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ABSTRACT. For « € (1,2) we prove that the initial-value problem
Ou + DOgu + 02 (u?/2) = 0 on Ry x Ry;
u(0) = ¢,

is globally well-posed in the space of real-valued L2-functions. We use a fre-
quency dependent renormalization method to control the strong low-high fre-
quency interactions.
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1. INTRODUCTION

In this paper we consider the initial-value problem for the Benjamin-Ono equa-
tion with generalized dispersion

u(0) = (1)

where a € (1,2), and D* denotes the operator defined by the Fourier multiplier
& — |€|*. Let HZ = HZ(R), o € [0, 00), denote the space of real-valued functions ¢

{8tu+ D*0pu + 0,(u?/2) = 0 on R, x Ry;
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with the usual Sobolev norm

Iolle = gl = 11+ 1€%)7/*B(E)l 2.

Let H® = Nyez, HY with the induced metric. Suitable solutions of (1.1) satisfy
the L? conservation law: if T} < Ty € R and u € C((Ty,Ty) : HE®) is a solution of
the equation dyu + D*0pu + 9, (u?/2) = 0 on R x (Ty,Ts) then

lat) o = u(t)ll o for any t1,ts € (T3, T). (1.2)

Our main theorem concerns the global well-posedness in H? of the initial-value
problem (1.1).

Theorem 1.1. (a) Assume ¢ € H>°. Then there is a unique global solution
u=S5%) € C(R: HX)

of the initial-value problem (1.1).
(b) Assume T € Ry. Then the mapping

SF =1 rm(t) - S : HE — C((-T.T) : HY)
extends uniquely to a continuous mapping
Sp: Hy = C((-T,T) : Hy),

and
159:(6) ()l o = [|@ll o for any t € (—=T,T).

One-dimensional models such as (1.1) have been studied extensively. The case
a = 2 corresponds to the KdV equation, while the case @ = 1 corresponds to
the Benjamin—-Ono equation. Global well-posedness in H? is known in both of
these cases, see [1] and [10] respectively. Other local and global well-posedness
results for (1.1) in Sobolev spaces H? have been obtained by several authors, see
[15, 16, 17, 4, 3, 7] for the KdV case a = 2, and [13, 22, 19, 14, 26] for the Benjamin—
Ono case a = 1.

The dispersion generalized model (1.1) has also been analyzed in the literature,
see for example [15, 5, 20, 9, 8]. For example, local well-posedness in Sobolev spaces
H*(R) for s > —3/4(a— 1), and global well-posedness in H?(R) in the range s > 0,
has been shown by the first author [9] under an additional low frequency constraint
on the initial data. Without this low frequency constraint, the Sobolev index for
local well-posedness has been pushed down to s > 2 — a by Z. Guo in [8], using the
method of [12].

The nonlinearity of the dispersion generalized Benjamin-Ono equation (1.1) is
too strong to allow a direct perturbative argument (without a low frequency con-
straint) since the flow map is not locally uniformly continuous in HZ(R), s > 0.
Problems with this feature have attracted considerable interest in recent years. It
is not difficult to see the reason for this failure at the hand of the model problem

v + v, =0,
see [19, p.2]. Given a solution v we obtain the family of solutions
ve(t,x) i=v(t,x —ct)+c, ceR. (1.3)

If v(0,x) is of high frequency, the constant ¢ (the low frequency part) induces a
spatial shift of the high frequency part and the lack of uniform dependence on
the initial data becomes evident. The construction of smooth, square-integrable
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analogs of (1.3) for (1.1) has been caried out in [19] in detail in the case o = 1,
see also [21]. We notice that the failure of uniform continuity is irrespective of the
regularity assumption which is imposed on the initial data.

Tao has interpreted this phenomenon for the Benjamin-Ono equation as a gauge
change, which opened the path to the satisfactory well-posedness result in [10] for
the Benjamin-Ono equation, i.e. the case « = 1. There the gauge change can
be undone by a multiplication of projection to positive frequencies of the solution
by a function e’®. The linear part reduces to a Schrédinger equation for positive
frequencies, and commuting e’® by the Schrédinger equation leads to a drift term
which balances the worst low-high interaction

ulowaxuhigh

of the quadratic part.

The same ideas show that one encounters a pseudo-differential gauge transform
for the dispersion generalized Benjamin-Ono equation (1.1). We do not pursue this
pseudo-differential point of view, but it is advisable to keep it in mind. Instead
we decompose the solution into small frequency bands of size VA at frequency .
At this frequency scale the gauge change is essentially a multiplication by a purely
imaginary phase function. We carry out bilinear estimates for these frequency
bands and study the effect of the gauge transform. This is technical and painful.
The main contribution of this paper is the demonstration that this circle of ideas
can be carried through for a non trivial example. The phenomenon described
above will most likely be encountered at other problems as well. Gaining a general
understanding of it seems to be desirable and this is our aim.

The rest of the paper is organized as follows: in section 2 we reduce Theorem 1.1
to proving several apriori bounds on smooth solutions, and differences of smooth
solutions, of the equation (1.1), on bounded time intervals. This reduction relies
on energy-type estimates.

In section 3 we construct our main renormalization, which is the key step to
further reducing the problem to perturbative analysis. After subtracting the low
frequency component of the solution, which is essentially left unchanged by the
evolution due to the null structure of the nonlinearity, we further decompose the
solution into frequency blocks and multiply each frequency block by a suitable
bounded factor. This renormalization leads to an infinite system of coupled equa-
tions satisfied by the frequency blocks. A similar construction was used by two
of the authors in [10] for the Benjamin—Ono equation. However, in our situation,
we need to renormalize each frequency block by a different factor, which leads to
substantial technical difficulties in the perturbative analysis.

In section 4 we define our main normed spaces, and show that the main theorem
can be reduced to proving the nonlinear estimates in Proposition 4.3.

The remaining sections are concerned with the proof of Proposition 4.3. We
prove first frequency-localized bilinear estimates, see sections 5 and 6. Then we
prove frequency-localized linear estimates on operators defined by multiplication
by smooth bounded factors, see section 7, and frequency-localized commutator
estimates, see section 9. Finally, we put all these estimates together in section 8
and 10 to complete the proof of Proposition 4.3.
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2. REDUCTION TO A PRIORI ESTIMATES
We recall first a standard local well-posedness theorem:

Proposition 2.1. Assume ¢ € H*. Then there is T = T(||¢||gz2) € (0,1] and a
unique solution u = S (¢) € C((=T,T) : H>) of the initial-value problem

(2.1)
u(0) = ¢.
In addition, for any o > 2,

sup |[u(t)l|mg < C(o,[|@llg, sup u(t)]m2)-
te(—T,T) te(—T,T)

{atu + D0yu+ 9, (u2/2) = 0 on Ry x (=T, T):;

Most of the paper is concerned with proving suitable a priori estimates on the
solutions S2° constructed in Proposition 2.1. For Theorem 1.1 (a) we need the
following estimate:

Proposition 2.2. There is a constant eg = eo(a) > 0 with the property that if
T e (0,1], ¢ € H™,

9l o < €0, (2.2)
and u = S¥(p) € C((—T,T) : H®) is a solution of the initial-value problem (2.1),
then

sup |[[u(t)|[mz < Cllol|mz. (2.3)
te(—=T,T)

Theorem 1.1 (a) follows easily from Proposition 2.2: by scaling (i.e. replace ¢
by ¢x(x) = A¢(A\z) and u by u(z,t) = Au(Az, \*Tt), A < 1) it suffices to
prove Theorem 1.1 (a) for ¢ € H2° with [|¢||go < 9. Using Proposition 2.1 and
Proposition 2.2, we can construct the solution S5°(¢) € C((—1,1) : H>®). Finally,
we use the conservation law (1.2) to extend the solution to the entire real line.

To prove Theorem 1.1 (b) we need an additional estimate on differences of solu-

tions. For any ¢ € H® and N € [1,00) let ¢V = F14(€) - 1_nn(€)] € H®.

Proposition 2.3. Assume N € [2,00), ¢ € H°, and ||§|lgo < o (see (2.2)).
Then

sup [|S°(¢)(t) — S (&™) ()l mo < Cll¢ — & || - (2.4)

te(—1,1)

We show now that Proposition 2.2 and Proposition 2.3 imply Theorem 1.1 (b).
Assume ¢ € H? is fixed,

¢ € H® and lim ¢, = ¢ in HY.
For Theorem 1.1 (b) it suffices to prove that the sequence S (¢,,) € C((-T,T) :
H®)is a Cauchy sequence in C((=7,T) : H}). By scaling, we may assume ||| o <
€0/2. Using the conservation law (1.2) it suffices to prove that for any 6 > 0 there
is My such that

?up : [15°°(dm ) (t) — S (Pn) ()| o < 6 for any m,n > Ms. (2.5)
te(—1,1

We observe now that ||, — @5 [ o < | — ¢V || mo + [|¢ — énll o Thus we can fix
N = N(8,¢) > 2 and My such that ||¢, — ¢ || g0 < §/(4C) and ||¢,]| < eo for any
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n > M}, where C is the constant in (2.4). Thus, using (2.4),

sup [|S%(én)(t) — S%(65) (1)l o < 6/4 for any n > M. (2.6)
te(—1,1)
It remains to estimate
sup 1S (¢n) (1) — S (¢m) (B)l 0.
te(—1,1)
Using standard energy estimates for the difference equation, we have
sup {15 (¢n) (1) — S (dm) (1)l mro
te(—1,1)
1

<16 = g -ex0 (C [ 10(S=@NNOl1z: + 105N Ol )

< 9n = Gl -exp (€ sup (115 (0r) ()l + 15 (@5) (1) 2] )-

)

Using Proposition 2.2, it follows that
sup 15%(67")(8) — S (Sm) (t)ll a0

te(—1,1)
< N6 = bmllarg - exp (CTlI6Y
< Hd)n - (bmHHQ : exp(CN2)~

The bound (2.5) follows from (2.6) and (2.7).
This completes the proof of Theorem 1.1. The rest of the paper is concerned
with proving Proposition 2.2 and Proposition 2.3.

) 27)

3. THE MAIN RENORMALIZATION

The initial-value problem (1.1) cannot be analyzed perturbatively, due to the
strong interactions between very low and high frequencies. In this section we con-
struct a para-differential renormalization which allows us to recover information
about the solution w of (1.1) indirectly, by analyzing perturbatively a system of
equations satisfied by suitably renormalized frequency components of u, see (3.15)
and (3.16).

Assume in this section that 7' € (0,1] and u € C((—T,T) : H®) is a solution of
the initial-value problem

{&tu + D%Opu + 0,(u?/2) =0 on R, x (=T, T); (3.1)

Assume, in addition, that [¢|[go < eo, for some sufficiently small constant eg

(compare with (2.2)). Let ¢ = .7:_1[5(5) “1—1/21/21(8)] € HX and ¢nign =
¢ — Plow. Let v(x,t) = u(z,t) — drow(x), sO

at” + Daamv + (blow : 89:U = _az(v2/2) —v- aﬂv¢low - Daaqulow - 893((25120“,/2);
v(0) = Pnigh-
(3.2)
on R, x (=T,T).
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We fix the increasing sequence {ny }rez

{noz(), ny =4, nk+1znk+n,1€/2fork:1,2,...; (3.3)

n_g=-n,fork=12....

