ERRATUM: A COMPLETE CLASSIFICATION FOR PAIRS OF REAL
ANALYTIC CURVES IN THE COMPLEX PLANE

PATRICK AHERN AND XTANGHONG GONG

1) Theorem 1.7 in [1] (stated for all p > 3) is correct if and only if 4, p/q are even and ¢/
is odd (in particular 4|p). In Erratum we will correct Theorem 1.7 in [1] and strengthen
Corollary 1.6 in [1]. Theorem 1.1 below then covers all possible cases. Recall that R,, is the
set of real analytic maps of the form z — z + f, 2Pt + ... with f,,1 # 0. We will keep
notations in [1]. Let d = dy,q¢ = ¢;,6 = 6. When d = 0, we have p = ¢ =0. When d # 0,
we have C(f) =<7 >® <w >, where 7/(0) is a primitive g-th root of unity, 79/9 = w f1/4
and w generates periodic centralizers of f.

Theorem 1.1. Suppose that f,f € R,, and that there is a biholomorphic g such that
gfgt = f. (a) If p is odd, then f. f are real analytically equivalent. (b) Suppose that
p is even. b (i) Suppose that % is odd. Then f. [ are real analytically equivalent if they
are formally real analytically equivalent; moreover, there exists a biholomorphic u such
that ufu=' is real and is not equivalent to f by any real formal map. b (i) Suppose that

E is even. Then f,f are always formally real analytically equivalent, and they are real

analytically equivalent if either & is odd or g is odd or % is even. If 6 and % are even

and % is odd, there erists a biholomorphic map h such that hfh=' is real but is not real
analytically equivalent to f.

Proof. Let p(z) = z. Consider d = 0 first. We want to show that f is real analytically
equivalent to the restriction to the real line of the time-1 map of the vector field v = ff;p %,
where A € R and b = 1 when p is odd and b = 4+1 when p is even. The flow of v is

oi(2) = 2+ bt2PT + (W — bAL) 2T + O(|2)*P™2). By a real change of coordinates
2 — cz we may assume that f,.; is 1 when p is odd and £1 when p is even. By a simple
computation there exists a unique real change of coordinates z — z + - - - + g,2” such that
f has the form z — 2z + fy12PT + fop122T + O(2p + 2). Take b = f,41 and A with
1%1 — bA = fopq1. So f and ¢ have the same formal holomorphic invariant. Since d = 0
by the Ecalle-Voronin theory there is a biholomorphic map gy such that f = gopig, .
We must have ¢j(0)? = 1. Let v(z) = ¢,(0)~'2. Note that v preserves the complex
vector field v, and hence commutes with ;. Replacing gg by gor, one may assume that
g5(0) = 1. Then go(z) = z + O(p + 1). Replacing go by gog; for some ¢t € C, we may
assume that go(2) = 2 + O(p + 2). Now conjugate f = gow19, ' by p. Using pfp = f and
po1p = o1 we get (g5 pgop)er (g pgop) ™" = 1. By comparing coefficients or using the
fact that ¢, are the only centralizers of ¢; that are tangent to the identity, we conclude
that g, 'pgop(z) = 2z + O(p + 2) is the identity map. This shows that g, is real. We
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have proved that f is real analytically equivalent to ;. The same argument also shows
that 7 is real analytically equivalent to the ¢; as above when p is odd or p is even and
fp+1fp+1 > (. It is obvious that if p is even and fp+1fp+1 < 0 then f, f are not formally
real analytically equivalent. Therefore f, f are real analytically equivalent if and only if p
is odd or p is even and fpﬂfpﬂ > 0. Furthermore, when p is even prpr < 0 occurs
to f = ulgy ' fgou = u~'pyu by taking u(z) = e»z. We have obtained the desired
conclusions when d = 0, which are listed in (a) and b (i).

The above argument is valid if all maps are at the formal level. Hence it shows that f, f
are formally real analytically equivalent, if and only if pis odd or pis even and f,.; f'pﬂ > 0.

Assume now d # 0. We first assume that fp+1fp+1 > 0. By a real linear change
of coordinates we may assume that f,,; = fpﬂ We want to show that f, f are real
analytically equivalent for the following cases (i), (ii), (iii).

