≤ ε(x). Let P(x): X⊥0 (x) → X⊥1 (x) be the compo-
sition of the projections fromX⊥j ε(x) to X⊥(j +1)ε(x)(0 ≤ j < k(x)) followed by the
projectionX⊥k(x)ε(x) to X⊥1 with k(x) = [1/ε(x)]. Obviously, P(x) is injective for
all x ∈ M . Fix x0 ∈ M . If 1/ε(x0) is not an integer, it is clear thatP(x) is con-
tinuous atx0. Assume thatk(x0) = 1/ε(x0). If x is nearx0 andk(x) ≤ k(x0), then
P(x) is obtained by the composition of the projections fromX⊥j ε(x) to X⊥(j +1)ε(x)

for 0 ≤ j < k(x0) − 1 followed by the projection fromX⊥(k(x0)−1)ε(x) to X⊥1 . If
x0 is nearx0 and k(x) ≥ k(x0), thenP(x) is the composition of the projections
from X⊥j ε(x) to X⊥(j +1)ε(x) for 0 ≤ j ≤ k(x0) and also the projection fromX⊥k(x0)ε(x)

to X⊥1 . Hence,P(x) is always continuous atx0. SinceX1 is a constant vector,
we can identify allX⊥1 (x) with Cn−1. Also, Tc

x M is contained inX⊥0 (x). Thus,
we obtain an injectiveC-linear mapping fromTc

x M to Cn−1, which depends on
x continuously. Furthermore, the image ofξ2, . . . , ξr in Cn−1 through the the
above projection are still transverse to the image ofTcM in Cn−1. By induction,
there is aC-linear injective mapping fromTcM to Cn−r . By Gromov’s theorem,
the totally real immersion ofM in Cn is regularly homotopic to a totally real
immersion inCn−r .

4 Proof of Theorem 1.1

In this section we shall prove Theorem 1.1 by using Theorem 1.2. We shall see
that the proof of Theorem 1.1 is eventually connected with homotopy groups of
complex Stiefel manifolds.

We need the following lemma.

Lemma 4.1. Let M and N be two totally real and real analytic submanifolds of
Cn. LetνM andνN be the complex normal bundles of M and N respectively. Then
M and N are biholomorphically equivalent if and only if there is an analytic dif-
feomorphism f: M → N such that the pull-back f∗νN is topologically isomorphic
to νM .

Proof. If M ,N are biholomorphically equivalent byF , then it is clear thatdF
induces an isomorphism fromνM to νN . Conversely, the results of Grauert ([9,
10]) say that the a real analytic manifold has a base of Stein neighborhoods
in its complexification, and the topological classification of holomorphic vector
bundles on a Stein manifold agrees with the holomorphic classification. Now, a
tuber theorem of Docquier and Grauert (see [13], p. 257) gives us the desired
conclusion. �

To start the proof of Theorem 1.1, we first notice that Forstnerič and Rosay [7]
proved that any two totally real immersions of a smooth manifoldsM in Cn are
regularly homotopic through totally real immersions, if dimM ≤ 2n/3. Conse-
quently, their argument also showed that such two totally real and real analytic
embeddings are also biholomorphically equivalent ifM is compact. In particular,
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all totally real and real analytic embeddings ofSk in Cn are biholomorphically
equivalent whenk = 1, 2. We also notice that complex line bundles onSk are
classified by the groupπk−1(U1) (see [3]). Hence, complex line bundles onSk

are trivial if k /= 2. Now it is easy to see that all totally real and real analytic
embeddings ofSk in Cn are biholomorphically equivalent ifk ≤ 4.

We now consider the case ofk > 4. Assume first that for somen > k,
all totally real and real analytic embeddings ofSk in Cn are biholomorphically
equivalent. This implies that all totally real and real analytic embeddings ofSk

in Cn have a trivial complex normal bundle. Notice that whenn > k, a C1-
smooth totally real immersion ofSk in Cn can be connected to a totally real
and real analytic embedding ofSk in Cn by C1 totally real immersions. Thus,
Corollary 3.2 implies that for any totally real immersion ofSk in Cn, its complex
normal bundle is trivial. Thus, the commutative diagram (2.2) and Theorem 1.2
imply that

i∗:πk(Uk) → πk(Un,k)(4.1)

is an epimorphism, wherei∗ is induced by the inclusionUk ⊂ Un,k . Therefore,
the proof of Theorem 1.1 will be complete if we can show that (4.2) is not an
epimorphism forn = nk , and also that

i∗:πk(Unk ,k) → πk(Un,k)(4.2)

is an epimorphism for alln > nk . Notice thatπk(Un,k) = 0 for n ≥ 3k/2. This
also follows from the fact that all totally real immersions ofSk in Cn are regularly
homotopic. Hence, it suffices to show that (4.2) holds fornk < n < 3k/2.