Clearly, |ng| = |k|? for |k| > 1. We fix also smooth functions yj : R — [0,1], k € Z,
Xx supported in [(2ng—1 + nk)/3, (2nk41 + ng)/3] such that

ZkEZ Xk = 17 (34)
10 x| < C(1+ [ng|)~7/% for any k € Z and ¢ = 0,1,2.
For k € Z let
I = [(5ni—1 + 1) /6, (5rir + i) /6], (3.5)
Let P, and ]Bk, k € Z, denote the operators defined by the Fourier multipliers
and 1j, respectively.
We apply the operators Py, k € Z \ {0}, to the identity (3.2); the result is
{@(ka) + DB, (Pyv) + Giow - 0 (Prv) = Ej, on R, x (=T, T);

(Prv)(0) = Pi(nign), (3.6)

where
Ej = [drow - 03(Prv) — Po(row - 030)] — Pr0p(v*/2) — Pi(v - Opdrow). (3.7
We apply also the operator Py to the identity (3.2); the result is

O1(Pyv) + D8, (Pyv) = Ry on R, x (=T, T); (3.8)
(Pov)(0) = Po(nigh), '
where
= - *0zV) — 00 v?
RO - P0(¢low a:b ) P 8 ( /2) (39)

— Po(v - Opdrow) — D0y Po(hrow) — PoOu (b /2).
We define the smooth function ¥ : R — R as the anti-derivative of ¢joy,
V' (z) = ¢row(z) and ¥(0) = 0. (3.10)
For k € Z\ {0} we define the functions
vp(z,t) = Pp(v)(z,t) - e 7Y@ where ap = —ng|ng| =%/ (a + 1). (3.11)
We substitute the identity Py(v) = Yoy into (3.6); the result is

e Y Oy, + 'Y D, (vy) + (a + 1) Dy - (iaxU')e' ™Y + drowe' ¥ 0, (vy) = E},
(3.12)
where

E; = [V D0, (v},) + (a + 1) D%y, - (iap W)Y — D9, (e V)]
+ By — drow (iaV)e' Y .y
We multiply (3.12) by e~‘*¥. Using the definition (3.11) of the coefficients ay, it
follows that

{atvk + D9, (vy,) = Ry on Ry x (=T, T); (313)

vr(0) = e~ Y . Py (¢nign),
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where
Ri = — eV P, (v2/2)
= Plow [0 vi — D%vy, - (img|ng|~)]
— [e7" Y DG, (e Y yy,) — DOy (vg) — (a + 1) D%y, - (iap V)] (3.14)
— e " [Py(drow - 02v) — low - Ou(Pr0)]
— [iar iy - vk + €Y Pre(v - Ozrow)].

To summarize, given a solution u € C((=T,T) : H2°) of the initial-value problem
(3.1) we constructed functions vy, € C((—T,T) : H®), k € Z, which solve the
initial-value problems

{atuk + D9, (vg) = Ry, on Ry x (=T, T); (3.15)

vE(0) = eV . Py (Pnign),

where, for simplicity of notation, ag = 0. The functions Ry € C((=T,T) : H*®) are
defined in (3.9) for k£ = 0, and (3.14) for k # 0. In addition, u = v + Piow,

v = Z 'Yy, and v, = e_i“kwﬁk(eiakmvk) for any k € Z. (3.16)
kEZ

4. PROOF OF THE MAIN THEOREM

The rest of the argument is based on perturbative analysis of the system of
equations (3.15), for fixed ¢jow. In this section we define our main normed spaces
used for this perturbative analysis and show how to reduce Propositions 2.2 and
2.3 to the more technical Proposition 4.3 below. Proposition 4.3 will be proved in
the remaining sections of the paper.

The normed spaces constructed in this section are very similar to those used by
two of the authors in [10] for the analysis of the Benjamin—Ono equation. However,
our spaces are adapted to the frequency intervals I}, constructed in section 3, instead
of dyadic intervals, since they are used to measure the components v and their
renormalizations.

Let ng : R — [0, 1] denote an even smooth function supported in [—8/5,8/5] and
equal to 1 in [-5/4,5/4]. For k € {1,2,...} let mi(v) = no(v/2F) — no(v/2F1).
For k € Z let 7 (v) = no(v/2%) — no(v/28~1). We define the sets Jy = [—2,2],
Je={veR: |y e[21,281] k=1,2,...,and J, = {v € R: |p] € [2F~1, 2K+1],
k€Z. For £ € R let

w(§) = =€) (4.1)

Recall the sequence ny, the functions xi, and the intervals Iy, k € Z, defined

in (3.3)-(3.5). We fix § = (o — 1)/100 € (0,1/100). We define the normed spaces
Zy = Z(R x R), k € Z: for |k| > 1 (high frequencies) we define

Z, ={f € L* : f supported in I, x R and

1£llz, =D 27"l

Jj=0

(4.2)

0y (r = W(©)F(E.7) 1z < oo},

where

Brg = 1+ (27 /Ing|oT1)/2=2, (4.3)
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Notice that 27/283; ; ~ 270179 when k is small. For k& = 0 (low frequencies) we
define

Xo={f € L*: fsupported in Iy x R and

00 2
o ~ (4.4)
I lxo =D > 2070278 n(r)iw () £ (€, 7) Iz < oo}
j=0k'=—o0
and
Yo = {f € L?: f supported in Iy x R and
= o (1-8) || 1 (4.5)
£y = D2 ONUF " i (1S ) < 00}
§=0
Finally, we define
Zy = X9+ Y. (4.6)

The normed spaces Zy, k € Z, are our main spaces of functions defined in the
Fourier space. They are similar to the spaces used in [10], but slightly simpler (we
do not need the spaces Y}, for |k| > 1, compare to [10, Section 3], since the local
smoothing phenomenon is not essential if a > 1).

For o € [0, 00) we define the normed spaces H® = H°(R), F* = F°(R x R), and
N7 = N?(R x R). We define first

ijo — {<Z5 € H®: 4%, = IxoF (@)% + > 1+ |7’Lk|)20||Xk-7:(¢)H%Z < 00},

[k[=1

2
£l = o 17 @l + > 27 k.

k'=—o00
(4.7)
Then we define
F7 = {u € C(R: H) : u supported in R, x [—4, 4]
and [[ullfe =Y (1 + i) > || Prul3, < oo (4.8)
kEZ
where || Py, = [xk(€) - ()1, },
and
N7 = {u € C(R: H?) : u supported in R, x [—4,4]
and (& = 301+ [mel) [ e, < o0 @9)

kez
where [|Pyul|n, = [Ixk(€)(T — w(€) +1) 7 '7(U)|Izk}~
Finally, for any 7" € (0,1], o € [0,2] and f € C((=T",T") : H?) we define

|flgs(rn=_  inf [flle-,
f=fin Rx(=T",T")
and

I flINern = inf [1flInee -
f=fin Rx(=T",T")
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It follows easily from the definitions that

sup [[u(t)]| o < Cllur- (4.10)
teR

if 0 €[0,2] and u € F?, see [10, Lemma 4.2] for a similar proof. Thus F — C(R :
H?).

For any u € C'(R : L?) let u(.,t) € C(R : L?) denote its partial Fourier transform
with respect to the variable x. For ¢ € H* let W(t)¢ € C(R : H*) denote the
solution of the free evolution given by

(W ()]~ (€, 1) = e ©g(¢), (4.11)

where w(¢) is defined in (4.1). We record first an H® — F? homogeneous linear
estimate.

Proposition 4.1. Ifo €[0,2] and ¢ € HC then
111, (@) - (W(E)P)lpe (1) < Cllol go - (4.12)

See, for example, [10, Lemma 5.1] for a similar proof. We need also an inhomo-
geneous N7 — F linear estimate, see, for example, [10, Lemma 5.2] for a similar
proof.

Proposition 4.2. Ifo €[0,2], T € (0,1], and u € N°(T) then

H /Ot W(t— s)(u(s))dsHFU(T) < Cllullne (-

In the rest of this section we use the notation in section 3. In particular, given
a solution u € C((=T,T) : H), T € (0, 1], of the initial-value problem (3.1) with
|9llzo < €0, we constructed the functions vy € C((=T,T) : H*), k € Z, which
solve the equations

{Gtvk + DO, (vi) = Ry, on Ry x (=T, T); (413

vg(0) = eV . Py (¢nign)-
Here Ry, € C((=T,T) : H®), k € Z, are as in (3.9) and (3.14), and aj, are defined

in (3.11). Assume also that v’ € C((—=T,T) : H®) is a solution of the initial-value
problem

{ﬁtu’ + DOt + 0y (w'?/2) = 0 on R, x (T, T);

w'(0) =¢".
Assume, in addition, that
||¢,||H9, < eo and ¢iow = Plow, (414)

where, as in section 3, ¢ ., = fﬁl[&(f) “1_1/2,1/2)(€)]. Let vy, Ry, ng, ag, ¥ be
defined as in section 3, so

{atv,; + D0y (vy) = Ry on Ry x (=T, T); (4.15)

0, (0) = eV - Py(Blign)-

Our main proposition concerning the nonlinearities Ry and R}, is the following:
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Proposition 4.3. (a) For any o € [0, 2]
> IRkl Ree 1y < 00
kEZ
In addition, the mapping N : (0,T] — [0, 00),
N(T') = I Bellfeo
keZ
is continuous and increasing on the interval (0,T] and
lim N(T") = 0.
T'50
(b) Assume o € [0,2] and T" € [0,T]. Then
Y I BIRe ) < COY Norllie ) (D lowlfoen +3) + Cllélz.  (4.16)
kEZ kez kezZ
In addition,
DBk = RillRo ey < O ok = onllgogr) (D (lomllfocrn + I0kllgo () +23)-

keZ kEZ kEZ
(4.17)

The proof of Proposition 4.3 will cover sections 5-10. In the rest of this section
we show how to use this proposition to complete the proof of Theorem 1.1.

Proof of Proposition 2.2. Tt follows easily from the definitions that for o € [0, 2]
S e Y - Prnign) 1%, < Clldnign 3o (4.18)
kez

See also [10, Lemmal0.1] for a similar proof. Using Propositions 4.1 and (4.2) and
the equations (4.13) it follows that for any o € [0,2] and T" € (0,7

Z [0k l|Fe () < Clldnignllzre + CZ | R l[Re vy - (4.19)
kEZ kEZ
We set o = 0 and combine (4.19) and (4.16); it follows that

N(T') < C(e3 + N(T'))? + Ced.

