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1) Theorem 1.7 in [1] (stated for all p � 3) is correct if and only if �; p=q are even and q=�
is odd (in particular 4jp). In Erratum we will correct Theorem 1.7 in [1] and strengthen
Corollary 1.6 in [1]. Theorem 1.1 below then covers all possible cases. Recall that Rp is the
set of real analytic maps of the form x ! x + fp+1x

p+1 + : : : with fp+1 6= 0. We will keep
notations in [1]. Let d = df ; q = qf ; � = �f . When d = 0, we have p = q = �. When d 6= 0,

we have Ĉ(f) =< � >
<!>, where � 0(0) is a primitive q-th root of unity, � q=� = !f 1=d

and ! generates periodic centralizers of f .

Theorem 1.1. Suppose that f; ~f 2 Rp, and that there is a biholomorphic g such that

gfg�1 = ~f . (a) If p is odd, then f; ~f are real analytically equivalent. (b) Suppose that

p is even. b (i) Suppose that p
�
is odd. Then f; ~f are real analytically equivalent if they

are formally real analytically equivalent; moreover, there exists a biholomorphic u such
that ufu�1 is real and is not equivalent to f by any real formal map. b (ii) Suppose that
p
�
is even. Then ~f; f are always formally real analytically equivalent, and they are real

analytically equivalent if either � is odd or p
q
is odd or q

�
is even. If � and p

q
are even

and q
�
is odd, there exists a biholomorphic map h such that hfh�1 is real but is not real

analytically equivalent to f .

Proof. Let �(z) = z. Consider d = 0 �rst. We want to show that f is real analytically

equivalent to the restriction to the real line of the time-1 map of the vector �eld v = bzp+1

1+�zp
@
@z
,

where � 2 R and b = 1 when p is odd and b = �1 when p is even. The 
ow of v is

't(z) = z + btzp+1 + ( (p+1)t2

2
� b�t)z2p+1 + O(jzj2p+2). By a real change of coordinates

z ! cz we may assume that fp+1 is 1 when p is odd and �1 when p is even. By a simple
computation there exists a unique real change of coordinates z ! z + � � �+ gpz

p such that
f has the form z ! z + fp+1z

p+1 + f2p+1z
2p+1 + O(2p + 2): Take b = fp+1 and � with

p+1
2
� b� = f2p+1. So f and '1 have the same formal holomorphic invariant. Since d = 0

by the Ecalle-Voronin theory there is a biholomorphic map g0 such that f = g0'1g
�1
0 .

We must have g00(0)
p = 1. Let �(z) = g00(0)

�1z. Note that � preserves the complex
vector �eld v, and hence commutes with 't. Replacing g0 by g0�, one may assume that
g00(0) = 1. Then g0(z) = z + O(p + 1). Replacing g0 by g0't for some t 2 C, we may
assume that g0(z) = z + O(p + 2). Now conjugate f = g0'1g

�1
0 by �. Using �f� = f and

�'1� = '1 we get (g�1
0 �g0�)'1(g

�1
0 �g0�)

�1 = '1. By comparing coe�cients or using the
fact that 't are the only centralizers of '1 that are tangent to the identity, we conclude
that g�1

0 �g0�(z) = z + O(p + 2) is the identity map. This shows that g0 is real. We
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have proved that f is real analytically equivalent to '1. The same argument also shows
that ~f is real analytically equivalent to the '1 as above when p is odd or p is even and
fp+1

~fp+1 > 0. It is obvious that if p is even and fp+1
~fp+1 < 0 then f; ~f are not formally

real analytically equivalent. Therefore f; ~f are real analytically equivalent if and only if p
is odd or p is even and fp+1

~fp+1 > 0. Furthermore, when p is even fp+1
~fp+1 < 0 occurs

to ~f = u�1g�1
0 fg0u = u�1'1u by taking u(z) = e

�i
p z. We have obtained the desired

conclusions when d = 0, which are listed in (a) and b (i).

The above argument is valid if all maps are at the formal level. Hence it shows that f; ~f
are formally real analytically equivalent, if and only if p is odd or p is even and fp+1

~fp+1 > 0.