(i) ¢ is odd. Note that ¢g7'R is an invariant curve for f. By Theorem 1.4 (ii) in [1], we
have ¢'(0) = iﬁjp/‘s = \/ﬁ”k/‘;; moreover, g 'R = R if ¢'(0) = +1. It suffices to find a
centralizer v of f such that /(0) = £¢'(0) (so § = gv isreal and §f§ ' = f). If k is even,
then ¢'(0) is the derivative of some periodic centralizer v of f at the origin. Otherwise,
assume that k is odd. Then, since ¢ is odd d —k = 2l is even. Now take a periodic centralizer
v with /(0) = u'*/? and let h = gv. We calculate that h’( )= \/_” kt20/0 = 7.

(ii) § is odd. Since f, gf¢g~' commute with p then ¢g=!pgp commutes with f. So g~ pgp =

To 4. Write 7/(0) = pP9' /2. Since f,.; = pr then ¢'(0) = p*. Thus p/q divides 2k, i.e.
p/q divides k. This shows that there is a centralizer v satisfying v/(0) = ¢'(0).

(iii) 2d]g. As in (i) we have ¢'(0) = \/I—ka:/a = ;ﬁ%, which is a g-th root of unity. Thus
there is v € C(f) such that ¢'(0) = /(0).

Obviously we can get fp+1 = fp+1 by a real change of variable when p is odd. Thus
we have obtained (a) from (i) and the first part of b (i) from (ii). Consider the second
part of b (i). From the proof of Theorem 1.4 (ii) in [1] (p. 28) we know that there exists
u satisfying v? = w and pup = v~'. Hence pufu'lp = v 'fu = ufu?, ie. ufu?tis
real. Since w'(0) is a primitive d-th root of unity and § is even, then u'(0) = i\/ﬁp(%ﬂ)/‘s.
Hence, u'(0)P = (i\/ﬁ?(gk+1)/5)p - (\/ﬁp)(2k+1)p/5 = (=1)@+p/0 — 1 and ufu~'(z) =
z— fpr12""1+ O(p + 2). This completes b (1).

(iv) We want to show that f,i; pr > 0 when £ is even. Otherwise we may assume
that fyy1 = —fps1. Write ¢/(0) = ¢. We get & = —1, ie. ¢ = = /7. Since g7'R is
invariant under f, we get ¢ = \/ﬁkp/‘s as in (i). Thus (25 + 1) — kp = 2lp. But p/d is even,
a contradiction. Now using (iv) and then (i)-(iv) we get the ﬁrst two assertions of b (ii).

We now prove the last assertion of b (ii). So p/q, ¢ are even and 26 does not divide
q. Since pf = fp, from the proof of Proposition 7.9 [1] (p. 55) we know that ¢ = §
and prp = 71?4 So 7 = wf? and w generates periodic centralizers of f. By the
proof of Theorem 1.4 (ii) in [1] there exists h satisfying h? = w and php = h~!. We have
R'(0) = £pP7/?9) . Since ¢ = 6 and 2¢g|p then A (0)P = (\/ﬁpj/5)p =1,ie. f,f =hfh?
have the same coefficient for 2?*!. Now f is real because phfh™'p = h™'fh = hfh~'. If

ghfh~'g~" = f for some real analytic ¢, then gh = 7%w®. Using prp = 77" ¥4 = 7w ™2, we
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get gh™! = (tw %)% P, Thus h? = w®*22, Hence 1 —2b—2a = j§ is even, a contradiction.
The proof of the theorem is complete. O

The above theorem covers all possible cases of a given f € R,. We want to remark that
by using the moduli space N, ,, (p. 43, [1]) all positive integers d, p,q,d can be realized
by some f € R, when ¢ =6 or 2§ and ¢|p. The latter conditions are also necessary by the
proof of Proposition 7.9 in [1].

We also need the following corrections.

2) Theorem 1.4 (ii): Replace wU=1/2 by (w'/2)’~!, and insert “and w'/? is a square root
of w that is reversible by o.,,” after C(f). The last sentence of (iii) should read: g is real-
valued on R, if and only if ¢’(0) is real; in particular, g is real if p = 1 or if p = 2 and the
coefficients of z® of f and gfg~' have the same sign.