Using Proposition 4.3 (a) it follows that N (T") < Ce2 for any T” € (0, T, provided
that the constant ¢ is taken sufficiently small. In particular

Z ||Rk”12\10(T) < 068.
keZ
It follows from (4.19) with o = 0 that
3 o ogr, < C=3 (1.20)
kEZ
Thus, using (4.16) with o = 2
D I1BxlReacry < OB (D lowlipar)) + Cll:.
kez keZ
Using (4.19) with o = 2 it follows that
D lokllFeqr) < CllglEe + 05 (D lvkllpa(r)),

kEZ keZ
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therefore, assuming ey sufficiently small,

Y lvellzer) < Clidliz

kEZ

Using (4.10) it follows that for any t € (=T,T)
Y lok®)%. < Clolie. (4.21)
kEZ

We use now (3.16)
U = Plow + Zem’“‘l’vk, and vy = e Y P (e’ Yuy,) for any k € Z.
keZ
to prove a bound on w. For any t € (=T, T) we have, using (4.21),

lu(®)[I32 < Cligrowllzrz + C D [1Pe(e™™ ¥ v ()32
kEZ

<Clldrowllzrz + Y llve(®) 172 < Clld 32
kez
This completes the proof of Proposition 2.2. O

Proof of Proposition 2.3. Let ¢' = ¢V, so (4.14) is verified, and subtract equations
(4.15) and (4.13). The result is

O(vp, — v) + D¥0y (v}, — vg) = Rj, — R, on Ry, x (=T, T);
(v = ve)(0) = e " - Pp((¢' — d)nign)-
Using (4.18) we have
> lleT Y Pu((¢ — @)nign) 150 < CI(& = d)nignlFro-
kezZ
Using Proposition 4.1 and 4.2 it follows that
> vk = vkllgoiry < CI(S = SnignllFo + D IRk — Rillkocr)-
keZ kEZ
Using (4.17) with 7" = T and (4.20),
Z IR}, = Rill%o(ry < Cej Z [0, = vkl o (-
kEZ kEeZ
It follows from the last two inequalities that
Z [0, = vkllgo(ry < Clld" — @[,
kez
provided that g¢ is sufficiently small. Using (4.10) it follows that
D llvi(®) = ok ()72 < Cll¢’ — 817 (4.22)
kezZ

for any t € (—T,T). As in the proof of Proposition 2.2, it follows from (4.22) and
(3.16) that ||u/(t)—u(t)||3. < C||¢'—¢||3 2, which completes the proof of Proposition
2.3. (Il

In view of the results in section 2, the main theorem follows from Propositions
2.2 and 2.3. Thus it remains to prove Proposition 4.3, which is the goal of the rest
of the paper.
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5. LOCALIZED L? ESTIMATES

In this section we prove the localized L? estimates in Corollary 5.2. These
estimates are similar to the estimates proved in [10, Section 6] in the study of the
Benjamin-Ono equation. More general L? estimates of this type can be found in

[25].
For 61,52 € R let
Q(&1,62) = —w(é + &) +w(ér) +w(é2), (5.1)
where, as before, w(§) = —¢|¢|*. For compactly supported functions f,g,h €

L2(R x R) let
J(f.g9,h) = /R4 T (&1, p1)9(&2, pa) (&1 +E2, 1 +p2+Q(E1, €2)) dErdEadpndps. (5.2)

Given a triplet of real numbers (a1, s, a3) let min (o, @, a3), max (a1, az, as),
and med (aq, as,a3) denote the minimum, the maximum, and the median (more
precisely, med (a1, @z, a3) = a3 + as + ag — max (a1, ag, az) — min (@, ag, az)) of
the numbers o, as, and a3. We define the sets Uy, k € Z,

U, = {V eER: |V| S [(5nk_1 +nk)/6, (5nk+1 + le)/G]} if ke [1,00) NZ;
Up={veR:|v| €281 2F3)) if k € (—00,0] N Z.
(5.3)
Clearly Uy, = I UI_ if k > 1 and Uy = Ji4o if £ < 0. For ky, ko, ks € Z let
do (K1, ks ks) = nf{]|&1|* — |&|%] 1 & € Ur, &2 € Upy &1+ & € Up b (5.4)

Lemma 5.1. Assume ki,ko, ks € Z, j1,72,j3 € Zy, and f,g € L?>(R x R) are
functions supported in Uy, x J;,, i =1,2,3.
(a) For any ki, ke, k3 € Z and j1, j2, j3 € Ly,

3
[T S )] < Cmin (U, Uk, |, |U, ) /22mm 03230 2 T T £
i=1
(b) Assume that {i1,i2,i3} is a permutation of {1,2,3}. Then

2. (5.5)

3
[T f2 F2)) < 2Ot 2190t dy (ki kg g )2 T I e (5:6)
i=1
(C) For any k17k27k3 €Z and jlaj25j3 € Z-‘r;

3
|J(f]g1 flgz fg3)| < Comin (j1,72,73) /2+med (j1,j2,73) /4 H Hf}?
177 k2 k3/l — i

i=1

L2 (5.7)

. 1/2
Proof of Lemma 5.1. Let Ay, (§) = [fR|fk:(§,u)|2du] , ¢ = 1,2,3. Using the

Hoélder inequality and the support properties of the functions f,zz,

[T J20 f2)] < C2min Undeda)/2 / Ak, (61) A, (€2) Ak, (€1 + &2) dErdEs
R2
R T (5.8)
S Cmin (|Uk1 |7 |Uk2 |7 ‘Uk3|)1/22mm (G1.2,3)/2 H ||fk:

=1

L2

which is part (a).
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For part (b), using simple changes of variables and the fact that w is odd,

[T (f,9, )] = T (g, f, h)] and |T(f, g, h)| = |T(f. ], g)l, (5.9)

where f(&, 1) = f(—=&, —p). Thus, by symmetry, in proving (5.6) we may assume
that 44 = 1, io = 2, and i3 = 3. Let

Br(e) = [gg [ 1€ n+a AP+ a/27) 21+ 5/2) 2 dods]

Clearly,

1/2

| Brs || 22 = C||fg2|\Lz and By, is supported in Uy, x R. (5.10)
Also, using Holder’s inequality,
[T 12 52
< €20 [ A (6 A0 (€0) Bro6r + 0. 061 8)) drd
R

Gr+52)/2 2 V2

< oA ol Ao | [ B (6 + 0260, P deade)
Ukl ><Uk2

(5.11)
Thus, for (5.6), it suffices to prove that

1/2
{/ | By (€1 + €2, (&1, &) dfldﬁz} < Clda(ky, ka; k3)] /2| By | 2.
Uk1><Uk2
(5.12)
Let BIIC3(§7M) = Bl‘v‘3(€7 —w(f) +M)7 ||B,I/<,‘3HL2 = HBk3||L27 Bllcg supported in Uy, x R.
For (5.12) it suffices to prove that
1/2

([ et ) rule)P dade] < Cldatin haska)] /2By o

ky XUkg

(5.13)
‘We observe now that |w’(£1) — w’(§2)| > C_lda(kil,k'g;kg) if 51 S Ukl, §2 S nga
and & + & € Ug,. The bound (5.13) follows.
For part (c), using part (a), we may assume

gmed (1.:72.3)/2 < C~'min (lUkl |7 ‘Ukz ‘7 |Uk3|) (514)
Using (5.9), we may also assume j; = min (j1, j2, j3) and jo = med (j1, j2, j3). Let

Rj, ={(&.&) 1 |& — &| > 27277},
For the integral over (1, &) € ‘Rj, = R? \Rj2 we use a bound similar to (5.8):

| /R TR 0 i) (G 12) Ji 60+ G2 + 12+ Q81 &2)) dErdSadiindpy
< Coin/? XR A (61) Ay (€2) Ay (61 + 62) d€
<cr [[ A+ A (€A (26 + 1) dead
|| <292/2

. 1/2
o[ ([ nPiau ae) i s
| <292/2

< OV 2224 A |l 2| Ary | 2| Arg 2,
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which suffices for (5.7). For the integral over (£1,£2) € R;, we use a bound similar
(5 11)

/ Y€1, ) sz (527M2)fk3 (&1 4+ & p1 + p2 + Q(81,62)) dﬁldﬁzdmd/m’

o 1/2
sczmﬂﬂ/?uAkl||L2||Ak2up[ [ B+ 0@ )P dads]
Rj2ﬂ(Uk1><Uk2)
(5.15)

Using (5.14) and the identity w’(§) = —(a + 1)[£|*, we observe that
W' (&1) = w'(&2)] = CT122/2 if (€1,6) € Ry, N (Uy, x Us,) and & + & € Ug,.
As before, it follows that

1/2 ‘
[/ | Biy (&1 + &2,9Q(&1, &))|? dé1dés < C2772/%|| By, || 2.
R]2ﬂ(Ukl ><Uk2)

The bound (5.7) follows by substituting this bound into (5.15). O

We restate now Lemma 5.1 in a form that is suitable for the bilinear estimates
in the next section. For k € Z and j € Z; let V{ = {(£,7) e RxR : £ €
U and 7 — w(§) € J;}.

Corollary 5.2. Assume ki,ko, ks € Z, j1,j2,j3 € Z4, and f,gl € L*(R?) are
functions supported in ij:, i=1,2.

(a) For any ki, k2, ks € Z and j1, j2, j3 € L,

2
Ly (R e < Cmin (|U, |, Uy, Uiy )220 0132390 2 TT | ] 2

i=1
(5.16)
(b) If {i1,i2,i3} is a permutation of {1,2,3} then
2
[y - (L Fillge < CRUT 09 200 dy (ki by b)) 2 T L1 e (5.17)
(c) For any ki, ka, k3 € Z and ji1, j2,j3 € Zy,
2
||1VJ3 . <fii % gz)”LZ < ¢omin (j1,j2,55)/2+med (ji.j2,53) /4 H ||ng 12 (5.18)

i=1
Proof of Corollary 5.2. Clearly,
Iy - (s illee = sup | | f - (il g2 dedr].
k3 17l 2= Jvze
Let ,gg’ = 1V£§ - f, and then g,%’i(f,u) = fkl (& p+w()), i =1,2,3. The functions
gil are supported in Uy, x Jj,, ||gib 12
variables,

= Hf,iLHLz, and, using simple changes of

[ 1 g2 dsar = T g 0.
k3

Corollary 5.2 follows from Lemma 5.1. O
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6. BILINEAR ESTIMATES

In this section we prove several L-based bilinear estimates. All of our estimates
are based on Corollary 5.2. For p € [—1,1] we define the family of normed spaces
X{,

Xp={feL?: fsupported in I x R and

o) 2
Il = Do 2002 |lny (7 — w(©))iiw (). (6. 7) 2 < o0}
7=0 k'=—0c0

(6.1)

Clearly, X, ' = X, (compare with the definition (4.4)) and X} — Xgl ifp<yp.In
addition, it follows easily that

Xot e Zo = X5 P (6.2)
For j € Zy4 and k € Z\ {0} we define the sets
D] ={(67) ERxR:E €y and 7 —w(§) € J;} C Vi, (6.3)
For j € Z4 and k' € (—00,2] NZ we define the sets
D(J)"k, ={(6&,7) eRXR:E£€lyNJy and 7 —w(é) € J;i} C ij,f? (6.4)
Using the definition, if |k| > 1 and fx € Zi then fi can be written in the form
fe=> s
o 0 (6:5)
ZOW/ Brill fillz = Il fxll
j:

such that f,z is supported in Di. If fo € X} then fy can be written in the form

[e'e) 2 .
fo= ;WZ f(]),k’;
o 2T o0
> > 202k e = || follxg

J=0k'=—o00

such that fg,k, is supported in Dg’k,. The identities (6.5) and (6.6) are our main
atomic decompositions of functions in Zj, k > 1, and X}j.
We consider first Low x High — High interactions.