It is well-known from the Bott periodicity theorem thatπ2l (Un) = 0 and
π2l +1(Un) = π2l +1(Ul +1) = Z for n > l . We shall discuss in two cases.

Case 1. k= 2l (l ≥ 3). In this case, the vanishing ofπ2l (U2l ) implies thatnk is
the largest integern such thatπ2l (Un,2l ) is non-trivial. From [14, p. 127], one
sees that

π2l (U3l−1,2l ) =

{
0, if l is even andl ≥ 2,

Z2, if l is odd andl ≥ 3.

Hence,n2l = 3l − 1 when l is odd andl ≥ 3. We now assume thatl is even.
Then, one has

π2l (U3l−2,2l ) =

{
Z2, l = 4,

Z48/U (l +1,3), l ≥ 6,

whereU (·, 3) is the James number which divides 24 [14, p. 128]. In particular,
π2l (U3l−2,2l ) /= 0, if l even andl ≥ 4. This showed that ifl is even andl ≥ 4,
n2l = 3l − 2 satisfies the property stated in Theorem 1.1.

Case 2. k= 2l + 1 (l ≥ 2). In this case, one hasπ2l +1(U2l +1) = Z. From [18], we
find

π2l +1(U3l +1,2l +1) = Z,(4.3)

π2l +1(U3l ,2l +1) =

{
Z, if l is even andl ≥ 2,

Z + Z2, if l is odd andl ≥ 3.
(4.4)
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We now consider the homomorphism

i∗:π2l +1(U3l ,2l +1) → π2l +1(U3l +1,2l +1),(4.5)

wherei∗ is induced by the inclusionU3l ,2l +1 ⊂ U3l +1,2l +1. We need the following.

Lemma 4.2. Let i∗ be defined by(4.5). Then i∗ is an epimorphism if and only if
l is odd.

Let us postpone the proof of Lemma 4.2 for a while and finish our proof of
Theorem 1.1. Assume first thatl is odd. It is clear that there is no epimorphism
from Z to Z + Z2. Hence, (4.1) is not onto fork = 2l + 1 andn = 3l . On the
other hand, Lemma 4.2 and the vanishing ofπk(Un,k) for n > 3l + 1 imply that
(4.2) is onto for alln > 3l . Therefore,n2l +1 = 3l . Next, we assume thatl is
even. Then Lemma 4.2 implies that (4.1) is not onto forn = 3l + 1. On the other
hand, (4.2) is onto forn = 3l + 2 andk = 2l + 1 because of the vanishing of
π2l +1(U3l +2,2l +1). Therefore, we conclude thatn2l +1 = 3l + 1 whenl is even. The
proof of Theorem 1.2 is complete.

We now turn to the proof of Lemma 4.2. LetU3l → U3l ,2l +1 be the standard
fibration with fiberUl−1, andU3l +1 → U3l +1,2l +1 the fibration with fiberUl . Then
the inclusionU3l ,2l +1 ⊂ U3l +1,2l +1 induces the following commutative diagram of
exact sequences

π2l +1(U3l )
j∗−→ π2l +1(U3l ,2l +1) −→ π2l (Ul−1) → π2l (U3l )

‖ ↓ i∗ ↓ i ′∗ ‖
π2l +1(U3l +1)

j ′∗−→ π2l +1(U3l +1,2l +1)
δ−→ π2l (Ul ) → π2l (U3l +1).

‖ ↓ p∗ ‖
Z π2l (S2l−1) 0

It is clear that ifi∗ is epimorphic, so isi ′∗. However, one knows thatπ2l (Ul ) = Z l !

(see [2]), andπ2l (Ul−1) = Zl !/2 for l even (see [16]). Thusi ′∗ is not epimorphic
when l is even. We now assume thatl is odd. In this case, Kervaire showed
that p∗ = 0 (see [16], Lemma I.1). Hence,i ′∗ is an epimorphism, i.e.δi∗ is an
epimorphism. Using (4.3) and (4.4), we can write more explicitly the following
diagram

Z
j∗−→ Z + Z2

‖ ↓ i∗

Z
j ′∗−→ Z δ−→ Z l ! → 0.