Assume now d 6= 0. We �rst assume that fp+1
~fp+1 > 0. By a real linear change

of coordinates we may assume that fp+1 = ~fp+1. We want to show that f; ~f are real
analytically equivalent for the following cases (i), (ii), (iii).
(i) � is odd. Note that g�1

R is an invariant curve for f . By Theorem 1.4 (ii) in [1], we

have g0(0) = �p�jp=� =
p
�pk=�; moreover, g�1

R = R if g0(0) = �1. It su�ces to �nd a

centralizer � of f such that � 0(0) = �g0(0) (so ~g = g��1 is real and ~gf~g�1 = ~f). If k is even,
then g0(0) is the derivative of some periodic centralizer � of f at the origin. Otherwise,
assume that k is odd. Then, since � is odd ��k = 2l is even. Now take a periodic centralizer
� with � 0(0) = �lp=� and let h = g�. We calculate that h0(0) =

p
�p(k+2l)=� = �1.

(ii) p
q
is odd. Since f; gfg�1 commute with � then g�1�g� commutes with f . So g�1�g� =

�af l=d. Write � 0(0) = �pq�=q. Since fp+1 = ~fp+1 then g0(0) = �k. Thus p=q divides 2k, i.e.
p=q divides k. This shows that there is a centralizer � satisfying � 0(0) = g0(0).

(iii) 2�jq. As in (i) we have g0(0) =
p
�pk=� = �

p
q
kq
2� , which is a q-th root of unity. Thus

there is � 2 Ĉ(f) such that g0(0) = � 0(0).

Obviously we can get ~fp+1 = fp+1 by a real change of variable when p is odd. Thus
we have obtained (a) from (i) and the �rst part of b (i) from (ii). Consider the second
part of b (i). From the proof of Theorem 1.4 (ii) in [1] (p. 28) we know that there exists
u satisfying u2 = ! and �u� = u�1. Hence �ufu�1� = u�1fu = ufu�1, i.e. ufu�1 is
real. Since !0(0) is a primitive �-th root of unity and � is even, then u0(0) = �p�p(2k+1)=�.

Hence, u0(0)p = (�p�p(2k+1)=�)p = (
p
�p)(2k+1)p=� = (�1)(2k+1)p=� = �1 and ufu�1(z) =

z � fp+1z
p+1 +O(p+ 2). This completes b (i).

(iv) We want to show that fp+1
~fp+1 > 0 when p

�
is even. Otherwise we may assume

that ~fp+1 = �fp+1. Write g0(0) = c. We get cp = �1, i.e. c =
p
�2j+1. Since g�1

R is

invariant under f , we get c =
p
�kp=� as in (i). Thus (2j + 1)� kp

�
= 2lp. But p=� is even,

a contradiction. Now using (iv) and then (i)-(iv) we get the �rst two assertions of b (ii).
We now prove the last assertion of b (ii). So p=q, � are even and 2� does not divide

q. Since �f = f�, from the proof of Proposition 7.9 [1] (p. 55) we know that q = �
and ��� = ��1f 2=d. So � = !f 1=d and ! generates periodic centralizers of f . By the
proof of Theorem 1.4 (ii) in [1] there exists h satisfying h2 = ! and �h� = h�1. We have

h0(0) = ��pj=(2�). Since q = � and 2qjp then h0(0)p = (
p
�pj=�)p = 1, i.e. f; ~f = hfh�1

have the same coe�cient for zp+1. Now ~f is real because �hfh�1� = h�1fh = hfh�1. If
ghfh�1g�1 = f for some real analytic g, then gh = �a!b. Using ��� = ��1f 2=d = �!�2, we
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get gh�1 = (�!�2)a!�b. Thus h2 = !2b+2a. Hence 1�2b�2a = j� is even, a contradiction.
The proof of the theorem is complete. �

The above theorem covers all possible cases of a given f 2 Rp. We want to remark that
by using the moduli space Np;�1 (p. 43, [1]) all positive integers d, p; q; � can be realized
by some f 2 Rp when q = � or 2� and qjp. The latter conditions are also necessary by the
proof of Proposition 7.9 in [1].

We also need the following corrections.
2) Theorem 1.4 (ii): Replace !(j�1)=2 by (!1=2)j�1, and insert \and !1=2 is a square root

of ! that is reversible by �
1" after Ĉ(f). The last sentence of (iii) should read: g is real-
valued on R, if and only if g0(0) is real; in particular, g is real if p = 1 or if p = 2 and the
coe�cients of z3 of f and gfg�1 have the same sign.