Lemma 6.1. (a) Assume k, ky, ks € Z\{0}, |nk| > 22°, |ng,| < |nkl/2%°, fu, € Zy,,
and fr, € Zy,. Then

(L + [rw])- i () (T = w(€) + )" (fiy * fra)ll 2
< O+ g )72+ el ™0 W o 2, 1 a2, -

(b) Assume k, ko € Z\{0}, |ng| > 2%, fr, € Z,, and fo € X§, p € {—1/2+6,5}.
Then

(6.7)

(L4 )27 i () (7 = w(&) + )7 - (fo * fr)ll 2

s (6.5)
< 0+ )™ lfollg | feall -
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Proof of Lemma 6.1. For part (a), we may assume |ng, — ng| < |ng|/2°. Using
(6.5), we may assume fi, = f. is supported in D! and fi, = f> is supported in

Dﬁ For (6.7) it suffices to prove that

|| - Z 27j/25k,j||1pi S(fly = f e
JEZ4 (69)
< Clrgy |72 =0 - 222 By, £ 2 - 27272 By g | 2 | 2

Using (5.17) and (5.4),

115 - (o f2) e < 20292127 4952 Iy [ 4272 g, | g |~ H/21L, (6.10)

where IT = ||/ 2+ /2 2. Let IV = 29/23,, || f2]| 229/ 8y, s, | /22 1. Using
(6.10), if j = max(j1, jo, ) then

. . . 2-3/243, .
el - 2792y - (F1 % ) e < 2P iz ir - (61)
k ﬁkldlﬂkzué
If jg = max(jl,jg,j) then
Br.j

Il - 2792 By 1y - (F2 % f2)lIee < € 72T (6.12)

2j2/2ﬁk17j1 6k2 WJ2

If j1 = max(jl,jg,j) then

.9—3i/23, . (I fI2 Br,j -1/2 1—(a—1)/2 17
Il - 277261 4111 g - (F2 % F2) e < 0211/2ﬂk1,j1ﬁk2,j2 [y |7 || Ir'.
(6.13)

We observe now that for any &1,£ € R
|Q(£17§2)| c [274 24] (614)

min ([§1], [§2], [€1 + Ea) - max (1], €], [€1 + §2(*)
J1 J2

Thus, by examining the supports of the functions, 1, - ( i K kz) = 0 unless
k

omax (j1,j2,7) > C—1|nk1”nk‘o‘. (6.15)

Thus, using (6.11) and (4.3),

il Y 2B, - (< )
JZzmax(j1,52)
2-3/23, .
<o Y P el < Gl [T
25 >C1|n, |Ink|® Brer g1 Bra. g

If jo > j1 then, using (6.12), (6.15), and (4.3)
el - Y 2792 Bl g - () S e
J<J2
<OY oy [T < Ol |21 In(2 + ) - T

=5, 2B Prad
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Finally, if j; > jo then, using (6.13), (6.15), and (4.3)

sl - 3 2926 g1y (A5 S e

i<

B, - —(a—
<C i »J g 1/2 N 1—(a—1)/2 r
JZ]% 2j1/26k17j1ﬁk2vj2 s I

< Clrgy |72 g (2 + [ng]) - T
The estimate (6.9) follows from the last three bounds.

For part (b), using (6.5) and (6.6) we may assume fo = fglk, is supported in
Défk, and fg, = fﬁ is supported in Dﬁ For (6.8) it suffices to prove that

(1] + 27572 |y, |12y, | 7199 - Z 27j/25k,j||1D£ : (fg,lk/ * 12|12
JEZ4 (616)
< Clng| 7200 27 (=)7K Q2200 g s 22128y, i, 22 -

Using (5.16),
115 - (Fhe * fillLe < C22225 2| i e - 1 72 e, (6.17)

and the bound (6.16) follows easily if 2% |n;,|1 1309 < 1.
Assume that

2 |y [1H300 > 1. (6.18)
In this case [ng| > 27%/2|ng|/2|n,| =19, Using (5.17) and (5.4),
1L - (S * 22 < C2UMFT22HD/2[(29 4 292) g |*] /21, (6.19)
where IT = || f% |2 - || f{2]| 2. Using (6.14), 1p,, - (fih * f{2) = 0 unless
gmax (J1:72:3) > C=19k ||, (6.20)

Let TV = 291 (1=K (/29| fh | 1 932/2G, | 2,0 T j = max(js, o, ) then,
using (6.19),

. ) . 279128, . ,
.9—3/23, . (T J k,j k' (1/2—-6) 1—a/2 17
Il - 272 B 1L g - (S * S22 §C2jl<1/2—6>ﬂk2,j22 || Ir'.

(6.21)

If jo = max(j1, j2,7) then, using (6.19),
9—i/23, . (I J Br.j K'(1/2—8) 1—a/2 17/
el 27972 [y (e B < Oy g /210,
(6.22)

If j1 = max(j1, jo, ) then, using (6.17)

Q—j/QﬁkJ

_ 2 T PREJ 9k'(1-96) T
(D)5, . | - T (6.23)

|| '2_”25&]‘”11);; (S e <C
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Thus, using (6.21), (6.20), and (4.3),

el Y 2l - (i s A e
Jjzmax(j1,j2)
2_j/2ﬂk j k' ’
> (1/2-9) 1—a/2 7/ -0k 1—a 17/
<C > 21 (1/2=8) 3, 2 |7k I < C27°% [ng| IT".

20 >C 12K |ny|e
If jo > j1 then, using (6.22), (6.20), and (4.3)
mad- 32 2792811y - (B ¢ )10

J<J2

Br.j k'(1/2— -
SC i »J D) (1/2 6)nk1 04/2.]:[/
];jz 2J1(1/275>2J2/2ﬂk27j2 | |
< C27% g " In(2 + |ng) - IT.
Finally, if 71 > jo then, using (6.23), (6.20), and (4.3)
el - > 272 Bl g - (f e * 120

J<i1

<C Z Mgk/(l—é)‘nﬂ T < Clnk‘l—a-‘raé T
TS 208, 4, - '
J=01 ’

The estimate (6.16) follows from the last three bounds and (6.18). O

We consider now High x High — Low interactions.

Lemma 6.2. Assume ki, ko, k € Z\{0}, min(|ng, |, |nx,|) > 21°(1+|nk)), fr, € Zk,,
and fr, € Zy,. Then

(1 + [r] ) [Ixw () (T = w(&) +0) 7" (fiy * fra)ll 2,

B B (6.24)
< O+ )™+ Dy |+ s )70 i 2, 1l 2, -
In addition, if min(|ng, |, |nk,|) > 219, fu, € Zk,, and fx, € Zx, then
IX0(€)(T=w (&) + )7 - (fiy * fioa)l 17245
0 (6.25)

< C(l + ‘nkll + |nk2‘)_6 : ”fkl”Zkl ||fk72||Zk2'

Proof of Lemma 6.2. Clearly, we may assume |ng, /ng,| € [1/2,2] and ng, -ng, < 0.
Using (6.5), we may assume fr, = fi is supported in D;} and fi, = fii is
supported in Dy2.
For (6.24) it suffices to prove that
|- 27261 |y - (fL * Sl
JELy (6.26)

< C|nk|_1/2|nk1 |_6 : 2j1/25k1,j1 Hflgi ”L2 . 2j2/25k2,j2 ||f11§ ||L2~
In view of (6.14), 1p; - (f,ﬁ * Igg) = 0 unless

gmax (j1,52,5) > Cil|nk”nk1‘a~ (6.27)
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Using (5.17),

g - (AL # A7l < €2 2(ams) oy 4 g ]2
| | (6.28)
where I = || fi*[|z2 - | f{2[|2- Using (6.27) and (6.28),

el Y 272 B l1L g - (fL2# S72) e
j>max(j1,52)

<C Z 973/2 3y i - || /2|, | (@72 . 9lin i) /21

29 >C = np||ng, |
< Clnk|_1/2|nk1 |_(°‘_1)/2 . 2(j1+j2)/21—[.
Using again (6.27) and (6.28),
|- Z 2*j/2ﬂk,j”1D£ . (fii " ﬁ)”B
Jj<max(j1,j2)
<C Z By - 27 maxU132)/2 Iy, |79/2 . 2001 +32) /271
j<max(j1,52)

< Clog(2 + [y, g, |7/2 - 205207211,

since in this last estimate we may assume 22 (71:72) > C' =i, ||ng, |*. The bound
(6.26) follows from the last two estimates.

For (6.25) it suffices to prove that
2
Do D 2O, ) e
p? Uiy * T lIL
k'=—o00 jEZ 0.k ! 2 (629)
< Ol |72 272 B gy I 2 22 - 222 By 3 | 1 N 22
In view of (6.14), 1,,; - (f,ﬁ * ,gj) = 0 unless
0,k/
gmax (j1,j2:4) > 0—12k,|nk1 | (6.30)
Using (5.16),
11,0 . '(f,ji * g§)||L2 < 2+ /29— max(jr.j2)/2 . 9lin+i2)/2qy (6.31)
0,k

where IT = || f{*|| 2 - | f2] 2. Clearly,

> 2790 g7 mGLIN /2 < O(1 4 2V i |7) 7,
zmaxul,h,]’)chlgkﬂnkl\a
and the bound (6.29) follows from (6.31). O

Finally, we consider interactions of comparable frequencies.

Lemma 6.3. Assume ki,ks € Z, k € Z\ {0}, (1 + |ng,|)/(1 + |ng|) € [2729,2%0],

1=1,2, fk1 S Z;ﬁ, and sz € Zkz- Then

(L + ) Ixr(©) (7 = w(&) + )" (fay * fro)ll 22
< CA(ky, ko, k) + ()0 - L ol 2, [ sl 2, »

(6.32)
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where, with A = min (H”k1| — \n;@H, |\nk| — |nk1||, ||nk\ — |nk2||),

1 if A< 259(1+ |ng )2,

Al b, k) = {AW if A>2%(1+ [ng|)1/2.

In addition, if k1,ko € Z, 1+ |ng,| € [2720,220], i = 1,2, fy, € Zk,, and fx, € Z,,
then

Ix0(€)(T —w(&) + i)~ - (fi, * Fellx o140 < Cll il 2, 1 frall 24, - (6.33)

2100 2100

Proof of Lemma 6.3. We analyze two cases: |nj| > and |ng| <
Case 1: |ng| > 210, In view of the hypothesis, |ng,| > 270, i = 1,2. Using
(6.5), we may assume fy,, = fi! is supported in D! and fy, = f}2 is supported in

foz For (6.32) it suffices to prove that
mad- 3 2797280 1y - (£ % £
JELy (6.34)
< Ok, b, )l = 227285, i ez - 27272 B 3 22

In view of (6.14), 1, - (f,gi * gg) = 0 unless
k

gmax(j1,52,7) > 071|nk|0‘+1 and By ; < Cmax(Br, jy» Bk .ja)- (6.35)
Using (5.18),

I - (F % f2) 11 < 200+w4)/2g- max(inzd)/2 g
% 1 2 — ’

where IT = ||f,zi||L2 . ||f,g§\|Lz Thus, using (6.35),
el - Y 272 Bt - (L f72) e
= (6.36)
< Cn(2 + gl =702 2028, S F e - 27272 By o | 22 | 2

It remains to prove the bound (6.34) in the case A > 2%9(1 + |ng|)'/2. In this
case, using (5.17),

11, '(flﬁ * gj)HLQ < 2052 +9)/2[gmax(iniz.0) A|p, |*~1)Y/2 L 10
]

The bound (6.34) follows from (6.35).
Case 2: |ni| < 2190, Since |ng,| < C, i = 1,2, for (6.32) we have to prove that

||Xk(£)(7— - w(f) + i)_l ’ (fk1 * ka)HZI« < Ckal ||Zk1 ”sz ||Z1«2' (637)
It follows from the definitions and (6.2) that
Z 2/(1=9) ||77j (T - w(g))sz HL2 < CHf/fz ||Zkl ) (6'38)
JEZL

for I = 1,2, since |ng,| < C. The bound (6.37) follows easily using (5.16). The
bound (6.33) also follows from (6.38) and (5.16). This completes the proof of the
lemma. ]
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7. MULTIPLICATION BY SMOOTH BOUNDED FUNCTIONS

In this section we consider operators on Z; given by convolutions with Fourier
transforms of certain smooth bounded functions. As in [10], for integers N > 100
we define the space of admissible factors

S¥ = {m:R? — C: m supported in R x [—10,10] and

N o N N oy (71)
Imlisg = > 107 mll= + Y > 1107 072m] 2 < oo}

o1=0 o1=002=1

Notice that bounded functions such as 7o(t)e?, ¢ € R, ¥ as in (3.10), are in SS.
We also define the space of restricted admissible factors

S% = {m:R* — C : m supported in R x [—4,4] and

X (7.2)
Imllsz = > > 1107 0*ml| 2 < oo}

0’1:0 0'210

It is easy to see that bounded functions such as 19(t)¢1owe’?, ¢ € R (with the
notation in section 3) are in S%. Using the Sobolev embedding theorem, it is easy
to verify the following properties:

S¥ € SF¥_105

S¥ S S S¥-10
S% - S¥ € S¥_io
9:5% C S} _10-

(7.3)

For k € Z we define
M = ) J;yand MY = (M) (7.4)

274203 [ |
and
7)€" = L f, € Z), - fr is supported in {7 — w(€) € M"&"}}. (7.5)

Clearly, Z,};igh = 7 if |ng|® < 220, The main result in this section is the following
proposition.