Write j∗(1) = g + ε, whereg ∈ Z andε ∈ Z2. Clearly, i∗(ε) = 0. Hence, we get

g · i∗(e) = i∗j∗(1) = j ′∗(1) =±l !

for e = 1 ∈ Z ⊂ Z + Z2. Thus, i∗(e) divides l !. On the other hand,δ ◦ i∗ is an
epimorphism. Hence,i∗(e)δ(1) must be a generator ofZ l ! . Thereforei∗(e) = ±1,
i.e. i∗ is an epimorphism. The proof of Lemma 4.2 is complete.

Next, we want to show that all totally real and real analytic embeddings of
Sk in Cn are unimodularly equivalent ifn > k andk ≤ 4, i.e. they are equivalent
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through a biholomorphic mappingF satisfyingF∗Ω = Ω. To this end we shall
use the Cauchy-Kowalewski theorem to prove a slightly general result.

Proposition 4.3. Let M,N be two totally real and real analytic submanifolds of
Cn which are biholomorphically equivalent. Assume that for some complexifica-
tion M c, the holomorphic normal bundle of Mc contains a holomorphic subbundle
of rank one. Then M and N are unimodularly equivalent.

Proof. Assume thatM and N are equivalent by a biholomorphic mappingϕ
defined nearM . It suffices to show that there is a biholomorphic mappingψ
defined nearM such thatψ∗Ω = ϕ∗Ω and ψ(M ) = M . By shrinking M c if
necessary, we may assume thatM c ⊂ Cn is a Stein manifold. Now we have
the decompositionνM c = ν′ ⊕ L, whereL is a line bundle. Moreover, we may
assume thatν is a subbundle ofM c × Cn. Thus, a neighborhoodU of the zero
section ofνM c is identified with a neighborhood ofM c. We now want to show
that there is a holomorphic mapping

ψ: (u, v) 7→ (u, λ(u, v)v), u ∈ ν′, v ∈ L

such thatψ∗Ω = ϕ∗Ω. Let w = (w1, · · · , wk) be local coordinates onM c, and
let ξ = (ξ1, . . . , ξn−k−1) and t be local trivializations ofν′ and L respectively.
Then in local coordinates,ψ must be in the form (w, ξ, t) → (w, ξ, t ′(w, ξ, t))
with t ′|t=0 = 0. Put

ϕ∗Ω = f (w, ξ, t)dw ∧ dξ ∧ dt, Ω = a(w, ξ, t)dw ∧ dξ ∧ dt,

wheredw = dw1∧. . .∧wk , dξ = dξ1∧. . .∧dξn−k−1. Thenψ∗Ω = ϕ∗Ω is equiv-
alent to the equationa(w, ξ, t ′)∂t ′/∂t = f (w, ξ, t). By the Cauchy-Kowalewski
theorem, we know that for small|t | the solutiont ′ exists uniquely. This means
that the required mappingψ is uniquely determined in local coordinates. There-
fore, there is a holomorphic mapping defined in a neighborhood ofM c such that
ψ∗Ω = ϕ∗Ω. Since the restriction ofψ to M c is the identity mapping, it is easy
to see thatψ is one-to-one in some neighborhood ofM c. �

Notice that all totally real and real analytic embeddings of a compact surface
M in Cn (n ≥ 3) are biholomorphically equivalent. Also,M admits a totally real
and real analytic embedding inC3 (see [7]). Hence, the complex normal bundle
of a totally real embeddings ofM in Cn (n ≥ 3) is the direct sum of a line
bundle and a trivial bundle. From Proposition 4.3, we have the following.

Corollary 4.4. All totally real and real analytic embeddings of a compact surface
in Cn (n ≥ 3) are unimodularly equivalent.

Proposition 4.3 leads to an open problem whether there exist two totally real
and real analytic embeddings of ak-dimensional manifoldM in Cn which are
biholomorphically equivalent, but not unimodularly equivalent, ifk < n. Using
an isotopy method associate to holomorphic volume-forms, Forstnerič showed
us that such two embeddings are indeed unimodularly equivalent if they are
regularly homotopic through totally real immersions, or if the homotopy class of
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mappings fromM to S1 is trivial. We should mention that in a different aspect,
unimodular equivalence of real submanifolds inCn in a certain global nature was
studied earlier by Forstnerič [6]. As for the existence of unimodular invariants
for totally real and real analytic embeddings of ann-dimensional manifold in
Cn, the reader is referred to [8].

Acknowledgement.The author would like to thank the referee for helpful comments and suggestions.
The referee also gave a much simpler proof of Theorem 1.2, which is presented at the end of section
three.
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