
Lecture 14b (Math 322)
Ground temperature with time-periodic forcing

Jean-Luc Thiffeault

In class (Lecture 14) we solved a problem from Pinsky (pp. 103–105), involving the
heat equation with time-periodic forcing at z = 0. This models the heating of the earth’s
surface by a periodic source, such as the day/night cycle or the annual cycle. We can
generalize this to include a boundary condition in the form of Newton’s law of cooling:

ut = K∇2u, z > 0, −∞ < t <∞ (1a)
uz(0, t) = h (u(0, t)− u0(t)), (1b)

where we still require u(z, t) to also be bounded. We write u0(t) as a complex Fourier
series:

u0(t) =
∞∑

n=−∞

αn e
iωnt, ωn := 2πn/τ. (2)

(ωn was called βn in class, but this notation is more standard.) Then, similarly to what we
did in class, we write u(z, t) as a complex series

u(z, t) =
∞∑

n=−∞

α′n e
−cnzei(ωnt−sgn(n) cnz), (3)

where the α′n are unknown complex Fourier coefficients, and

cn :=
√
|ωn|/2K. (4)

Notice that cn has a slightly different definition than in class, since now ωn appears with
absolute values. This is necessary because n can now be negative in the complex form.
However, we have to add a sgn(n) in the exponential, which arises when taking a square
root (the imaginary part will change sign for negative n), but also ensures that u(z, t) is
real.
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Now we insert (3) into (1b) and equate coefficients of the Fourier series. We find

α′n =
hαn

h+ (1 + sgn(n) i) cn
, (5)

or, after inserting back in (3),

u(z, t) =
∞∑

n=−∞

hαn

h+ (1 + sgn(n) i) cn
e−cnzei(ωnt−sgn(n) cnz) . (6)

Now take a single driving frequency:

u0(t) = cos(ωnt) =⇒ αm = 1
2
δ|m|,n. (7)

Then (6) collapses to

u(z, t) = e−cnz
(

hαn

h+ (1 + i) cn
ei(ωnt−cnz) +

hαn

h+ (1− i) cn
e−i(ωnt+cnz)

)
. (8)

After some work we can rewrite this in manifestly real form:

u(z, t) =
h e−cnz

(h+ cn)2 + c2n
((h+ cn) cos(ωnt− cnz) + cn sin(ωnt− cnz)) . (9)

A mixture of sine and cosine such as this indicates a phase shift. To exhibit it more clearly,
put

An cosφn = (h+ cn), An sinφn = cn , (10)

and solve for An and φn:

tanφn =
cn

h+ cn
, An =

√
(h+ cn)2 + c2n . (11)

We can then rewrite (9) in the elegant compact form

u(z, t) =
h e−cnz√

(h+ cn)2 + c2n
cos(ωnt− cnz − φn). (12)

The fact that φn appears with a negative sign indicates a lag between the ground temper-
ature and the forcing. This lag goes to zero as h → ∞ (perfect conductor), and to π/4
as h → 0 (perfect insulator). We can also easily see from (12) that the maximum surface
temperature (z = 0) is

max
t
u(0, t) =

h√
(h+ cn)2 + c2n

< 1, (13)

which increases monotonically from zero with h.
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