Proposition 7.1. (a) Assume ki,ky € Z, f,?ligh € Z,};ligh, e € {—1,0}, and m €
S%60- Then

HXk2(§2)(T2 —w(&) +i)° (fr *f(m))‘

< O+ [ky — ko)~ (2 + [rg, ) [ml s, - 171 — w(&) + ) f18 2, -
(7.6)

Zk2

(b) Assume k1,ko € Z, k1 #0, fx, € Zk,, € € {—1,0}, and m’ € S%y,. Then

Hsz (€2)(r2 — w(&) +1)° - (fas * }—(m/))‘ Zi,

< C+ [k = k)™ (2 + [y ) || 2

100

A = w(&) +9)° - fiill 2, -
(7.7)
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In addition, if fo € X0 (see definition (6.1)) then

[ €2 (2 = &) + ) (fo x F ()|
(7.8)

< CH+ k)™ Nm llsz,,, - I(r1 = w(€n) +14)° - follxg-

100

The rest of this section is concerned with the proof of Proposition 7.1. The
proofs in this section are similar to the proofs in [10, Section 9]. We may assume
[mllsg, = [[m/[ls2,, = 1. For any j” € Zy and k" € Z let

M o = F [0y (1) (€) F (m)]
Mir oo = F 0o (7)1 (§) F(m)].

Let mcgr g = Zk”/<k” My i and m%k,,)ju - Zk””<k” m;€//,7j,,. Using (71) and
(7.2), for any j” € Z4 and k" € Z,

(7.9)

||mSk”,j”||L§f’t S 02_80j,/; (7 10)
25 |l o ||z, + I g || pge, < C(1+ 287) 780278077, '
and
[ jollzz, + (1 + ok )"l ol 2, < G275 (7.11)

We prove the proposition in several steps.
Step 1: proof of (7.6) in the case k; = ky = 0. The estimate (7.6) in this
case is the main reason for defining the space Zj as in (4.6), instead of, for example,

Zy = X&UQH. Using the definition (4.6) it is easy to see that
(7 = w(&) + )Pz, = (T + )R] 2, (7.12)

Therefore, we have to prove that

[ote) @+ (fox Fm))| < Clltma +0)° - folz (7.13)

for any fo € Zp, € € {0, —1}.
Assume first that (71 +14)°fo € Xo = X', Using the representation (6.6), we

may assume that fo = 3, is an L? function supported in D', k' <2, j; >0,

(1 + ) follxo = 2927 =027 £ ) e
We decompose

o0 oo oo
m = Z mgk’—lO,j” + Z Z mk//7j//,
§""=0 k""=k'—9 j"=0

For (7.13) it suffices to prove that

i HXo(ﬁz)(Tz +i) - (f * 7:(m§k'—10,j"))HX0

j3""=0

10 e}
Y D |Pol@)m 4 (e = Flmie )|

k'’=k'—9 j"=0

(7.14)

Yo

Sczejl 2j1(1—6)2—k' Hfglk/ HL2
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Using the definition (4.4), the first sum in the left-hand is dominated by
C Z Z 25j22j2(1—5)2_k"|nj2 (1) - (fg,lk’ « F(m<i—10.7))| 12
j""=0j2=0
We observe that 7, (12) - (fg}k, * F(m<p—10,5)) = 0 unless
(jo, ") € LS ={(jo,§") € Zy X Ly : |1 — jo| < C or j1,j2 < j"+C}  (7.15)

for some constant C. Thus, using (7.10) and Plancherel theorem, the expression
above is dominated by

Z 9€j2952(1=8) 9 —k’ ||fglk/ || L2 ||m§k’710,j” L < C9¢i 9d1(1=8)9—k’ ||fé}k/ e,
(42,4 )ELS,

as desired. Similarly, the second sum in the left-hand side of (7.14) is dominated
by

10
ED DD DI il G R Ve

k/'=k'=9 (j2,5)ELS,

10
<Ol fglh 2 Z Z 29299200 [y 10| 12 1o
K1=K=9 (jo €L,

SCQEjl 2j1(1—6)2—k~’ Hfglk’ ||L23
where in the last inequality we use ||mgr ji||p2pe < C2-%"2-703"  compare with
(7.10).

It remains to prove (7.13) in the case (11 +1)° fo € Yo. Using the definition (4.5),
we may assume fo = g}' is supported in Iy x J;, and

1(m1 + ) folly, ~ 272 O F (g3 1 2.
For (7.13) it suffices to prove that

> Ixo(&)(72 + ) (g8 * Fm<ao jn)llvy < C27 2D F Y (gg)l|a e
j§7>0

Using Plancherel theorem and (7.10), the left-hand side is dominated by

c Y 20T F () macag ol pa gy < C29 20 70| FN () | pa s,
(42,4")€LS,

as desired.

Step 2: proof of (7.8) in the case k2 = 0. Using the representation (6.6), we
may assume that fo = fJ', is an L? function supported in Défk,7 K <2 51 >0,

(71 — w(&) + 1) foll xo ~ 297220 = f1 || o

In view of (7.12) it suffices to prove that

D Ixo(€)(r2 +8) - (3l * Fmlao o)) lvy < C29 2| fh 2. (7.16)
j3'=0
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Using Plancherel theorem and (4.5), the left-hand side of (7.16) is dominated by

Clflle > 22079292 Imlyg il L2z,
(2.4")ELS,

and the bound (7.16) follows since [[m’ ¢ ;u |20 < C2-70" | compare with (7.11).

Step 3: proof of (7.6) in the case k1, k2 € Z\{0}, |k1—k2| < 10. In view of the
definition of Z; hlgh and (6.5), we may assume that f; high _ 7! is an L? function sup-

ported in DJ}, 220 > [ [ (| (71 = w(&0) +4)° fhlghllzk1 ~ 2922 B, | e

We write
o0 o] o0
m = E m<_100,57 + E E My o (717)
§""=0 k''=—99 j/"=0

For (7.6) it suffices to prove that for e € {—1,0}
D ks (€2) (72 — w(&2) +14)° - [f! 7'"(mg—1oo,j")}(§2,Tz)HZk2

>0

D D (@) —w(&) + )7 [f) * Flmwr j)(2, )|, (718)

k'">—-9935">0
< O(2 + g, )29 222 By 1 2 e

To bound the first sum in (7.18), we use (6.14) and 2* 720 > |n;, |* to conclude
that 1., - [fi} * F(m<_10057)](€2,72) = 0 unless (j2,5”) € LS, see definition

(7.15). Usmg Plancherel theorem and (7.10),

< 0278 || f1]| 2.

J1
ka * F(m<_100,;") |L2
£2,72

Thus the first sum in (7.18) is dominated by
C Z 26]22]2/2ﬂk2 j22 805" Hf]zl ||L2
(25" )ELS)

which suffices (recall that |k; — k2| < 10).
To bound the second sum in (7.18) assume first that € = 0. As before, we use
(6.14) to conclude that 1,5, - [f]! * F(mpn jo)|(€2, 72) = 0 unless
k2

lj1 — J2| <4 or ji,j2 <logy(nk,|*) + K" + 5" + C. (7.19)
Using Plancherel theorem and (7.10),
(175 Fmaer )]y < O35 20 . (7.20)

Thus, using j1 + C > logy(|ng, |*), the second sum in (7.18) is dominated by
O Y sy, Y 9,
k>—99 j" >0 Je<j1+k"+j"+C

<0228y i | F I e

We bound now the second sum in (7.18) when ¢ = —1. The main difficulty is
the presence of the indices jo < j;. In fact, for indices jo > j; — 10, the argument
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above applies since the left-hand side is multiplied by 2772 and the right-hand side
is multiplied by 2771, In view of (7.19), it suffices to prove that

D A e e G|
K+ > j1 —logy |1k, |*)—C j2<j1—10 ’ (7.21)
< C(2+ |ngy )27 B o L7 22
If ji > logy(|ng, |*T1) — C the bound (7.21) follows easily from (7.20). Assuming

g1 < logy(|ng, |*FY) — C, the sum over k” > logy(|ng,|) — C in (7.21) is bounded
easily using again (7.20). If k" < log,(|nk,|) — C then, using Corollary 5.2 (b)

- 17 1" . _ -
||]_Di22 . [fgi * f(mk//yj//)}HLz § C210(J +k )2j2/2|nk1| a/2‘|mk//7j//||L2||f]zi||L2.

The bound (7.21) follows using (7.10).

Step 4: proof of (7.7) in the case ks # 0, [k1 — k2| < 10. In view of (6.5),
we may assume that f, = fI! is an L? function supported in D}, ||(11 — w(&1) +
0 frllze, = 2920728, 5 || £ |12, In view of the case analyzed earlier, we may
assume that

271 S |nk1|a.
For (7.7) it suffices to prove that for e € {—1,0}
D D (@) — w(&) +0)° - [ = Flmi )|,
k//EZ j//ZO
< O(2 + [, )27 27265, LA e
Using the definition of the Zj, spaces, this is equivalent to proving that
S S S g 5+ Pl
k' €Z §" 20 j2>0 : (7.22)
< CIn(2 + g, 292222 B, || fil | 2
This follows using the bound (5.16) for 2" |ny,|* < 1 and 25" > |n, |/100, and the
bound (5.17) for 25" € [|ng, | =%, |nx, |/100].
Step 5: proof of (7.6) and (7.7) in the case ki, ks € Z\ {0}, |k — k2| > 10.
Clearly, it suffices to prove the stronger bound (7.7). In view of (6.5), we may
assume that fg, = fi! is an L? function supported in D)}, ||(11—w(&1)44)  fr, | z,, =
2601201/23; o [ f72 )2 Tt suffices to prove that
> D ks () (72 = (@) + ) LAl Flmior o)l 5,
2> (I, |+, [)1/2 5720
< Clky — ka|=%029129 26y || 4 2

Using (5.16) and (6.14), it suffices to prove that

Z Z 9€d2 2j2/25k2,j2 Hf;ii ||L2210k//+10j/, ||m;€//’j,, 5o
25" > (|ngey |+ |meg [)1/2 G253 (7.23)
< Clky — k2|76026j1 2j1/25k1,j1 Hflgi Lz,
where the sum over j, and j” is taken over the set

{(2,7") € Zy X Ly : |j2 — ju| < C or j1,ja < 10K" + 105" + C}.
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The bound (7.23) follows easily using (7.11).