3) Proposition 7.6: Replace \mod (d; s)" by \+j0 mod (d; s) with j0 =
s0
0
(d;s)���

s
". Line

�15 (i.e. line -15 from bottom): Replace \mod (d; s)" by \+j0 mod (d; s)".
4) Proposition 7.7: In (i), replace if \q 6= �; 2�" by \q = 1; 2 or q 6= �; 2�". In (ii) replace

\q 6= �; 2�" by \q � 3 and q = � or 2�". Replace (iii) by the following: if q � 3, and q = �

or 2� then Fs;j+;�+(f) = Fs;j�;�� for j� = �j+ � 2s0
0
(d;s)

s
mod (d; s). Replace the last line

of the proof of Proposition 7.7 by \which implies j� = �j+ � 2s0
0
(d;s)

s
mod (d; s)". In the

second last line of the proof, replace Fs;�j+;�� by Fs;j�;�� .
5) Corollary 7.8: Replace \�f�1� = �f� for" by \�f�1� = (�f�)

�1 for q = 1; 2 or". Replace
\q = �; or 2�" by \q � 3 and q = � or 2�".

6) Lemma 9.1 (c): Replace \the square root !
1=2
h =

p
�p=�z + O(2)" by \there exists a

unique square root !
1=2
h =

p
�p=�z + O(2) that". (The proof for the uniqueness is in the

proof of Proposition 9.3.)

7) Proposition 9.3: After the third sentence, insert: Assume that dh 6= 0, !
1=2
h h!

�1=2
h =

h�1, (!
1=2
h )m�h=p = ! = (!

1=2
~h

)m�~h=p, and !
1=2
~h

~h!
�1=2
~h

= ~h�1.
Page 17, line �9: Replace 
2k by 
2k+1 and 
2l+1 by 
2l.

Page 24, line 16: There should be !1 = �
q=�
1 f�1=d. Proposition 3.5, line 2: Replace

\positive integer" by \non-negative integer with (q; q0) = 1".

Page 26, line 1: Replace (a; d) by (a; q). Theorem 3.7, line 3: Replace Ap by Ĉ(f).
Page 27. Replace line �7 by \f l = H2d = Hf lH�1 = f�l". In lines �2 and �3, replace

all � by �1.
Page 28, line 8: Replace \square roots" by \some square roots". Line 11: Replace

(D!)�1 � ! by (D!)�k � !k.
Page 29, line 11: Replace (�1)p by (sign c)p.
Page 39, line 16: Replace Aj(
j) by A2k+2�j(
2k+2�j). Line 19: Replace A2jf by A2jf

�1.

Line 24: Replace f�1 by ~f�1.
Page 42, line 1 above Lemma 6.1: Replace � by �1. In Lemma 6.1: Replace �A�1

2j by

A�1
2j .
Page 43, line 6: Replace \j 6= m;m+ p mod (2p)" by \m < j < m+ p".
Page 45, line �13: Replace �c2m�j by c2m�j. Line �5: Replace �m+k by

p
�2m+2k�1.

Lines �1 and �2: Replace cj by �cj.
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Page 46: Replace the proof of Theorem 1.7 by the proof of Theorem 1.1 in this Erratum.
Page 48, line �19: Replace \F \ A0 by \F \ A0 is in the 
ow or".
Page 49, line 12: Replace d0 by d0.
Page 51, line 15: Replace cj by �cj. In line 17, delete \~�;� are both in M0

p;q;�;d". In

line 18, delete \~�;� are both in M00

p;q;�;d".

Page 52, line 10: Replace both
p
� by

p
��. Line 12: Replace the second ~h by ~h�1. Line

15: Replace the last f� by f�1
�
.

Page 54, line 14: Replace 2s by 2�. Line �9: Replace ~f = gfg�1 by ~F = gFg�1.
Page 55: Add �s � a < 0 to the end of formula (7.3).
Page 56, line 10. Replace Proposition 7.9 by \The proof of Proposition 7.9". Line �4:

Replace ~F by ~F \ A0.
Page 57, line 14: Replace A�

p by A�

p;�.
Page 58, line 6: Replace F \ A0 by F .
Page 64, line 8: Replace � > 0 by 0 � arg � < 2�=p.
Page 67, line 14: Replace �=d by �d. Line �4: Replace �h� by �h��1.
Page 68, line 14: Replace m by p=�. Line �4: Replace Aj by ~Aj. Line �1: Replace the

second h by ~h.
Page 69, lines 7 and 18: Replace M by Mr

p;�;d. Line 19: Replace \choose" by \choose
g1 with", and replace g by g1. Line 21: Replace �1 by �.
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