3) Proposition 7.6: Replace “mod (d, s)” by “4jp mod (d, s) with j, = So(dss) —ad
—15 (i.e. line -15 from bottom): Replace “mod (d, s)” by “+jo mod (d, s)”.

4) Proposition 7.7: In (i), replace if “q # 6,20” by “¢ = 1,2 or ¢ # 6,26”. In (ii) replace
“q#6,20” by “¢ >3 and ¢ =6 or 2§”. Replace (iii) by the following: if ¢ > 3, and ¢ = ¢
or 26 then Fy; . (f) = Fs,_ forj. = —j, — 250(45) 164 (d,s). Replace the last line

S

. Line
S

of the proof of Proposition 7.7 by “which implies j = —j, — w mod (d, s)”. In the
second last line of the proof, replace F, _;, - by F,;_, .

5) Corollary 7.8: Replace “rp-1, = 7, for” by “7p-1, = (17,)7" for ¢ = 1,2 or”. Replace
“g=24,or 20" by “¢ >3 and ¢ =46 or 26”.

6) Lemma 9.1 (c): Replace “the square root w,ll/g = ﬁp/az + O(2)” by “there exists a

unique square root w,ll/g = \/ﬁp/éz + O(2) that”. (The proof for the uniqueness is in the
proof of Proposition 9.3.)

7) Proposition 9.3: After the third sentence, insert: Assume that d; # 0, w,ll/Qhw,zl/Q =
ht, (w,ll/Q)m(sh/p =w= (will/Q)m(sfz/p, and w%/%wil/? =ht.

Page 17, line —9: Replace 295 by 2951 and Qg1 by Q.

Page 24, line 16: There should be w; = Tf/éffl/d. Proposition 3.5, line 2: Replace
“positive integer” by “non-negative integer with (¢, qo) = 17.

Page 26, line 1: Replace (a,d) by (a,q). Theorem 3.7, line 3: Replace A, by é(f)

Page 27. Replace line —7 by “f! = H?* = Hf'H ' = f~!”. In lines —2 and —3, replace
all o by 0.

Page 28, line 8: Replace “square roots” by “some square roots”. Line 11: Replace
(Dw)~' o w by (Dw)=* o wk.

Page 29, line 11: Replace (—1)? by (sign c)?.

Page 39, line 16: Replace A;(€2;) by Aggi2j(Qari2-;). Line 19: Replace Ag; f by Ag; f L.
Line 24: Replace f~! by f1.

Page 42, line 1 above Lemma 6.1: Replace o by o;. In Lemma 6.1: Replace aAQ_j1 by
Ayl

Page 43, line 6: Replace “j #m,m+p mod (2p)” by “m < j<m+p”.

Page 45, line —13: Replace —¢y,—; by €2,—;. Line —5: Replace umtE by \/ﬁ2m+2k71.
Lines —1 and —2: Replace ¢; by —¢;.



Page 46: Replace the proof of Theorem 1.7 by the proof of Theorem 1.1 in this Erratum.

Page 48, line —19: Replace “F'N Ay by “F N Ap is in the flow or”.

Page 49, line 12: Replace dy by d'.

Page 51, line 15: Replace ¢; by —c;. In line 17, delete “®, & are both in ./\/l;%q’(;’d”. In
line 18, delete “®, ® are both in M sd

Page 52, line 10: Replace both /i by \/pA. Line 12: Replace the second h by h~'. Line
15: Replace the last f, by f. %

Page 54, line 14: Replace 2s by 26. Line —9: Replace f = gfg~' by F = gFg~".

Page 55: Add —s < a < 0 to the end of formula (7.3).

Page 56, line 10. Replace Proposition 7.9 by “The proof of Proposition 7.9”. Line —4:
Replace F by F N A,.

Page 57, line 14: Replace A} by A7 .

Page 58, line 6: Replace F'N Ay by F.

Page 64, line 8: Replace A > 0 by 0 < arg A < 27/p.

Page 67, line 14: Replace £/d by &d. Line —4: Replace shi by khr 1.

Page 68, line 14: Replace m by p/d. Line —4: Replace A, by Aj. Line —1: Replace the
second h by h.

Page 69, lines 7 and 18: Replace M by M7 ; ;. Line 19: Replace “choose” by “choose
g1 with”, and replace g by ¢g;. Line 21: Replace x; by k.
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