Step 6: proof of (7.6) and (7.7) in the case k; = 0, ky # 0. In view of
(7.12) and the discussion in Steps 3, 4, and 5, it suffices to prove that

Ix0(62/2") (72 +0)(fay * F(m))llzo < Cloa| ™ (r1 = w(&r) +9) i || 22,

for any fr, € Zi,, € € {—1,0}. In view of (6.5), we may assume that f, = f,ﬁ is
an L? function supported in DI (i —w(&) +9) fryll 2., = 2601201/2 3 [P IEE
It suffices to prove that

Yo D 2R F o (a2 )y, () (S} % F (i )l 2

2K +10> |, | 5720 j220

< C|k‘1 |_602€j1 2j1/2ﬁ/€17j1 ||flgi ”L?"
(7.24)

where the restriction 28 +10 > |nk, | may be assumed due to the support property
of fﬁ Using (7.11) and the support properties,

17~ xo(62/2" )5 (r2) (£21 % F (i )12 < CUSE L2 Imir ol 2 Lo
< 2~ T0(k"+5") Hf;gi L2,
and [|[F ! [x0(&2/2'%)n;, (TZ)(flzi * F(mpn o)1 zz = 0 unless
1 —J2l <4 or  gi,j2 <57+ logy(|ng, |*) + C.
The bound (7.24) follows easily, using also 2j1/2ﬁk1,j1 > 211 (1=9)|n, | =1,

Step 7: proof of (7.6) and (7.8) in the case k2 # 0, k1 = 0. In view of (6.2)
and the discussion in Steps 3, 4, and 5, it suffices to prove that

Ixks (62)(72 = w(&2) + ) (fo x F(m'))l|z,, < Clh2ll(r1 — w(&1) + ) follxg

for any fo € X9 supported in {(&1,71) : [€1] < 27°}, e € {~1,0}. In view of (6.6),
we may assume that fo = fg}, is an L? function supported in D'y, k' < —10,
[(11 —w(&) + ) follxo = 26121 (1=0)|| £21 || 12 Tt suffices to prove that

S 2 D22 Ly - (il * Flmis o)
2k”+102‘nk2|j”20j220 2 (7.25)

< C|k2|—6026j1 2.71(1—5) ||f871k, ||L27

where the restriction 28" +10 > |nk,| may be assumed due to support properties.
Using (7.11) and Plancherel theorem we have

1Lz - (f3 % Fmir o) lze < C27OE DY £ o

D2

Using support properties we have ||1D£22 . (fg’lk,  F(min jn))lz2 = 0 unless
Jr—dol <4 or g1, g2 < j" +logy(|nk,|*) + C.

The bound (7.25) follows easily, using also 272/23;, ;, < €272(1=9),
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8. THE MAIN TECHNICAL LEMMA

In this section we combine the estimates in sections 6 and 7 to prove our main
global estimate. We define

I, = I lm for k7 0and |- [|g = [IF()lxg 61)
I+ ll5, =1l Il for k0 and || - ||z, = [I(r = w(€) + )~ F()llxg '
see (6.1). These norms are clearly controlled by || - ||s, and || - ||~, respectively.
Moreover,
10:()ee < CA+ Dl -7, 1020)ln < CA+ kD] - 5,

Lemma 8.1. Assume o € [0,2] and ¥ : R — R is defined as in (3.10). For any
(k1,k2, k) € ZXZ X Z assume that ag, i,k € [—4,4], wkhkz)k,w;%khk eCR:H)
are supported in Ry X [=4,4], F(Wk; kyk) € Zkys F(Why 1y 1) € Zhss

sup || F (Wi ky k)l 22, = Ty and sup || F(wp, g, o)l ze, = Thy-
ko ,k€EZ k1,k€EZ

Then

SO A3 0P g g vt 1, 1) v,
kEZ k1,k2€Z

. 2
1P (e 2 e gy s, e, 1)l )

<O ST 2) (30 (1 )20,

k1€Z ko €Z

+ (D0 00, 2) (0 (1 b )T,

ki1€Z ko €7

Proof of Lemma 8.1. Assume first that
Aky ks = 0 for any ky, ko, k € Z. (8.3)
In this case we use only the dyadic estimates in section 6. For any k € Z let
Qr = {(k1,k2) €EZ XZ : (I, + I,) N I, # 0 and |ng,| < |ng,|}-

With J; as in section 4, it suffices to prove the (slightly stronger) estimate

S 2@t/ ST (N P (wi ko Why o )l 5,)

1=0 ng€Jr  (k1,k2)€EQk (8 4)

oo

SC(ZQ*(é/z)ll Z Fklz)(iQ(zgﬂw)zz Z 1‘;22).

11=0 ng, €J1, l2=0 Ny €J14

We fix now | € Z, and estimate

2% Z ( Z ”Pk(wlm,kz,k'w;cQ,kl,k)”Nk)Q-

ng€Jr  (k1,k2)EQk
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We split the set Qr = Q). U Q7 U QY/', where we define the three subsets according
to the conditions of Lemma 6.1, Lemma 6.2, and Lemma 6.3:

0l = {{(kl,i@) € Qu lnpa| < gl 210} if [my| > 270
0 if [ng| < 220
i ={(k1,k2) € Qi+ |ngey | > 2'°(1 + [ri])}
W=k k2) € Qu (14 Ini])/(1+ [na]) € [27%9,2%°] for i = 1,2}
Using Lemma 6.1 we estimate

25T (S P Wk e Why g )5,

ng€Jr  (k1,k2)€Q)

< 0220 Z ( Z Z 2—11/22/”1,12,%))2 (8.5)

nip€J; llﬁl—lolge[l75,l+5]

S02_355/2 Z Z Z 2_l12/(l1,127nk)27

nk€J; 13 <I—10 15 €[1—5,1+5]

where

E/(ll,lg,nk) = Z Fkl ;€2'

Ny €J14 kg €EJ1g 5 [ Mky Fkey —ng | <20/2+10
We observe that for any ny € J
. 1/2410 11/2
’{(’I’Lkl,nkz) € Ji, x Ji, |nk1 + ng, —nk| < 2t/ }’ <C2 /2,

Indeed, for any ny, € J;, there are at most C numbers ny, € Jj, for which |ng, +
Nk, — ng| < 212419 Moreover, we observe that for fixed ky, ko

[{re € Ju s gy + g, —mp| < 22710} < C.

Thus

Z E/(thQunk)z < C2l1/2( Z ]_—‘k12)( Z F;€22>,

nr€J; nkleJll "kQGJLQ

which shows that the left-hand side of (8.5) is dominated by

02—316/2(50:2*11/2 Z I‘k12)( Z Z F;c22). (8.6)

11=0 N, €J1y lo€[l—5,145] nk, €J1,
Using now Lemma 6.2 we estimate

225 (N N Pewhy e why g )|, )

ni€J; (kl,kz)EQg

et 3 (Y 2N b)) (8.7)

nE€Jy l1,la>145,|l1 —12]<2

< 0270 Y7 > 270 (I, Iy ),

ng€Ji 11, la>1+5,[11—12]|<2

where

E”(ll,lz,nk) = Z Fkl ;62.

Ny €11 Mk €EJ1y | Mk F1ky —np | <201/2H10
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The Cauchy-Schwarz inequality implies

Sl m)? < (Y T (Y L)

Nk, €J1y Ny €J1,

Since |{ny : ny, € Ji}| < C2!/? the left-hand side of (8.7) is dominated by

027(1/2+5)z( i 9—(8/2) Z T 2) ( i 9= (8/2)12 Z F%f)- (8.8)

l1=I+5 ng, €Ji, la=1+5 N, €J1y

Finally, using Lemma 6.3 we estimate

2N (N Powky e Why ) 7,)

nk€Jr  (k1,k2)€Q]

S 02_25l Z [ Z A(kh k27 k)Fkll—‘;cz]Q

nEE€Jr  14ing, [ 1+]ng, |€[20740,21440] (8~9)
In gy +npy —npl<C2L/2410

< o272 > T ] [ > ry,”’].

14|k, |€[21—10,21+40] 1+|ny, |€[21—40,21+40]

The bound (8.4) follows from (8.6), (8.8), and (8.9).

We remove now the hypothesis (8.3). Let I'(o) denote the right-hand side of
(8.2). Since 9 (e!®1:+2:x¥)ng(t/4) € Sy, it follows from Proposition 7.1 (b) (with
e = —1) that

(| Pr (8 (€752 52+ ¥ Y, oy kWi oy 1) ||

<CY (14 )0 m(2 + [ngw | Payo (W oy kW g ) | 5,
VEZ

for any k, k1, ke € Z. Thus, using (8.4),

2
Z(l + |nk|)20+2+5/4< Z ||Pk(am(ewk1’kQ’kw)wkl,kg,kwémklJg)”Nk) < T(0).
kEZ k1,k2€Z
(8.10)
To control the first term in the right-hand of (8.2) we decompose the functions
W, ko, ke a0d wfw, k. into high and low modulation components according to (7.4)

Wiy kok = Uky ko,k + Vky,kak
= ffl(lMg;gh (7 = w(&))F(Wky ey k) + 771(1M,;3w(7 = wW(&))F (W, k),
and
! ! !
Wiy ki ok = Who ki ok T Vko ko k
= FH (1 i (1 — w(€)) F(wiy 4, 1)) + F~H (Lpgon (7 — w(€)) F (W], 4, 1)
ko ko
It follows from Proposition 7.1 (a) (with € = 0) that, for any v € Z

Sup 1F (Pry o (€50 2 o (8 )y ey 1)) | 20y 0 < C(LA 1) 720 In(2 + [rg, )T, -
2,kEZL
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Thus, using (8.4) with Uk, 4u k) ks k = Pk1+,,(ei“’“1vkzv’“‘l’no(t/él)ukl,kmk)

. 2
Z(1+‘nk|)20+5/4( Z H8$Pk(emk1,kz,k‘l’ukl)kz’kw;c%khk)HNk)

keZ k1,k2€Z
2
) ~ 8.11
<S> 0P sk bkt ) ) )
kEZ v,k1,k2€Z
<T(o),

as desired. Similarly,

. 2
S a2 (D 0Pk P g i, g, i0(t/4) v, ) < D).
keZ k1,k2€Z

(8.12)

Finally, to control the contribution of U;ﬁ,kz’kvjm ky ke We make the observation
that the product of two functions of low modulation has high modulation:

F (P (vkl,kz,kvg%khk)) € Z,?,igh for any k' € Z.

This follows from (6.14) (recall that Z,}:igh = Zj, if |ng|® < 229). Tt follows from
Proposition 7.1 (a) (with e = —1) that
100 Pro (€ 51025V o (8 /4) 0, g 6V ey 1) |

< [ Pe (0 (€042 Yo (£/4) Vky gk Vg ey 1) |

+CY (14 )2 + [k )10 P (Ve o 5V ey 1) N -
VEZ

Thus, using (8.4) and (8.10)

. 2
SO+ 2T 0Pl Y o (£ 4) 0k s gV )l ) S D).
keZ k1,k2€7Z

(8.13)
The lemma follows from (8.10), (8.11), (8.12), and (8.13). O

9. COMMUTATOR. ESTIMATES
We prove now several commutator estimates. Recall the definitions (8.1).

Lemma 9.1. Assume that R(D) = 92 D2 for o1 € {0,1} and 1 < o9 < 2 or
o2 = 0. Assume further that m,m’ € S%5,, ||m||ses, + [|m/||see, < 1. Then, for any
cel0,2] and k,u€Z

(L ) (1 + 1127 | P [ PeR(D) (m' ) = PR(D) (min'w)] [,
< O+ )00+ I P 22 o g ) Plly O
VvEZL
and
(L 1) (1 + 127 | P [ PeR(D) (') = PR(D) (mim'w)] [,
<O+ )0+ e 2 22 4 g Pl

VEZL
(9.2)
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Proof of Lemma 9.1. We decompose w = ) ., Pry,w and define the function

q(&) = (i€)7 €17 xx (£)-
We calculate
FlPesp[mPyR(D)(m' Peyyw) — PrR(D)(mm’ Pesyw)]|(€, 7)

=CXk+u(§) F(m)(&r, 1) F(m/ Pogyw) (€ — &1, 7 — 11)[q(€) — (€ — &)] dérdm

RxR
=C F(Pryrw)(& — &, 7 — T2) - K(&2, 12, &) déadm
RxR
=C H(E —7) [/ F(Prprw)(§ — &2, 7 — 7o) - K' (€2, 72,7) d§2d72} d,
Ty R2

where H denotes the Heaviside-function and
K(&2,72,8) = F(m) (&, m)F(m') (& — &, 72 — 71)
o 1a(€) — a(€ = &)]xw+p(§) dardmis (9.3)
and
K'(&.7m2,7) = F(m) (&, m)F(m')(&2 — &, 72 — 71)

RxR
+05[(¢(7) = a(v = &)X (V)] dérdrr. (9.4)
Case 1: k + p # 0. By definition of the norms it follows for € € {0, —1}
(7 = w(&) + ) F [P p[mPeR(D)(m/ Peyyw) — PoR(D)(mm/ Peyw)]ll 2.,
<C n(y)d,

Ik+u
where

() = (r = @)+ 0 [ FPLs)€ = arm = ) K (€2,72,7) déadry

k+p

For v € I}y, fixed it is easy to see that
F UK (7)) = Cm/ - FHF(m)(&,m) - 04 [(a(v) — a(v — €0))xkrn (V)]
is a restricted admissible factor and
IF K (o lsz,, < O+ ) ™01 + gy )72

100 —

The bounds (9.1) and (9.2) follow from estimate (7.7) in the case |k +v| > 1 and
from (7.8) in the case k + v = 0, combined with the Cauchy-Schwarz inequality.
Recall that the integration in v is over an interval of length = (1 4 |ngy,])"/2.

Case 2: k+ p =0 and |k| > 2. We use the following decomposition: For any
k' € Z define

myy = F [ F(m)]

and set M<pr = D pwcp Merr, Mspr = D4 My If m satisfies (7.1) we obtain
Imsillsz,, < €27 (1424) 7%,

‘We have
Pyyp[mPyR(D)(m/ Pyppw) — Py R(D)(mm/ Pypyw)]

=Po[msp Py R(D)(m' Py w)]
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for k" =logy(|nk|) — 10. We apply (7.7)
I(m = w(&) + ) F Polmsp P R(D)(m' Py w)]](€,7) | 2
< CA+ KD+ ) ™ Ixa (€) (7 — w(€) + ) F (' Poyyw)(r, )| 2, -
If |v| > 2 we repeat the same argument with m/':
Xk(€)(T —w(&) + 1) F (m/ Peyyw)(7,€) = xn (&) (7 +w(&) + ) F (Ml g Prgrw) (7, 6).

with &' =log,(1 + |ny|) — 10, and we apply (7.7) if k + v # 0 and (7.8) otherwise.
If |v| <1 we can afford to use the crude bound

Ik (E) (7 — w(&) + ) F(m Prypw) (1, 6|z,
< C(l + |nk|a+1)”X}c+V(§)(T - w(&) + i)ej:w(Tv £)||Zk+u7

which is straightforward, compare (7.6) and its proof for the high modulation case.
In conjunction with (9.6) this finishes the discussion of Case 2.

Case 3: k+pu=0and |k <1.

Subcase 3a: |v| > 3. Define v’ = log,(1 + |n,|) — 10. It suffices to consider

Ix0(6)(r = w(&) + i) F[mMR(D) Pe[m’, , Pryrw] — R(D)Pe[[mm] 50 Pegyw] |l 2,
We apply the triangle inequality and obtain the estimate
Ix0(&) (7 = w(&) + i) FlmR(D) Pi[m. , Perw]l|l z,
<Cllxx(€)(1 = w(§) + 1) Flml s Porw] 2,
for the first contribution by applying (7.6). Due to
M llsz,, < C+[ny])7*°

100 —

(9.6)

(9.7)

we can now apply (7.7) to conclude further

Xk (E)(T = w(§) + D) F[mL s Pryrw]l| z,
< O+ W)™+ )™ X () (7 = w(€) + 1) Fwl 24,

which is sufficient. For the second contribution we directly use the estimate (7.7)
and obtain

Ix0()(7 = w (&) + ) FIR(D) Pe[[mm/l,s Piywll 2
<O+ D)™+ I )™ () (1 = w(€) + 1) Fuwl 2,

because
<C(1+ |nl,|)*80.

Subcase 3b: |v| < 2. The only issue here is the structure low frequency com-
ponent Z, of the norms. We decompose m = m<_19 + ms_19 and m' Py, w =
[m/ Py ypw]<_20 + [m' P,w]s 2.

Contribution i): m<_19 and [m'Pyy,w]<_20. In the case where o1 = g2 = 0 we
have

[/} |52,

mS,wR(D)Pk[m/PkJrV’LU]S,QO — R(D)Pkmg,lo[mlpkﬂ,w]g,go = 0,
and if oy = 1, 09 = 0 we obtain
mg_loR(D)Pk[m/Pk_,_l,w]S_gg — R(D)Pkmg_lg[m’Pk+,,w]§_20

= — (0am<—10) Pr[m’ Pryw]< 20,



A PARA-DIFFERENTIAL RENORMALIZATION TECHNIQUE 33

hence we can assume k = 0 and the presence of Py is redundant. In this case, we
decompose

/ ! /
m'=mc_sg+ms_30,  PryrW = Pryppw<—30 + Prypws_30.

For the first contribution (m’S730 and Py, w<_30) we obtain the bound
1(@em<—10)m% _s0[Prsvw]<—s0llz, < Cl|Pesowllz,

by using [|0zm<_10-m< _30ls2,, < 1 and (7.8). For the second contribution (m% _3,
and Pj4,w) we obtain the bound

1(@2m<—10) Pr[m’ _30 Peyrw]< 20|z, < ClPresvwllz,
where we successively use (7.7) or (7.8) as well as
[0em<—10lls2,, <1, mi_z0llsz,, < 1.

Concerning the third contribution (mZ_s, and [Py4,w]>-30) we successively
apply (7.8) and (7.6) and we observe that ||[Py+,w]>—s0(/z, < C||Petrwllz, -
If o1 + 02 > 1 we apply the triangle inequality and use (7.6) for the first term
Ix0() (7 = w(&) + ) Fm< 10 R(D) Py [m' Py w] < —20]l 2
< Cllxo(O)(7 = w(§) + i) F[R(D)[m' Petyw]< 20| z,
o0
< 0 220 gy (1) Flm/ Pyl 2.,
§=0

We decompose in modulation and use Plancherel (similarly to Step 1 in the proof
of Proposition 7.1) to obtain the estimate

> 220y () F ' Pl 2,
P (9.8)

<O 220y (€, (D Fw(r, Ol 2
j1=0

where we exploit that m’ € S7f,, which is sufficient. Concerning the second term
Ix0(€)(7 = w(&) + 1) FIR(D) Pem<—10[m’ Prywl<—20] 2

< CY 29207 In; (7)x0(§) Fm< —10[m/ Peywl< a0l 2
7=0

< C Y 20200 Iy (O)my, (1) Fu(r, Ollzz
j1=0

as in (9.8), using m<_19,m’ € S55-
Contribution ii): ms_19 and [m'Pyy,w]<_20. We apply the triangle inequality.
Note that [|m>_1ols2, < 1 and there is only a contribution from the first term if
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k = 0. Note that for |¢| < 2720 the term vanishes. We obtain the bound

[x0(§)(7 — w(§) + 1) F[m_10R(D) Pi[m/ Py rw]<—20]l| z,

< 02207 |Ixo(&); (1) Flms 10 R(D)[m’ Prssw] <20l 2
j=0

<C Z 9€i19(1=6)j1 ||Xk+u(£)77j1 (T)}—’LU(T, g)”Lfyga
Jj1=0
by applying (9.8) twice. The second term can be treated similarly.
Contribution iii): m and [m’' Py, w]s_20. Again, we apply the triangle inequal-
ity. For the first term we apply (7.6) and use the definition of the spaces
Ix0(&) (1 = w(§) + i) FlmR(D) Pi[m' Petyw]s 20 z,
< Clxw((r — w(§) +9) FIR(D)m' Peyywls 20| 2,

<C Z 2j€2(1—(5)j ka (g)nj (T)f[m/PkJrVw] ||Lf_7§ 7
7=0

and apply (9.8). Concerning the second term we apply (7.6) to obtain
Ix0(§)(1 = w(&) + i) F[PLR(D)[m[m’ Petywls —20]]ll z,
<C Y (A + KD hxw (€) (7 = w(€) + ) Flm' Pyl —20] 2,,
k'€Z
< O3 22070 g, () Flm' Peyuol 2
§=0

The claim follows from (9.8). O

Additionally, we will need a higher order commutator estimates. Let us define

[D*0,;m/] &Y

=D, (m'w) — m'D*Opw — (a + 1)0,(m') Dw + @ai(m’)DO‘*z@zw.
Lemma 9.2. Let o € [0,2]. Assume that R(D) = 0,D* for 1 < a < 2. Assume
further that m,m’ € S55,, |m|lses. + ||m'|lsec. < 1. Then, for any k,pu € Z, k # 0,

201 201 —

(U L)1+ )7 | Pr [P [0 ol
<C(|0yml2s, + l0wm|1%s, )

@+ )T+ g )27 (2 g )| Prss |
VEZ

(9.9)
2.
Nisr'
Proof of Lemma 9.2. We decompose w = ZVEZ Wy, where wy, = Py, w.
Case 1: 1 < |k| < 10. We apply (7.6) in order to obtain

(14 ) P ulm P [D* O m] g wi ol iy, < CllP:[D Oy m] g il

3)
Further, since k& # 0 and

I[E]7E — € — &]* (€ — &) < Cl& (€] + 1€ — &)
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we have
| Pe[D® 0y (m'wy, ) — m' D*Opwy, 1] || .

SCA + [ ) Ixk () (T — w (&) + )| FOem| | Fwy vl 2,

<C(A+[v)"*)0.m || sz, Nwr.

200

S
where in the last step we have used (7.8) in case k+v = 0 and (7.7) otherwise. For
the other two terms we have

182 (m") D wi ||, (103 (M) D20 wie | e < C(L41) =00 || 52, lwrwl 5,

200

by (7.8) in case k 4+ v = 0 and (7.7) otherwise.
Case 2: k+ p =0 and |k| > 10. In this case we may replace m by m>o and
use (7.7) to obtain the upper bound

| Peuln Py [D 0 '] g o R,

<O+ k) ™m0l P[00 m] g wis %,
and observe that [[m>o|s2. < C||0zm||sz . We apply the triangle inequality and
bound each term individually, using Proposition 7.1.
Case 3: k+pu#0, k+v =0 and |k| > 10. In this case we may replace m’ by
m%,. We use the crude bound (similar to (9.7))
(1 + ‘M|)40|‘Pk+u[mpk [Daam; m'] (3)wk‘7y”?\/'k;+“/
SO+ i)™ P[00 ] i -

We apply the triangle inequality and use [|migllsz, < C|0zm/[|sz  and (7.8) to

bound each of the four terms individually. We obtain

|Pe[D* s ] e R, < CllOa 13, (14 )l

Case 4: k+p #0 and k+v # 0 and |k| > 10. For the smoothed out (at
¢ = 0) symbol g(&) = i&[€]*(1 — 1) (21°€) we calculate
A6—&)—q€—&)—d(E - &) (& - &) — 3" - &)(& - &)?
=(& = &) I(€ — &2,6 — &),

where
(1-s)?
2

ds.

1
H6-gnba-6) = [ @€t sl )
0
‘We obtain
}—[Pk-i-u[mpk [Daaﬂc; m/] (3)wk,u](§a 7) :CXk+u(§)
[ 1t F e~ r = raB(E — €2 — ) K (€2 7217) dais]
Inqo R2
where H denotes the Heaviside-function and

K(,72,7) = / Fm) (0, 7)) F@Pm') (€ — €1, — 71)

[€1]>]p]—220
2Oy IXe(7 + &2 — &)Xkt (V) (7, &2 — &1)] dErdy.
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For fixed 7 € Iy, the function F~1K(-,-, ) is a restricted admissible factor satis-
fying

1F7HE G sz < ClOm s, (1 + i)™ (1 + ) ™01 + )~

We have
||Pk+#[[Daa:E;ml](g)]HNkJru
Xk+u(£) /
< > 1 B B '
<C M =i Lo F(W) (€ = &2, 7 — 72) - K(&2,72,7) dadrs kadﬁ’

Finally, we apply (7.7) to the integrand for fixed v and use the fact |Iji,| <
Clnpsn?. 0

Moreover, we will need a more specific commutator type estimate which makes
use of the bilinear estimates from Section 6. Let us define an extension of the
low frequency part of the initial data ¢iow(z,t) := 10(t/4)P1ow(x). Recall that

||¢10w||L2 < CEO.

Lemma 9.3. Assume that m,m’ € 555, ||m/||s
c€0,2] and k € Z\ {0}, p € Z,

oo+ ||m/||sse, < 1. Then, for any

201 201

(14 D)™ (1 + [k ])*7 [ P[P Grow D (' w) = drow P (m'w)]] 1%,
< Ogg - Y (U + w7 Pl 3, -

vEZ
(9.10)

Proof of Lemma 9.3. We decompose m'w = ), Pry,s(m'w) and there are non-
trivial contributions only if |¢/| < 5. It suffices to consider the case where k+ p # 0
and |k| > 10 because otherwise the estimate follows from (7.7) and (7.8). We re-
place m with m>y for k' = logy(1 + |n,|) — 10 in case |p| > 10. We compute the
Fourier transform

FIPet u[m[Pr(G1owy P (m'w)) = $rows Pedy Py (m'w)]] (€, 7)

ZCXk+u(f)/ I(&, 7, 7)d,

Tt

where H denotes the Heaviside-function, I (&, 7,~) is defined as

1€7) = [ Foulmw)(€ = €o.m = m)HE = € = ) FM(E2,m.9) dadry

and

FM(s,m2,7) = / Fm) (€0, 1) F () (€2 — E1,72 — 71)
SO [(xe(y + &2 — &) — X (V) Xt (7)) déadrry.
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It follows
S IF PP (Gtow D Pt (') = i Pede P (' w) 6,7 2,
[v'|<5
SC%S /1k+,/, “Xk+“(§)‘7:[az(mlw)M(.’ .’7)](7—7 5)‘ Zk+ud,y
= s [/ X OF D@ M 8|,y
[ eoFmo Mo, ]

k+uv!

Let M denote either m/M(:,-,vy) or 0z(m')M(-,-,7). For v € Iy, and V| <5
one can show that

Xt F M|z, < Ceo(1+ [ne) (1 + [k )71 + )™

if k; # 0, and
IX0F M| x5 < Ceo(L+ |ngl) 71 (L + [p]) =

We decompose w =, ., Pryyw and apply Lemmas 6.1-6.3 and obtain for p € Z,

pw+k#0and o’ € {0,1}:
[t € F P02 w10 ) 7,0

<Ceo(L+ | —v) ™+ 1)) " (@ + I )20 (U i) P s,

Zk+u

Note that [Ij4,/| < Clngyor|2 & |ng|2 for [/| < 5. The claim follows by summing
up with respect to v and Cauchy-Schwarz. O

10. PROOF OF PROPOSITION 4.3

The properties in Part (a) are standard, cf. [12, Lemma 4.2] and its proof. We
will only show the a priori estimate (4.16) because the estimate (4.17) for differences
is very similar (recall that @iow = @], )-

We need to estimate the following expressions, see (3.9) and (3.14),

Ry = _POax(leow . U) - Poax(v2/2) - Daazpo(ﬁblow) - Poax(¢120w/2)7 (101)
and for k € Z\ {0}

Ry =R +R? +RY + RV + R,

where
R = — 7Y PL0, (v2/2) (10.2)
R;(f) = — Plow|0z0k — D%y - (ing|ng| )] (10.3)
R = — [e71Y D29, (" V) — DO, (vx) — (o + 1) D%y, - (ia V)] (10.4)
RY = — e Y [Py (B1ow - 0a) — Blow - Du(Pyv)] (10.5)
R = — liaxgl,, - vi + € Y Py(v - Dpbrow)]. (10.6)
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We fix extensions %k of the functions v; such that ||%k||Fa/ < C||kaFc,/(T,),

o' €{0,0}, and supp v C Ry x [—4,4]. For any interval [a,b] C R let
Pay= Y. P
kezZn[a,b]
By (3.16) and the commutator estimate (9.1) the function
U = e Y Py gy (€7 VD)
is another extension of vy, with the properties, supported in R, x[—4, 4] and verifying

[Okllger < Cllvllgsr vy, o =10,0"}, (10.7)
Up = e "V Pp_g o) (V). .

We define
7= Zeiakq”ﬁk, (10.8)

kEZ

We look at each of the contributions (10.1)-(10.6) separately.
Contribution of (10.1): Recall the definition Giow(z,t) = Prow(x)n0(t/4). We
define the extension

~ — " — —2
RO = _Poaa:((blow : U) - POa:L’(U2/2) - DaaxPO((blow) - Poaz(qslow /2)7
Obviously, it holds

— —2
| Po[ D0y hrow + Ozrow /2]|INe

2
A I _ — 2
< C Z 2_k [an’f[D 8a:¢low]||L§,T + an’f[Poax(blow ]HL%T]

k/'=—0c0
< C(||drowll 2 + |d1owl72)-

To estimate the contribution from the first two terms, we estimate

P00 (¢1ow 0) + Pods(0°/2) e

<C Z (17 Fldrow - 2+ e FI7P)lI 2]

k/'=—00

< Ceo|vl|Leor2 + CWHQL%L2

~ 1/2
< C’EO[ZH%Hngop "’CZ”UIVHL“’LQ

keZ kez
Using (4.10), the two estimates above imply
IRollfer < Cligllza +C D l[vkllzo (8 + D Tkllo)- (10.9)
kez kEZ

Contribution of (10.2): We define

R = —e7 Y P, (3%/2).
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This is an extension of R,(Cl). An application of the commutator estimate (9.2) yields

ST ORI <O+ [nal)?[0uPrle Y (@)%,

kezZ\{0} kEZ
+C Y (1 |ng )% 102 P[0°] 1%,

kEZ

(10.10)

For k', v/ € Z we define wys v = PV 417, SO
’6 — E eiak/+uz‘11
k€L

W' v’ -

Using Lemma 8.1 (we ignore the §/4 gains) and this identity, the right-hand side
of (10.10) is dominated by

C > D+ el (D ks, ) (D0 (0 D) wesal,)
v1,V2€7Z k1€Z ko€Z
For |v| < 10 fixed and ¢’ € {0,0} we estimate simply
Do+ k) Nwnwllz, = D0+ e > I Pacs Bkl <D 1030
kEZ kEZ kEZ

For |v| > 11 and ¢’ € {0,0} we estimate, using (10.7) and Lemma 9.1

D@ ) el

keZ
= (14 [ne—u )7 | Pres e Y Ppeg gy (€Y B0)] 1%,

keZ
<CA+ )™ [tklgr

keZ
Therefore
~ B B
ST OIRP e < O3 1olEe) (Y- lwel3)- (10.11)
keZ\{0} keZ keZ

Contribution of (10.3): We define the extension

R = — i [0sk — DTy, - (ing|ng| )]
where we set 510;(35, t) := no(t/4)Prow (z). We note that for small § > 0
|| browl|s2

150

+ | F 1o x5 < Ceo.
We define

Uy, := Dy where Dy, := 9, — (ing|ng|~%) - D¢
and we decompose

ﬂk = E ﬂk,y where lNLkW = Pyﬂk.
VEZ
Now, by definition

SRR < Y S+ D | Y 1Pk [bowiins]llv,

kez\{0} keZ\{0} k1 €Z lv—k1|<5
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If |k1| < 10 the estimates (7.7) and (7.8) imply that

> 1P [Gowtikwlling, < Ceo Y Nkwllr, < Ceol[vk|lwe
lv—k|<5 [v|<15
If |k1] > 10 we use estimates (6.7) and (6.8) to obtain
T+l Do P Powinalllng < CO+In )77 %0 7 lldwulr,-
v=k1|<5 v—k1|<5

The symbol of P, Dy

satisfies [m(€)] < Cxu (€)(1+ |k —v|)2*(1 +|ny,|)2 by definition of the sequence ng,
see (3.3). Therefore we conclude that

. i _
S IR R < Ce3Y0 D (U |nay )27 (1 + [k = k)11 Pay B 3, -
kez\{0} k€Z k1 €Z

and we use (10.7) and the commutator estimate (9.1) to obtain
> IR Re <0 Y [l (10.12)
keZ\{0} kez

Contribution of (10.4): As above, we define an extension

RY = (7Y D0, (' V) — D0y (B) — (o + 1) DTy, - (iax V"))

for k # 0. We use the property (10.7) and apply the commutator estimate (9.9) to
obtain

IR e <Ceflanl? Do (1+ I )27 2 (14 ) =) P Bl %,
VEZ
+ CHe—iak\Pag(eiak\Il)Da—2az§k||12\IU.

Since |ag| = |ng|1™?, the first term is bounded by 2||0x||no. Concerning the second
term, we note that the restriction of e~#x¥92(eiex V) to the time interval [—4, 4] is
a restricted admissible factor with norm less than Ceg|ax| and estimate (7.7) yields

1 Pe—2 o™ =¥ 07 (") D20, 01] e < Ceol[O e -

if |[k| <5, and for |k| > 5 Lemma 8.1 implies that

Z (1+ ‘“k+u|)2g||Pk+u[e_iak\pai(ewk‘p)Da_2a@§k}H?Vkﬂc < Ceol[vklp--
lul<2
In conclusion, we obtain
~(3 _
ST OIRD e < C2 S o3 (10.13)
keZ\{0} keZ

Contribution of (10.5): As above, we define the extension

RY = —e %Y [P (frow - 02T) — Prow - Ox(Pi)],
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see (10.8). Using (10.7) and Lemma 9.3 we obtain
1B e < 37 lle ™Y [Pe(bronu (1T, )) = drons D (Pi (€1 VT, )] e

ki€Z
lk1—k|<5

<Ceo Y ke

ki €L
Iky —k|<5

Summing up with respect to k yields
> IR e < CE D Il (10.14)
keZ\{0} kez
Contribution of (10.6): We define the extension

2

El(f) = —[iardow -k + €Y Pe(T - Dy prow)]-

Estimates (7.7) and (7.8) imply that

—2 .
liakdrow - Vkllne < CegllOe e

Concerning the second term we use (10.7) and (9.2) and obtain
le™ Y Py(@ - D hrow) -

< > e Y Py €Y Oy hions) e
k1€Z
|k1—k|<5

<C Z sup [Tk - €951 Y 9, hrow e

kpez kb €[—4,4]
k1 —k|<5

It follows from (7.7) and (7.8) that
sup || Pofd, - €41 ¥ o] e < Ceol T v
A, ky 6[74,4]
Moreover, we have the trivial bound

sup ”(I - PO)[ﬁlﬁ : emkﬁqulalgblow]HN”
ak,k1€[74,4]

<C  osup |[Og, €Y drow || Lo mr < Ceol|Un, [|pe-
ak,kIE[—4,4]

By summing up with respect to k we conclude

S IR e < 02 [oklEe (10.15)
kez\{0} kez

In summary, the estimate (4.16) now follows from (10.11), (10.12), (10.13),
(10.14) and (10.15) and (10.9).
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